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Cavity control of quantum matter may offer new ways to study and manipulate many-body systems. A
particularly appealing idea is to use cavities to enhance superconductivity, especially in unconventional or
high-Tc systems. Motivated by this, we propose a scheme for coupling terahertz resonators to the antiferro-
magnetic fluctuations in a cuprate parent compound, which are believed to provide the glue for Cooper pairs
in the superconducting phase. First, we derive the interaction between magnon excitations of the Neél order
and polar phonons associated with the planar oxygens. This mode also couples to the cavity electric field,
and in the presence of spin-orbit interactions mediates a linear coupling between the cavity and magnons,
forming hybridized magnon-polaritons. This hybridization vanishes linearly with photon momentum, implying
the need for near-field optical methods, which we analyze within a simple model. We then derive a higher-order
coupling between the cavity and magnons, which is only present in bilayer systems, but does not rely on
spin-orbit coupling. This interaction is found to be large, but only couples to the bimagnon operator. As a
result, we find a strong, but heavily damped, bimagnon-cavity interaction which produces highly asymmetric
cavity line shapes in the strong-coupling regime. To conclude, we outline several interesting extensions of our
theory, including applications to carrier-doped cuprates and other strongly correlated systems with terahertz-scale
magnetic excitations.
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I. INTRODUCTION

Using light to control the properties of quantum materials
not only holds the potential to realize new and interesting
quantum many-body phases [1–16] but may also hold the key
to create novel devices and functionalities [17–29]. In most
cases, this optical control is achieved by externally applying
intense electromagnetic radiation to the system in question
[30–59]. Recently, however, an appealing alternative route
has been put forward which bypasses the need for intense
external radiation. Instead, one may attempt to use reso-
nantly coupled electromagnetic cavities to custom tailor the
properties of the electromagnetic vacuum fluctuations directly
[14,27,28,60–86].

A potentially powerful application of this approach is to
use cavities to control antiferromagnetic correlations in a
high-Tc cuprate superconductor. These correlations are be-
lieved to underlie many of the exotic, and potentially useful,
aspects of the unconventional high-Tc superconductivity in
these materials [87–91]. It therefore stands to reason that
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the ability to optically manipulate, and ultimately enhance,
superconductivity in these materials [20,30,43,72,92–95]
is extremely appealing from both a theoretical and prac-
tical perspective, and may pave the way toward realizing
room-temperature superconductivity—a holy grail of modern
condensed matter and material science.

The concept of using cavities to manipulate supercon-
ductivity has already been put forward in the context of
electron-phonon systems [61,67,96]. In this case, it has
been proposed that strongly coupling resonant cavities to
infrared-active optical phonons [97–100] may offer a way
to manipulate the pairing between electrons in conventional
superconductors. While indeed this may be a promising
avenue [79] toward achieving cavity-enhanced superconduc-
tivity, these systems still remain fundamentally limited by
the relatively weak coupling strengths afforded by electron-
phonon interaction. In contrast, while the exact mechanism
responsible for superconductivity in cuprates is still unclear,
it is widely believed to be driven by interactions of electrons
with spin fluctuations rather than phonons [87–89,101–118].
As a result, these systems have a higher ceiling for potential
enhancement effects. At the same time, it is also less clear how
cavities may be used to modify these spin fluctuations.

Motivated by these considerations, we propose a scheme
for realizing strong coupling of a resonant cavity to the
spin fluctuations in an antiferromagnetic cuprate parent com-
pound. Previously, it has been established that optical methods
can be used to manipulate magnons in antiferromagnets, ei-
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FIG. 1. Overview of our proposal for forming cavity magnon-polaritons in insulating cuprates. The paper is structured into two parts. In part
one (Sec. IV), we study a mechanism based on the dynamical Dzyaloshinskii-Moriya interaction. This interaction originates from spin-orbit
effects, and the relevant displacement of the phonon mode is shown in (a). We illustrate the energy scales and interaction mechanisms for
the cavity-phonon and magnon-phonon interactions, which results in an effective linear magnon-cavity coupling, shown in (b). In part two
(Sec. V), we consider a mechanism which is based on a bilayer-squeezing interaction. This interaction doesn’t require spin-orbit effects and
involves a bilayer-odd perturbation to the scalar exchange. The relevant phonon displacement is shown in (c). We illustrate the energy scales
and interaction mechanisms for the cavity-phonon and magnon-phonon interactions, which results in an effective quadratic magnon-cavity
coupling, shown in (d).

ther through Raman processes [119–126] or ultrafast optical
methods [31,32,57,93,124,127–133]. However, most of these
protocols are difficult to adapt to the cavity setting due to the
fact that they essentially rely on nonlinear or strongly off-
resonant processes [74]. Unlike their ferromagnetic counter-
parts, which reside at GHz frequencies [134–137], magnons
in an antiferromagnetic typically reside in the 1–10 THz
regime, owing to their larger superexchange energy scales
[138]. This presents additional challenges due to the no-
torious difficulties in terahertz engineering, which are only
recently being overcome [27,28,75,77–79,97,99,139–151].
In this paper, we theoretically address these challenges,
thereby taking the first crucial step toward achieving cavity
control of high-temperature superconductivity in cuprates.

This leads us to our central proposal of using terahertz
resonators to strongly couple to the magnons in a cuprate
system, which is schematically depicted in Fig. 1. Specifically,
we propose two suitable microscopic mechanisms by which
magnons in the insulating cuprate may be coupled to cavity
photons, which are organized into two main parts of this paper.
Both of these employ an infrared-active phonon mode [57]
as an intermediary between the electric field of the cavity
and the electron spins. In the first scenario, discussed in part
one, we examine how in the presence of spin-orbit coupling
[66,152–159] this phonon mode can lead to a linear coupling
between the cavity photons and spin-waves [23,160–168].
The relevant displacement of the phonon mode and how it
couples to the cavity and magnons is illustrated in Figs. 1(a)
and 1(b), respectively. Our key finding is that this gener-
ically leads to a linear effective magnetoelectric coupling,
but in the absence of inversion-symmetry breaking [169] this
coupling vanishes in the far-field limit and the magnons de-
couple from the electric field. While this poses a problem
for conventional terahertz optics, since terahertz resonators
are localized well within the subwavelength regime, this will
not fundamentally impede the coupling to a resonant cav-
ity. Inspired by recent advances in terahertz near-field optics

[141,144,146,148,170–177], we explore a particular model in
which a strong near-field coupling is realized.

In the second scenario, discussed in part two, we examine
how the same infrared-active phonon mode may couple to the
scalar spin-exchange in a bilayer cuprate. Due to a buckling
distortion in equilibrium, in a bilayer the planar bonds are
not linear and therefore there may be a linear coupling to
a polar mode [114,178]. The relevant displacement of the
phonon mode in this case and how it couples to the cavity and
magnons is illustrated in Figs. 1(c) amd 1(d) respectively. This
coupling yields an effective magnetoelectric coupling which is
linear in electric field but quadratic in the spin waves. While
this coupling doesn’t lead to the formation of polaritons, we
show that, nevertheless, this does lead to a strong coupling
between the photons and cavity, and may be promising in the
future since it more naturally allows for controlling the corre-
lations which are moderated by the spin-waves [67,179–184].
Both of these processes are argued to be within the reach
of current experiments. A summary of the main results, and
which section they are discussed in, is encapsulated in Table I.

TABLE I. Summary of the coupling schemes considered in this
paper and the section where they are discussed. For each, we have
indicated the structure of the system (monolayer versus bilayer) con-
sidered, the physical mechanism underlying the coupling (spin-orbit
interaction versus buckling modulation), the order of magnon-
operator coupled to (linear coupling to single magnon operator or
quadratic coupling to bimagnon operator), and whether a near-field
or conventional cavity is needed for experimental detection.

Section IV A IV C V

Structure monolayer bilayer bilayer
Mechanism spin-orbit spin-orbit buckling
Order linear linear quadratic
Cavity type near field near field conventional
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The remainder of this paper is structured as follows: In
Sec. II, we review the equilibrium structure of the model
cuprate system and its interactions with lattice vibrations and
spin-orbit effects. In Sec. III, we briefly review the equi-
librium properties of the model described in the previous
section. Next, in Sec. IV we focus our attention on a resulting
linear magnetoelectric coupling and show how it can lead
to hybridized cavity magnon-polaritons. After examining the
linear coupling, we proceed to Sec. V, where we examine a
quadratic coupling between the cavity photons and bimagnons
also present in our model, and argue it can also give rise
to strong-coupling signatures between the cavity-photons and
bimagnons. Finally, we conclude with a discussion in Sec. VI,
wherein we outline future interesting directions and applica-
tions of our paper.

II. MODEL

We begin with the nature of spin-orbit coupling in the
cuprates. We will mainly focus on modeling bilayer cuprate
systems, as realized by the YBa2Cu3O6 (YBCO) family of
compounds. However, it is often qualitatively similar, but
technically simpler, to consider a model system which con-
sists of a single monolayer with easy-plane anisotropy. The
details of the derivation of the easy-plane toy model will be
relegated to Appendix B, though it will also straightforwardly
follow as a limiting case of decoupled bilayers.

This section is devoted to deriving the relevant spin model
and its coupling to the cavity electric field, summarized as

Ĥtot = Ĥsp + Ĥint. (1)

First, we will derive the appropriate spin-model, which can
be found later in Eq. (4). We will then derive via a spin-
phonon coupling the magnon-cavity interaction Hamiltonian
Hint , which can be found later in Eq. (11). First, we consider
the effects of spin-orbit coupling and derive the stand-alone
spin Hamiltonian.

A. Spin-orbit coupling

We will first focus on the case of a bilayer system, such
as YBCO. Importantly, in the compound YBCO there are two
copper oxide planes in each unit cell which are related to each
other by horizontal mirror plane symmetry. Therefore, overall
inversion symmetry is preserved but can still act nontrivially
on each layer [185].

To lowest order, we expect that at half filling the low-
energy Hamiltonian for the system should roughly map onto
a nearest-neighbor Heisenberg model with weak interlayer
coupling [153] of the form

Ĥ0 =
∑

�

∑
〈 j,k〉

J0Ŝ j� · Ŝk� +
∑

j

Jud Ŝ ju · Ŝ jd , (2)

where the vector operator Ŝ j� describes the spin- 1
2 moment

located at site R j of layer � = u, d , and 〈 j, k〉 indicates that
j and k are nearest-neighbor sites within the ab plane. The
interlayer coupling Jud involves the hopping along the c axis
and is typically two orders of magnitude smaller than the
intralayer processes [153].

So far, this model neglects spin-orbit effects which, though
small, are important at the terahertz scale, as they set the scale
for the magnon gap [138,153]. To obtain the spin-orbit cou-
pling corrections to superexchange [186–188], we start with
a single-band bilayer Hubbard model with spin-orbit coupled
hopping iλ · σ [189]. This is then downfolded, in the usual
way, onto the ground-state spin manifold. Since it is not rele-
vant for our discussion going forward, we relegate the actual
derivation of the corresponding spin model to Appendix A.
Ultimately, the important parameter reflecting the spin-orbit
coupling is λδ�, which depends on the bond direction and layer
index. In particular, time-reversal symmetry constrains λ to be
real and Hermiticity requires λδ = −λ−δ. In a monolayer sys-
tem, inversion symmetry then requires λδ = λ−δ, and thus the
spin-orbit coupling must vanish. However, the crucial obser-
vation is that in the case of YBCO, inversion symmetry only
constrains the spin-orbit coupled hopping to obey λ−δu = λδd ,
which allows for nonzero spin-orbit coupling on each layer.
In this paper, we consider the effect of a Rashba spin-orbit
texture, with

λδ� = (−1)�λez × δ. (3)

Following Ref. [159], we take as a rough estimate the
spin-orbit interaction λ ∼ 10 meV. For the isotropic superex-
change, as a rough estimate, we will assume typical values of
t ∼ 400 meV and U ∼ 4.2 eV [87].

Microscopically, this Rashba spin-orbit coupling emerges
naturally if one notes that in a bilayer system like YBCO, local
crystal field gradients on each layer cause a uniform buckling
of the planar oxygens in the copper oxide planes toward the
interior of the bilayers [66,152–154,157–159,178,189]. This
displaces the oxygen ligands by about 0.22 Å from the copper
oxide plane, leading to a nonlinear bond angle and, as a result,
an unquenched Dzyaloshinskii-Moriya (DM) interaction may
exist on each bond. It is also worth commenting that recently,
effects of similar spin-orbit couplings have been seen in the
dynamics of charge carriers in hole-doped cuprates YBCO
[159,190] and Bi-2212 [66,191], reinforcing this theoretical
model.

It is now straightforward to obtain the spin-orbit correc-
tions to Hamiltonian Eq. (2) due to spin-orbit coupling in
Eq. (3). As we derive in Appendix A, one arrives at the low-
energy Rashba bilayer spin model, which replaces Eq. (2), of

Ĥsp =
∑
j∈A�δ

J0Ŝ j� · Ŝ j+δ� + �ab
δ Ŝa

j�Ŝb
j+δ� + Dδ� · Ŝ j� × Ŝ j+δ�

+
∑

j

Jud Ŝ ju · Ŝ jd , (4)

with intralayer exchange tensors

J0 = 4
t2 − λ2

U
, (5a)

�ab
δ ≡ �(ez × δ)a(ez × δ)b = 8λ2

U
(ez × δ)a(ez × δ)b, (5b)

Dδ� ≡ D�ez × δ = −(−1)�
8tλ

U
ez × δ. (5c)
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To avoid double counting, we have implemented the sum
over bonds as a sum over sites in the A sublattice, and a sum
over its neighbors (which reside in the B sublattice).

