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Low-energy scattering of ultracold atoms by a dielectric nanosphere
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We theoretically study the low-energy scattering of ultracold atoms by a dielectric nanosphere of silica glass
levitated in a vacuum. The atom and dielectric surface interact via dispersion force of which strength sensitively
depends on the polarizability, dielectric function, and geometry. For cesium and rubidium atoms, respectively,
we compute the atom-surface interaction strength and characterize the stationary scattering states by taking
adsorption of the atoms onto the surface into account. As the energy of the incoming atoms is lowered, we find
that differences between quantum and classical scatterings emerge in two steps. First, the quantum-mechanical
differential cross section of the elastic scattering starts to deviate from the classical one at an energy scale
comparable to a few microkelvin in units of temperature due to the de Broglie matter-wave diffraction. Second,
the differences are found in the cross sections in a regime lower than a few nanokelvin, where the classically
forbidden reflection occurs associated with the s-wave scattering and the discrete nature of angular momentum.
We also study the dependencies of quantum and classical scattering properties on the radius of the nanosphere.
This paper paves the way to identify the quantum regime and to understand the physical origin of quantum effects
in the collisions between a nanoparticle and environmental gas over various temperatures.
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I. INTRODUCTION

There has been growing interest in optically levitated
nanoparticles [1] because of their potential applicabilities to
unexplored fields such as nonequilibrium dynamics and ther-
modynamics at the nanoscale [2], suspension-free ultrahigh-Q
optomechanics [3–5], studies of quantum-classical bound-
aries [6–8], nonlinear dynamics [9,10], weak-force sens-
ing [11–13], and control of translational, librational [14],
rotational [15–17], and precessional [18] motions. Exper-
imentalists have achieved ultimate quantum control and
ground-state cooling of the center-of-mass motion of a
nanoparticle with measurement and feedback [19,20] that
were thus far successful only in atomic and optical sciences.
It also provides an opportunity to explore cavity QED ef-
fects in thermal radiation of isolated nano- or micron-sized
objects [21,22].

A levitated nanoparticle interacts with the background gas
in addition to the optical field that enables trapping and manip-
ulation. The interaction between a neutral atom or molecule
and polarizable materials is called dispersion force, which
arises from instantaneous fluctuations of the dipoles in the
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relevant matters [23]. Nonetheless, the collisional properties
between the nanoparticle and the background gas depend
little on the details of the force at room temperature, and
the nanoparticle undergoes intense Brownian motions due
to the random momentum kicks imparted by collisions. The
collisions are, in contrast, expected to be qualitatively altered
at low temperatures where the de Broglie wave character
of surrounding atoms or molecules manifests itself. In such
low temperatures, atom-atom and atom-molecule scatterings
have been widely studied in the context of ultracold chem-
istry [24–27]. With similar theoretical approaches established
in the studies of ultracold chemistry, the scattering of ul-
tracold sodium and metastable helium (2 3S) atoms by an
absorbing nanosphere of conducting material has studied in
Ref. [28], where a form of dispersion-force potential between
the atom and spherical surface is determined, and various
scattering cross sections are obtained as functions of the in-
coming energy. However, the regime investigated in Ref. [28]
was limited within the extremely low energies of the order
of nanokelvin in units of temperature where the quantum re-
flection [29] of atoms is predicted as a purely quantum effect.
This energy is far below an energy scale where the de Broglie
wavelength of the atom is comparable to the typical size of the
nanosphere. Therefore, it is still elusive at what energy scale
the atom-nanoparticle scattering starts to be sensitive to the
details of the force, and for which observables the classical
picture of collisions is invalid.

The aim of this paper is to identify quantum effects in
the scattering of cesium and rubidium atoms by a dielectric
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nanosphere. For this purpose, we explore the wide range of
the atomic incoming energy from the high-energy limit to the
s-wave scattering regime by comparing several classical and
quantum scattering observables. The radius of the nanosphere
is also varied for a clarification of finite-size effects that are
absent in atom-molecule scattering. We determine the atom-
surface potential strengths by employing the formulation used
in Ref. [28]. For inclusion of adsorption of atoms onto the
surface, we utilize the semiclassical boundary condition for
the atomic wave function, which has been also established to
describe the reactive process in ultracold molecules [24–27]
and quantum reflection [30–32]. As the energy of the incident
atomic beam is lowered, we found that the first quantum effect
reveals in the differential cross section of the elastic scattering
at an energy scale of a few microkelvin in units of temper-
ature, where the thermal de Broglie wavelength of the atom
is comparable to the size of the nanosphere. In contrast, the
quantum and classical absorption cross sections and loss rates
agree quite well, even at much lower energies. The second
set of quantum effects associated with the s-wave scattering,
such as quantum reflection, emerge in a regime lower than
a few nanokelvin, as manifestations of the discreteness of
the quantum-mechanical angular momentum. We also found
numerically that the scattering length depends on the radius of
the nanosphere in a nontrivial manner.

The knowledge of the interaction between atoms
and a dielectric material provides useful information
to state-of-the-art experiments of levitated nanoparticles
[3,4,7,9,12–15,19,20]. The interface of ultracold atoms and
solid-state materials interacting via dispersion force has also
drawn attention [33,34] due to the crucial importance
for fabrication and control of nanoscale devices [35].
Furthermore, it may provide the possibility of substituting
the roles of photons in optomechanics with coherent matter
waves such that atoms are utilized to control and sense the
Brownian motion of mechanical oscillators by exploiting the
collective enhancement due to massive coherent atoms in the
sprit of the matter-wave optics [36].

This paper is organized as follows. In Sec. II, we revisit the
construction of the dispersion-force potential between a neu-
tral atom and spherical surface, and numerically determine the
potential strengths for the case of cesium, rubidium atoms, and
a dielectric nanosphere of silica glass. The classical scattering
by this potential field is studied in Sec. III. In Sec. IV, we
formulate the quantum-mechanical scattering and introduce
an absorption ansatz of the incident matter wave by imposing
a boundary condition in the proximity of the surface. The nu-
merical results of low-energy quantum-mechanical scattering,
in particular, the incident atomic energy and nanospherical
size dependencies, are shown in Sec. V. Section VI summa-
rizes and concludes our results.

