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Universal energy-dependent pseudopotential for the two-body problem of confined ultracold atoms
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The two-body scattering amplitude and energy spectrum of confined ultracold atoms are of fundamental
importance for both theoretical and experimental studies of ultracold-atom physics. For many systems, one
can efficiently calculate these quantities via the zero-range Huang-Yang pseudopotential (HYP), in which the
interatomic interaction is characterized by the scattering length a. Furthermore, when the scattering length is
dependent on the kinetic energy εr of two-atom relative motion, i.e., a = a(εr ), the results are applicable for a
broad energy region. However, when the free Hamiltonian of atomic internal state (e.g., the Zeeman Hamiltonian)
does not commute with the interatomic interaction, or the center-of-mass (c.m.) motion is coupled to the relative
motion, the generalization of this technique is still lacking. In this work we solve this problem and construct a
reasonable energy-dependent multichannel HYP, which is characterized by a “scattering length operator” âeff ,
for the above complicated cases. Here, âeff is an operator for atomic internal states and c.m. motion, and depends
on both the total two-atom energy and the external field as well as the trapping parameter. The effects from the
internal-state or c.m.-relative motion coupling can be self-consistently taken into account by âeff . We further
show a method based on the quantum defect theory, with which âeff can be analytically derived for systems with
van der Waals interatomic interaction. To demonstrate our method, we calculate the spectrum of two ultracold
fermionic alkaline-earth-like atoms [in electronic 1S0 (|g〉) and 3P0 (|e〉) states, respectively] confined in an optical
lattice. By comparing our results with the recent experimental measurements for two 173Yb atoms and two 171Yb
atoms, we calibrate the scattering lengths a± with respect to antisymmetric and symmetric nuclear-spin states to
be a+ = 2012(19)a0 and a− = 193(4)a0 for 173Yb, and a+ = 232(3)a0 and a− = 372(1)a0 for 171Yb.
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I. INTRODUCTION

Two-body physics of ultracold atoms in various confine-
ments plays a very basic and important role in the studies of
ultracold gases [1,2]. For instance, the effective interatomic
interaction of ultracold atoms in quasi-low- (or mixed-) di-
mensional confinements is characterized by the two-body
scattering amplitude. As a result, one can control this effec-
tive pairwise interaction by tuning the scattering amplitude
through the confinement parameter [3–18]. In addition, using
the energy spectrum of two ultracold atoms in a three-
dimensional (3D) confinement, one can not only qualitatively
obtain a primary understanding for the interacting physics, but
also quantitatively calculate some important physical param-
eters for the many-body physics, such as the second virial
coefficient [19,20]. Moreover, the systems of two ultracold
atoms in 3D confinements have already been realized in many
recent experiments, and the two-body energy spectrum and
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dynamics can be directly observed [21–27]. These observa-
tions also call for a deep understanding of two-body physics.

To calculate the two-atom scattering amplitude or energy
spectrum, one needs to solve the Schrödinger equation for
two interacting ultracold atoms in confinements. For ultracold
atoms, one can ignore the short-range details of the bare
interatomic interaction Ubare(r), with r = |r| and r being the
relative position of these two atoms, and approximate this in-
teraction with the zero-range effective potential. As such, the
calculations for the two-atom scattering amplitude or energy
spectrum can be significantly simplified. In the zero-energy
limit, a prevailing effective interaction potential is the Huang-
Yang pseudopotential (HYP)

UHY(a) ≡ 2π h̄2a

μ
δ(r)

∂

∂r
(r·), (1)

where μ is the reduced mass, and the energy-independent pa-
rameter a is the s-wave scattering length, which is determined
by the zero-energy scattering amplitude of these two atoms in
3D free space.

In many cases the finite-energy effect of the scattering
is required to be taken into account. One simple approach
to achieve this goal is to use the “energy-dependent HYP”
UHY[a(εr )], where a is replaced by an “energy-dependent
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scattering length” a(εr ), which is defined as

a(εr ) = − tan δs(εr )√
2μεr/h̄2

, (2)

with δs(εr ) being the s-wave phase shift for the scattering
in 3D free space, with respect to finite scattering energy εr

[28,29]. For the confined ultracold atoms discussed in this
work, the energy εr is the kinetic energy of the two-atom
relative motion in the short-range region dint � r � dtrap, with
dint and dtrap being the characteristic lengths of the range of
Ubare(r) and the confinement, respectively, and the condition
dint � dtrap is satisfied in almost of all the current experiments.
Therefore, when the atoms are single component and the
relative motion is decoupled from the center-of-mass (c.m.)
motion, εr can be simply reexpressed as εr = E − V (c)(r =
0), with V (c)(r) being the confinement-contributed potential-
energy term in the two-atom relative Hamiltonian, and E is the
total energy of the two-atom relative motion. Thus, one can
calculate the two-body scattering amplitude or energy spec-
trum by self-consistently solving the stationary Schrödinger
equation{

− h̄2

2μ
∇2

r + UHY[a(E − V (c)(r = 0))] + V (c)(r)

}
ψ (r)

= Eψ (r). (3)

On the other hand, in experiments, there are also various
relatively complicated systems with at least one of the follow-
ing two situations:

(A) The atomic relative and c.m. motions are coupled.
(B) The atoms are multicomponent, and the interatomic

interaction does not commute with the free Hamiltonian of
the internal state (e.g., the Zeeman Hamiltonian).

The examples of systems with situation (A) include ultra-
cold atoms in anharmonic confinement, and two heteronuclear
atoms in species-dependent confinement. The examples of
systems with the situation (B) are two confined homonuclear
fermionic alkaline-earth(-like) atoms in 1S0 and 3P0 states,
which are subjected to a Zeeman magnetic field. In the latter
system, each atom can be in several different nuclear-spin
states, and the s-wave interatomic interaction is diagonal in the
basis of symmetric and antisymmetric nuclear-spin states, and
is not commutative with the Zeeman Hamiltonian [26,30,31].

In the presence of situation (A) or (B), one cannot directly
use the above simple approach of HYP with energy-dependent
scattering lengths. That is because when these situations arise,
the relative motion of the two atoms would be entangled with
the atomic internal states or the c.m. motion. As a result, the
kinetic energy εr of the relative motion does not take a definite
value, even in the short-range region. Therefore, the function
a(εr ) does not have a specific argument value, and thus this
function cannot be directly applied. To solve the two-body
problems with the above two situations, one has to either
completely ignore the finite-energy effect of the 3D scatter-
ing [10,11], or solve the Schrödinger equation with both the
confinement potential and a more complicated interatomic
interaction model, such as a finite-range model [12–14,32] or
a zero-range model with auxiliary closed channels (auxiliary
molecule channels). Notice that the latter one cannot be used
in the presence of the situation (B), as shown below.

In this work we solve this problem by constructing an
energy-dependent HYP,

Ûeff (E ) = âeff (E )
2π h̄2

μ
δ(r)

∂

∂r
(r·), (4)

for systems with situations (A) or (B) or both, which is char-
acterized by a “scattering length operator” âeff . Here, E is
the total energy of this two-body system, with r· meaning
multiplying r by the wave function, and âeff is an opera-
tor of the Hilbert space of two-atom internal state or c.m.
motion, which depends on not only the energy E but also
the external field and the confinement potential. The effects
induced by the situations (A) and (B) can be self-consistently
encapsulated by âeff . For most systems âeff cannot be obtained
with simple transformations on the single-channel energy-
dependent scattering length a(εr ). We show the approach to
derive âeff for general cases, and further develop a multichan-
nel quantum-defect theory (MQDT) [33–36] with which one
can analytically calculate all the matrix elements of âeff , for
systems where Ubare(r) can be approximated as an internal-
state independent van der Waals potential for r > b, with b
being a particular range.

The HYP Ûeff (E ) we developed can be used for the calcu-
lations of two-body scattering amplitude or energy spectrum.
The calculations (including the ones to derive âeff ) are much
simpler in comparison with the ones with a finite-range inter-
action model or auxiliary closed channels.