We are now interested in coupling this spin system to the
optical field of an electromagnetic cavity. We will outline
a few possible mechanisms to achieve this coupling, all of
which exploit electron-phonon interactions. Within the con-
text of ultrafast optics, phonomagnetic interactions are by now
a well-established way of coupling terahertz optical fields to
electronic spins [31,34,36,49,161,192–196]. The combination
of a relatively large electric dipole matrix element and strong
electron-phonon interaction [197] at the appropriate energy
scale also makes this a promising route for engineering
linear coupling of spins to the cavity electromagnetic field.
However, before proceeding, it is worth briefly commenting
that other mechanisms, such as direct magnetic-dipole
coupling [57,129–133,137,142,143,145,147,149,198–202]
or more complicated electric-dipole couplings
[74,119,127,128,203–210] may also be potentially fruitful
but lie outside the scope of this paper and will be discussed
in future works. In the next subsection, we will consider
one particular phonon mode and show how it can be used
to obtain a coupling between the spin system and the cavity
mode.

B. Polar phonon coupling

Typically, a polar phonon mode cannot couple linearly to
the spin degrees of freedom in a centrosymmetric system due
to inversion symmetry. We will investigate two ways around
this obstruction. The first is through spin-orbit interactions
[160–168]. This mechanism is generic to both the monolayer
and bilayer systems and generates both linear and quadratic
couplings. The second mechanism is specific to the bilayer
system and only generates quadratic couplings, but is ex-
pected to be much stronger than the spin-orbit interaction
[211]. This interaction can be understood as arising from
linearizing the standard biquadratic ∼Q2S · S coupling of the
polar mode around the buckled equilibrium structure, which
is allowed only in the bilayer system.

For the purpose of specificity, we will focus on the
well-known infrared-active B1u mode which is located at a
frequency of roughly 9 THz (41 meV, 320 cm−1)
[30,51,93,122,123,178,212–222] in YBCO. This mode
corresponds to a uniform, in-phase c-axis vibration of all of
the planar oxygen atoms in both bilayers.

We will first write down the stand-alone phonon Hamilto-
nian (including the coupling to the electric field) Hph before
going on to derive the relevant spin-phonon Hamiltonian
Hsp−ph. The bare phonon dynamics is modeled by the Hamil-
tonian Hph, given as

Ĥph =
∑
j∈A,δ

1

2Mph
P̂2

j, j+δ + 1

2
Mph�

2
phQ̂2

j, j+δ

− ZpheÊ z
j, j+δQ̂ j, j+δ, (6)

where to avoid double counting we have instituted the sum
over all bonds by introducing the two sublattices A and B
and summing over each site in A and all of its neighboring

sites at j + δ, which are in sublattice B. Here Q̂ j, j+δ de-
scribes the phonon displacement of the oxygen residing on the
bond connecting sites j ∈ A and j + δ ∈ B, and P̂j, j+δ is the
corresponding canonically conjugate momentum. In addition
to the resonance frequency of �ph ∼ 41 meV, we also have
introduced the phonon effective mass Mph ∼ 8MO, and Born
effective charge Zph ∼ 8ZO, with ZO, MO the effective charge
and mass of one of the planar oxygens.

To obtain the spin-phonon coupling Hamiltonian Hsp−ph,
we could once again begin with an electron-phonon interac-
tion and then downfold this to obtain a spin-phonon coupling.
As before, the actual details of the electronic model are
not relevant and the form of the couplings could, in prin-
ciple, largely be surmised on symmetry grounds alone. As
a result, the details of this procedure are again relegated to
Appendix A.

Then the important parameters are essentially α, which is
the phonon-induced change in the spin-isotropic hopping t ,
and κ , which is the phonon-induced change in the spin-orbit
coupled hopping λ [223]. In a bilayer structure, both of these
are nonzero, while in a monolayer system only κ is present.
The resulting spin-phonon coupling is then found in the bi-
layer system to be

Ĥsp−ph =
∑
j�δ

8tα

U
(−1)�Q̂ j, j+δŜ j� · Ŝ j+δ�

+ 8tκ

U
Q̂j, j+δ(ez × δ) · Ŝ j� × Ŝ j+δ�. (7)

We now perform a rough estimation of the sizes of the
electron-phonon coupling constants, based on the known
equilibrium properties. To estimate the spin-orbit parameter
κ , we observe that in equilibrium the spin-orbit exchange in
the bilayer system is roughly λ ∼ 10 meV [159]. For small
displacements, this should be roughly proportional to the
equilibrium oxygen displacement QO ∼ 0.22 Å. We therefore
extrapolate that the constant κ ∼ λ/QO ∼ 45 meV Å−1. This
then yields a spin-phonon coupling constant of 8tκ/U ∼
34 meV Å−1.

The parameter α is more difficult to estimate accurately.
We will use the rough estimates provided in Refs. [114,178],
where it is estimated that 2α/t ∼ 5/0.22 Å and therefore this
coupling can be quite large, with effective spin-phonon cou-
pling constant 8αt/U ∼ 2.7 eV Å−1.

If we approximate the phonon frequency to be large com-
pared to the frequency of the spin fluctuations of interest, we
can treat the phonon in the Born-Oppenheimer approximation.
This is acceptable for magnetic zone-center spin waves, which
have frequencies of order 2−3 meV, however, in general, the
magnon bandwidth is still much larger than the phonon reso-
nance frequency and, in this case, a more involved treatment
of the full spin-phonon-photon model is needed. Since the
interaction with the cavity is dominated by the zone-center
magnons (see discussion in Sec. IV B), we proceed to make
the Born-Oppenheimer approximation obtain a direct magne-
toelectric coupling.

The details of this procedure can be found in Appendix D,
where we use an effective action approach to integrate out the
phonon mode. We now roughly outline the intuition.
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The term of interest in this paper is the resulting coupling
between the electric field and the magnons, which we obtain
in the static limit by assuming the phonon mode is driven by
the electric field via the standard response kernel

Qz(ω) = Zphe

Mph(�2
T − ω2)

Ez(ω) ∼ Zphe

Mph�
2
T

Ez(ω), (8)

with the last relation holding at low frequencies as compared
to the phonon resonance.

This is replaced into the spin-phonon coupling Hamilto-
nian Hsp−ph, yielding the effective magnetoelectric interaction
Hamiltonian we use in this paper. In general, we will also
find a number of other terms which result from a more careful
treatment, even in the adiabatic limit. These include effective
four-body spin interactions and the regular dielectric response
of the phonons, both of which we neglect in this paper since
they don’t immediately lead to a cavity-magnon interaction
and are present regardless of the cavity. Additionally, near
the resonance one cannot justifiably integrate out the phonon
mode, and the three coupled systems (the cavity, magnons,
and phonons) ought to all be treated on equal footing.

This is both a very interesting and important direction for
future work. However, since the focus of this paper is solely on
the cavity-magnon coupling aspect, we proceed onward with
only the magnetoelectric interaction kept. We also comment
that one could, on symmetry grounds, essentially posit the
form of the magnetoelectric interaction from the outset, as is
done, for instance, in Ref. [127]. We find the result

Hint =
∑
j�δ

g′(−1)�Ê z
j, j+δŜ j� · Ŝ j+δ�

+ gÊ z
j, j+δ

(ez × δ) · Ŝ j� × Ŝ j+δ�. (9)

The magnetoelectric coupling constants g, g′ are given by

g = Zphe

Mph�
2
ph

8tκ

U
, (10a)

g′ = Zphe

Mph�
2
ph

8tα

U
. (10b)

Using a rough crystal-field approximation, we estimate
that Zph = 2e, Mph = 8u, and �ph = 10 THz. Therefore, the
static polarizability of the phonon mode in question is
Zphe/(Mph�

2
ph ) ∼ 1.3 × 10−4Å/kV cm−1. This corresponds

to a value of g ∼ 4.4 × 10−3meV/kV cm−1. An electric field
strength on the order of Ez ∼ 100 kV cm−1 would then lead to
a change in the strength of the DM interaction by an amount
of order 0.4 meV or roughly 5% of the equilibrium value. We
also find that g′ = (α/κ )g ∼ 80g can be quite large, though
there is a notable degree of uncertainty in the size of our
estimate of the coupling constant α.

Altogether, we are now tasked with studying the dynamics
of the full effective Hamiltonian, as claimed above, of

Ĥtot = Ĥsp + Ĥint =
∑
j∈A�δ

Jab
δ Ŝa

j�Ŝb
j+δ�

+ Dδ� · Ŝ j� × Ŝ j+δ� +
∑
j∈A,B

Jud Ŝ ju · Ŝ jd

+
∑
j∈A�δ

gÊ z
j, j+δ(ez × δ) · Ŝ j� × Ŝ j+δ�

+ g′(−1)�Ê z
j, j+δŜ j� · Ŝ j+δ�. (11)

Here we have included the weak interlayer superexchange
Jud , which is known to play a crucial role in stabilizing
the observed Néel order [153]. Furthermore, in the absence
of spin-orbit considerations, it is important to include an
interlayer coupling term, otherwise for a uniform Ez the
dynamics of the g′ interaction will actually be trivial since
it will commute with the unperturbed dynamics. We have
also implemented the convention that the sum over intralayer
bonds is carried out by introducing the A and B sublattices
and summing over sites only in the A sublattice, along with
each nearest-neighbor bond of that site (which is a site lying
in the B sublattice). Before examining the consequences of
the magnetoelectric coupling, we will review the equilibrium
spin-wave dynamics of Hamiltonian Eq. (11). In addition,
since the full spin dynamics of Hamiltonian Eq. (11) is rather
complicated, we will also analyze a stand-in easy-plane model
which, when possible, we will use to simplify the analysis.
This Hamiltonian can be found below in Eq. (12) and essen-
tially captures the most important aspect of the full spin-orbit
interaction above, which is that it favors in-plane Neel order.

III. EQUILIBRIUM SPIN-WAVE SPECTRUM

We now quickly review the equilibrium spin-wave dis-
persion relations. We will first study the dynamics of the
simplified monolayer easy-plane antiferromagnet before pro-
ceeding on to study the full bilayer Rashba model Eq. (11),
which will end up bearing a number of similarities to the
monolayer toy model.

A. Easy-plane toy model

To gain intuition, we begin by studying a simplified model
of a single copper oxide plane with Hamiltonian

HEP =
∑
j∈A,δ

J0Ŝ j · Ŝ j+δ − �Ŝz
j Ŝ

z
j+δ, (12)

which has a uniaxial anisotropy � > 0. In this case, we
take estimates for the parameters of J0 = 150 meV and � =
0.01 meV, which gives a spin-wave gap of order of 3.4 meV
for the gapped mode. We emphasize again, this model is
meant to serve as a conceptual aid in understanding the behav-
ior of the more complicated mode given above in Eq. (11). The
mean-field ground state of this system has Néel order which
lies in the a − b plane; we take it to lie at an angle θ with
respect to the crystalline a axis. We now pass to a right-handed
coordinate system, with unit vectors e1, e2, e3, such that e3 is
aligned with the Neel order and e1 = ez. For details, we refer
the interested reader to Appendix B.

We now perform the standard Holstein-Primakoff ex-
pansion for the spin operators in this coordinate system.
These are compactly collected into a four-component bosonic
Nambu spinor 
p = (ap, bp, a†

−p, b†
−p)T . We also introduce

the Nambu-space Pauli-matrices τ and sublattice-space Pauli
matrices ζ. Expanding the spin-wave Hamiltonian to quadratic
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FIG. 2. Dispersion of the two spin-wave bands for easy plane
toy model with dispersion given in Eq. (15). This is shown for an
exaggerated anisotropy of � ∼ .1J0, which results in a large spin-
wave gap for one of the modes (blue, upper). In reality, the anisotropy
is expected to be much smaller, since the gap scales with the square
root of the anisotropy.

order we then find

HEP = 1

2

∑
p


†
p

[
2J0 − �γ s

pζ1 + (2J0 − �)γ s
pζ1τ1

]

p, (13)

where γ s
p is the cubic harmonic of (extended) s-wave symme-

try

γ s
p = 1

2 (cos px + cos py). (14)

This can be diagonalized by standard unitary and Bogoliubov
transformations (see Appendix B). We find two dispersion
relations indexed by their sublattice quantum number ζ = ±1:

�p,ζ =
√(

2J0 − ζ�γ s
p

)2 − (2J0 − �)2
(
γ s

p

)2
. (15)

This dispersion relation is plotted in Fig. 2. The ζ = −1 mode
is gapped to a frequency

√
8J0�, while the ζ = +1 mode

remains a gapless Goldstone mode, with spin-wave velocity
v ∼ √

2J0(2J0 − �). In the absence of interlayer exchange or
further in-plane anisotropies, true long-range Néel order is
then destroyed at finite temperatures in accordance with the
Mermin-Wagner theorem.

B. Full bilayer Rashba model

We now proceed to consider the full bilayer Hamiltonian
of Eq. (4). Following Ref. [153], we make the ansatz that
the ground state is a Néel order which lies in the a − b plane
(again at angle θ with respect to the a axis) and that is opposite
on the two layers. The motivation for the easy-plane Néel
order is that all anisotropies in the Hamiltonian Eq. (11) lie
within the a − b plane. Specifically, the Rashba spin-orbit
coupling results in an easy-axis anisotropy which favors Néel
ordering along the b axis for x-oriented bonds, and a axis
ordering along the y-oriented bonds. While this is clearly
frustrated between ordering along a or b, it is clear that no
anisotropies favor c-axis order, and therefore the Néel order
in the ground state lies in the a − b plane [224].