II. DISPERSION FORCES

We consider a situation as shown in Fig. 1, where the plane
wave of an ultracold atom with energy E (or 2E/kB in units of
temperature) is incident on a dielectric nanosphere of radius R,
and is scattered by the atom-surface potential. Hereafter, every
order of magnitude of temperature refers to this converted
incoming energy into temperature, which provides a good

FIG. 1. Plane matter wave of energy E propagating along the
z-axis, is incident on a dielectric nanosphere of radius R, and is
scattered by the atom-surface interaction potential. This potential
gives rise to the dispersion force, which is central and attractive.
Close to the surface, the force is deeply attractive.

measure of energy scale in various experiments in atomic,
molecular, and optical sciences, though it does not correspond
to the thermodynamic temperature nor involve any averaging
over an energy distribution. Throughout this paper, we also
assume that the nanosphere experiences no recoil associated
with the collisions of atoms. In this section, we determine the
interaction potential between a cesium or rubidium atom and
the spherical surface of silica glass.

A. Construction of atom-surface potential

The precise form of atom-surface potential is sensitive
to various parameters such as characteristic wavelengths of
atomic transitions, as well as the shape, dielectric function,
and polabizability of the material. The exact treatments of
dispersion interaction between an atom and a spherical surface
for an arbitrary distance in terms of macroscopic QED are
found in Ref. [23]. In this paper, we nonetheless employ
an approximate construction of the dispersion-force poten-
tial [28] for numerical simplicity and analytical transparency.
The exact and approximate potentials will be quantitatively
compared later in this section.

Let R, r, and r′ = r − R be the radius of a nanosphere,
the distance of the atom from the center of the sphere, and
distance from the surface of sphere, respectively. In this paper,
we denote all the relevant formula in the International System
of Units (SI units) unless otherwise stated, while we perform
all the numerical calculations in atomic units (a.u.).
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When the atom-surface distance r′ is much smaller than
the radius R of the sphere, the interaction potential is well
approximated with the one Vfw(r′) between the atom and a
semi-infinite flat wall. The expression for Vfw(r′) was intro-
duced by Tikochinsky and Spruch [37] as

Vfw(r′) = − h̄

8π2ε0c3

∫ ∞

0
dξξ 3α(iξ )

×
∫ ∞

1
d p e−2ξ pr′/cH (p, ε(iξ )), (1)

where

H (p, ε) =
√

ε − 1 + p2 − p√
ε − 1 + p2 + p

+ (1 − 2p2)

√
ε − 1 + p2 − εp√
ε − 1 + p2 + εp

, (2)

and ε0 and c are the permittivity of vacuum and the speed of
light, respectively. The quantities α(iξ ) and ε(iξ ) denote the
atomic polarizability and the dielectric function of the surface
at imaginary frequencies, respectively.

When the atom is far from the spherical surface, r′ � R,
on the other hand, the potential is described by the one Vpp(r)
between the atom and a point particle [23]:

Vpp(r) = − h̄

16π3ε2
0 r6

∫ ∞

0
dξα(iξ )αsphere(iξ )g(ξr/c), (3)

where g(x) = e−2x(3 + 6x + 5x2 + 2x3 + x4), and

αsphere(iξ ) = 4πε0R3 ε(iξ ) − 1

ε(iξ ) + 2
(4)

is the total polarizability of the dielectric sphere [38].
In addition to the radius R of the nanosphere, the wave-

length λ of the dominant atomic transition is also an important
length scale that characterizes the interaction potential. For
rubidium and cesium atoms, the typical wavelength λ is within
a range of 700–900 nm. In a dispersion-force potential, the
retardation effect of the electromagnetic field is significant
when r′ � λ. This regime is thus called the retarded regime,
as discussed by Casimir and Polder [39]. The retardation
effects in the atom-atom potential of the form Eq. (3) was
studied in Ref. [40]. In contrast, the retardation plays no role
when r′ � λ, which is called the nonretarded regime. Each
potential behaves in the nonretarded and retarded limits as

Vfw(r′)
r′�λ−−→ −C3

r′3 , Vfw(r′)
r′�λ−−→ −C4

r′4 , (5)

Vpp(r)
r′�λ−−→ −C6

r6
, Vpp(r)

r′�λ−−→ −C7

r7
. (6)

Taking these geometric and internal length scales into
account, we employ the following form of the interaction
potential between an atom and the spherical surface [28]:

V (r) = − h̄2

2μ

[
r′3

β3
v

(
r′

L

)
+ r′6

β4
6

v

(
r′

L′

)]−1
∣∣∣∣∣
r′=r−R

, (7)

where μ is the reduced mass that can always be replaced with
the atomic mass, and

βn =
(

2μCn

h̄2

)1/(n−2)

(n = 3, 4, 6, 7) (8)

is a length parameter as a measure of the typical interaction
range. The parameters

L = β2
4

β3
, L′ = β5

7

β4
6

(9)

characterize the typical length scales at which the power law
crosses over from nonretarded to retarded behaviors in Vfw and
Vpp, respectively. The function v(x) is an arbitrary form that
satisfies asymptotic behaviors

lim
x→0

1

v(x)
= 1, lim

x→∞
1

v(x)
= 1

x
, (10)

and smoothly connects different power-law dependencies in
the potential. In this paper, we use an expression [41]

v(x) = 1 + x. (11)

In the following analysis, we employ the form Eq. (7) with the
shape function Eq. (11) as the interaction potential between
an atom and spherical surface. By definition, the potential in
the proximity of the surface and at a large distance from the
surface, respectively, behaves as

V (r)
r→R−−→ − C3

(r − R)3
, V (r)

r→∞−−−→ −C7

r7
. (12)

B. Coefficients Cn

We next compute the coefficients Cn (n = 3, 4, 6, 7) ap-
pearing in the atom-surface interaction potential V (r). The
coefficients Cn are expressed in terms of the atomic polariz-
ability α and dielectric function ε of the sphere as [23]

C3 = h̄

16π2ε0

∫ ∞

0
α(iξ )

ε(iξ ) − 1

ε(iξ ) + 1
dξ,

C4 = 3h̄c

32π2ε0
α(0)

ε(0) − 1

ε(0) + 1
φ(ε(0)),

C6 = 3h̄R3

4π2ε0

∫ ∞

0
α(iξ )

ε(iξ ) − 1

ε(iξ ) + 2
dξ,

C7 = 23h̄cR3

16π2ε0
α(0)

ε(0) − 1

ε(0) + 2
.