As a demonstration, we calculate the energy spectrum of
two homonuclear fermionic alkaline-earth(-like) atoms con-
fined in a site of an optical lattice, which are in electronic
1S0 and 3P0 states, respectively, in the presence of a Zeeman
field. As mentioned above, the s-wave interaction between
these two atoms is diagonal in the basis of antisymmetric
and symmetric nuclear-spin states, and is characterized by the
zero-energy scattering lengths a+ and a− of the corresponding
potential curves [26,30,31]. As a result, there are nuclear-spin
exchange interactions between these two atoms, with the in-
tensity being proportional to (a− − a+) in the zero-range limit
[24–27,31]. Thus, the mixture of ultracold atoms in 1S0 and
3P0 states is a promising candidate for the quantum simulation
of many-body physics induced by spin-exchange interaction
(e.g., the Kondo physics), and has attracted much attention
[6,7,9,25,31,37–41]. Furthermore, the precise values of a± are
required as basic parameters for the study of this quantum
simulation. For 173Yb and 171Yb atoms these values have been
derived by several groups via comparing the experimentally
measured the energy spectrum of two atoms confined in an
optical lattice site with corresponding theoretical calculations
[21–23]. These experiments were done under a finite Zee-
man magnetic field. However, in the previous calculations
the Zeeman energies were ignored in the short-range region,
which is actually non-negligible. In this work, we calibrate
the values of a± by fitting the energy spectrum calculated
via our approach, where the Zeeman coupling in all the spa-
tial space is included, with the experimental measurements.
We obtain the calibrated value a+ = 2012(19)a0 and a− =
193(4)a0 for 173Yb, and a+ = 232(3)a0 and a− = 372(1)a0

for 171Yb, which are at most 12% different from the ones given
by previous works (Table I).
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TABLE I. The fitting scattering lengths of ultracold 173Yb and
171Yb atoms, where a0 is the Bohr radius.

Ref. [21] [22] This work
173Yb a+/a0 1878 1894(18) 2012(19)

a−/a0 219.7 193(4)

Ref. [23] This work
171Yb a+/a0 240(4) 232(3)

a−/a0 389(4) 372(1)

The remainder of this paper is organized as follows. In
Sec. II we show our approach for the construction of the
scattering length operator âeff for general cases. In Sec. III we
demonstrate this approach with the calculation of the energy
spectrum of two confined alkaline-earth(-like) atoms. We il-
lustrate our results for two 173Yb atoms and two 171Yb atoms
and calibrate the scattering lengths in Sec. IV. A summary of
our work and the outlook of our method are given in Sec. V.
Some details of our calculations are given in the Appendixes.

II. GENERAL APPROACH

A. System and basic idea

In this section we briefly introduce the two-body system
we study and the basic idea of our approach. More details of
our method will be shown in the following subsections.

We consider two ultracold atoms in a confinement, as
shown in Fig. 1. The total Hilbert space Htot of our system is
given by Htot = Hr ⊗ HR ⊗ HS , where Hr and HR are the
Hilbert spaces for the relative and c.m. motions, respectively,
and HS is the one of the internal space of these two atoms.
In this work we denote the state in H j ( j = r, R, S, tot) as
| . . . 〉 j , and denote the state in HR ⊗ HS as |〉RS . Furthermore,
we work in the “r̂ representation,” with r̂ being the relative-
position operator of these two atoms. In this representation
the state |�〉tot of the total Hilbert space is described by the
corresponding “relative wave function”

|�(r)〉RS ≡ r〈r|�〉tot, (5)

with |r〉r being the eigenstate of r̂. It is clear that |�(r)〉RS is
an r-dependent state in HR ⊗ HS .

FIG. 1. A schematic of two ultracold atoms trapped in a confine-
ment. Here the confinement in general is anharmonic and the two
atoms can also have internal states (e.g., the hyperfine or Zeeman
states).

The Hamiltonian of our system can be expressed as (h̄ = 1)

Ĥ = K̂ + V (c)(R̂, r) + ĥS (δ) + Ûbare(r), (6)

with

K̂ = −∇2
r

2μ
+ P̂2

2M
, (7)

where μ and M are the reduced mass and total mass of the
two atoms, respectively, R̂ and P̂ are the operators of coor-
dinate and momentum of c.m., respectively. Here, V (c)(R̂, r)
is the total confinement potential, which contains the cou-
pling between relative and c.m. motion, and the r-independent
operator ĥS is the free Hamiltonian of internal states (e.g.,
the Zeeman energies of hyperfine states). In realistic systems
the atomic internal states are always coupled to some homo-
geneous external field, e.g., a static magnetic field, and we
use δ to denote the parameter of this external field. In addi-
tion, Ûbare(r) is the interatomic interaction potential, which
is a complicated function of the interatomic distance r and
satisfies Ûbare(r → ∞) = 0. Here we assume Ûbare(r) is an
isotropic short-range potential with range dint, i.e., we can
ignore this interaction for r � dint . For the systems with in-
teratomic van der Waals potential, we can choose dint as the
characteristic length β6 of the van der Waals potential [42].
Both V (c)(R̂, r) and Ûbare(r) may be dependent on atomic
internal states. Moreover, in this work we assume that the
atomic energy is low enough so that we can only consider the
s-wave interaction.

Now we show the basic idea of our approach to solve this
two-body problem. We notice that, in the region

r � dtrap, (8)

we can ignore the r dependence of the confinement potential,
i.e., make the approximation V (c)(R̂, r) ≈ V (c)(R̂, r = 0).
Thus, the behavior of the exact eigen-state |�exa(r)〉RS of
the total Hamiltonian H in the region (8) is approximately
determined by the Schrödinger equation

[K̂ + V (c)(R̂, r = 0) + ĥS (δ) + Ûbare(r)]|�exa(r)〉RS

= E |�exa(r)〉RS, (9)

and the boundary condition

|�exa(r = 0)〉RS = 0. (10)

On the other hand, as mentioned above, we consider the sys-
tems where the characteristic length dtrap of the confinement
is much larger than the range dint of the realistic interaction
potential, so that there exists a short-range region

dint � r � dtrap, (11)

in which both Ûbare(r) and the r dependence of the confine-
ment potential can be ignored. Since the region of Eq. (11) is
a subset region of Eq. (8), the behavior of |�exa(r)〉RS in the
region of Eq. (11) is also determined by Eqs. (9) and (10).

The first step of our approach is to evaluate the behav-
ior of |�exa(r)〉RS in the short-range region of Eq. (11) by
solving Eq. (9) with the boundary condition (10). Here we
emphasize that Eq. (9) is much easier to solve than the
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exact eigenequation of Ĥ because in this equation the influ-
ence of the confinement potential to the relative motion is
ignored.

After obtaining the exact wave function |�exa(r)〉RS

in the region (11), we can construct the the scattering

length operator âeff (E ) or the multichannel HYP Ûeff (E ) =
âeff (E ) 2π

μ
δ(r) ∂

∂r (r·) for our system. This HYP is required to
be able to reproduce the correct behavior of the wave function
in the short-range region. Explicitly, we have the following
criteria for âeff (E ):

Criteria: The solution |�exa(r)〉RS of Eq. (9) and the solution |ψ (r)〉RS of the equation[
K̂ + V (c)(R̂, r = 0) + ĥS (δ) + âeff (E )

2π

μ
δ(r)

∂

∂r
(r·)

]
|ψ (r)〉RS = E |ψ (r)〉RS (12)

satisfy |�exa(r)〉RS ≈ |ψ (r)〉RS for dint � r � dtrap.
In the following subsection we will show the detail on how to construct the scattering length operator âeff (E ). It is clear that

since Eqs. (9) and (12) include the operators ĥS (δ) and V (c)(R̂, r = 0), the scattering length operator âeff (E ) would be dependent
on the external-field parameter δ and the confinement potential.

When âeff (E ) is constructed, we can calculate the scattering amplitude or energy spectrum by solving the equation[
K̂ + V (c)(R̂, r) + ĥS (δ) + âeff (E )

2π

μ
δ(r)

∂

∂r
(r·)

]
|�(r)〉RS = E |�(r)〉RS, (13)

rather than the exact stationary Schrödinger equa-
tion Ĥ |�exa(r)〉RS = E |�exa(r)〉RS . Namely, we replace
the complicated bare interaction Ûbare(r) with the zero-range
HYP Ûeff (E ) corresponding to âeff (E ), so that the calculation
can be simplified.

The principle of this method is the same as the other
zero-range effective potential, which is explained as follows.
First, according to our above discussion, in the short-range
region dint � r � dtrap the solutions of Eq. (13) and the exact
equation

Ĥ |�exa(r)〉RS = E |�exa(r)〉RS (14)

are approximately the same as each other. Second, the so-
lutions in this region can serve as a “boundary condition”
for these two equations in the region with longer interatomic
distance (i.e., the region with larger r). Third, in the longer
distance these two equations also have the same form because
both Ûbare(r) and the HYP can be ignored. Due to these three
facts, the eigenenergy E and the behavior of the eigenstates in
the region with r � dint, which are given by Eq. (13), would
be approximately the same as the ones given by the exact
Eq. (14).