Since the Néel order is assumed to lie in the a − b plane,
we adopt the same axes as in the easy-plane calculation, and
again expand to quadratic order in the Holstein-Primakoff
bosons. For details of the expansion, see Appendix C. Unlike

the previous easy-plane case, there are now two layers and
therefore the spin-wave operators now carry a bilayer quan-
tum number. This brings the bosonic Nambu spinor 
p up to
eight components and introduces a new set of Pauli matrices,
l , which act on the layer space. The full spin-wave Hamilto-
nian is H = 1

2

∑
p 
†

pMp
p, with 8×8 bilinear matrix

M̂p = 1
2 Jud [1 + τ1ζ1l1] + 2J0 + � − 1

2�
(
γ s

p + cos 2θγ d
p

)
ζ1

+ [
2J0γ

s
p + 1

2�
(
γ s

p + cos 2θγ d
p

)]
τ1ζ1 + Dγ p

p τ2ζ2l3.
(16)

In addition to the s-wave harmonic, we now must introduce
the additional cubic harmonics

γ p
p = sin θ sin px − cos θ sin py, (17a)

γ d
p = 1

2 [cos px − cos py], (17b)

which depend on the Néel order orientation θ and are of p- and
d-wave symmetries, respectively. We also have the interlayer
exchange constant Jud > 0 and intralayer exchange energies,
which are given in Eq. (5).

This system has four different magnon bands, which can be
split into two different representations based on their eigen-
value under the parity operator � = ζ1l1, which commutes
with the spin-wave Hamiltonian and assumes the two eigen-
values � = ±1. Each of these representations is itself doubly
degenerate. The dispersions may be obtained analytically,
as in Ref. [153], and are given in full in Appendix C. In
particular, we find that the even-parity representation (� =
+1) contains the gapless acoustic pseudo-Goldstone mode,
and one gapped optical mode with resonance frequency
�0,+− = √

(2J0 + �)(2� + 2Jud ). The odd-parity (� = −1)
representation contains two gapped modes with gaps �0,−+ =√

Jud (4J0 + �) and �0,−− = √
�(4J0 + Jud + �).

Unless Jud is above a critical value (which is not very large
for realistic parameters), it will turn out that this mean-field
is dynamically unstable since the acoustic mode energies will
become complex, signaling the failure of the ansatz of easy-
plane Néel-order. For θ = 0 (Néel order along the a axis),
we find a critical threshold of order Jud/J0 � 6(λ/t )2, with
λ/t ∼ .025 for realistic parameters, which leads to an easily
satisfied stability criterion. For the parameters of t = 400 meV
and λ = 10 meV, this is satisfied by Jud ∼ 0.5 meV, which
we take in the calculations henceforth. The equilibrium spin-
wave dispersion relation is shown in Fig. 3 and is reasonably
well described by a simple easy-plane model with additional
interlayer coupling.

Having developed this picture of the equilibrium proper-
ties, we now turn our attention toward understanding the role
of the magnetoelectric coupling when g > 0. We will study
this in two parts; first we will study the linear coupling of
Ez to the magnons, which produces magnon-polaritons. We
will then examine the quadratic coupling which allows for the
squeezing of magnons by the electric field.

IV. MAGNON-POLARITONS

We now switch on the magnetoelectric coupling g. We first
note that, except for the presence of the layer-index quan-
tum number in the case of the bilayer model, the coupling
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FIG. 3. Spin-wave spectrum of the bilayer system for realistic
parameters of J0 = 150 meV, λ/t = 0.017, Jud/J0 = 0.0018 for the
case of Néel order along the a axis (θ = 0). We see that is very
close to a doubling of the easy-plane dispersion, except for one of
the Goldstone modes is rendered massive by the bilayer coupling.
Inset: Expanded view of the behavior near the origin, illustrating the
masses of various modes. The bands are classified according to their
parity under � = ζ1l1, with the upper and lower bands (red) being
odd parity and the two middle bands (blue) being even parity.

to in-plane Néel order is the same for the two models. In
particular, we will find that there is a linear coupling between
the electric field Ê z

q and the spin-wave operators aq, b−q which
goes as |q| at long wavelengths. At finite momentum, this
will produce hybridization between the magnons and photons
at finite momentum—magnon-polaritons. In addition to this
linear coupling, we will find a term which couples the elec-
tric field Ê z

q to magnon bilinears and tends to a constant as
the electric field momentum q → 0. We will investigate this
coupling in the next section. For now, we start by analyzing
the easy-plane toy model.

A. Easy-plane model

We supplement the easy-plane Hamiltonian Eq. (12) with
the magnetoelectric interaction term:

Ĥint−EP = g
∑
j∈A,δ

Ê z
j, j+δ(ez × δ) · Ŝ j × Ŝ j+δ. (18)

We now expand around the ground state found in Sec. III A
and the details of this procedure are provided in Appendix B.
To first order, we find the magnetoelectric coupling,

Ĥ (1)
int =

∑
q

i
1

4
gÊ z

−qγ
‖
q (aq − bq) + H.c., (19)

with the new longitudinal form factor

γ ‖
q = 2 cos θ sin

qx

2
+ 2 sin θ sin

qy

2
∼ qx cos θ + qy sin θ

(20)

appearing alongside the old p-wave form factor. The last re-
lation sin qj ∼ q j is valid due to the long wavelengths of the
probe electric field, which is an excellent approximation even
in the near field of a terahertz resonator.

FIG. 4. Magnon contribution to the electromagnetic absorption
�χ diel

zz (ω, q) for the easy-plane model, from Eq. (22). We take char-
acteristic values of J0 = 150 meV, � = 0.01 meV, and oscillator
strength F = 6.4 × 104 meV2, and choose to consider q ‖ N̂ ‖ êx .
We note that the effective oscillator strength vanishes as q → 0, due
to the hybridization form factor γ ‖

q . We also note that the dispersion
of the spin wave sets in fairly rapidly.

We now analyze the effect of the linear coupling by de-
termining the linear response of the magnon system to the
electric field [203,204]. Standard methods yield the contribu-
tion to the zz element of the dielectric susceptibility tensor
[225] due to the linear coupling (in lattice units) as

χdiel
zz (ω, q) = −g2

∣∣γ ‖
q

∣∣2

4

2J0
(
1 + γ s

q

)
(ω + i0+)2 − �2

q,−
. (21)

The imaginary part of this expression is plotted in Fig. 4 in
the (ω, qx ) plane. We can note a few salient features. The first
is that the electric field only linearly couples to the massive
mode, characterized by ζ = −1, with frequency given by
Eq. (15). At long wavelengths, this recovers the spin-wave gap
�sw = √

8J0�.
The next salient feature is that the oscillator strength is

clearly proportional to q through the longitudinal form factor
γ

‖
q = (N · q), where N is the direction of the Néel vector.

Consequently, this response must arise beyond the dipole ap-
proximation and, in general, will require near-field techniques
to detect [141,144,170,172,174,176,226]. This can be antici-
pated on symmetry grounds by observing that a fluctuation in
the magnetization can only couple to the electric field through
a matrix element which is odd under spatial inversion.

In the presence of this coupling, the dielectric function
becomes

ε (1)
zz (ω, q)/ε∞ = 1 − F |γ ‖

q |2(1 + γ s
q

)
(ω + i0+)2 − �2

q,−
. (22)

The zeros of this indicate the dispersion of the longitudinal
collective modes, which are dubbed longitudinal magnon-
polaritons. The oscillator strength is given by

F = g2J0

ε∞V . (23)

013101-7



JONATHAN B. CURTIS et al. PHYSICAL REVIEW RESEARCH 4, 013101 (2022)

Here we have replaced the lattice units, with V the unit-cell
volume and ε∞ is the high-frequency bare dielectric constant.
We assume a phonon oscillator strength of Z2

phe2/Mphε∞V =
Sph ∼ 2.8�2

ph [220], which yields an estimate of F ∼ 6.2 ×
104 meV2. However, the actual oscillator strength of the res-
onance is momentum dependent such that it vanishes at
long wavelengths, going as Fa2q2 (again, replacing lattice
units such that a is the ab-plane lattice constant). There-
fore, at small momentum the splitting off of the longitudinal
magnon-polariton collective mode vanishes and coincides
with the standard magnon resonance. To couple a cavity to
the magnon-polaritons, one has to ensure that the cavity does
not simply couple to the q = 0 dielectric response but also
samples features from finite momentum. We now address
this requirement by considering a toy model of a near-field
terahertz resonator.

B. Cavity-magnon polaritons

The combined requirement of a strong terahertz field
and strong terahertz field gradient requires us to
couple via a near-field coupling scheme [141,144,170–
173,175,176,226–235]. There are many routes by which
this is achievable; we will only explore one potential
technique, which essentially combines a terahertz resonator
[75,77,78,86,139,140,148,236] with a scanning near-field
optical microscopy (SNOM) setup to generate the near-field
coupling [141,144,170–173,175,176,226–235]. This
particular model is expanded upon in Appendix E. We
emphasize that this is only a qualitative discussion of one
possible route toward engineering this coupling.

For our purposes, it will be sufficient to model the
resonator as an RLC circuit with linewidth κ ∼ R/L and
resonance �cav ∼ 1/

√
LC, where L, R,C are the effec-

tive inductance, resistance, and capacitance, respectively
[77,139,145,148,236,237]. To generate the near-field cou-
pling, we imagine placing a small metal object, with size of
order R within the electric-field antinode of the resonator.
For more details, we refer the reader to Appendix E, with a
schematic depiction shown in Fig. 13. In the good metal limit,
this object will become polarized by the terahertz electric
field, with induced polarization

Pind = 4πε0R3Ecav. (24)

Thus, the electric field of the cavity Ecav induces an effective
dipole which oscillates along with the resonator. We then
assume that the sample has a thickness h and is placed at
a depth d ∼ R below the induced dipole. In the presence
of the induced dipole, the magnons will contribute to the
electrostatic energy of the resonator and therefore change the
effective capacitance, such that it includes a contribution from
the finite-momentum χdiel

zz (ω, q), where the relevant momenta
are of order |q| ∼ 1/d .

In Appendix E, we use a simple electrostatic model to
evaluate the magnonic substrate contribution to the effective
capacitance Kmagnon(ω) = C(ω)/Cbare − 1. We find

Kmagnon(ω) = 4π2R6h

Veff

∫
q

χdiel
zz (ω, q)

ε0
e−2d|q||q · ecav|2. (25)

FIG. 5. Cavity spectral function including capacitive coupling to
magnons obtained from Eq. (25). We take Veff = (40 nm)3, d ∼ R ∼
300a, h ∼ 10a, and parameters of spin-wave system from main text.
We assume a cavity linewidth of κ = 1 meV. We see a clear avoided
crossing in the cavity spectral function as the cavity comes in to
resonance with the spin-wave.

Here ecav is the unit vector corresponding to the polarization
of the electric field at the field antinode, which we take to lie
parallel to the ab plane, and h is the sample thickness, which
we take in the limit h 
 d . For the result in the h ∼ d limit,
we refer the reader to Appendix E. We also have introduced
the effective volume of the cavity, Veff , which is interpreted as
the effective volume occupied by the electric field, weighted
by the distribution of the electric-field energy density. In
the parallel plate model, we would find Veff = Aeff leff , where
Aeff is the cross-sectional area of the plates and leff is their
separation.

We evaluate this contribution, taking the oscillator strength
estimated in Eq. (23) of F ∼ 6 × 104 meV2, with the resulting
cavity spectral function shown in Fig. 5. The conventional
notion of strong coupling and ultrastrong coupling do not
strictly apply in this sense since the cavity is coupled to a con-
tinuum of magnon modes, each with a different resonance and
hybridization matrix element. Nevertheless, we may attempt
to introduce a suitable notion of hybridization constant, Geff

by studying the ratio of the high-frequency and low-frequency
dielectric constants (note that in a single-mode hybridization
problem, this is exactly equal to the avoided-crossing size, as
per the usual g2/�2

0 metric. In this case, this turns out to be
exactly the value of K (0), so we see that the size of the avoided
crossing is governed by

G2
eff/�

2
sw = K (0) ∼ h(R/d )6a2

Veff
× F/�2

sw. (26)

In general, this should be evaluated numerically for the chosen
cavity geometry, but we argue that one can intuit a scaling
relation with the typical momentum q0 ∼ 1/d , as indicated
in the last relation above (here and in this discussion we
have replaced explicit lattice units). The scaling of 1/d6 is
understood as two powers coming from the matrix element-
squared going as q2, two powers coming from the onset of
the electric field |Eq|2 ∼ q2, and the remaining two powers
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FIG. 6. Size of effective coupling constant, characterized by
K (0), as per Eq. (26), as a function of distance d to the resonator
dipole, for three different values of the size of the dipole radius R (for
details on the specific model, see Appendix E). Other than varying
R, we use the same parameters as in Fig. 5. In general, this depends
on R and d as (R/d )6.

coming from the integration measure d2q. This is explicitly
confirmed numerically, where we plot the evaluated K (0) as a
function of the distance parameter d for a variety of values of
the polarizability parameter R in Fig. 6.

Assuming R ∼ d , this ends up being suppressed by a factor
of roughly a2/Aeff , where Aeff is the effective cross-sectional
area of the capacitor. In what follows, we take an effective
mode volume of Veff ∼ (40 nm)3, a sample thickness of h ∼
10a, and take R = d for the purposes of our calculations. In
this regime, we do find the possibility for Geff ∼ �sw, that is,
strong coupling. It is also worth remarking that our toy model
is quite crude and a more realistic and optimized model may
find even better coupling strengths.

We confirm our dimensional-analysis estimate by numeri-
cally evaluating Eq. (25) and computing the resulting dressed
cavity spectral function Acav(ω) as a function of the bare
cavity resonance. In the presence of a finite Kmagnon(ω), we
find the cavity spectral function (including Ohmic damping)
of

Acav(ω) = − 1

π
� 1

ω2 + iκω − �2
cav/(1 + Kcav(ω))

, (27)

as derived in Appendix E. This is illustrated in Fig. 5. We
see that as the bare cavity resonance �cav passes through the
bulk spin-wave resonance frequency [238], the dressed cavity
spectral function experiences level repulsion, indicating our
crude estimate of the strong-coupling regime was correct.