(13)

The function φ(ε) appearing in C4 is defined as [42]

φ(ε) = ε + 1

2(ε − 1)

∫ ∞

0

1

p4
H (p, ε)d p

= ε + 1

ε − 1

[
1

3
+ ε + 4 − (ε + 1)ε1/2

2(ε − 1)
+ a(ε) + b(ε)

]
,

(14)

where

a(ε) = − sinh−1[(ε − 1)1/2]

2(ε − 1)3/2
[1 + ε + 2ε(ε − 1)2],

b(ε) = ε2

(ε + 1)1/2
[sinh−1(ε1/2) − sinh−1(ε−1/2)]. (15)
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TABLE I. Known values of static polarizabilities α(0), interatomic van der Waals coefficients C′
a for rubidium and cesium, and obtained

characteristic frequencies ωa. The static dielectric constant of silica glass ε(0) and the corresponding value of the function φ(ε(0)) are also
tabulated.

Parameter Value (a.u.) Value (SI) Ref.

αRb(0) 319.1 ± 6.4 (5.26 ± 0.11)×10−39 C · m2 · V−1 [43]
αCs(0) 401.0 ± 0.6 (6.611 ± 0.009)×10−39 C · m2 · V−1 [44]
C′

Rb 4691 4.49×10−76 J · m6 [48]
C′

Cs 6851 6.56×10−76 J · m6 [48]
ωRb 6.139×10−2 2π×0.40 × 1015 s−1 Present
ωCs 5.681×10−2 2π×0.37 × 1015 s−1 Present
ε(0) 3.81 [45]

φ(ε(0)) 0.769 Present

The coefficients C4 and C7, which describe the retarded
behaviors of Vfw and Vpp, respectively, are determined by the
static polarizability α(0) of the atom and the static dielectric
constant ε(0) of the sphere. The known values of the static
polarizabilities of rubidium [43] and cesium atoms [44], and
of the dielectric constant of silica glass [45], are tabulated in
Table I.

For the integrals in C3 and C6, which describe the non-
retarded behaviors of Vfw and Vpp, respectively, we need the
atomic polarizability and the dielectric function of silica glass
at imaginary frequencies. These are evaluated by the one-
oscillator model and Lorentz model as follows.

1. Atomic polarizability

We employ the one-oscillator model [46,47] for the expres-
sion of the atomic polarizability,

α(iξ ) = α(0)

1 + (ξ/ωa )2
, (16)

where ωa is the characteristic frequency of an atom, deter-
mined by the van der Waals interaction coefficient C′

a between
the identical atoms [23]

C′
a = 3h̄

16π3ε2
0

∫ ∞

0
α(iξ )2dξ . (17)

Substituting Eq. (16) into Eq. (17), the characteristic fre-
quency is obtained as follows [47]:

ωa = 64π2ε2
0C′

a

3h̄α2(0)
. (18)

The values of C′
a for alkali-metal atoms have been evaluated

in Ref. [48]. Using known values of the static polarizabilities
α(0) and C′

a, the characteristic frequency ωa is calculated by
means of Eq. (18) for rubidium and cesium atoms. The results
are tabulated in Table I.

2. Dielectric function of nanosphere

We next address the dielectric function of silica glass at
imaginary frequencies. In a wide range of frequencies, the
dielectric function is approximated by the Lorentz model [49],

ε(ω) = 1 +
∑

j

ω̃2
j

ω2
j − ω2 − iγ jω

, (19)

where ω j, ω̃ j , and γ j are the resonant frequencies, plasma
frequencies, and damping rates of the oscillator, respectively.
The real part ε′(ω) and imaginary part ε′′(ω) of the dielectric
function are related to the refractive index and absorption
coefficients, respectively.

The experimental data of the complex reflectivity
√

ε(λ)
of silica glass are tabulated in Ref. [50]. We fit these data
to Eq. (19) in the frequency domain to obtain the optimal
parameters ω̃ j, ω j , and γ j , and the results are tabulated in
Table II.

Figure 2 shows the experimental data [50] and Eq. (19)
with the set of optimal parameters. We notice that the Lorentz
model is inaccurate near ω/(2π ) ≈ 3×106 GHz, which is
due to the electronic absorptions consisting of the continuous
bands [49]. However, this inaccuracy brings little detriment in
the evaluation of C3 and C6 because of the following reasons.
The atomic polarizability Eq. (16) sharply drops from unity
to zero near the characteristic frequency ωa/(2π ) ≈ 0.4 ×
106 GHz. Hence, the behavior of ε(iξ ) in the region ξ > ωa

does not contribute to the integrals, and it suffices to have a
correct value of ε(iξ ) only in the regime ξ � ωa for the evalu-
ations of the integrals for C3 and C6. The imaginary-frequency
dielectric function ε(iξ ) is related to the real-frequency one
ε(ω) via the formula [51]

ε(iξ ) = 1 + π

2

∫ ∞

0

ωε′′(ω)

ω2 + ξ 2
dω. (20)

This integral is dominated by the frequency in the regime
ω � ξ . Thus, ε(ω) has an important contribution for ω � ωa,
and the contribution from the dielectric function for ω > ωa is
negligible.