B. Construction of âeff (E )

Now we show the detail of our approach to construct the
scattering-length operator âeff (E ) for the systems with either
single-component or multicomponent atoms.

1. Single-component atoms

We consider the system composite of two single-
component atoms, where the c.m.-relative motional coupling
can be induced by the confinement potential. For this system
we only require to consider the relative and c.m. spatial mo-
tion, or the state in Hr ⊗ HR, and the energy ĥS is absent in
the Hamiltonian. Furthermore, the relative and c.m. motion
are decoupled in Eqs. (9) and (12) shown above. Due to these
facts, we can construct the scattering length operator âeff (E )
as follows.

We first solve the single-channel Schrödinger equation{
−∇2

r

2μ
+ Ûbare(r)

}
ψ (r) = εrψ (r) (15)

for the two-atom relative motion in 3D free space, and derive
the corresponding single-channel energy-dependent scattering
length abare(εr ), which is defined with the s-wave phase shift
and the wave function behavior, as shown in Eq. (2) and
Ref. [28].

Then we solve the eigenequation for the Hamiltonian of the
c.m. motion for r = 0, i.e., the equation[

P2

2M
+ V (c)(R̂, r = 0)

]
|En〉R = En|En〉R, (16)

and derive the eigenenergies and eigenstates.
Finally, using the above results we can construct the scat-

tering length operator âeff (E ) as

âeff (E ) =
∑

n

|En〉R〈En|abare(E − En). (17)

It is clear this scattering length operator satisfies the criteria in
Sec. II A.

2. Multicomponent atoms: Simple cases

Now we consider the construction of âeff (E ). In this sec-
tion we focus on two relatively simple but quite realistic
cases. The approach for the general cases will be shown in
Sec. II B 3.

Simple case 1: There is no c.m.-relative motional coupling.
We consider the system where the free internal-state Hamilto-
nian ĥS (δ) does not commute with the interatomic interaction
Ûbare(r), while the c.m. and relative motion are not coupled
with each other. For this system only the relative motion
and internal state, i.e., the state in Hr ⊗ HS , are required to
be considered. The scattering length operator âeff (E ) can be
constructed as follows: We first derive the eigenenergies and
eigenstates of ĥS (δ) by solving the equation

ĥS (δ)|s j〉S = s j |s j〉S, j = 1, 2, . . . , NS (18)
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with NS being the dimension of HS . Then we solve the
Schrödinger equation{

−∇2
r

2μ
+ ĥS (δ) + Ûbare(r)

}
|ψ (r)〉S = E |ψ (r)〉S (19)

in the s-wave manifold for the relative motion and internal
state of two atoms in 3D free space, with boundary condition
|ψ (r = 0)〉S = 0. This equation has NS linearly independent
solutions |ψ ( j)(r)〉S ( j = 1, 2, . . . , NS), which satisfy the con-
dition

|ψ ( j)(r)〉S

= 1

r

{
1

k j
sin(k jr)|s j〉S −

NS∑
l=1

al j (E , δ) cos(klr)|sl〉S

}

(for r � dint ), (20)

where kl = √
2μ(E − sl ) (l = 1, . . . , NS) with

√
z ≡ i

√|z|
for z < 0, and the parameter al j depends on the energy E and
the external-field parameter δ. In our approach we require to
derive the values of al j (E , δ) by solving Eq. (19).

Here we emphasize that the calculation of al j (E , δ) (l =
1, . . . , NS) can be simplified for many realistic systems, where
the bare interatomic interaction Ûbare(r) can be approximated
as an internal-state independent van der Waals potential be-
yond a particular range b, i.e.,

Ûbare(r > b) ≈ − β4
6

2μr6
, (21)

with β6 (β6 > b) being the van der Waals characteristic length
and satisfying |k j |2 � 1/β2

6 ( j = 1, . . . , NS). For these sys-
tems one can solve Eq. (19) and analytically calculate the
parameters al j (E , δ) using the multichannel quantum defect
theory (MQDT), which is based on the analytical solution
of the Schrödinger equation with the van der Waals potential
[33–36]. In Appendix A 1 we show the detail of this MQDT
calculation.

After obtaining the coefficients al j (E , δ), we can construct
the scattering length operator âeff (E ) as

âeff (E ) =
∑
l, j

|sl〉S〈s j |al j (E , δ). (22)

Notice that âeff (E ) depends on not only the total energy E , but
also the external-field parameter δ. We can straightforwardly
prove that âeff (E ) satisfies the criteria shown in Sec. II A.

Simple case 2:V (c)(R̂, r = 0) is internal-state independent.
We consider a more complicated system with both of the
two situations (A) and (B) of Sec. I. Nevertheless, we as-
sume the confinement potential in the short-range region [i.e.,
V (c)(R̂, r = 0)] is independent of the atomic internal state.
Thus, in Eqs. (9) and (12) for the short-range wave function,
the c.m. motion is decoupled with the relative motion and
the internal state, as in the case of Sec. II B 1. Therefore,
we can construct âeff (E ) by combining the techniques in the
above two cases. Explicitly, we first construct a scattering
length operator only for the relative motion via the method
of the simple case 1 of this section, and then take into account
the c.m. motion using the eigenvalue En and the eigenstate
|En〉R of the Hamiltonian P̂2/(2M ) + V (c)(R̂, r = 0), as in

Sec. II B 1. The scattering length operator âeff (E ), which sat-
isfies the criteria of Sec. II A, can be expressed as

âeff (E ) =
∑

n

|En〉R〈En| ⊗
⎡
⎣∑

l, j

|sl〉S〈s j |al j (E − En, δ)

⎤
⎦,

(23)

where the functions al j (E , δ) (l, j = 1, . . . , NS) are defined
in Eq. (20), and can be derived from the relative Schrödinger
equation (19), as shown in the simple case 1 of this section.

3. Multicomponent atoms: General cases

For the most general cases of multicomponent atoms
with both situations (A) and (B), we can construct the scat-
tering length operator âeff (E ) by directly generalizing the
method of the above subsections. Explicitly, we first derive the
eigenstates and eigenenergies of the Hamiltonian P̂2/(2M ) +
V (c)(R̂, r = 0) + ĥS (δ) for the c.m. motion and internal state
by solving [

P̂2

2M
+ V (c)(R̂, r = 0) + ĥS (δ)

]
|λn〉RS

= λn|λn〉RS (n = 1, . . . , NRS ), (24)

with NRS being the dimension of HR ⊗ HS . Then we directly
solve Eq. (9) under the boundary condition |�exa(r = 0)〉RS =
0 in the s-wave manifold, and derive the linearly independent
special solutions |� ( j)

exa(r)〉RS , which satisfy∣∣� ( j)
exact (r)

〉
RS

= 1

r

{
1

p j
sin(p jr)|λ j〉RS −

NRS∑
l=1

Al j (E , δ) cos(plr)|λl〉RS

}

(for r � dint ), (25)

with pl = √
2μ(E − λl ) (l = 1, . . . , NRS). Similar as in

Sec. II B 2, if Ûbare(r) can be approximated as an internal-state
independent van der Waals potential beyond a critical range,
i.e., satisfies the condition (21) as well as |p j |2 � 1/β2

6 ( j =
1, . . . , NRS), the coefficients Al j (E , δ) (l, j = 1, . . . , NRS) can
be obtained with MQDT, as shown in Appendix A 2. Finally,
the scattering length operator âeff (E ) satisfying the criteria in
Sec. II A can be expressed in terms of Al j (E , δ) as

âeff (E ) =
∑
l, j

|λl〉RS〈λ j |Al j (E , δ). (26)

III. TWO ALKALINE-EARTH(-LIKE) ATOMS IN AN
OPTICAL LATTICE SITE

In Sec. II we have shown our HYP approach for the
two-body problem of confined ultracold atoms. As a demon-
stration, here we calculate the energy spectrum of two
confined alkaline-earth(-like) atoms. We introduce the prop-
erties of this system and our calculation method in this
section, and compare our theoretical results with the recent
experiments of ultracold 173Yb atoms and 171Yb atoms
[21–27] in Sec. IV.
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FIG. 2. (a) Energy levels of the alkaline-earth atoms. The e and
g atoms can exchange their nuclear-spin states during interatomic
collision. (b) Schematic of the system with two ultracold Yb atoms
confined in a site of a 3D optical lattice, which are in e (red) and
g (blue) states, respectively. (c) The bare interatomic interaction po-
tential curve U±(r) of two Yb atoms in antisymmetric and symmetric
nuclear-spin states |±〉S . Beyond a particular range b, the interatomic
interaction can be approximated as an internal-state independent van
der Waals potential with characteristic length β6.