C. Bilayer-Rashba model

The bilayer Rashba Hamiltonian is only slightly more com-
plicated to analyze than the easy-plane Hamiltonian. The bulk
of the calculation is carried out in Appendix C and we merely
present the result here. By expanding the interaction Hamilto-
nian in Eq. (11) up to quadratic order, we obtain essentially the
same linear interaction but now summed over the two layers

H (1)
int = ig

4

∑
p�

Ê z
−pγ

‖
p (aq� − bq�) + H.c. (28)

We apply the same methods as in the easy-plane case,
however, we must now also keep track of the layer quantum
number. We see immediately that the electric field only cou-
ples to the ζ1 = −1 and l1 = +1 modes. The complication is
that, in the presence of the DM interaction, l1 is no longer a

good quantum number. Therefore, we evaluate in the energy
eigenbasis and then take the appropriate matrix element, pro-
ducing the dielectric susceptibility

χdiel
zz (ω, q) = −g2

∣∣γ ‖
q

∣∣2

16
wT · D̂R(ω, p) · w, (29)

where wT = (1, 1,−1,−1, 1, 1,−1,−1) is the (non-
normalized) Nambu spinor corresponding to the direct
product of the +1 eigenstates of τ1 and l1, and −1 eigenstate
of ζ1, and DR = ((ω + i0+)τ3 − M̂p)−1 is the retarded
spin-wave propagator for the bilayer system, with M̂p the
quadratic form from Eq. (16).

The form of the dissipative part of the dielectric suscep-
tibility in Eq. (29) is depicted in Fig. 7 for a few different
orientations of the in-plane Neel vector relative to the a axis,
while scanning momentum q also along the a axis. We note
this has a slightly more complicated behavior due to the ab-
sence of spin-rotation symmetry, but broadly speaking it is
qualitatively similar to the easy-plane system. What is not vis-
ible in the spectral plots of Fig. 7 is that another higher-lying
magnon branch also is optically active at finite momentum,
but has a much smaller oscillator strength and we will not
dwell on this mode.

We again analyze the near-field interaction with a terahertz
cavity using the setup outlined in the previous subsection.
The derivation of Eq. (25) remains valid if we use the correct
dielectric susceptibility χdiel

zz , which was just computed above
in Eq. (29). Likewise, the cavity spectral function retains the
same dependence on Kmagnon. This is depicted for a particular
orientation of Neel order in Fig. 8.

As we can see, the result is qualitatively similar to the case
of the single monolayer. To summarize, we clearly see that
at finite momentum, spin-orbit coupling admixes spin waves
and optical phonons such that magnons acquire a finite electric
dipole moment. This then allows for their coupling to cavity
photons, provided there is a sufficiently large electric field
gradient. In the section above, we outline one possible way
to generate the necessary field gradient—however, we em-
phasize that the scheme proposed above is only one of many
potential ways this may be done. Other promising routes may
involve making smaller split-ring resonators with larger fring-
ing fields, using wave-guide based modes [83,143], plasmonic
nanocavities [227], or employing photonic crystal metamate-
rials [177].

In contrast, in the next section we will consider a different
coupling mechanism which allows for the cavity to strongly
couple to pairs of magnons without the need to introduce near-
field coupling schemes.

V. BIMAGNON INTERACTION

In this section, we will demonstrate how, in a bilayer sys-
tem like YBCO, the same optical phonon can also lead to a
coupling between the cavity electromagnetic field and pairs of
magnons—bimagnons. Furthermore, this mechanism doesn’t
rely on spin-orbit coupling and therefore is anticipated to be
much stronger. In principle, this mechanism can be used to
generate correlated pairs of magnons [16,23,58,59,195,239]
via parametric driving from the cavity field, but in this paper
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FIG. 7. Magnon contribution to the �χ diel
zz (ω, q) for the Rashba bilayer model, from Eq. (29). We again observe the vanishing oscillator

strength at long wavelengths. In this case, the dispersion relation of the magnon is less trivial and we illustrate the susceptibility for three
different configurations of the in-plane momentum and Neel order, illustrated in the lower part of the figure. This is shown specifically for
three scenarios of Neel order at angles relative to the a axis of (a) θ = 0, (b) θ = 45◦, and (c) θ = 75◦, respectively. We for simplicity only
show q ‖ a. While it is not visible on the chosen scale, there is a small contribution for a higher-lying spin-wave band which behaves similarly
as the contribution from the dominant band.

we will focus on the linear response regime and leave a more
in-depth analysis to future work.

A. Cavity-bimagnon interaction

For brevity, we will focus on the linear response of the
bilayer system to a homogeneous electric field and limit our
attention to the larger g′ coupling. As a reminder, this coupling
is due to the buckled nature of the bilayer structure in equilib-
rium, and is independent of spin-orbit coupling. In the buckled

FIG. 8. Cavity spectral function including capacitive coupling
to magnons obtained from Eq. (25) and using χ diel

zz as obtained in
Eq. (29). We take Veff = (40 nm)3, d ∼ R ∼ 300a, h ∼ 10a, and
parameters of spin-wave system from main text. We assume a cavity
linewidth of κ = 1 meV. We see a clear avoided crossing in the cavity
spectral function as the cavity comes in to resonance with the spin
wave.

structure, the Cu–O–Cu bond length and angle vary linearly
with phonon displacement, and oppositely between the two
layers (such that overall inversion symmetry is preserved).

The relevant term in the Hamiltonian is

Hint =
∑
j∈Aδ�

g′(−1)�Ê zS j� · S j+δ�, (30)

where g′ = Zphe/Mph�ph × 8tα/U , and α = dt
dQ |eq is the

equilibrium linear variation of the nearest-neighbor hopping
with respect to the oxygen displacement. We see the (−1)�

factor ensures the coupling has odd parity under inversion,
which swaps the two layers and also inverts the electric field
z-component Êz.

Applying the linear spin-wave expansion, we find that the
lowest order coupling due to Hamiltonian Eq. (30) is quadratic
in the Holstein-Primakoff bosons. We obtain the coupling (at
zero electric field momentum)

Ĥ (2)
int = 1

2

∑
p


†
pÊ zV̂p
p, (31)

with the scattering vertex

V̂p = 2g′l3
[
1 + γ s

pτ1ζ1
]
. (32)

Here 
p is the eight-component Nambu spinor from Sec. III.
To simplify the calculations, we will replace the full

microscopic Rashba bilayer model with an approximately
equivalent model of two layers with in-plane easy-plane
anisotropy and weak interlayer coupling, such that the relevant
quadratic form for spin-waves is M̂p = 1

2 Jud [1 + τ1ζ1l1] +
2J0 − �γ s

pζ1 + (2J0 − �)γ s
pζ1τ1. This dispersion is depicted

in Fig. 9(a), and in more detail near the � point in Fig. 9(c).
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FIG. 9. Magnon bands in the bilayer system: (a) The set of four
magnon bands for J0 = 128 meV, Jud = 0.5 meV, and � = 0.016
meV; (b) Feynman diagram illustrating the bimagnon contribution to
the dielectric susceptibility; (c) expanded view of the magnon band
dispersion near the center of the Brillouin zone, with the interband
pairs of magnons with opposite momenta shown schematically.

We find, in general, four bands with dispersions

�
(ζ )
p,l =

√(
2J0 − �γ s

pζ + 1

2
Jud

)2

−
(

[2J0 − �]γ s
p + 1

2
Jud l

)2

,

(33)
where ζ = ± is the parity under sublattice symmetry ζ1, and
l = ±1 is the parity under bilayer inversion l1.

To compute the response, we use the Matsubara finite-
temperature method to compute the magnon contribution to
the electromagnetic response function, corresponding to the
Feynamn diagram in Fig. 9(b). We present the result at T = 0,
and after performing the relevant analytic continuations.

Since the scattering vertex in Eq. (32) commutes with the
sublattice parity ζ1, we can express the resulting response
function χdiel

zz as a sum over two processes—one for each
value of ζ . Furthermore, because the vertex flips the interlayer
parity l1, we find that only interband processes contribute to
χdiel, as depicted in Fig. 9(c). We therefore find

χdiel
zz (ω) = χ (+)

zz (ω) + χ (−)
zz (ω), (34)

indicating the contribution from the bands with ζ = +1,−1
respectively. The full result of this calculation is cumbersome
and relegated to Appendix C 7 a. In the following, we will nu-
merically evaluate the resulting expressions, as well as present
simplified results in the appropriate regimes.

We begin by studying the limiting case when anisotropy
� = 0. At this point, the result simplifies further since both of
the contributions χ (±) become degenerate. This leads to the

(a) (b)

FIG. 10. Contribution to the dielectric susceptibility due to bi-
magnon coupling, corresponding to the Feynman diagram in the
inset of Fig. 9(b). We show the real part (solid blue) and imaginary
part (dashed red) of the relative susceptibility χdiel

zz (ω, q = 0)/ε0 as
a function of the electric field frequency ω. We use scalar exchange
J0 = 128 meV and take interlayer exchange Jud = 0.5 meV, compati-
ble with our estimates from Sec. III B. (a) Response when easy-plane
anisotropy = 0, corresponding to the case of two doubly degenerate
magnon bands. The response sets in once the single-magnon thresh-
old is passed, since in this case the bimagnon is actually a single
gapped magnon, along with a soft Goldstone mode. (b) Response
when � = 0.16 meV, the value obtained in previous sections. The
dominant feature corresponds to a bimagnon excitation gap �bimag ∼
33 meV. In contrast to (a), we find a strong response at this frequency
driven by the Van Hove singularity, which in two dimensions is
logarithmic for the real part and steplike for the imaginary part.

analytic form

χdiel
zz (ω) =

∫
p

8(g′)2
[
1− (

γ s
p

)2]
(�−,p−�+,p)2(�−,p+�+,p)

�−,p�+,p[(�−,p + �+,p)2 − (ω + i0+)2]
.

(35)

Here we have suppressed the dependence on the ζ quantum
number, since the ζ = ±1 bands are both degenerate in this
limit.

There is a nontrivial response even when � = 0, with
the corresponding dielectric susceptibility χdiel

zz shown in
Fig. 10(a). We see that the response is fairly muted and mostly
corresponds to an onset in the electromagnetic absorption
once the threshold for magnon pair creation is surpassed. Note
that because when � = 0, one magnon branch involved in the
pair processes is gapless, such that the two-magnon threshold
energy coincides with the single-magnon threshold energy of
the gapped band.

In contrast, when � > 0 we find the response exhibits a
singular response due to the Van Hove singularity in two-
dimensions. This is illustrated in Fig. 10(b). We see that there
is a meager response as the frequency passes through the
single-magnon threshold, but this is largely overshadowed by
the response at the two-magnon threshold corresponding to
the production of two gapped magnons depicted in Fig. 9(c)
and also clearly visible in the dielectric response shown in
Fig. 10(b).

To understand the origin of this strong bimagnon response,
we study the contribution χ (−)

zz (ω), which originates from the
production of two magnons, one on each of the ζ = −1 bands.
We find this assumes the form

χ (−)
zz (ω) =

∫
p

C(−)
p(

�
(−)
p− + �

(−)
p+

)2 − (ω + i0+)2
, (36)
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FIG. 11. Cavity spectral functions include contribution to the dielectric susceptibility due to bimagnon coupling illustrated in Fig. 7.
(a) Density plot illustrating the behavior of the cavity spectral function Acav(ω) as the bare cavity resonance frequency �cav is tuned across
the bimagnon resonance for the case of � = 0, which corresponds to χzz from Fig. 7(a). Upon crossing the threshold for pair production, the
imaginary part of χ diel sets in rapidly, leading to a mostly dissipative response and resulting diffuse line shape. (b) Density plot for cavity
spectral function with finite � = 0.16 meV. At the edge of the bimagnon continuum, located around ω = 33 meV, the logarithmic singularity
manifests as a visible feature in the cavity spectral function. Though not a true avoided crossing due to the onset of strong damping by the
continuum, we do see some type of level repulsion as we attempt to tune the bare cavity frequency �cav through the resonance. Note the cavity
spectral function is renormalized such that the resonance occurs at ω2 = �2

cav as �2
cav → 0.

where we recall that �
(ζ )
p,l are given in Eq. (33) and Cp is

a complicated expression involving matrix elements, which
importantly tends to a constant as p → 0. Therefore, at low
frequencies we may expand the integrand for small mo-
mentum p and invoke rotational symmetry of the resulting
expansion, such that the dispersion may be characterized by
the bimagnon dispersion

�
(−)
p− + �

(−)
p+ ∼ �bimag + 1

2Mbimag
p2 + O(|p|3), (37)

where the bimagnon resonance occurs at

�bimag = �
(−)
−,0 + �

(−)
+,0 =

√
8�J0 +

√
8J0(� + Jud/2). (38)

We now see that the resulting integral acquires a singular
contribution due to the quadratic nature of the dispersion of
the bimagnon state, which leads to a logarithmically divergent
contribution to the real-part of the response function χ (−)

zz in
two dimensions.

In contrast, this is not the case for the other contribution
since, as previously established, the bimagnon excitation in-
volves one gapped spin wave and one soft Goldstone mode,
which therefore yields a linear dispersion at sufficiently small
momenta. We will, however, note in passing that, in principle,
due to the lower orthorhombic symmetry of real cuprate mate-
rials, there are further magnetocrystalline anisotropies which
will ultimately gap out this Goldstone mode, perhaps leading
to another singular contribution. We leave the study of these
more realistic models to future work [240].