3. Potential landscape

By using the atomic polarizability Eq. (16) and the dielec-
tric function of silica glass Eq. (19) with constants tabulated

TABLE II. Parameters ω̃ j/2π, ω j/2π , and γ j/2π (THz) ob-
tained by the fitting of experimental data to the Lorentz model.

j = 1 j = 2 j = 3 j = 4

ω̃ j/2π 13.8 7.6 26.3 2514.6
ω j/2π 13.5 23.9 32.0 2546.5
γ j/2π 1.24 2.32 1.93 340.6
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FIG. 2. Real (upper panel) and imaginary (lower panel) parts of
the experimental data (dots) of the dielectric function of silica glass
in Ref. [50] and that (solid curves) obtained by the fitting to the
Lorentz model with optimal parameters.

in Tables I and II, we numerically obtain the potential coef-
ficients Eq. (13). These values in atomic units for rubidium
and cesium atoms are tabulated in Table III. The landscape of
our potential between a cesium atom and the nanoparticle of
radius R = 75 nm is shown in Fig. 3 where the exact potential
Vsphere [23], the atom-flat wall potential Vfw, and the atom-
point particle potential Vpp evaluated with the common atomic
polarizability and the dielectric function of the nanoparticle
are also shown. Our potential reproduces the exact potential
Vsphere quite well for any distances: both behave as r′−3 at
a short distance (r′ � 50 nm) in agreement with the non-
retarded behavior of Vfw(r′), and as r′−7 at a long distance
(r′ � 500 nm) in agreement with the retarded behavior of Vpp,
respectively. The middle distance (50 nm � r′ � 500 nm)
corresponds to a crossover regime where potential is described
by superpositions of the inverse powers of three, four, six,
and seven. In general, the retardation effects of the electro-
magnetic field are important at distances r′ � λ/(2π ), where
λ/(2π ) is in the range from 100 nm to 150 nm for cesium
and rubidium atoms. Hence, the retardation is negligible as
long as V ∝ r′−3, but is crucial at long distances where V ∝
r′−7. Except for a little difference between V and Vsphere in
the crossover regime, our potential agrees even quantitatively
with the exact one. Since the most scattering phenomena are
characterized by the long-range part of the potential, the use of
the approximate potential V does not change our results. Low-
energy scattering by a cubic inverse potential [52,53], van der
Waals potential [24–26], and an arbitrary single inverse power

TABLE III. Potential coefficients C3, C4, C6, and C7 in atomic
units, where R is the radius of the sphere in atomic units.

C3 C4 C6(R) C7(R)

Rb 0.733 2.35×103 6.59×R3 3.87×104×R3

Cs 0.863 2.95×103 7.77×R3 4.86×104×R3

FIG. 3. Dispersion-force potential V given by Eq. (7) with
the shape function Eq. (11) used throughout this paper, exact
atom-nanosphere potential Vsphere, atom-flat wall potential Vfw, and
atom-point particle potential Vpp. Four thin lines denote Cn/rn for
n = 3, 4, 6, 7 with the coefficients Cn given by Table III. For all
potentials, the common atomic polarizability and the spherical di-
electric function are used.

low potential [30] are, respectively, studied. In the following
sections, we investigate the scattering by our potential V that
renders characters of the several inverse powers depending on
the distances, both classically and quantum mechanically.

III. CLASSICAL SCATTERING

In the classical theory, the potential scattering is fully char-
acterized by the atomic incident velocity v = √

2E/μ and the
impact parameter ρ = L/(μv), where E and L are the incident
energy and the continuous angular momentum, respectively.
We consider a situation that a classical atom with velocity v

and impact parameter ρ is incident on a nanosphere. Since
the potential is a central field, the atom undergoes an effective
potential,

V (cl)
eff (r) = L2

2μr2
+ V (r), (21)

where the first term is the centrifugal potential and V (r)
is the atom-surface interaction potential obtained in Sec. II.
For a nonzero angular momentum, the effective potential has
a centrifugal barrier in spite of the purely attractive nature
of the bare potential V (r). Since the centrifugal potential
is proportional to (ρv)2, the barrier height of the poten-
tial max

r
{V (cl)

eff (r; ρv)} ≡ V (cl)
max[ρv] is a monotonous increasing

function of ρv. Whether the atom moves only in the outer
region of the centrifugal barrier or enters the inner region of
the barrier and is subsequently adsorbed at the surface due to
the deep attractive potential is also fully characterized by the
product ρv.

A. Adsorption

The atom is adsorbed at the surface when the incident
energy E is larger than the barrier height V (cl)

max[ρv]. For each
incident velocity v, we thus define a classical capture range
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FIG. 4. Classical capture range ρc (solid curves) as a function
of incident velocity v for cesium and rubidium atoms. It behaves as
ρc ∼ v−2/7 in the low-energy regime and approaches R (horizontal
dotted line) in the high-energy limit. The region of velocity dis-
played here roughly comparable to temperature regime O(10−12) K
� 2E/kB � O(104) K.

ρc by

1
2μv2 = V (cl)

max[ρcv], (22)

so an incident atom with the impact parameter ρ < ρc is
adsorbed at the surface, while an atom with ρ > ρc is not. The
quantity πρ2

c corresponds to the classical absorption cross
section [54,55]. Figure 4 shows the classical capture range
ρc as a function of the incident velocity v. We find that the
capture range in the experimentally achievable low-energy
regime is more than ten times larger than the geometric radius
of the nanosphere. The capture range approximately behaves
as

ρc = R + ζnv
−2/n, ζn =

√
n

(n − 2)
n−2
2n

(
Cn

μ

)1/n

, (23)

where the second term is the classical capture range for a
single inverse power-law potential −Cn/rn (n > 2) between
two point particles. The power n corresponds to the long-range
behavior of our potential, i.e., n = 7. For slow atoms, the
second term in Eq. (23) is dominant and ρc thus behaves as
∼v−2/7. As v increases, it starts to deviate from v−2/7 around
v ∼ a few cm/s, at which the capture range measured from the
surface ρc − R decreases to a few hundreds nanometer, since
the potential starts to deviate from r′−7, entering a crossover
regime around this distance. In a high-energy limit, on the
other hand, the capture range coincides with the geometric
radius of the sphere, ρc → R. In this limit, we may regard the
potential as an inverted hard-wall potential of radius R.

The results so far also hold in the quantum scattering
theory, as we see in later sections. However, we note that in
the classical theory the atoms of angular momentum L = 0
are always captured at the surface for any incident velocity
because of the absence of the centrifugal barrier. This is not
the case in the quantum theory.

(a)

(b)

FIG. 5. (a) Classical scattering trajectories for various impact
parameters. The atom is incident from left to right along the z
axis with the velocity v = 50 mm/s, and the corresponding capture
range ρc ≈ 239 nm. Trajectories are drawn for ρ − ρc = 6.5×10−4,

1.1×10−2, 0.2, 1.8, 32, 74, 144, and 356 nm. The atom is largely
deflected for ρ � ρc while it is little affected by the potential for
ρ � ρc. Inset schematically shows the scattering angle θ for ρ −
ρc = 1.8 nm. (b) Classical differential cross sections dσ

(cl)
el /dΩ for

incident velocities v = 1, 10, 100 mm/s. The angular distribution is
narrower for larger incident velocities. Inset shows the same quanti-
ties in log scale.