A. Properties of atom and confinement

As shown in Fig. 2(a), we consider two homonuclear
fermionic alkaline-earth(-like) atoms, which are in electronic
1S0 (g) and 3P0 (e) states, respectively. Mathematically we can
treat the e atom and g atom as two distinguishable atoms. We
further assume that each atom can be in nuclear-spin state ↑
or ↓, corresponding to different magnetic quantum numbers,
and the nuclear-spin states of the two atoms are different.
Explicitly, for our two-body system the Hilbert space HS of
the two-body internal state is spanned by the two states

|c〉S ≡ |↓〉e|↑〉g and |o〉S ≡ |↑〉e|↓〉g. (27)

In the presence of the bias magnetic field, the Landé g factor
of the the e and g states is different [43]. As a result, the states
|o〉S and |c〉S have different Zeeman energies. Thus, for our
system the free internal-state Hamiltonian ĥS (δ) defined in
Sec. II can be expressed as

ĥS (δ) = δ|c〉S〈c|. (28)

Here we have chosen the Zeeman-energy difference between
the two internal states, which is proportional to the magnetic
field, as the external-field parameter δ.

Moreover, as shown in Fig. 2(b), we assume the atoms are
confined in a site of a 3D optical lattice formed by lasers with
magnetic wave length, so that the two atoms experience the
same confinement potential. This potential is also independent
of the nuclear-spin state and can be expressed as

Vopt (r( j) ) = s f k2
L

2m

∑
α=x,y,z

sin2
[
kLr ( j)

α

]
( j = g, e), (29)

where m = 2μ is the single-atom mass, r( j) ≡ (r ( j)
x , r ( j)

y , r ( j)
z )

( j = g, e) is the coordinate of the j atom, and kL and s f are
the wave number and the dimensionless lattice depth, respec-
tively. In our calculation we expand this potential around the
minimum point r( j) = 0 and keep the terms up to |r( j)|6.

As in Sec. II, in further calculations we express the to-
tal confinement potential V (c) = Vopt (r(e) ) + Vopt (r(g) ) as a
function of the relative position r = r(e) − r(g) and the c.m.
position operator R̂ = (r(e) + r(g) )/2. The straightforward
calculation yields

V (c)(R̂, r) = V (c)
0r (r) + V (c)

0R (R̂) + V (c)
1 (R̂, r), (30)

with the terms in the right-hand side being defined as

V (c)
0r (r) = 1

2
μω2r2, (31)

V (c)
0R (R̂) = 2μω2|R̂|2 + 2

∑
α=x,y,z

[
ξ4R̂4

α + ξ6R̂6
α

]
, (32)

and

V (c)
1 (R̂, r) =

∑
α=x,y,z

[
1

8
ξ4r4

α + 1

32
ξ6r6

α + 3ξ4r2
αR̂2

α

+ 15

2
ξ6r2

αR̂4
α + 15

8
ξ6r4

αR̂2
α

]
, (33)

respectively, where r = (rx, ry, rz ), R̂ = (R̂x, R̂y, R̂z ), and the
frequency ω and the parameters ξ4,6 are given by

ω =
√

s f k2
L

m
, ξ4 = −m2ω3

6
√

s f
, ξ6 = m3ω4

45s f
. (34)

Furthermore, the bare interatomic interaction Ûbare(r) be-
tween these two atoms is diagonal in the internal-state basis
[24,26,30]

|±〉S = 1√
2

(|c〉S ∓ |o〉S ), (35)

and can be expressed as

Ûbare(r) = U+(r)|+〉S〈+| + U−(r)|−〉S〈−| (36)

with U±(r) being the interaction potential curves correspond-
ing to states |±〉S . For our system U±(r) have the same van
der Waals characteristic length β6, i.e., Ûbare(r) satisfies the
condition (21), as shown in Fig. 2(c).
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FIG. 3. The coefficients ai, j (i, j = o, c) typical parameters μ = 100mp, a+ = 1000a0, a− = 200a0, β6 = 150a0, with mp and a0 being
the mass of a proton and Bohr’s radius, respectively. Here we show ai, j (i, j = o, c) as a function of the Zeeman gap δ [(a) and (b)] and the
collision energy E (c) [44]. For our problem we always have aoc = aco.

B. (E, δ)-dependent scattering length operator

To calculate the energy spectrum for our system, we first
construct the scattering length operator âeff (E ) with the ap-
proach shown in Sec. II. According to the above section, the
total Hamiltonian Ĥ of the two alkaline-earth(-like) atoms
is given by Eq. (6), with the free internal-state Hamiltonian
ĥS (δ), the confinement potential V (c)(R̂, r), and the bare in-
teratomic interaction Ûbare(r) being given by Eqs. (28), (30),
and (36), respectively. Since V (c)(R̂, r = 0) = V (c)

0R (R̂) is in-
dependent of atomic internal state, our system is in the simple
case 2 of Sec. II B 2. Using the method of that section, we
derive the scattering length operator âeff (E ):

âeff (E ) =
∑

n

|En〉R〈En| ⊗
⎡
⎣ ∑

l, j=o,c

|l〉S〈 j|al j (E − En, δ)

⎤
⎦.

(37)

Here En and |En〉R (n = 1, 2, . . . ) are the eigenvalue and eigen-
states of the c.m. Hamiltonian

ĤR ≡ P̂2

2M
+ V (c)

0R (R̂), (38)

and can be derived by numerical diagonalization of ĤR.
In addition, as mentioned in the simple case 2 of
Sec. II B 2, the coefficients al j (E , δ) (l, j = o, c) in the
expression (37) of âeff (E ) are determined by the relative
Schrödinger Eq. (19) for the cases only with the free internal-
state Hamiltonian ĥS (δ) and without the confinement potential
V (c)(R̂, r), and can be derived via the MQDT approach shown
in Appendix A 1. In this Appendix we show the analytical
expressions of al j (E , δ) (l, j = o, c) for our system, which
depend on not only the energy E and the Zeeman energy gap
δ, but also the van der Waals characteristic length β6 as well as
the zero-energy scattering lengths a+ and a− corresponding to
each potential curve U+(r) and U−(r), respectively. In Fig. 3
we illustrate the coefficients al j (E , δ) (l, j = o, c) for a group
of typical parameters.

C. Iterative calculation of energy spectrum

Using the HYP with the scattering-length operator âeff (E )
derived above, we can calculate the energy spectrum for the
two alkaline-earth(-like) atoms. To this end, we solve the

Schrödinger equation

Ĥeff (Eb)|�(r)〉RS = Eb |�(r)〉RS, (39)

under the boundary condition |�(r → ∞)〉RS = 0, with the
effective Hamiltonian

Ĥeff (Eb) ≡ K̂ +V (c)(R̂, r)+ δ|c〉S〈c| + âeff (Eb)
2π

μ
δ(r)

∂

∂r
(r·).
(40)

Here the scattering length operator âeff (Eb) is given by
Eq. (37), and the terms K̂ and V (c)(R̂, r) are given by Eqs. (7)
and (30), respectively.

Since the to-be-calculated eigenenergy Eb appears in both
sides of Eq. (39), we solve this equation self-consistently with
an iterative approach. We can explain this approach by taking
as an example the calculation of the ground energy Eg (Fig. 4).
In the zeroth-order calculation, we ignore the potential V (c)

1 ,
which only includes high-order terms of the distance between

FIG. 4. The flowchart of the iterative calculation for the ground
state Eg. The details are explained in Sec. III C.
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FIG. 5. The bound-state energies of shallowest bound states of two ultracold 173Yb atoms (a) and two 171Yb atoms (b) as functions of the
bias magnetic field B by taking E (c.m.)

g = 0, where E (c.m.)
g = 0 is the two-body ground-state energy without the interatomic interactions. Here

we show the results given by our calculations with the method in Sec. III (solid lines) for the best-fitting parameters a+ = 2012a0, a− = 193a0

(173Yb) and a+ = 232a0, a− = 372a0 (171Yb), as well as the experimental results given by Refs. [21,22] (173Yb) and [23] (171Yb) (stars and
open circles). The blue region is the range of ±10% variation of a±.

the atoms and the trap center. Explicitly, we solve equation

Ĥ ′
eff

(
E (0)

g

)|�(r)〉RS = E (0)
g |�(r)〉RS, (41)

with

Ĥ ′
eff (E ) ≡ Ĥeff (E ) − V (c)

1 (R̂, r), (42)

to derive the zeroth-order result E (0)
g of the ground-state en-

ergy. Since Ĥ ′
eff does not include the coupling between the

c.m. and relative motions, we can solve Eq. (41) by separating
these two degrees of freedom and straightforwardly general-
izing the seminal work of Bush [45], with the details being
shown in Appendix B.