Finally, given that we find a strong bimagnon contribution
to the dielectric susceptibility, we consider a simple model
of coupling to a cavity [77,139,145,148,236,237] to assess
whether we may find resulting bimagnon-polaritons. Using

the computed dielectric response functions χdiel
zz (ω), we de-

termine the effective capacitance of a hypothetical cavity
enclosing the cuprate sample, with the homogeneous field
polarized along the c axis, such that C(ω) = Aeff/�effεzz(ω).
We then study the cavity spectral function:

Acav(ω) = − 1

π
� 1

ω2 + iγω − �2
cavεzz(0)/εzz(ω)

. (39)

The factor of εzz(0)/εzz(ω) arises because we have specifically
chosen to parametrize �cav such that the dressed resonance
agrees with the bare cavity frequency �cav as �cav → 0. The
resulting cavity spectral function is shown in Fig. 11(a) for the
case of � = 0, and Fig. 11(b) for � > 0 (parameter choice in
caption).

We see that neither case exhibits a conventional strong-
coupling splitting near the bimagnon feature, due to it being
more like a two-particle continuum than true resonance. In
the case of � = 0, we see that once the cavity resonance
crosses the peak in �ε(ω), it rapidly dissolves into a diffuse
line shape. While this does not mean that the coupling is
weak (in fact, it implies the coupling is strong enough to
substantially damp the cavity), it does mean that the resonance
is too broad to participate in coherent level repulsion and is
largely dissipative in nature.

For finite � > 0, shown in Fig. 11(b), we see a more
complicated line shape emerge due to the singular nature of
the bimagnon coupling. We investigate this further in Fig. 12
by examining line cuts of the spectral function at constant
cavity resonance frequency �cav. We see the strong coupling
leads to an asymmetric split line shape which shows some sig-
natures of a coherent avoided crossing. Increasing the cavity
resonance further, we find the coherent contribution is quickly
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(a)

(b)

FIG. 12. Line cuts of cavity spectral function from Fig. 11(b), with finite � = 0.16 meV for constant �cav. (a) Line cut along �cav =
30 meV. We see a small secondary shoulderlike feature appears in the cavity spectral function at the bimagnon resonance, but it is largely
overshadowed by the bare resonance of the cavity. (b) As the cavity is tuned through the resonance, such that now �cav = 50 meV, the
shoulderlike feature becomes washed out be a broad overdamped continuum. In this case, the dominant effect of the magnons is to provide an
asymmetric damping to the cavity line shape, which essentially just reflects this contribution.

overcome by the strong damping, which now dominates the
cavity spectral function. Therefore, it is plausible that in the
presence of the strong bimagnon coupling for finite � > 0,
strong coherent cavity-magnon interactions may also be ob-
served, provided the cavity lies below the continuum, which
rapidly destroys any notion of avoided crossing.

B. Implications for pairing and paramagnons

Before concluding, we briefly discuss the implications of
our work on magnon-mediated pairing in cuprates. We assume
the magnons form the bosonic glue which causes electrons
to form Cooper pairs. As extensively studied for the case of
phonon-mediated pairing in, e.g., Ref. [182], the parametric
excitation of the bosonic degree of freedom can enhance its
ability to induce electron pairing. This results from the dy-
namical softening of the bosonic mode, leading to significant
enhancement of the retarded response of these bosons in the
vicinity of the parametric resonance. However, as we discuss
below, extrapolation of these ideas to magnon-induced pairing
is not straightforward. We start our discussion by considering
the overdoped regime. In this case, the Neel order parameter
is completely destroyed and the excitations of the electron
liquid in the spin channel are represented by the so-called
paramagnons. Coherence of these excitations depends on the
geometry of the Fermi surface as discussed in Ref. [241]. In
particular, if the decay of paramagnons into electron-hole ex-
citations is kinematically possible, their dynamics is strongly
damped. In the spin-density wave picture, the paramagnon
propagator can be straightforwardly obtained within the ran-
dom phase approximation and has the following form [241]:

χ−1
SDW(iωn) ∝ ω2

n + γ |ωn| + �2
SDW,

where γ is a constant which depends on the Fermi surface
geometry and �SDW is the spin-wave gap. In this regime,
parametric resonance [182] is difficult to achieve due to the
strong dissipation [242].

Alternatively, in the underdoped regime when the Neel
order is not completely destroyed by electron excitations, the
magnon structure remains approximately the same as at the
exact half filling, as described in Appendix B. Propagation of
a single hole (holon) dressed by the magnon environment is
studied in, e.g., the Kane-Lee-Read manner [104]. One may
then consider applying our scheme to allow for the parametric
excitation of magnons as studied in Sec. V, now also includ-
ing the coupling to the magnetic polaron’s motion, near the
parametric resoance in a similar manner as was studied in the
phonon-mediated case [182]. The effect on electron pairing
may then be revealed by studying propagation of two holons
subject to the parametric coupling. However, this is a hard
problem and lies beyond the scope of the current paper, and
will be studied in a future publication.

VI. CONCLUSION

In conclusion, we have examined a variety of ways in
which a terahertz cavity can be coupled to the spin fluctuations
in a Mott insulating antiferromagnet, which is meant to model
the parent compound for a high-Tc cuprate superconductor.
In our paper, we examined how an infrared-active phonon
mode (in this case, associated to the in-phase motion of the
planar oxygens) can mediate the coupling between the spin
waves and the cavity [126]. The first scheme, outlined in
Sec. IV, takes spin-orbit coupling into account [23,160–168]
and is in principle present in both monolayer and bilayer
cuprate systems. In a second scheme, we considered a
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coupling to the scalar exchange interaction due to linear
changes of the ligand bond angle; this can only happen in a bi-
layer systems when inversion symmetry is broken [114,178].
We then proceeded to show how this phonon-mediated spin-
orbit mechanism could induce hybridization of the cavity
photons with the Neel magnons—forming Neel magnon-
polaritons.

Though always present, these Neel-magnon-polaritons
only hybridize at finite momenta and therefore require near-
field terahertz engineering to be detected. While it presents
an engineering challenge, the technologies associated to
near-field coupling of terahertz resonators has seen rapid
development and is now quite promising [26,75,77,78,139–
141,144,148,170–173,175,176,226–231,233–235].

We then studied the coupling to the bimagnons through
phonon-modulated superexchange, which is only present in
the bilayer system. In this case, it was found that the cavity
only couples to the magnon bilinear operator in the absence
of spin-orbit interactions. We nevertheless show that this
bimagnon coupling still leads to a significant dielectric re-
sponse, at a frequency governed by the sum of the two relevant
magnon band gaps. In all likelihood, when present, this re-
sponse will dominate over the spin-orbit mediated mechanism
and allow for the strong coupling of cavity photons to the
bimagnon resonance. Furthermore, going beyond linear re-
sponse, it is evident that the bimagnon coupling outlined can
also be used as a parametric drive, which presents very inter-
esting possibilities for future studies [16,23,58,59,195,239].

Coupling of cavity photons to antiferromagnetic spin fluc-
tuations, as we have proposed in this paper, opens the door
to the study of a number of very interesting possibilities. One
such avenue is to study whether strong coupling to a cavity
can be used to enhance (or destroy) existing antiferromag-
netic order or even produce novel magnetically ordered phases
[9,10,14]. This would require extending our work to include
effects such as strong frustration or spin-orbit coupling, both
of which may lead to novel magnetic interactions.

Another extension, which is even more directly related
to our paper, is to study the effect of finite carrier (e.g.,
hole) doping [101]. At finite doping, charge carriers are
known to strongly interact with the background antiferro-
magnetic order, as well as the phonon modes themselves
[56,178], and may exhibit a number of competing tendencies
[91,112,243], including antiferromagnetic order, supercon-
ductivity, charge order [90,244], and possibly even topological
order [111,116,117,245]. The possibility of manipulating this
complex interplay using strong coupling to cavity photons
may open a new avenue toward control of strongly correlated
electronic materials [79].

As a preliminary study, determining the dynamics of a
single hole moving in the background of the antiferromag-
netic order, in the presence of the strong cavity dressing,
already presents a compelling, but daunting, theoretical ef-
fort [87,88,104,111,113,115,117,178,246]. It would also be
interesting to approach the problem from the Fermi-liquid per-
spective, treating the antiferromagnetic order as a collective
mode of the Fermi liquid [103,109,110]. In this case, the cou-
pling between the plasma oscillations of the electron Fermi
liquid, cavity, and antiferromagnetic collective modes are all
taken to be important. This may be important in the context of

overdoped cuprates [91,110,112,116], nickelates [247–251],
correlated oxide heterostructures [166,252,253], and other
compounds with spin-density wave tendencies [107,116,254].

More broadly, the mechanism we discuss can easily
be generalized to other kinds of magnetic systems. Per-
haps some of the more interesting candidates would be
various realizations of spin liquids in strongly correlated
materials [9,14,53,192,209,255,256], iridate compounds with
large spin-orbit interactions [127,257–259], electron-doped
cuprates [260–264], or two-dimensional van der Waals mate-
rials [26,126,143,149,174,177,189,265,266]. Generically, we
find that the cavity coupling is qualitatively enhanced by large
spin-orbit interactions, and also in the presence of bilayer unit
cells, which naturally lead to the above candidates.

Finally, we comment that our work is also relevant within
the context of cavity sensing techniques [84] and may be
useful for detecting novel properties of quantum matter
[65,267–270]. This is particularly true once the system
is doped away from the insulating phase, and especially
within the enigmatic pseudogap region, where strong cou-
pling to an electromagnetic resonator may afford further
insight into puzzling reports of time-reversal symmetry
breaking [268,271,272] and inversion symmetry breaking
[169,273,274].
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APPENDIX A: LOW-ENERGY THEORY
OF HUBBARD MODEL

Here we derive the low-energy superexchange interactions
by integrating out charge fluctuations in the half-filled Hub-
bard model. We use a single-band Hubbard model with both
regular and spin-orbit hopping of the form

H = −
∑

j

∑
δ

c†
j+δα

tαβ

δ
c jβ + U

∑
j

n j↑n j↓, (A1)

where δ label the nearest-neighbor lattice sites of site j and
α, β are the spin-quantum numbers of the electrons. We as-
sume that the Hubbard U � t so we are well within the
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localized regime. The hopping matrix elements tαβ

δ
represent

the amplitude for an electron of spin β to hop to the neigh-
boring site in the δ direction, with a final spin state of β.
Time-reversal symmetry implies that we can write these as

tαβ

δ
= tδδαβ + iλδ · σαβ (A2)

with t,λ real parameters. Hermiticity and translational sym-
metry constrain these to obey tδ = t−δ and λδ = −λ−δ.

We now implement the Schrieffer-Wolf elimination of the
doublon states. Let Pn be the projector onto the subspace
with n total doublons. We will restrict to the limit where
only P0,P1 are needed, which is sufficient for second-order
perturbation theory. We can partition the Hamiltonian into an
effective block structure as

H =
(

0 P0HP1

P1HP0 U

)
, (A3)

where we have used the fact that at exactly half filling
P0HP0 = 0 and P1HP1 = UP1 to lowest order in t/U . We
then can adiabatically eliminate the doublon subspace, valid at
low-frequencies ω 
 U , such that we end up with an effective
Hamiltonian (which acts on the half-filled manifold):

Heff = − 1

U

∑
j

∑
δ

c†
j+δα

tαβ

δ
c jβP1

∑
j

∑
δ

c†
j+δα

tαβ

δ
c jβ.

(A4)
We evaluate this by choosing a site j and summing over
all virtual processes which go from j to j + δ and back.
Summing over all these terms exactly once will reproduce the
superexchange model without double counting. This produces

Heff = − 1

U

∑
jδ

c†
j [t−δ + iλ−δ · σ]c j+δc

†
j+δ

[tδ + iλδ · σ]c j,

(A5)
where the spin indices are suppressed, but understood to act
according to usual matrix multiplication. The Hamiltonian is
understood as being evaluated on the half-filling space, in
which the projectors become redundant and are dropped. We
evaluate this by first focusing on a single bond, where we have
the term

H12 = − 1

U
c†

1(t − iλ · σ)c2c†
2(t + iλ · σ )c1. (A6)

We can evaluate this by rotating to the λ axis, such that we
have

H12 = − 1

U
c†

1(t − iλσ3)c2c†
2(t + iλσ3)c1. (A7)

There are now three terms; the regular superexchange term

H0
12 = − t2

U
c†

1c2c†
2c1, (A8)

the antisymmetric DM exchange,

H1
12 = −i

tλ

U
(c†

1c2c†
2σ3c1 − c†

1σ3c2c†
2c1), (A9)

and the symmetric anisotropy

H2
12 = −λ2

U
c†

1σ3c2c†
2σ3c1. (A10)

Up to constants which are trivial in the half-filling sector, these
can be evaluated to be

H0
12 = 2

t2

U
Ŝ1 · Ŝ2, (A11a)

H1
12 = −2i

tλ

U
[Ŝ+

1 Ŝ−
2 − Ŝ−

1 Ŝ+
2 ], (A11b)

H2
12 = 2

λ2

U

(
Ŝ3

1 Ŝ3
2 − 1

2
Ŝ+

1 Ŝ−
2 − 1

2
Ŝ−

1 Ŝ+
2

)
. (A11c)

These are expressed in a covariant manner in terms of the
spin-orbit vector as

H0
12 = 2

t2

U
Ŝ1 · Ŝ2, (A12a)

H1
12 = −4

t

U
λ · (

Ŝ1 × Ŝ2
)
, (A12b)

H2
12 = 2

1

U

[
2
(
λ · Ŝ1

)(
λ · Ŝ2

) − λ2Ŝ1 · Ŝ2
]
. (A12c)

This then brings us to the full superexchange Hamiltonian:

H =
∑

jδ

2
(
t2 − λ2

δ

)
U

Ŝ j · Ŝ j+δ − 4t

U
λδ · (Ŝ j × Ŝ j+δ)

+ 4

U
(λδ · Ŝ j )(λδ · Ŝ j+δ). (A13)

Using the Rashba spin-orbit texture amounts to substituting
λδ = (−1)�λδ × ez, with � = u, d indexing the layer of the
YBCO bilayer unit cell, as in the main text. In fact, each bond
is counted twice in this expression such that if we perform the
sum over bonds we must double the exchange interactions.