B. Elastic differential cross section

We show in the previous subsection that for a fixed energy,
an atom of impact parameter ρ smaller than ρc is adsorbed
onto the surface of the nanosphere and cannot be detected. For
ρ > ρc, on the other hand, the motion of an atom is restricted
in the outer region of the centrifugal barrier r > r0, where r0 is
the classical turning point defined as E = V (cl)

eff (r0) (see, inset
of Fig. 4). Figure 5(a) shows the atomic trajectories for several
impact parameters ρ > ρc when an atom with the velocity v =
50 mm/s is injected along the z axis from minus infinity to the
positive z direction, subsequently deflected due to the atom-
surface potential, and scattered to an angle θ asymptotically.
The trajectory of the atomic motion is obtained by integrating
the equation of motion in the relative polar coordinates,

ṙ = v

√
1 − ρ2

r2
− 2V (r)

mv2
, φ̇ = ρv

r2
, (24)
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with the initial condition r = ∞, φ = π . When the impact
parameter is precisely equal to ρc, the atom eternally orbits
around the nanosphere with radius ρc. For impact parameters
slightly larger than ρc, the atom is largely deflected by the
potential, orbiting around the nanosphere for a while, and
eventually scattered to a certain angle θ . For larger impact
parameters, in contrast, the motion of the atom is less and
less affected by the potential and the scattering angle θ is thus
smaller.

In a typical scattering experiment, not a single atom but a
beam consisting of many atoms with a certain velocity and
various impact parameters is incident on a target, and a detec-
tor located at a solid angle dΩ = 2π sin θdθ sufficiently far
from the scattering center, counts the number of the scattered
atoms. The detector counts located at a solid angle dΩ per
unit time yield the differential cross section,

dσ
(cl)
el

dΩ
= ρ(θ )

sin θ

∣∣∣∣dρ

dθ

∣∣∣∣ (ρ > ρc), (25)

where we define the scattering angle within 0 � θ � π by
summing up all the branches associated with the multival-
uedness of the impact parameter ρ(θ ). In Fig. 5(b), we show
the angle dependence of the differential cross section for
several velocities of the atomic beam. For a faster beam, the
angular distribution is narrower and the forward scattering is
more dominant. The sharp increase in the differential cross
section near θ = π is the analogy of the glory appearing in
the Brocken effect [55].

The classical differential cross section diverges as θ → 0
and hence the total elastic cross section obtained by inte-
grating with respect to the solid angle also diverges for any
incident velocity. This unphysical divergence arises because
the infinite series of impact parameters are involved in the
classical differential cross section Eq. (25) by definition, and
all of these atoms are scattered to an infinitesimally small
angle due to the potential tail no matter how large the impact
parameter is. Realistically, the beam width is finite and thus
the divergences of the forward scattering and total elastic cross
section do not occur.

IV. QUANTUM THEORY OF SCATTERING

In this section, we investigate the potential scattering in the
quantum theory. As the temperature is lowered, the thermal de
Broglie wavelength becomes comparable with or longer than
the size of the nanoparticle. We study the quantum effects in
such a low-energy regime.

A. Formulation

We consider the stationary state described by the
Schrödinger equation for the relative motion,

[
− h̄2∇2

2μ
+ V (r)

]
ψ (r; k) = Eψ (r; k), (26)

when the plane wave of the wave number k = μv/h̄ and
the energy E = h̄2k2/(2μ) is incident on the nanosphere, as
shown in Fig. 1. The stationary state ψ (r; k) is expanded in

terms of the partial waves labeled by the angular-momentum
quantum number l , and its asymptotic form is given by

ψ (r; k) =
∞∑

l=0

ul (r; k)

r
Pl (cos θ ) (27)

r→∞−−−→ eikz + f (θ ; k)

r
eikr, (28)

where ul (r; k) denotes the lth radial function, Pl (x) the Legen-
dre functions, θ the scattering angle, and f (θ ; k) the scattering
amplitude, respectively.

The problem is now reduced to solve the equation of the
radial function for each partial wave,

d2ul (r; k)

dr2
= −kl (r; k)2ul (r; k), (29)

where kl (r; k) is the local wave number of the lth partial wave
defined as [55]

kl (r; k) =
√

k2 − l (l + 1)

r2
− 2μV (r)

h̄2 . (30)

Equation (29) is equivalent to the one-dimensional
Schrödinger equation with the effective potential

V (l )
eff (r) = h̄2l (l + 1)

2μr2
+ V (r), (31)

where the first term corresponds to the centrifugal potential for
the lth partial wave and the second term is the dispersion-force
potential obtained in Sec. II.

At large distances from the surface, the asymptotic form
of the lth radial wave function is expressed in terms of the
lth order spherical Bessel function jl (x) and the lth order
spherical Neumann function nl (x) as

ul (r; k)
r→∞−−−→ kr[Fl (k) jl (kr) − Gl (k)nl (kr)], (32)

which is also expressed in terms of the diagonal elements
Sl (k) of the S matrix:

ul (r; k)
r→∞−−−→ (2l + 1)(−1)l+1

2ik
[e−ikr − (−1)l Sl (k)eikr].

(33)

The diagonal elements Sl (k) of the S matrix are expressed in
terms of the phase shift δl as Sl (k) = e2iδl (k). The asymptotic
forms of the spherical Bessel functions jl (x)

x→∞−−−→ sin(x −
lπ/2)/x and the spherical Neumann functions nl (x)

x→∞−−−→
− cos(x − lπ/2)/x yield the relation

Sl (k) = Fl (k) + iGl (k)

Fl (k) − iGl (k)
. (34)

If the lth partial wave is unaffected by the potential, the phase
shift is zero and hence Sl (k) = 1. The effects of the potential
scattering on the lth partial wave are characterized by the
deviation of the value Sl (k) from unity.