Then we use E (0)
g as the input parameter of the first iterative

cycle, and diagonalize the Hamiltonian Ĥeff with argument
E (0)

g , i.e., the Hamiltonian Ĥeff (E (0)
g ). Some details on our

method for the diagonalization of this Hamiltonian are ex-
plained in Appendix C. The ground-state energy of Ĥeff (E (0)

g )
which is denoted as E (1)

g is the result of this cycle. Similarly,
in the second iterative cycle we diagonalize the Hamiltonian
Ĥeff (E (1)

g ), also with the method shown in Appendix C, and the
ground-state energy E (2)

g is derived as the second-cycle result.
As shown in Fig. 4, the iterative process repeats until a

tolerance requirement |E ( j+1)
g − E ( j)

g |/|E ( j+1)
g | < Te is satis-

fied, with Te being a threshold of relative error, which is taken
as 10−6 in our calculation. When this requirement is satisfied
by the jth and ( j + 1)th results E ( j)

g and E ( j+1)
g , we suppose

that the results of our calculations approximately converge to
E ( j+1)

g , and thus take E ( j+1)
g as the derived ground-state energy

Eg of these two atoms.

IV. CALIBRATION OF a± FOR 173Yb AND 171Yb

In the above section we show our approach for the calcu-
lation of the eigenenergies of two alkaline-earth(-like) atoms
in the system described in Sec. III A. This two-body system
has been realized in various experiments for 173Yb atoms
[21,22] or 171Yb atoms [23]. In these experiments the op-
tical lattice is prepared with lasers with magic wavelength
λL ≡ 2π/kL = 759.3 nm, so that the g and e atoms experience

the same trapping potential given in Eq. (29) [Fig. 2(b)]. In
addition, the Zeeman-energy gap δ in Eq. (28) is given by
δ = 2π (m↓ − m↑)μB
gB, where B is the bias magnetic field,
m↓ (↑) is the magnetic quantum number of nuclear-spin state
↓ (↑), μB is the Bohr’s magnetic moment, and 
g is the
difference between the Landé g factors of the e and g states.
Explicitly, we have m↓ = 5

2 , m↑ = − 5
2 , 
g = 112 Hz/G for

173Yb atoms in the experiments of Refs. [21,22], and m↓ =
− 1

2 , m↑ = 1
2 , 
g = −400 Hz/G for 171Yb atoms in the ex-

periments of Ref. [23]. In these experiments the two-atom
eigenenergies can be measured as a function of B via the
optical absorption spectrum.

On the other hand, as shown in Sec. III and Appendix A,
these bound-state energies are determined by the zero-energy
scattering lengths a± with respect to the interaction potential
U±(r) defined in Eq. (36), corresponding to the two-atom
internal states |±〉S . Therefore, we can extract the values of
a± for 173Yb or 171Yb atoms by fitting the eigenenergies calcu-
lated via our method shown in Sec. III with these experimental
measurements.

In this work we perform such fitting for the bound-state
energy Esb of the shallowest bound states of two 173Yb
atoms and two 171Yb atoms in the lattices with dimension-
less depth s f = 30, which were measured in Refs. [21–23],
respectively. We find that the best fitting parameters are a+ =
2012(19) a0, a− = 193(4) a0 for 173Yb atoms, and a+ =
232(3) a0, a− = 372(1) a0 for 171Yb atoms. Here we use the
nonlinear least-square fitting method [46], and our method for
the estimation of uncertainty is shown in Appendix D. In our
calculation the van der Waals characteristic length β6 is taken
to be β6 = 168.6 a0 for 173Yb atoms and β6 = 168.1 a0 for
171Yb atoms [47].

In Fig. 5 we illustrate the bound-state energies given by our
calculation with the above best-fitting parameters (solid lines)
and the corresponding experimental results of Refs. [21–23]
(open circles and stars). It is clearly shown that they quan-
titatively agree with each other. To indicate the scattering
lengths variability of Yb atoms, we further plot a range of
±10% variation of a± as the blue shaded areas in Fig. 5. For
the 173Yb atoms, the energy spectrum is insensitive to the
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FIG. 6. (a) The shallowest bound energy spectrum of ultracold 173Yb atoms with the lattice depth s f = 15, 20, 25. (b) The energy spectrum
of two excited states of ultracold 173Yb atoms with lattice depth s f = 30. (c) The energy spectrum of one excited state of ultracold 171Yb atoms
with lattice depth s f = 30. In the figure we take E (c.m.)

g = 0, where E (c.m.)
g = 0 is the two-body ground-state energy without the interatomic

interactions. Here we show the results given by our calculations with the method in Sec. III (solid lines) for the best-fitting parameters
a+ = 2012a0, a− = 193a0 (173Yb) and a+ = 232a0, a− = 372a0 (171Yb), as well as the experimental results given by Refs. [21,22] (173Yb)
and [23] (171Yb) (stars, open circles, open squares, and open diamonds).

short-range parameters, which is consistent with the obser-
vation in Ref. [21]. By contrast, the energy spectrum of the
171Yb atoms is very sensitive to the variations of the scattering
lengths.

We further use the best-fitted values of a± obtained above
to calculate the shallowest bound energies for 173Yb atoms
with different lattice depth s f = 15, 20, 25, as well as the
energies of several excited states of 173Yb atoms or 171Yb
atoms with s f = 30. In Fig. 6 we compare our result with
the experimental results of Refs. [21–23]. It is shown that the
theoretical (red lines) and experimental results (blue markers)
consist very well with each other.

As mentioned before, in Refs. [21–23] the values of a±
were also derived for 173Yb and 171Yb atoms, respectively, via
the fitting of the theoretical results with experimental mea-
surements of two-body eigenenergies. Nevertheless, in these
calculations the r-independent Zeeman Hamiltonian ĥS (δ)
was ignored in the short-range limit r → 0, which means the
Zeeman Hamiltonian ĥS (δ) was omitted in Eqs. (9) and (12),
or the coefficients al j (E , δ) were assumed as al j (E , δ = 0). In
Table I we summarize the values of a± given by these works
as well as our above results. It is shown that our calculation
calibrates the values of a± 3%–12% different from those given
by previous works.

V. CONCLUSIONS AND OUTLOOK

In this work we develop a generic energy-dependent HYP
approach for the two-body problem of confined ultracold
atoms. Instead of directly solving the Schrödinger equation of

a two-body problem, we encapsulate the interatomic interac-
tion potential to an energy-dependent HYP, which reproduces
the wave function of the two-body problem in the short-
range region. The energy-dependent HYP is characterized by
a “scattering length operator,” which self-consistently takes
account of the c.m.-relative coupling and the noncommutativ-
ity between the internal state Hamiltonian of atoms and the
interatomic interaction. In addition, when the interatomic in-
teraction can be approximated as an internal-state independent
van der Waals potential beyond a specific range, the scattering
length operator can be analytically derived via the multi-
channel MQDT approach. Using our approach, we further
calculate the energy spectrum of two alkali-earth(-like) atoms
confined in a site of a 3D optical lattice. By fitting the cal-
culated results with the experimentally measured bound-state
energy, we calibrate the values of the zero-energy scattering
lengths a± of the short-range interatomic interaction at most
12% different from previous works. Without introducing extra
parameters, our theory unifies several experimental results of
the alkali-earth(-like) atoms and thereby provides a general
framework to deal with related issues.
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APPENDIX A: MQDT CALCULATION

In this Appendix, we show how to derive the parameters al j (E , δ) and Al j (E , δ) introduced in Secs. II B 2 and II B 3,
respectively, via the MQDT method.