Phonon coupling

We now derive the coupling of the phonon displacement to
the spin system by downfolding the electron-phonon Hamil-
tonian in the same manner. We include the spin-orbit and
magnetostrictive couplings by taking

t → t + αQ, λ → λ + κQ (A14)

in the above formulas and expanding to linear order in Q. To
leading order, this leads to a spin-phonon interaction for each
pair of sites 1,2 of

Hint = 8tα

U
Q̂12Ŝ1 · Ŝ2 − 8α

U
Q̂12λ · Ŝ1 × Ŝ2

− 8tκ

Uλ
Q̂12λ · Ŝ1 × Ŝ2 − 8λκ

U
Q̂12S1 · S2

+ 16κ

Uλ
Q̂12λ · Ŝ1λ · Ŝ2. (A15)

The first two terms come from linear variation of the scalar
hopping t , while the last three come from the linear variation
in the spin-orbit coupling. We anticipate the hierarchy of
coupling constants 8tα/U � 8λα/U � 8tκ/U � 8λκ/U .

APPENDIX B: EASY-PLANE MODEL

Here we show how to diagonalize the easy-plane spin-wave
Hamiltonian. We assume a classical Néel order which lies in
the x − y plane at an angle θ from the x axis, and further
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choose the x and y axes to align with the a and b crys-
tallographic axes, respectively. We then introduce the 1,2,3
coordinate system, such that

e3 = cos θex + sin θey (B1)

defines the axis along which the Néel order lies. Then we
choose the transverse 1 and 2 directions such that

e1 × e2 = e3, (B2)

i.e., the coordinate system is right-handed. One such choice is

e1 = ez, (B3a)

e2 = sin θex − cos θey, (B3b)

e3 = cos θex + sin θey. (B3c)

In this basis, we write the Holstein-Primakoff expansion as

Ŝ3
j =

{ 1
2 − a†

j a j j ∈ A

b†
jb j − 1

2 j ∈ B.
(B4)

On the two sublattices, we then have a linear spin-wave ex-
pansion of

Ŝ+
j = Ŝ1

j + iŜ2
j =

{
a j j ∈ A

b†
j j ∈ B.

(B5)

The Hamiltonian can be then written in terms of the
Holstein-Primakoff bosons as

H0 =
∑

q

(
a†

q, b−q
)( 2J (2J − �)γ s

q

(2J − �)γ s
q 2J

)(
aq

b†
−q

)

−
∑

q

�γ s
q (a†

qbq + aqb†
q). (B6)

Next, we introduce the four-component Nambu spinor,


q =

⎛
⎜⎜⎜⎝

aq

bq

a†
−q

b†
−q

⎞
⎟⎟⎟⎠, (B7)

and the associated Nambu Pauli matrices τa (which act on the
(X, X †) doublet), as well as the sublattice Pauli matrices ζa

[which act on the (a, b) doublet]. We then have

H = 1

2

∑
q


†
qMq
q, (B8)

with the quadratic form

Mq = (
2J − �γ s

qζ1
) + τ1

(
2J − �γ s

qζ1
)
. (B9)

The central object of interest is the magnon Green’s function,
which is obtained by diagonalizing the kernel:

D−1(q) = iωmτ3 − Mq. (B10)

This can be diagonalized by first going to the eigenbasis of
ζ1, which diagonalizes the sublattice eigenvalue ζ = ±1. We
then diagonalize the Nambu matrices to obtain the magnon
dispersion relation:

�pζ =
√(

2J − ζ�γ s
p

)2 − (
2J − �)2(γ s

p

)2
. (B11)

While the two magnon bands are degenerate for the Heisen-
berg model, they now become split in the presence of
anisotropy. At long wavelengths, one is gapped with gap

�p,− ∼
√

8J� + · · · , (B12)

while the other one remains gapless, with a spin-wave velocity
of

�p,+ ∼
√

2J (2J − �)|p|. (B13)

We now determine the coupling to the electric field through
the DM-type interaction for the case of Néel order in the x − y
plane. We consider the coupling

Hint =
∑
j∈A,δ

gÊ z
j, j+δ

(ez × δ) · (Ŝ j × Ŝ j+δ). (B14)

We first express this in momentum space and separate out the
linear and quadratic contributions as

H (2)
int =

∑
q

gÊ z
q

∑
δ

[(ez × δ) · e2]ei q·δ
2 (Ŝ j × Ŝ j+δ)2,q, (B15)

H (3)
int =

∑
q

gÊ z
q

∑
δ

[(ez × δ) · e3]ei q·δ
2 (Ŝ j × Ŝ j+δ)3,q, (B16)

with

(Ŝ j × Ŝ j+δ)q =
∑

j

eiq·R j

√
Vol.

(Ŝ j × Ŝ j+δ). (B17)

We find the resulting interaction of Hint = H (2)
int + H (3)

int with

H (2)
int =

∑
p

ig

2
Ê z

−p

(
cos θ sin

px

2
+ sin θ sin

py

2

)

× (aq − bq) + H.c., (B18a)

H (3)
int =

∑
q,p

gÊ z
−q√

Vol.
(sin θ sin px − cos θ sin py)

× a†
p− q

2
b†

−p− q
2
+ H.c., (B18b)

and, in particular, if we project onto q = 0 for the electric
field, we find the first term vanishes linearly with q, while
the second term recovers a finite homogeneous value.

APPENDIX C: BILAYER HAMILTONIAN

Here we calculate the spin-wave Hamiltonian for the bi-
layer system, assuming Néel order lies in the a − b plane.
We use the same 1,2,3 coordinates which were introduced in
Appendix B for the case of easy-plane Néel order. The only
further complication is due to the bilayer structure.

We focus on the case of the easy-plane Néel order since,
following Ref. [153], we expect the in-plane Néel order to
be stabilized by the frustrated anisotropies. Heuristically, this
can be understood from the fact that, while different bond
directions in the a − b plane frustrate the anisotropies of each
other, when the spin lies in the x − y plane, it gains some
anisotropy energy. On the other hand, when it points along z
it gains no anisotropy energy. Therefore, the in-plane order is
stabilized. We would further expect that, because spin-rotation
symmetry is broken explicitly by the frustrated spin-orbit
coupling, a similar order-by-disorder mechanism ultimately
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opens a spin-wave gap even though classically the frustration
produces a rotationally invariant interaction.

The only difference from the single-layer case is that we
must also alternate the sublattice between the two bilayers, so
we write the Holstein-Primakoff expansion as

Ŝ3
j� =

{ 1
2 − a†

j�a j� ( j, �) ∈ A

b†
j�b j� − 1

2 ( j, �) ∈ B.
(C1)

We use the notation ( j, �) ∈ A, B to indicate that the sites on
the A sublattice in the upper layer are in the B sublattice in the
lower layer, and vice versa. On the two sublattices we have
linear spin-wave expansions of

Ŝ+
j� = Ŝ1

j� + iŜ2
j� =

{
a j� ( j, �) ∈ A

b†
j� ( j, �) ∈ B.

(C2)

We now compute all the needed operators in terms of the local
axes, expand in terms of the Holstein-Primakoff bosons, and
express them in momentum space.

1. Interlayer exchange

We first express the interlayer coupling in terms of the local
axes. This is easy because it is a spin scalar and therefore is
basis independent. As such, we have

Ŝ ju · Ŝ jd = Ŝ3
juŜ3

jd + 1
2 Ŝ+

juŜ−
jd + 1

2 Ŝ−
juŜ+

jd

=
{

1
2 [a†

jua ju + b†
jd b jd + a jub jd + a†

jub†
jd ] j ∈ A

1
2 [b†

jub ju + a†
jd a jd + b jua jd + b†

jua†
jd ] j ∈ B,

(C3)

where the two cases correspond to the case where j is such
that R j is in the A sublattice on the upper layer (and therefore
on the B sublattice on the lower layer). This is the only term

which couples the two layers. The remaining terms are now
evaluated for the upper layer. To obtain the terms on the lower
layer, we take λ → −λ and switch the two sublattices with
each other.

To translate this to momentum space, we note that there is
no dispersion from this term, only an ainterband coupling. We
then obtain

Hud = Jud

∑
j∈A,B

Ŝ ju · Ŝ jd

= 1

2
Jud

∑
p�

(a†
p�ap� + b†

p�bp�)

+ 1

2
Jud

∑
p

(a†
pu, b−pu)

(
0 1
1 0

)(
apd

b†
−pd

)

+ 1

2
Jud

∑
p

(
a†

pd , b−pd
)(0 1

1 0

)(
apu

b†
−pu

)
. (C4)

2. Scalar exchange

We now evaluate the scalar exchange interaction for each
layer. Again, this is simplified since it is invariant upon chang-
ing to the local axes. The sum over all neighboring bonds is
implemented by summing over j ∈ A and all the δ vectors. We
then have

Ŝ j� · Ŝ j+δ� = 1
2 [a†

j�a j� + b†
j+δ�

b j+δ� + a j�b j+δ� + a†
j�b†

j+δ�
]

(C5)

for the scalar term, which is valid for both layers, provided we
are careful to only sum over sites in the A sublattice, which
are translated relative to each other between each respective
layer. We translate this into momentum space to find the
Hamiltonian

H0=2J0

∑
�

∑
p

[a†
p�ap�+b†

p�bp�+γpap�b−p�+γpa†
p�b†

−p�], (C6)

with usual form factor γp = 1
2 (cos px + cos py) and J0 = 4(t2 − λ2)/U the scalar exchange.

3. Vector exchange

The vector exchange is obtained by expanding in the 1,2,3 basis as

Ŝ j × Ŝ j+δ = e3

Ŝ−
j Ŝ+

j+δ
− Ŝ+

j Ŝ−
j+δ

2i
+ Ŝ3

j (ie+Ŝ+
j+δ − ie−Ŝ−

j+δ) − (ie+Ŝ+
j − ie−Ŝ−

j )Ŝ3
j+δ, (C7)

with e± = 1
2 (e1 ∓ ie2). We expand this operator up to quadratic order in the Holstein-Primakoff bosons. We obtain

Ŝ j × Ŝ j+δ = e3

a†
j b

†
j+δ

− a jb j+δ

2i
+ 1

2
(ie+b†

j+δ
− ie−b j+δ) + 1

2
(ie+a j − ie−a†

j ). (C8)

In particular, we need the projection of this operator onto the vector ez × δ. We obtain

Ŝ j × Ŝk · (ez × δ) =
⎧⎨
⎩

sin θ
( a†

j b
†
j+δ

−a j b j+δ

2i

) − cos θ
4 (b†

j+δ
+ b j+δ + a j + a†

j ) δ = ex

− cos θ
( a†

j b
†
j+δ

−a j b j+δ

2i

) − sin θ
4 (b†

j+δ
+ b j+δ + a j + a†

j ) δ = ey.

(C9)
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We have suppressed the layer index for brevity (since at the moment the result is the same for both). To express this in momentum
space, we note that the linear term will cancel since the sum involves terms with both δ and −δ. This leaves

H1 = −
∑
j∈A,�

(−1)�
8tλ

U

[
sin θ

(
a†

j�b†
j+x� − a j�b j+x�

2i
− a†

j�b†
j−x� − a j�b j−x�

2i

)

− cos θ

(
a†

j�b†
j+y� − a j�b j+y�

2i
− a†

j�b†
j−y� − a j�b j−y�

2i

)]
. (C10)

Going to momentum space, we find

H1 =
∑
�p

−(−1)�
8tλ

U
[sin θ sin px − cos θ sin py](ap�b−p� + b†

−p�a†
p�). (C11)

4. Tensor exchange

The tensor exchange is

Ŝ j · (ez × δ)(ez × δ) · Ŝk =
⎧⎨
⎩

(− cos θ Ŝ2
j + sin θ Ŝ3

j

)(− cos θ Ŝ2
k + sin θ Ŝ3

k

)
δ = ex(− sin θ Ŝ2

j − cos θ Ŝ3
j

)(− sin θ Ŝ2
k − cos θ Ŝ3

k

)
δ = ey.

(C12)

Next, we express this in terms of the angular momentum ladder operators S± = S1 ± iS2. We have

Ŝ j� · (ez × δ)(ez × δ) · Ŝ j+δ� =

⎧⎪⎨
⎪⎩

(− cos θ
Ŝ+

j�−Ŝ−
j�

2i + sin θ Ŝ3
j�

)(− cos θ
Ŝ+

j+δ�
−Ŝ−

j+δ�

2i + sin θ Ŝ3
j+δ�

)
δ = ex

(− sin θ
Ŝ+

j�−Ŝ−
j�

2i − cos θ Ŝ3
j�

)(− sin θ
Ŝ+

j+δ�
−Ŝ−

j+δ�

2i − cos θ Ŝ3
j+δ�

)
δ = ey.