If the incident wave is partially absorbed by the surface,
which is the case we consider, the S matrix is nonunitary,
|Sl (k)| < 1, and the phase shift is complex [56]. As we discuss
in the next subsection, the reflection of the lth partial wave
can occur at a nonclassical region in the coordinate space, and
the only portions that are transmitted through the nonclassical
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region are absorbed by the surface. The absorption probability
of the lth partial wave is given by 1 − |Sl (k)|2.

Scattering amplitude f (θ ; k) in Eq. (28), which is written
in terms of the S matrix as

f (θ ; k) =
∞∑

l=0

(2l + 1)

2ik
(Sl (k) − 1)Pl (cos θ ), (35)

characterizes the angle dependence of the scattering. The
elastic differential cross section is defined in terms of the
scattering amplitude as

dσel

dΩ
(θ ; k) = | f (θ ; k)|2, (36)

which involves interference between different lth partial
waves. Summing over the entire solid angle eliminates the
off-diagonal terms, and yields the total elastic cross section:

σel(k) =
∞∑

l=0

(2l + 1)π

k2
|Sl (k) − 1|2 =

∞∑
l=0

σ
(l )
el (k). (37)

The scattering amplitude and the elastic cross section are
defined solely by the elastically scattered wave under the
influence of the potential, since the contribution of the un-
affected wave is eliminated by subtracting 1 from Sl . On the
other hand, the absorption cross section σabs(k) is written [56]
as

σabs(k) =
∞∑

l=0

(2l + 1)π

k2
(1 − |Sl (k)|2) =

∞∑
l=0

σ
(l )
abs(k). (38)

The elastic and absorption cross sections involve only diago-
nal terms of the S matrix and satisfy the optical theorem:

σel(k) + σabs(k) = 4π

k
Im[ f (θ = 0; k)]. (39)

B. Boundary condition near the surface

The atom-surface interaction is strongly attractive near the
surface of the nanosphere, thereby the waves are destined to
be absorbed once they approach very close to the surface.
There are several ways to take the absorption into account.
One of methods is to make the potential complex as intro-
duced in the study of the reactive collisions of molecules [24].
However, the atom-surface potential is nontrivial in the prox-
imity to surface and it is thus too obscure to determine a
concrete form of the potential. Alternatively, we impose the
following boundary condition in the vicinity of the surface
r → R+ [30–32,55,57]:

ul (r; k)
r→R+∝ 1√

kl (r; k)
exp

(
−i

∫ r

kl (ρ; k)dρ

)
. (40)

With this boundary condition, in other words, we make an
ansatz so there is only an incoming wave and no outgoing
wave in the vicinity of the surface. The form of the wave
function Eq. (40) is based on the semiclassical Wentzel-
Kramer-Brillouin (WKB) approximation, which is shown to
be valid near the surface r → R+ for the following reasons.

Here we revisit the essence of this boundary condition by
referring the classical capture model. In the general WKB
approximation, the exponential form of the wave function is

retained but the exponent is replaced by the action integral as

uWKB(r; k) ∝ exp

(
±i

∫ r

kl (ρ; k)dρ

)
. (41)

This wave function is valid, or can be even exact, as long as
the quantality function or badlands function

Ql (r; k) = kl (r; k)−3/2 d2

dr2
kl (r; k)−1/2, (42)

satisfies |Ql (r; k)| � 1. The quantality function Ql (r; k)
is thus a measure of nonclassicality [58]. In the
regime where |Ql (r; k)| � 1 is satisfied, the incoming
wave ∝ exp(−i

∫ r kl (ρ; k)dρ) and outgoing wave
∝ exp(+i

∫ r kl (ρ; k)dρ) are unambiguously decomposed.
Now we go back to our specific problem. In the vicinity

of the surface, the interaction potential dominates in Eq. (30),

i.e., kl (r; k)
r→R−−→

√
−2μV (r)/h̄2. For the potential obtained

in Sec. II, the local wave number behaves as kl (r; k)
r→R−−→√

β3/(r − R)3/2, and the quantality function thus behaves

as Ql (r; k)
r→R∝ (r − R)/β3, which indicates that the WKB

approximation is valid at small distances. At sufficiently
large distances where the atom is essentially free from the
interaction and the local wave number kl (r; k) behaves as
k, the condition |Ql (r; k)| � 1 is also satisfied. Thus the
exact wave function for the lth partial wave is well de-
scribed by the superposition of ingoing and outgoing waves
∝ exp(±i

∫ r kl (ρ; k)dρ) at large distances. At small distances
from the surface, in contrast, it would be described by only
incoming wave ∝ exp(−i

∫ r kl (ρ; k)dρ) because the wave
cannot go outward due to the strong attractive interaction.
This ansatz implies that the reflection of the lth incoming
wave occurs somewhere in the intermediate distances at which
|Ql (r; k)| � 1.

For l � 1, we can estimate a critical angular momen-
tum h̄lc for each velocity from the condition h̄2k2/(2μ) 

max

r
{V (lc )

eff (r)}, which is the quantum version of Eq. (22), such

that the lth partial waves are absorbed if a quantum analog
of the impact parameter h̄l/(μv) = l/k is smaller than lc/k,
while they are elastically scattered by the centrifugal barrier
or unaffected by the potential if l/k > lc/k. The quantality
function for the lth partial wave Ql>lc (r; k) diverges when
kl>lc (r0; k) = 0, thus we may infer that the elastic scattering
occurs around r0 as previously discussed in this subsection.
We note that the equation kl (r0; k) = 0 is the quantum version
of the condition that determines the classical turning point
E = V (cl)

eff (r0). The elastic scattering for l > lc is thus regarded
as a classically allowed reflection by the centrifugal barrier.

The partial wave of l = 0 is of particular interest. Classi-
cally, atoms with zero angular momentum are totally adsorbed
onto the surface for any incident velocity because of the ab-
sence of the centrifugal barrier. Quantum mechanically, on the
other hand, s-wave can be reflected even though the potential
is purely attractive. This is a classically forbidden reflection,
namely, the quantum reflection [55]. The quantum reflection is
expected to occur in a coordinate space, where |Q0(r; k)| � 1
as if an effective mirror exists in there. Such a nonclassical
spacial region is called badlands [30–32,55,57–59].
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FIG. 6. The magnitude of the s-wave quantality function
|Q0(r; k)| versus incident velocity of a rubidium atom. Solid line
shows the distance r ∝ v−2/7 at which |Q0(r; k)| takes the maximal
value for each v.