1. Derivation of al j (E, δ) of Sec. II B 2

For clarity, here we show the calculation for a specific example (i.e., the system studied in Sec. III). The generalization of
the calculation to other systems is straightforward. We consider the system with a two-dimensional internal-state space HS

(i.e., NS = 2), which has an orthonormal basis {|c〉S, |o〉S}, and assume the Hamiltonian ĥS and the bare interatomic interaction
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potential Ubare(r) are given by

ĥS = δ|c〉S〈c| (A1)

and

Ubare(r) = U+(r)|+〉S〈+| + U−(r)|−〉S〈−|, (A2)

respectively. Here δ is the external-field parameter and the states |±〉S are defined as

|±〉S = 1√
2

(|c〉S ∓ |o〉S ). (A3)

Moreover, as shown in Sec. II B 2, we assume that beyond a particular range b both U+(r) and U−(r) can be approximated as
van der Waals potentials with the same characteristic length β6, i.e.,

U+(r > b) ≈ U−(r > b) ≈ − β4
6

2μr6
. (A4)

Namely, we have U+(r) �= U−(r) only for r < b.
Now we use MQDT to solve Eq. (19), i.e., the equation{

− 1

2μ

1

r2

d

dr

(
r2 d

dr

)
+ ĥS + Ûbare(r)

}
|ψ (r)〉S = E |ψ (r)〉S, (A5)

with boundary condition |ψ (r = 0)〉S = 0. This has already been done in our previous work [34]. Thus, here we just briefly
show the principle of the MQDT method and the main results. More details of the MQDT calculations are shown in Ref. [34].

We first consider the case with δ = 0, where the |+〉S and |−〉S components of Eq. (A5) are decoupled with each other. Due
to the above fact (A4), the solution of Eq. (A5) satisfies (up to a global constant)

S〈±|ψ (r)〉S = 1

r

[
f 0
E (r) − K0

±g0
E (r)

]
(for r > b). (A6)

Here f 0
E (r) and g0

E (r) are two linearly independent special solutions of the single-component radial Schrödinger equation with
van der Waals potential: {

− 1

2μ

d2

dr2
− 1

2μ

β4
6

r6

}
y(r) = Ey(r), (A7)

with eigenvalue E , which were derived by Gao in [36,48]. Moreover, in Eq. (A6) the parameters K0
+ and K0

− are determined by
the details of the potentials U+(r) and U−(r) in the region r < b, respectively. Here we emphasize that the functions f 0

E (r) and
g0

E (r) are chosen to satisfy energy-independent normalization conditions in the limit r → 0 [35,36]. In the low-energy cases with
E being much less than the van der Waals energy 1/(2μβ2

6 ), both the functions f 0
E (r) and g0

E (r) and the function S〈±|ψ (r)〉S (up
to a global factor) are almost independent of E in the region r ≈ b. As a result, the parameters K0

± are also almost independent
of E . It was proved that these two parameters are related to the zero-energy scattering lengths a± with respect to the potentials
U±(r) via

K0
± = 2πβ6

2πβ6 − a±�(1/4)2 , (A8)

with �(z) being the gamma function [36].
Now we consider the cases with δ �= 0 and |δ| � 1/(2μβ2

6 ). Also due to the fact (A4), the solution of Eq. (A5) satisfies

|ψ (r)〉S = 1

r

[
A f f 0

E (r) + Agg0
E (r)

]|o〉S + 1

r

[
B f f 0

E−δ (r) + Bgg0
E−δ (r)

]|c〉S (for r > b), (A9)

with A f ,g and B f ,g being r-independent coefficients. On the other hand, in our low-energy case f 0
E (r) and g0

E (r) are almost
independent of E for r ≈ b. Thus, we have

|ψ (r)〉S ≈ 1

r

[
A f f 0

E (r) + Agg0
E (r)

]|o〉S + 1

r

[
B f f 0

E (r) + Bgg0
E (r)

]|c〉S (for r ≈ b). (A10)

Furthermore, as shown in the main text below Eq. (21), the van der Waals characteristic length β6 satisfies the low-energy
condition |k j |2 � 1/β2

6 ( j = 1, . . . , NS), which can be expressed as (|E |, |δ|) � 1/(2μβ2
6 ) for our current system. This condition

yields that the behavior of |ψ (r)〉S in the region r ≈ b is almost independent of δ. Using this fact and the expression (A6) for the
wave function for δ = 0, we find that even for finite δ we still have

S〈±|ψ (r)〉S ≈ 1

r

[
f 0
E (r) − K0

±g0
E (r)

]
(for r ≈ b). (A11)
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The above results (A10) and (A11) are key points of the MQDT approach. Combining these two equations we can obtain the
algebraic equations which must be satisfied by the coefficients A f ,g and B f ,g. With further direct calculations based on these
algebraic equations and Eqs. (A3), (A9), and (A11), we further find the behaviors of two linearly independent special solutions
of Eq. (A5) in the region r > b:

|ψ (α)(r > b)〉S = 1

r

{[
f 0
E (r) − K0

oog0
E (r)

]|o〉S − K0
cog0

E−δ (r)|c〉S
}
, (A12)

|ψ (β )(r > b)〉S = 1

r

{−K0
ocg0

E (r)|o〉S + [
f 0
E−δ (r) − K0

ccg0
E−δ (r)

]|c〉S
}
, (A13)

with the coefficients K0
i j (i, j = o, c) being defined as

K0
oo = K0

cc = K0
+ + K0

−
2

, K0
co = K0

oc = K0
− − K0

+
2

. (A14)

Above we have solved Eq. (A5) with MQDT. Now we use these results to derive the parameters al j (E , δ). To this end, we
should use |ψ (α,β )(r)〉S to compose another two special solutions of Eq. (A5), which are introduced in Eq. (20). Explicitly, we
require to solve the equations

Cα|ψ (α)(r � β6)〉S + Cβ |ψ (β )(r � β6)〉S ∝ 1

r

{
1

ko
sin(kor)|o〉S − [aco(E , δ) cos(kcr)|c〉S + aoo(E , δ) cos(kor)|o〉S]

}
,

Dα|ψ (α)(r � β6)〉S + Dβ |ψ (β )(r � β6)〉S ∝ 1

r

{
1

kc
sin(kcr)|c〉S − [acc(E , δ) cos(kcr)|c〉S + aoc(E , δ) cos(kor)|o〉S]

}
, (A15)

where kc = √
2μ(E − δ) and ko = √

2μE , with Cα,β , Dα,β , and al j (E , δ) (l, j = o, c) being the unknowns. This equation can
be solved with the asymptotic behavior of the functions f 0

ε (r) and g0
ε (r) (ε = E , E − δ) in the region r � β6 where the van der

Waals interaction can be ignored. These behaviors were provided by Gao in Refs. [33,35]. According to these references, we can
introduce another two solutions { f c

ε (r), gc
ε (r)} of Eq. (A7) which are related to { f 0

ε (r), g0
ε (r)} via(

f 0
ε (r)

g0
ε (r)

)
=

√
2

(
cos

(
π
8

) − sin
(

π
8

)
− sin

(
π
8

) − cos
(

π
8

))( f c
ε (r)

gc
ε (r)

)
. (A16)

Furthermore, the behaviors of { f c
ε (r), gc

ε (r)} for r � β6 are [33]

(
f c
ε (r � β6)

gc
ε (r � β6)

)
≈
√

2

πkεβ6

(
Zc(6)

f f Zc(6)
f g

Zc(6)
gf Zc(6)

gg

)(
sin (kεr)

− cos (kεr)

)
(for ε > 0) (A17)

and

(
f c
ε (r � β6)

gc
ε (r � β6)

)
≈
√

2

πkεβ6

⎛
⎝W c(6)

f − +2W c(6)
f +

2

W c(6)
f − −2W c(6)

f +
2

W c(6)
g− +2W c(6)

g+
2

W c(6)
g− −2W c(6)

g+
2

⎞
⎠(sinh(kεr)

cosh(kεr)

)
(for ε < 0), (A18)

where kε = √
2μ|ε|, and Zc(6)

i j (i, j = f , g) and W c(6)
i j (i = f , g; j = ±) are also functions of ε and are listed in [33,49]. Substi-

tuting Eqs. (A17) and (A18) into Eq. (A16), we can derive the behaviors of the functions f 0
ε (r) and g0