(C13)

This is now expressed in terms of the Holstein-Primakoff bosons, up to quadratic order. This is slightly more complicated because
there are cross terms between S3, which contains the zeroth- and second-order terms, and the transverse terms which contain
linear terms. We drop terms which are overall constants, such that

Ŝ j� · (ez × δ)(ez × δ) · Ŝ j+δ�

=
⎧⎨
⎩

− 1
4 cos2 θ (a j�−a†

j�)(b†
j+δ�

−b j+δ�)+ 1
2 sin2 θ (a†

j�a j�+b†
j+δ�

b j+δ�)+ 1
4i sin θ cos θ (a j�−a†

j�−b†
j+δ�

+b j+δ�) δ = ex

− 1
4 sin2 θ (a j�−a†

j�)(b†
j+δ�

−b j+δ�)+ 1
2 cos2 θ (a†

j�a j�+b†
j+δ�

b j+δ�)− 1
4i sin θ cos θ (a j�−a†

j�−b†
j+δ�

+b j+δ�) δ = ey.

(C14)

We now pass to momentum space again. Just like in the vector coupling, the linear term will cancel because the x and y
anisotropies enter with opposite signs in the linear part. Then we observe that of the two quadratic terms, the one which conserves
boson number, when summed over the four different bond values, will give a†

j�a j� + b†
j+δ�

b j+δ, independent of the Néel ordering
vector. Therefore, there is one contribution which is simply

H2,1 = 8λ2

U

∑
p�

a†
p�ap� + b†

p�bp�. (C15)

The other contribution comes from the first term and in real space reads

H2,2 = −2λ2

U

∑
j∈A,�

[cos2 θ (a j� − a†
j�)(b†

j+x� − b j+x� + b†
j−x� − b j−x�) + sin2 θ (a j� − a†

j�)(b†
j+y� − b j+y� + b†

j−y� − b j−y�)].

In momentum space, this reads

H2,2 = −1

2
�

∑
p�

(b†
p� − b−p�)(ap� − a†

−p�)(cos px cos2 θ + cos py sin2 θ ), (C16)

with � = 8λ2/U .
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5. Full bilayer model

We now present the full bilayer Hamiltonian in momentum space, to second order in the Holstein-Primakoff bosons. We have

H = 1

2
Jud

∑
p

a†
pub†

−pd + a†
pd b†

−pu + b−pd apu + b−puapd + 1

2
Jud

∑
p�

a†
p�ap� + b†

p�bp�

+
∑
�p

(a†
p�, b−p�)

(
2J0 + � 2J0γ

s
p − D�γ

p
p (θ ) + 1

2�γ̃ d
p (θ )

2J0γ
s
p − D�γ

p
p (θ ) + 1

2�γ̃ d
p (θ ) 2J0 + �

)(
ap�

b†
−p�

)

− 1

2

∑
p�

�γ̃ d (θ )(a†
p�bp� + b†

p�ap�). (C17)

Here we have introduced multiple form factors (which are
dependent on the Néel order angle), which are defined as

γ s
p = 1

2 (cos px + cos py), (C18a)

γ p
p (θ ) = sin θ sin px − cos θ sin py, (C18b)

γ̃ d
p (θ ) = cos px cos2 θ + cos py sin2 θ = γ s

p + cos 2θγ d
p ,

(C18c)

γ d
p = 1

2 (cos px − cos py), (C18d)

and the exchange constants are, in terms of the Hubbard model
parameters,

J0 = 4
t2 − λ2

U
, (C19a)

D� = 8
tλ

U
(−1)�, (C19b)

� = 8
λ2

U
. (C19c)

It will also be relevant to include the matrix elements of
the DM-type interaction with the electric field, which takes
the form

Hint =
∑
j∈Aδ�

gÊ z
j, j+δ

(ez × δ) · Ŝ j� × Ŝ j+δ�. (C20)

This will yield the same result as previously, except we must
sum over the layer index �. We thus find

H (2)
int =

∑
p�

Ê z
−pi

g

2

(
cos θ sin

px

2
+ sin θ sin

py

2

)

× (ap� − bp�) + H.c., (C21a)

H (3)
int =

∑
q,p�

gÊ z
q√

Vol.
(sin θ sin px − cos θ sin py)

×a†
p+ q

2 �
b†

−p+ q
2 �

+ H.c. (C21b)

We can verify that inversion takes aqu → a−qd and sim-
ilarly for b, and also takes Qq → −Q−q. Therefore, the
interaction as written preserves inversion symmetry.

Diagonalizing bilayer maodel

The spin-wave Hamiltonian for the full bilayer system
can be diagonalized exactly. Similar to the monolayer case,
we introduce τa for Nambu space Pauli matrices and ζa for

sublattice space Pauli matrices. We must now also introduce
an additional layer space la set of Pauli matrices. In terms
of these, and the eight-component Nambu-sublattice-layer
spinor 
p, we have the Hamiltonian

H = 1

2

∑
p


†
pM̂p
p, (C22)

with the matrix

M̂p = 1
2 Jud [1 + τ1ζ1l1] + 2J0 + � − 1

2�
(
γ s

p + cos 2θγ d
p

)
ζ1

+ [
2J0γ

s
p + 1

2�
(
γ s

p + cos 2θγ d
p

)]
τ1ζ1 + Dγ p

p τ2ζ2l3.
(C23)

Our aim is to diagonalize the dynamical matrix, K̂p = τ3M̂p,
which in turn can be used to compute the magnon Matsubara
Green’s function by inverting the kernel

D̂−1
p = iωmτ3 − M̂p = τ3(iωm − K̂p). (C24)

We begin by noting that the sublattice parity matrix � = ζ1l1
commutes with the Green’s function and obeys �2 = 1. We
therefore find two twofold degenerate representations, each of
definite parity as determined by the eigenvalue of � = ±1.

To finish diagonalizing the spin-wave kernel, we define
Z = ζ1. In each subspace of �, we have two basis states,
which can be labeled by their eigenvalue of Z . For instance,
for � = +1 the two states are | + +〉 and | − −〉, with the
first number labeling the eigenvalue of ζ1 = Z , and the second
labeling the eigenvalue of l1 = �ζ1. The action of ζ2l3 on
these basis states can then be mapped onto the action of −Y ,
such that the dynamical matrix assumes the form

K̂ = τ3[a3 + b3Z] + iτ2[a2 + b2Z] + iτ1cY.

We know that the eigenvalues will come in particle-hole
conjugate pairs, and we therefore consider squaring K and
diagonalizing that matrix. We find

K̂2 = (a3 + b3Z )2 − (a2 + b2Z )2 − c2

+ 2iτ2cb3X + 2τ3cb2X.

This matrix is now reduced to a Clifford algebra form, with
Z, τ2X, τ3X forming a set of three anticommuting matrices
which all square to one. We therefore find that the eigenvalues
λ of K̂ are

λ± = E2
± = a2

3 + b2
3 − a2

2 − b2
2 − c2

±
√

(2a3b3 − 2a2b2)2 − (2cb3)2 + (2cb2)2. (C25)
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It follows that the energy eigenvalues are

Eζ =
√

a2
3 + b2

3 − a2
2 − b2

2 − c2 − 2ζ
√

(a3b3 − a2b2)2 − (cb3)2 + (cb2)2, (C26)

assuming that the energies remain real, and therefore there is no dynamical instability. We have introduced the quantum number
ζ = ± here, which is chosen such that in the limit of p → 0, this coincides with the eigenvalue of ζ1, at least for a certain range
of �/Jud . The parameters in the above formula are

a3 = 2J0 + � + 1
2 Jud , (C27a)

b3 = − 1
2�

(
γ s

p + cos 2θγ d
p

)
, (C27b)

a2 = 1
2 Jud�, (C27c)

b2 = 2J0γ
s
p + 1

2�
(
γ s

p + cos 2θγ d
p

)
, (C27d)

c = Dγ p
p . (C27e)

In particular, we have the following results as p → 0. First, as p → 0 we find that the quantum numbers become identified as
the eigenvalue of ζ1, so we will label them as ζ = ±, even though this assignment is only accurate strictly at p = 0. Second, we
find the energies at p = 0 of

E�=±,ζ=±(p = 0) =
√(

2J0 + � + 1
2 Jud − ζ 1

2�
)2 − (

2J0 + 1
2� + ζ�Jud/2

)2
. (C28)

This simplifies to yield

E++(0) = 0, (C29a)

E+−(0) =
√

2(2J0 + �)(� + Jud ), (C29b)

E−+(0) =
√

2(2J0 + �/2)Jud , (C29c)

E−−(0) =
√

2

(
2J0 + � + 1

2
Jud

)
�. (C29d)

The group velocity of the gapless pseudo-Goldstone mode is, within this approximation, given by the dispersion relation

E++(p) =
√

Axx p2
x + 2Axy px py + Ayy p2

y, (C30a)

Axx =
(

2J0 + 1

2
� + 1

2
Jud

)(
� cos2 θ + J0 − 2D2 sin2 θ

� + Jud

)
, (C30b)

Axy =
(

2J0 + 1

2
� + 1

2
Jud

)
2D2

� + Jud
sin θ cos θ, (C30c)

Ayy =
(

2J0 + 1

2
� + 1

2
Jud

)(
� sin2 θ + J0 − 2D2 cos2 θ

� + Jud

)
. (C30d)

This has a stability criterion that the quadratic form formed by the elements Axx, Axy, Ayy be positive semidefinite. For θ = 0,
this amounts to

Jud/J0 > 4
D2

J2
0

− �/J2
0 ∼ 6(λ/t )2. (C31)

Therefore, for weak spin-orbit coupling (we take λ/t ∼ 0.025), this is quite reasonable.

6. Green’s function

We now obtain the magnon Green’s function, which is used in the linear response calculations. Writing out the Nambu
structure explicitly in block matrix form, the inverse Green’s function takes the form

D̂−1
q (z) =

(
1 0
0 −1

)(
z − Âq −(B̂q − iĈq)

B̂q + iĈq z + Âq

)
, (C32)

with z lying in the complex plane and Â, B̂, Ĉ matrices in the sublattice and bilayer subspaces.
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Provided certain conditions are satisfied by the matrices Â, B̂, Ĉ, we can find the Green’s function by explicitly performing
the block matrix inversion procedure. We then find

D̂q(z) =
([

z − Âq + (B̂q − iĈq)(z + Âq)−1(B̂q + iĈq)
]−1

0

0 [z + Âq + (B̂q + iĈq)(z − Âq)−1(B̂q − iĈq)]−1

)

×
(

1 (B̂q − iĈq)(z + Âq)−1

−(B̂q + iĈq)(z − Âq)−1 1

)(
1 0

0 −1

)
. (C33)

We can then perform all the necessary analytical continuations.

7. Photon-magnon coupling in bilayer model

In this section, we derive the magnon-photon coupling in the bilayer model. Throughout this section, we assume the photon-
electron coupling to of the scalar type κ

∑
j∈A,δ,� c†

j+δ�
Ê j, j+δc j�. In Appendix C 7 a, we derive the effective coupling between

magnons and photons. Based on this coupling in Appendix C 7 b, we derive the change in susceptibility due to magnons.

a. Phonon-magnon coupling

We now perform the adiabatic elimination of doublon states and derive the effective coupling between photon and magnon
degrees of freedom. Analogously to Appendix C we find the scalar Hsc and vector Hvec terms. By expanding up to the linear
order in κ , we find the scalar coupling term,

H (2)
sc ≈ 8

U

(2t )√
M

κ
∑
k,q,�

(−1)�(Ê−qaq−k,�bk,� + Êqa†
q−k,�

b†
k,�

)ψ (s)
k− q

2
+ 8

U

(2t )√
M

κ
∑
k,k′,�

(−1)�Êq(b†
k+q,�

bk,� + a†
k+q,�

ak,�)ψ (s)
q , (C34)

where ψ
(s)
k = 1

2 (cos(kx ) + cos(ky)). Analogously, we find quadratic the vector term,

H (2)
vec = −i

2λ

U

∑
j,δ,�

(−1)�(ĉ†
j,�ĉ j+δ,�ĉ†

j+δ,�
Ê j, j+δ,� · σĉ j,� − ĉ†

j,�Ê j, j+δ,� · σĉ j+δ,�ĉ†
j+δ,�

ĉ j,�)

= 8λ

U

1√
M

κ
∑
q,q′

(−1)�(Êq′+qa†
q′,�b†

q,� + Ê∗
q′+qaq′,�bq,�)

(
sin

(q′
x − qx )

2
sin θ − sin

(q′
y − qy)

2
cos θ

)
,

and linear terms:

H (1)
vec = 4tλi

U

∑
q,�

(−1)�Ê−q(bq,� − aq,� + b†
−q,� − a†

−q,�)

(
cos θ sin

qx

2
+ sin

qy

2
sin θ

)
.

Below, we derive the susceptibility change due to the presence of magnons.

b. Susceptibility

In this section, we provide technical details of calculation of susceptibility in Sec. V. We consider the bilayer model
derived above with the anisotropy parameter � and without spin-orbit coupling λ. With the free bilayer Hamiltonian Ĥ0 =
1
2

∑
k 


†
kMk
k and the photon-magnon term Ê0V̂ with V̂ = 1

2

∑
k 


†
kVk
k, which we get from Eq. (C34) by setting the field

momentum to zero. The Nambu matrices are

Mk = (
2J − �ψ

(s)
k ζ1

) + (2J − �)ψ (s)
k τ1ζ1 + Jud

2
(1 + τ1ζ1l1)

Vk = 2g′(1 + ψ
(s)
k τ1ζ1

)
l3.