Figure 6 shows the magnitude of the s-wave quantality
function for a rubidium atom. For lower incident energies,
the magnitude of the s-wave quantality function as well as
the distance from the surface at which |Q0(r; k)| takes the
maximal value are larger. This indicates that the position of
the badlands, i.e., an effective mirror, moves outer and its
reflectivity is larger for lower incident energies. The location
of the effective mirror, defined here as the position r at which
|Q0(r; k)| takes the maximal value (a solid line in Fig. 6),
behaves as r ∝ v−2/7 at low energies. For higher energies, the
peak height of |Q0(r; k)| decreases and is indiscernible in the
high-energy limit.

Quantum reflection has been experimentally observed and
studied in several systems. Experiments on quantum reflection
on fluid surfaces have been carried out by measurements of
the reflectivity or sticking probability of incident helium or
hydrogen atoms scattered by a liquid helium surface [60–63].
Quantum reflection on solid surfaces has also been observed:
specular reflection of cold metastable neon atoms on a silicon
and a BK7 glass surface [41,64], quantum reflection of helium
atoms incident on a silicon surface [46], of Bose-Einstein
condensates on a solid surfaces [65,66], and far from thresh-
old [67].

V. RESULTS

We numerically solve the radial Schrödinger Eq. (29) for
each partial wave l with boundary condition Eq. (40) at a point
r = R+. The obtained asymptotic values Fl (k) and Gl (k) then
yield the diagonal elements Sl (k) of the S matrix accord-
ing to Eq. (34). In this section, we first study an extremely
low-energy regime where the s-wave scattering is dominant.
In later subsections, we investigate the dependencies of the
scattering properties on the atomic incident velocity and on
the radius of the nanoparticle.

A. s-wave scattering

In the previous section, we denoted that s-wave scattering
is qualitatively different from the classical scattering of atoms

absorption
Incoming wave

quantum reflection

�

�

�

FIG. 7. Top panel shows the s-wave effective potential
2μV (0)

eff (r) = 2μV (r) (left reference) and the magnitude of the
quantality function |Q0(r; k)| (right reference) for R = 75 nm and a
rubidium atom of the incident velocity v = 100μm/s. Middle and
bottom panels show the real and imaginary parts of the s-wave radial
wave function, respectively. Solid curves are the exact solution of
the Schrödinger equation with the WKB boundary condition, dotted
curves are the semiclassical WKB wave function, and the dashed
curves are the asymptotic form given by Eq. (32). The insets enlarge
the domain of the atom-surface distance smaller than 300 nm.

with vanishing angular momentum. In this subsection, we
show various s-wave scattering properties, including the scat-
tering length, the differential cross section, the elastic, and the
absorption cross sections in a sufficiently low-energy regime.

The top panel of Fig. 7 shows the landscapes of the interac-
tion potential in atomic units, as well as the s-wave quantality
function for the incoming atomic velocity v = 100μm/s (see
also Fig. 6). In the vicinity of surface r − R → 0, and at large
distances r → ∞, the magnitude of the quantality function
Q0(r; k) is small but is significantly large at intermediate
distances. As discussed in the previous section, a portion of
the wave approaching the surface through the badlands region
is lost due to the absorption, while the remaining portion
that does not go through the badlands undergoes quantum
reflection. In the middle and bottom panels of Fig. 7, we show
the radial function u0(r; k) (solid curve), its asymptotic form
Eq. (32) away from the surface (dashed-dotted curve), and the
WKB wave function that has only an incoming wave (dotted
curve). We find that the exact wave function is well described
by the WKB wave function from the surface proximity up
to an appreciable distance (≈200 nm) from the surface. The
badlands region is located at a considerably large distance
(≈1 μm) from the surface, where the potential is weakly
attractive and the wave function is described by the asymptotic
form.
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TABLE IV. Zero-energy limit of the s-wave scattering length, the
differential elastic cross section, and the elastic cross section for a
fixed radius of nanosphere (R = 75 nm).

Cs Rb

A0 (0.30 − i 0.19)μm (0.27 − i 0.17)μm
dσel (0)/dΩ 0.13μm2 0.10μm2

σel (0) 1.60μm2 1.27μm2

In the limit k → 0, there is no scattering of the partial
waves for l � 1, i.e., Sl�1(k) ≈ 1, and hence the s-wave con-
tribution dominates all scattering properties. In terms of the
complex s-wave scattering length A0 [55], the asymptotic
behavior of the s-wave wave function and the phase shift

at k → 0 are given by u0(r; 0)
r→∞∝ r − A0, and δ0(k)

k→0−−→
−kA0, respectively. We thus obtain the dominant element of
the S matrix in the extremely low-energy regime as

S0(k)
k→0−−→ e2kIm[A0]e−2ikRe[A0]. (43)

The elastic differential cross section, the elastic cross section
associated with the quantum reflection, and the absorption
cross section in the zero-energy limit are written as [55,56]

dσel

dΩ
(θ ; k)

k→0−−→ |A0|2, σel(k)
k→0−−→ 4π |A0|2, (44)

σabs(k)
k→0−−→ −4π

k
Im[A0], (45)

in consistent with the Wigner threshold law [68]. The numer-
ically obtained zero-energy wave function yields the value of
A0, and the results are summarized in Table IV.

B. Incident velocity dependence

We next investigate various cross sections when the inci-
dent velocity is varied while the radius of the sphere is fixed
as R = 75 nm. In the following, we show results for cesium
atoms unless otherwise stated, since we have qualitatively the
same results for rubidium atoms.