ε (r) (ε = E , E − δ) in the
region with r � β6. Using these behaviors, we can directly solve Eq. (A15) and obtain

aoo(E , δ) = 1

|ko|

(
Pf ,E−δ − K0

ccPg,E−δ

)(
Q f ,E − K0

ooQg,E
) − K0

coK0
ocPg,E−δQg,E

K0
coK0

ocPg,E−δPg,E − (
Pf ,E − K0

ooPg,E
)(

Pf ,E−δ − K0
ccPg,E−δ

) , (A19)

aoc(E , δ) = − 1

|kc|

(
Pf ,E − K0

ooPg,E
)
K0

ocQg,E − K0
ocPg,E

(
Q f ,E − K0

ooQg,E
)

K0
coK0

ocPg,E−δPg,E − (
Pf ,E − K0

ooPg,E
)(

Pf ,E−δ − K0
ccPg,E−δ

) , (A20)

aco(E , δ) = − 1

|ko|

(
Pf ,E−δ − K0

ccPg,E−δ

)
K0

coQg,E−δ − K0
coPg,E−δ

(
Q f ,E−δ − K0

ccQg,E−δ

)
K0

coK0
ocPg,E−δPg,E − (

Pf ,E − K0
ooPg,E

)(
Pf ,E−δ − K0

ccPg,E−δ

) , (A21)

acc(E , δ) = 1

|kc|

(
Q f ,E − K0

ooQg,E
)(

Q f ,E−δ − K0
ccQg,E−δ

) − ( − K0
ocPg,E

)( − K0
coQg,E−δ

)
K0

coK0
ocPg,E−δPg,E − (

Pf ,E − K0
ooPg,E

)(
Pf ,E−δ − K0

ccPg,E−δ

) , (A22)
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where Pf ,ε , Q f ,ε , Pg,ε , Qg,ε are defined as

Pf ,ε =
√

4

πkεβ6

[
cos

(π

8

)
Zc(6)

f f − sin
(π

8

)
Zc(6)

gf

]
, (A23)

Q f ,ε =
√

4

πkεβ6

[
− cos

(π

8

)
Zc(6)

f g + sin
(π

8

)
Zc(6)

gg

]
, (A24)

Pg,ε =
√

4

πkεβ6

[
− sin

(π

8

)
Zc(6)

f f − cos
(π

8

)
Zc(6)

gf

]
, (A25)

Qg,ε =
√

4

πkεβ6

[
sin

(π

8

)
Zc(6)

f g + cos
(π

8

)
Zc(6)

gg

]
(A26)

for ε > 0, and

Pf ,ε =
√

4

πkεβ6

[
cos

(π

8

)W c(6)
f − + 2W c(6)

f +
2

− sin
(π

8

)W c(6)
g− + 2W c(6)

g+
2

]
, (A27)

Q f ,ε =
√

4

πkεβ6

[
cos

(π

8

)W c(6)
f − − 2W c(6)

f +
2

− sin
(π

8

)W c(6)
g− − 2W c(6)

g+
2

]
, (A28)

Pg,ε =
√

4

πkεβ6

[
− sin

(π

8

)W c(6)
f − + 2W c(6)

f +
2

− cos
(π

8

)W c(6)
g− + 2W c(6)

g+
2

]
, (A29)

Qg,ε =
√

4

πkεβ6

[
− sin

(π

8

)W c(6)
f − − 2W c(6)

f +
2

− cos
(π

8

)W c(6)
g− − 2W c(6)

g+
2

]
(A30)

for ε < 0.

2. Derivation of Al j (E, δ) of Sec. II B 3

By straightforwardly generalizing the calculation in Appendix A 1, one can also derive the coefficients Al j (E , δ) of Sec. II
B 3 via MQDT. Here we just show the main steps of this approach. For convenience, we assume the Hilbert spaces HR and
HS for the c.m. motion and internal state are spanned by the basis {|ν〉S|ν = 1, . . . , NS} and {|η〉R|η = 1, . . . , NR}, respectively.
It is clear that we have NRS = NRNS . We further assume the interatomic interaction potential Ûbare(r) are diagonal in the basis
{|ν〉S|ν = 1, . . . , NS} and can be approximated as the van der Waals potential beyond the range b, i.e.,

Ûbare(r) =
{∑NS

ν=1 Uν (r)|ν〉S〈ν|, r < b

− β4
6

2μr6 , r � b.
(A31)

Using MQDT we can obtain NRS special solutions of the stationary Schrödinger equation of the Hamiltonian [−∇2
r /(2μ) +

Ûbare(r) + ĥS]|ψ (r)〉RS = E |ψ (r)〉RS , which can be denoted as |ψξ (r)〉RS (ξ = 1, . . . , NRS) and satisfy

|ψξ (r > b)〉RS = 1

r

NRS∑
j=1

[
δξ j f 0

Ej
(r) + A(ξ j)

g g0
Ej

(r)
]|λ j〉RS (ξ = 1, . . . , NRS ), (A32)

where Ej = E − λ j , {λ j, |λ j〉RS} is defined in Eq. (24), δξ j is the Kronecker symbol, and the coefficients A(ξ j)
g (ξ, j = 1, . . . , NRS )

are the solutions of the N2
RS equations

NRS∑
j=1

{
A(ξ j)

g [R〈η|S〈ν|λ j〉RS]
} = −K0

ν [R〈η|S〈ν|λξ 〉RS]

(for ξ = 1, . . . , NRS; ν = 1, . . . , NS; η = 1, . . . , NR). (A33)

Here K0
ν (ν = 1, . . . , NS) is given by

K0
ν = 2πβ6

2πβ6 − aν�(1/4)2 (ν = 1, . . . , NS ), (A34)

where aν is the zero-energy scattering length with respect to the potential curve S〈ν|Ûbare(r)|ν〉S .
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As in Sec. II B 2, using the special solutions |ψξ (r)〉RS (ξ = 1, . . . , NRS) obtained above we can derive the coefficients
Al j (E , δ) of Sec. II B 3 via solving the algebraic equations

NRS∑
l=1

D( j)
l |ψl (r � β6)〉RS ∝ 1

r

{
1

p j
sin(p jr)|λ j〉RS −

NRS∑
l=1

Al j (E , δ) cos(plr)|λl〉RS

}
( j = 1, . . . , NRS ), (A35)

where the long-range wave functions |ψ (l )(r � β6)〉RS (l = 1, . . . , NRS) are given by substituting Eqs. (A17) and (A18) into
Eq. (A32), pl = √

2μ(E − λl ) (l = 1, . . . , NRS), and D( j)
l , Al j (E , δ) are unknowns.

APPENDIX B: SOLUTION OF EQ. (41)

In this Appendix, we solve Eq. (41), i.e., the equation Ĥ ′
eff (E (0)

g )|�(r)〉RS = E (0)
g |�(r)〉RS, under the boundary condition

|�(r → ∞)〉RS = 0, and derive the zeroth-order result E (0)
g for the ground-state energy of the two confined alkaline-earth(-like)

atoms.
As shown Sec. III C, the term V̂ (c)

1 is neglected in Ĥ ′
eff , and thus the total confinement potential is approximated as

V (c)(R̂, r) ≈ 1
2μω2r2 + V (c)

0R (R̂), (B1)

which does not include the coupling between the relative and c.m. motion. Therefore, to solve Eq. (41) we can separate these
two degrees of freedoms. Explicitly, with straightforward calculation, we find that the solution {E (0)

g , |�(r)〉RS} of Eq. (39) can
be expressed as

|�(r)〉RS = |ψrel(r)〉S|Eg〉R; (B2)

E (0)
g = Erg + Eg. (B3)

Here |Eg〉R and Eg are the ground-state and the corresponding eigenenergy of the c.m. Hamiltonian ĤR defined in Eq. (38). In
addition, {Erg, |ψrel(r)〉S} are the ground-state solutions of the Schrödinger equation for the relative motion:⎡

⎣(− 1

2μ
∇2

r + 1

2
μω2r2

)
+ δ |c〉S〈c| +

∑
l, j=o,c

|l〉S〈 j|al j (Erg, δ)
2π

μ
δ(r)

∂

∂r
(r·)

⎤
⎦|ψrel(r)〉S = Erg|ψrel(r)〉S (B4)

in the s-wave manifold with boundary condition |ψrel(r → ∞)〉S = 0, with the coefficients al j (Erg, δ) (l, j = o, c) derived in
Sec. III B.