The imaginary-frequency susceptibility reads

χ (iωn) =
∫

dτeiωnτ 〈TτV̂ (τ )V̂ (0)〉 = 1

β

∑
k

∑
m

Tr{Gk(iωm − iωn)VkGk(iωm)Vk}, (C35)

where Tτ denotes the time ordering and in the last line we used Wick’s theorem. We note that in Eq. (C35) the 1/4 factor
is canceled by two identical contributions to the susceptibility and due to the parity (k → −k) symmetry. The unperturbed
propagator reads

Gk(iωm) = (
iτ 3ωm − M0

)−1
.
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In the zero-temperature limit, we find

χ (i�) =
∑

k

∫
dω

2π
Tr{Gk(iω − i�)VkGk(iω)Vk}. (C36)

To derive the expression for susceptibility of arbitrary �, it is convenient to parameterized the matrix Mk as follows:

Mk = α + βζ1 + γ τ1ζ1 + δτ1ζ1l1,

where α = 2J + Jud/2, β = −�ψ
(s)
k , γ = (2J − �)ψ (s)

k , δ = Jud/2. In terms of these parameters, the band energies are given by

χ (i�) = 4g′2 ∑
ζ=±

∫
k

× 2
(
�

(ζ )
k,+ + �

(ζ )
k,−

)(
(α + β )(α + β − 4γψ (s) ) + (γ 2 − δ2) + ψ (s)2

(
(α + β )2 + (γ 2 − δ2) + �

(ζ )
k,+�

(ζ )
k,−

) − �
(ζ)
k,+�

(ζ )
k,−

)
�

(ζ )
k,+�

(ζ )
k,−

((
�

(ζ )
k,+ + �

(ζ )
k,−

)2 + �2
)

APPENDIX D: ELIMINATING PHONON MODE

Here we adiabatically eliminate the phonon mode using
the path-integral formulation. If we neglect the phonon dis-
persion, we can consider the local coupling on each bond, in
which case we suppress the bond index and consider a single
oscillator.

The relevant Matsubara action is

S =
∑
ωm

1

2
Mph

(
ω2

m + �2
ph

)
Q−ωm Qωm

+ [−ZpheωmAz
ωm

+ Fωm

]
Q−ωm . (D1)

Here, the Matsubara frequencies are ωm = 2πmT and Qωm is
the frequency-domain phonon coordinate, with effective mass
Mph and Born effective charge Zeffe. Here Fωm encodes the
spin-system operator the phonon linearly couples to, and Az

ωm

is the z component of the electromagnetic vector potential. We
work in a gauge where the scalar potential is zero, such that
the electric field is purely determined in terms of the vector
potential.

Importantly, upon Wick rotation, the dipolar coupling to
the electric field becomes −ωmAz

ωm
ZpheQ−ωm , and we can

identify

Ê z
ωm

= ωmAz
ωm

→ iωAz(ω) → −∂t A
z (D2)

upon returning to real-frequencies, and then the time-domain.
We can integrate out the phonon mode in the saddle-

point approximation, which is exact for a Gaussian degree
of freedom. We then find the effective action describing the
electric-field and its coupling to the spin operator. The saddle-
point equation is

M(ω2
m + �2

T )Qωm = ZpheωmAz
ωm

− Fωm . (D3)

We then substitute this back in to the action to obtain the
effective action for the electric field and magnons of

Seff =
∑
ωm

−1

2

1

Mph
(
ω2

m + �2
ph

)(
ZpheωmAz

ωm
− Fωm

)
× (−ZpheωmAz

−ωm
− F−ωm

)
. (D4)

Expanding out these terms, we find the first contribution is
purely dressing the dielectric function of the electromagnetic

field and is independent of the spin system. We neglect this
effect in this paper, though, in principle, it is probably impor-
tant and should be considered in future works. The last term
on the other hand, ∼Fωm F−ωm induces an effective spin-spin
interaction. Assuming that F is a two-body spin operator, this
will then be an emergent four-body term. Again, this is likely
to be important and interesting, but because it is independent
of the cavity modes we will neglect it in this paper.

Finally, the term of interest is the middle term, which is
what leads to the cavity-magnon coupling. We find it to be

S int
eff =

∑
ωm

1

Mph
(
ω2

m + �2
ph

)ZpheωmAz
ωm

F−ωm . (D5)

For low frequencies, ωm 
 �T , we approximate this by a
static interaction between the electric field and the magnon
operator. This is found by returning to a Hamiltonian, noting
that ωmAz

ωm
→ Ê z and Fωm → F̂ in the canonical operator

formalism. This yields the desired magnetoelectric interaction
Hamiltonian:

H int = Zphe

Mph�
2
T

Ê zF̂ . (D6)

In the lattice model, this is then summed over every bond,
which is permissible when all interactions are local.

APPENDIX E: CAVITY COUPLING

Here we present some of the calculations used in modeling
the cavity and, in particular, the near-field coupling scheme we
outline in the main text. We also outline the approach we take
for the calculations on cavity-induced squeezing of magnons.

1. Near-field cavity

We first consider the problem of a small metallic sphere
with plasma response

εm(ω) = ε0
(
1 − �2

pl/ω
2
)

(E1)

and radius R. We consider placing this within the electric field
maximum of a terahertz resonator, which we take to have a
roughly homogeneous field polarized parallel to the surface
of the sample, as illustrated in Fig. 13. Simple electrostatics
then yields that the terahertz field Eext (ω) induces a dipole
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FIG. 13. Schematic of the proposed near-field coupling scheme:
A metal object (grey sphere) is placed inside the resonator, which
we model as an RLC circuit. The cavity electric field Ecav(t ) in-
duces a dipole moment Pind(t ) in the metal object. The sample (of
thickness h) is placed a distance d below the induced dipole and
experiences a dipole field Eind(t ), which samples momenta of order
∼1/d .

moment in the sphere given by

p(ω) = 4πε0

[
εm(ω) − ε0

2ε0 + εm(ω)

]
R3Eext (ω). (E2)

Assuming the plasma frequency is much larger than the res-
onator frequency, we obtain the simplified result:

p(ω) = 4πε0R3Eext (ω). (E3)

We therefore see that the object serves to focus the resonator
field to a subwavelength volume, producing a near field which
has the same spectral characteristics as the resonator, but with
the field profile of a localized electric dipole moment. The
induced moment produces the near field

Eind = R3

r3
Eext · [3r̂ ⊗ r̂ − 1], (E4)

where r = rr̂ is the vector from the dipole moment to the
coordinate.

We next consider the coupling of this moment to the
magnons in the sample, which we assume is placed a distance
d below the induced dipole, with the ab plane parallel to the
induced moment. Our calculations reveal that the magnons
couple to the Ez component, so we Fourier transform the Ez

component of the induced field to obtain the dependence on
in-plane momentum. We find

Ez(ω, q‖, d ) = 1√
Area

∫
d2re−ir·q‖ −3R3d

(r2 + d2)
5
2

Eext · r̂, (E5)

where now we use r to label the coordinate with respect to the
location of the dipole, projected onto the ab plane a distance
d below. We can integrate by parts to get

Ez(ω, q‖, d ) = 1√
Area

dR3iq‖ · Eext

∫
d2re−ir·q‖ 1

(r2 + d2)
3
2

.

The remaining angular integral is evaluated to be∫
d2re−ir·q‖ 1

(r2 + d2)
3
2

= 2π

∫ ∞

0
dr

rJ0(|q‖|r)

(r2 + d2)
3
2

,

and then we evaluate the radial integral, which yields∫
d2re−ir·q‖ 1

(r2 + d2)
3
2

= 2π

d
e−d|q‖|.

We therefore find the momentum space profile:

Ez(ω, q‖, d ) = 1√
Area

R32π iq‖ · Eexte
−d|q‖|. (E6)

The fact that this decays exponentially is related to the near-
field nature of the profile. We find that this has a maximum
in momentum space at q ∼ 1/d , yielding the desired effect of
sampling the coupling strength at finite momentum. One as-
sumption we make is that the cavity eigenmode is not changed
by the presence of the substrate, which is, in general, not the
case. However, we will use this model anyway, bearing in
mind the actual parameters in an experiment may be quite
different, and more quantitative calculations need to be per-
formed if device geometry is a crucial consideration.

2. Cavity spectral function

We now turn our attention to the modeling of Eext, which
is produced by the terahertz resonator. We model the system
as an RLC circuit, and model the field as being generated by
a parallel-plate capacitor. In that case, the equation of motion
for the charge, in the frequency domain, is(

−Iω2 − iωR + 1

Ceff (ω)

)
Qcav(ω) = 0, (E7)

where I and R are the effective inductance and resistance of
the circuit, and Ceff (ω) is an effective capacitance, which in-
cludes the bare geometric capacitance C0 = ε0Aeff/leff , as well
as the dressed capacitance due to the embedded object, and its
resulting coupling to the magnons below. We make the crude
approximation that the field generated by the induced dipole
is the same as the vacuum field, which obviously requires
refinement in future works. If we consider the sample to have
a thickness h, we find the electrostatic energy at frequency ω

is determined by the functional

U = 1

2
ε0E2

cavAeff�eff + 1

2

∫ d+h/2

d−h/2
dz

×
∫

q
χzz(ω, q)|Ecav · εq(z)|2, (E8)

with

εq(z) = 2πR3iqe−zq. (E9)

We identify the total capacitance as Ceff = 1
�2

eff
δ2U/δ2E ,

which gives

C(ω) = ε0
Aeff

�eff
+ 4π2hR6

�2
eff

∫
q
χzz(ω, q)|êcav · q|2 sinh hqe−2dq

hq
.

(E10)
The second contribution is regarded as the capacitance be-
tween the resonator and substrate or, alternatively, is the
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substrate’s contribution to the energetic cost of the induced
dipole. Therefore, the capacitive coupling to the magnons is
given by

Cmag(ω) = 4π2hR6

�2
eff

∫
q
χzz(ω, q)|êcav · q|2 sinh hqe−2dq

hq
.

(E11)
We therefore end up with the dressed cavity spectral function
(up to an overall constant) of

Acav(ω) = − 1

π
� 1

ω2 + iγω − �2
0(1 + Kmag(ω))−1

, (E12)

with the usual relations γ = R/I,�2
0 = 1/(IC) and the di-

mensionless coupling function

Kmag(ω) = 4π2hR6

�effAeff a4

∫
q

χzz(ω, q)

ε0
|êcav · q|2 sinh h

a |q|e−2
d
a |q|

h
a |q| .

(E13)
In the above expression, we have replaced the lattice unit of
a ∼ 4 Å, originating from the momentum integral, such that
now q is actually dimensionless.

We regard the geometric factors as somewhat phenomeno-
logical, in that they are flexible with respect to our model
and should be determined from actual device parameters or
simulations. For a rough estimate, we take d/a ∼ R/a ∼
100, h/a ∼ 10, and �effAeff/a3 ∼ 106. Note this corresponds
to d ∼ R ∼ 40 nm, h ∼ 4 nm, and an effective volume of
�effAeff ∼ 40 nm × 40 nm × 40 nm. If we approximate χ by
F |q · N|2/(�2 − ω2) and consider the case of N = êcav = ex,
we get a rough estimate for K of

Kmag ∼ 3 · 5!

8 · 26

h(R/d )6a2

�effAeff

F

�2
sw − ω2

,

where F ∼ 6.2×104 meV2 is the oscillator strength estimated
in the main text. The numerical prefactor is of order one, and
so the main suppression is due to the disconnect between the
capacitor size and the lattice scale, with ha2/�eff Aeff ∼ 10−5.

Bearing this in mind by approximating

Kmag(ω) = α2, (E14)

where α2 ∼ 10−5 is the effective coupling constant, we obtain
the spectral function

Acav(ω) = − 1

π
� 1

ω2 + iγω − �2
0

(
1 + α2F

�2
sw−(ω+i0+ )2

)−1 .

(E15)
Recall that typical values for �sw and F are �sw ∼ 1 THz and
F ∼ 3.8 × 103 (THz)2.

This can reveal a clear avoided crossing in frequency space
as the cavity resonance is tuned through the spin-wave res-

onance. This doesn’t take dispersion of the spin wave into
account, for instance, and this could possibly spoil the ef-
fect since dispersion of the resonance will act as a sort of
inhomogeneous broadening. Depending on the characteristic
momentum of the magnon sampled by the geometry, this may
be important.

If we are going to be more careful, we see that the cor-
rection due to the dispersion of the mode is approximated as,
replacing the lattice unit a,

�2
q = �2

0 + c2q2, (E16)

with momentum q in units of a−1 and c = √
2J0a. Then, we

find for the response function K , in the limit of h 
 d , and
including the angular dependence as well,

Kmag(ω) = 5!π
ha2

Veff

(
R

2d

)6[3

4
(N̂ · Ê)2

+1

4
(N̂ × Ê)2

]
F

�2
0

g(z, κ ),

(E17)

with the function

g(z, κ ) = 1

5!

∫ ∞

0
dxx5e−x 1

1 + κ2x2 − (z + i0+)2
, (E18)

where we have introduced

z = (ω + i0+)/�0, (E19a)

κ = c

2d�0
. (E19b)

We have also used N̂, Ê to indicate the unit vectors along
the Néel vector and in-plane cavity polarization, respectively.
The previous calculation holds in the limit of κ2 ∼ a2

d2
J0
�

→ 0,
in which case the function g reduces to the clear resonance
at z = 1. On the other hand, for κ � 1, we cannot discount
the dispersion effects, and this will quickly destroy the reso-
nance due to the inhomogeneous broadening of the dispersing
magnon. While the ratio a2/d2 is clearly quite small (and part
of the goal is to enlarge this parameter), the ratio J0/� ∼ 104

is also quite large, reflecting the rapid onset of dispersion.
We have inadvertently chosen d/a ∼ 102 such that κ ∼ 1.
If we decrease κ to a value of order .1, we can probably
resolve the resonance. This means increasing d/a to be around
d/a ∼ 300, which will in turn decrease the overall size of the
coupling constant by 1/36. This would kill the effect, unless
we concomitantly scale R such that R/d remains constant.
This means R ∼ d ∼ 300a ∼ 1200 Å.
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