We can solve Eq. (B4) by straightforwardly generalizing the seminal work of Bush [45]. To this end, we first reexpress
Eq. (B4) in the region with r > 0 as(

− 1

2μ

d2

dr2
+ 1

2
μω2r2 + 
 j

)
[r ·S 〈 j|ψrel(r)〉S] = Erg[r ·S 〈 j|ψrel(r)〉S] (for j = o, c), (B5)

with 
o = 0 and 
c = δ. Combining this fact and the binding condition S〈 j|χ (r → ∞)〉S = 0, we find that

|�(r)〉S = 1

r

[
c1Dνo

(√
2r

lho

)
|o〉S + c2Dνc

(√
2r

lho

)
|c〉S

]
, (B6)

where the characteristic length lho = √
1/(μω), c1, c2 are r-independent constants, Dν (z) is the parabolic cylinder function, and

the parameters νo,c are defined as

νo = Erg

ω
− 1

2
, νc = Erg − δ

ω
− 1

2
. (B7)

Furthermore, the HYP in Eq. (B4) is mathematically equivalent to the two-channel Bethe-Perierls boundary condition

∣∣ψ (−1)
rel

〉
S

= −
[ ∑

i, j=o,c

ai j (Erg, δ)|i〉S〈 j|
]∣∣ψ (0)

rel

〉
S
, (B8)

with the r-independent spin states |ψ (−1,0)
rel 〉S being the terms in the small-r expansion of |ψrel(r)〉RS:

lim
r→0+

|ψrel(r)〉S = 1

r

∣∣ψ (−1)
rel

〉
S + ∣∣ψ (0)

rel

〉
S + O(r). (B9)

Substituting Eq. (B6) into Eqs. (B9) and (B8) and using the fact

lim
z→0+

Dν (z) =
√

2νπ

�
(

1
2 − ν

2

) −
√

2ν+1π

�
( − ν

2

) z + O(z2), (B10)
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we find that the condition (B8) yields a linear equation for the coefficients c1,2 in the expression (B6) of |ψrel(r)〉:

J (Erg)

(
c1

c2

)
= 0, (B11)

where the 2 × 2 matrix J (Erg) is defined as

J (Erg) = 1

lho

(
lho�

o
1 + aoo�

o
2 aoc�

c
2

aco�
o
2 lho�

c
1 + acc�

c
2

)
(B12)

with symbol conventions

�
j
1 =

√
2ν j π

�
(

1
2 − ν j

2

) , �
j
2 = − 2

√
2ν j π

�
( − ν j

2

) ( j = o, c), (B13)

which yields that the energy Erα (α = 1, 2, . . . ) satisfies the algebraic equation

det [J (Erα )] = 0. (B14)

Thus, by solving Eq. (B14) we can obtain all the eigenenergy Erα of the relative motion. Substituting this result and the c.m.
ground energy εg obtained in Sec. III B into Eq. (B3), we obtain the zeroth-order two-atom ground-state energy E (0)

g = Erg + Eg

with Erg being the minimum of Erα .

APPENDIX C: DIAGONALIZATION OF Ĥeff (E (0)
g )

In this Appendix we show our method for the diagonalization of the Hamiltonian Ĥeff (E (0)
g ) of Sec. III C. As shown in the

main text, in our calculation the function Ĥeff (Eb) is defined in Eq. (40), and the value of the argument E (0)
g is already derived in

the previous calculations. Thus, our purpose is to diagonalize a totally determined Hamiltonian Ĥeff (E (0)
g ).

The key point is that Ĥeff (E (0)
g ) includes a HYP term âeff (E (0)

g ) 2π
μ

δ(r) ∂
∂r (r·) with determined parameter E (0)

g . Due to this term,

the eigenstate |�(r)〉RS of the Ĥeff (E (0)
g ) must satisfy the corresponding Bethe-Peierls boundary condition (BPC), i.e., in the

short-range limit r → 0, the state |�(r)〉RS can be expressed as

lim
r→0

|�(r)〉RS =
[

âeff
(
E (0)

g

)
r

− 1

]
|χ〉RS + O(r), (C1)

with |χ〉RS being an r-independent state. Therefore, we should first find a complete orthogonal basis {|φλ(r)〉RS|λ = 0, 1, 2, . . . },
in which all states satisfy the BPC [i.e., Eq. (C1)], and then express Ĥeff (E (0)

g ) as a matrix in this basis, and numerically
diagonalize that matrix.

In our calculation we use the eigenstates of Ĥ ′
eff (E (0)

g ) as basis {|φλ(r)〉RS|λ = 0, 1, 2, . . . }, with Ĥ ′
eff being defined in Eq. (42).

Explicitly, we first solve the equation

Ĥ ′
eff

(
E (0)

g

)|φλ(r)〉RS = ε
(0)
λ |φλ(r)〉RS (λ = 1, 2, . . . ) (C2)

and derive all the eigenstates {|φλ(r)〉RS|λ = 0, 1, 2, . . . } of Ĥ ′
eff (E (0)

g ). Notice that in Eq. (C2) the parameter (E (0)
g ) is already

determined, rather than an unknown. Then we diagonalize Ĥeff (E (0)
g ) in the basis {|φλ(r)〉RS|λ = 0, 1, 2, . . . }. In our calculations

we take into account all the eigenstates |φλ(r)〉RS with ε
(0)
λ < Ecut, where Ecut is about 8ω and ω is the confinement frequency

given in Eq. (34). As a result, about 200 of the eigenstates of the c.m. Hamiltonian ĤR defined in Eq. (38) are included in our
calculation.

Our above treatment is based on the following reasons. (i) It is clear that all the eigenstates of Ĥ ′
eff (E (0)

g ) satisfy the BPC (C1).
(ii) Since in Ĥ ′

eff the c.m. and relative motion are not coupled with each other, Eq. (C2) can be solved easily. (iii) Since the atoms
are moving near the trap center, the difference between Ĥeff (E (0)

g ) and Ĥ ′
eff (E (0)

g ), i.e., the term V (c)
1 (R̂, r) defined in Eq. (33),

is a perturbation. Thus, the numerical diagonalization of Ĥeff (E (0)
g ) in the basis {|φλ(r)〉RS|λ = 0, 1, 2, . . . } can be performed

efficiently.
We also use this method in the diagonalization of Ĥeff (E ( j)

g ) ( j = 1, 2, . . . ), which are performed in the iterative calculation
of Sec. III C. Namely, for each j we first derive the eigenstates of Ĥ ′

eff (E ( j)
g ), and then diagonalize Ĥeff (E ( j)

g ) in the basis formed
by these states.

APPENDIX D: DATA FITTING AND UNCERTAINTY ESTIMATION

In this Appendix we show our approach for the fitting of our theoretical results to the experimental measurements of the
bound-state energies as well as the method for the estimation of the uncertainty of the best-fitting values of a±. Here we take the
system of 173Yb atoms as an example to introduce our method.
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We denote the experimental results of bound-state energies of 173Yb atoms in the lattice with s f = 30, which are given by
Refs. [21,22], as {(B(1), E (1)

b ), (B(2), E (2)
b ), . . . , (B(N ), E (N )

b )}. Here B(i) and E (i)
b (i = 1, . . . , N) are the value of the bias magnetic

field B and the measured bound-state energy of the ith data. We further denote the bound-state energy given by our theoretical
calculation as E (theory)

b (B, a+, a−), which is a function of the bias magnetic field and the scattering lengths a±. Using the nonlinear
least-square method [46], we determine the best-fitting values of a±, which are denoted as a(best fitting)

± , by minimizing the target
function

S =
N∑

i=1

[
E (i)

b − E (theory)
b (B(i), a+, a−)

]2
. (D1)

Furthermore, we estimate the uncertainty (95% confidence) of the best-fitting values of a±, which are denoted as δ± =
1.96

√
σ 2

r λ± with σr being defined as

σ 2
r = 1

N − 2

N∑
i=1

[
E (i)

b − E (theory)
b

(
B(i), a(best fitting)

+ , a(best fitting)
−

)]2
, (D2)

and λ± being defined as the eigenvalues of H−1 with H given by

H=
⎛
⎝ ∂E (theory)

b (B(1);a+,a− )
∂a+

· · · ∂E (theory)
b (B(N );a+,a− )

∂a+
∂E (theory)

b (B(1);a+,a− )
∂a−

· · · ∂E (theory)
b (B(N );a+,a− )

∂a−

⎞
⎠

ᵀ⎛
⎝ ∂E (theory)

b (B(1);a+,a− )
∂a+

· · · ∂E (theory)
b (B(N );a+,a− )

∂a+
∂E (theory)

b (B(1);a+,a− )
∂a−

· · · ∂E (theory)
b (B(N );a+,a− )

∂a−

⎞
⎠
∣∣∣∣∣∣
a±=a(best fitting)

±

. (D3)
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