Figure 8 shows the elastic differential cross sections
| f (θ ; k)|2 for several incident velocities. For faster atoms,
the forward scattering is more dominant and the angular
distribution of | f (θ ; k)|2 is narrower, in a manner similar
to the classical differential cross section (see also Fig. 5).
At large velocities, the angular distributions of the quan-
tum and classical differential cross sections agree well, as
shown in the leftmost inset of Fig. 8. As the velocity de-
creases, the anisotropy of | f (θ ; k)|2 is suppressed, and in
the s-wave regime it is independent of angle, approaching
a constant value |A0|2. The difference between the angular
distributions of the quantum and classical differential cross
sections starts to be evident around v ≈ O(10) mm/s, where
the thermal de Broglie wavelength is comparable to the size of
the nanosphere. In the regime v � O(10) mm/s, the quantum-
mechanical differential cross section Eq. (36) thus reveals the
matter-wave diffractions involving interference between dif-
ferent partial waves. Classically, on the other hand, an incident
atom is fully characterized by a single angular momentum and

FIG. 8. Elastic differential cross sections for cesium atoms of
the incident velocities v = 100, 5, 2.5 mm/s, and 10μm/s. The
anisotropy of the scattering is suppressed as the energy decreases and
| f (θ ; k)|2 is independent of the angle, approaching a constant value
|A0|2 (horizontal dotted line) in the low-energy limit. Insets compare
the quantum (solid curve) and classical (dotted curve) differential
cross sections for fixed velocities.

there is no interference between atoms with different impact
parameters in an incident beam.

Figure 9 shows elastic and absorption cross sections ver-
sus incident atomic velocity. Contributions from low-lying
(l � 8) partial waves are also drawn with thin curves. The
scattering involves various partial waves in the relatively high-
energy regime but the contributions from large l gradually
decrease as the energy is lowered, and eventually only the
s-wave contribution remains when v � 500μm/s (2E/kB �
O(1) nK). In the s-wave regime, the elastic cross section
σel approaches the constant value 4π |A0|2. This behavior of
σel reveals the occurrence of the quantum reflection for the
s-wave in stark contrast to the classical elastic scattering of
the vanishing angular momentum. As discussed in Sec. III, the
classical elastic cross section shows a fictitious divergence for
any velocity associated with the inclusion of infinite impact
parameters. If this divergence is properly eliminated, e.g., by
using a finite beam, there would be no contribution from the
vanishing angular momentum in the classical elastic cross
section.

As shown in Fig. 9(b), the total absorption cross section
σabs and classical absorption cross section πρ2

c are almost
equal, σabs 
 πρ2

c ∝ v−4/7, for a wide range of velocity v �
500μm/s and a difference is found only in the s-wave regime
v � 500μm/s, which is roughly two orders of magnitude
smaller than the velocity at which the difference in the elastic
differential cross sections starts to emerge. This is because the
total cross sections are characterized only by diagonal terms
of the S matrix and quantum-mechanical interference terms
are not involved. The enhanced absorption cross section σabs

in the s-wave regime is regarded as the manifestation of the
quantized impact parameter l/k.

Another experimentally relevant quantity is the scattering
rate, vσ . We show the elastic scattering rate and the loss rate in
Fig. 10. As the energy is lowered, the loss rate associated with
the absorption monotonically decreases in v � 500μm/s but
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(a)

(b)

�
�

FIG. 9. Scattering cross sections for cesium atoms. (a) Total
elastic cross section σel (thick solid curve), and partial elastic cross
sections σ

(l )
el for the low-lying partial waves (thin solid curves). In

the low-energy limit, σel approaches 4π |A0|2 (horizontal dotted line).
(b) Total absorption cross section σabs (thick solid curve), partial
absorption cross sections σ

(l )
abs (thin solid curves), and classical ab-

sorption cross section πρ2
c (dotted line) with ρc being defined by

Eq. (22).

is nearly constant in the s-wave regime, while the classical loss
rate continues to monotonically decrease in that regime. The
elastic scattering rate behaves monotonously for any velocity.
The optical theorem Eq. (39) indicates that the sum of these
rates v(σel + σabs) = vσtot is independent of v, which can also
be confirmed from Fig. 10.

FIG. 10. Elastic scattering rate vσel and loss rate vσabs versus
incident velocity. Dotted line is the classical loss rate vπρ2

c . In the
s-wave regime, the quantum-mechanical loss rate is almost constant,
while the classical loss rate behaves monotonously.

�

FIG. 11. Real, imaginary parts of s-wave scattering length A0,
and its magnitude |A0| for a cesium atom. Dotted line shows the
geometric radius R of the nanoshpere, i.e., the scattering radius in
the case of the hard-sphere potential.

In a relatively high-energy regime, we find Sl (k) ≈ 0 for
the partial waves of l � lc ≈ kρc. Hence the incoming partial
waves of l � lc are absorbed onto the surface. In this case,
the elastic and absorption cross sections have the same value
σ

(l )
el (k) = σ

(l )
abs(k) = (2l + 1)π/k2, as we see from Eqs. (37)

and (38). By summing partial cross sections up to l = lc,
the total elastic and absorption cross sections are obtained as
σel(k) = σabs(k) = π (lc + 1)2/k2. The first term dominantly
contributes at high energies and it almost coincides with the
classical absorption cross section πρ2

c .

C. Radius dependence

In this subsection, we investigate scattering properties as a
function of radius R of a nanosphere from 50 nm to 500 nm
in the relatively low-energy regime. Figure 11 shows the
complex s-wave scattering length A0 of a cesium atom versus
R. If the potential V (r) depends only on r′ = r − R, the s-
wave scattering length behaves as A0(R) = A0(0) + R. This
is not the case for our potential, since the coefficients C6 and
C7 depend on R. Nonetheless, our scattering radius |A0(R)|
also monotonically increases versus R. As compared with the
scattering radius of the hard-sphere potential (dotted line in
Fig. 11), that of our dispersion-force potential is found to be
more than twice as long as R.

In Fig. 12, we show the elastic cross section σel and the ab-
sorption cross section σabs for two incident atomic velocities.
Both of the elastic and absorption cross sections monotoni-
cally increase with respect to R, consistent with the intuitive
picture of the cross sections. When the incident energy is
low (v = 10μm/s), the total elastic cross section almost
coincides with the zero-energy value 4π |A0|2, as shown in
Fig. 12(a). The absorption cross section σabs is compared with
the classical counterpart πρ2

c in Fig. 12(b). In accordance
with the results shown in Fig. 9(b), the quantum and classical
absorption cross sections agree very well in the relatively
high-energy regime, but σabs is larger than πρ2

c in the low-
energy s-wave regime. This tendency is seen for the arbitrary
radius of the nanosphere. Both the quantum and classical
absorption cross sections are proportional to R in the velocity
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FIG. 12. (a) Elastic and (b) absorption cross sections of cesium
atoms at v = 10μm/s and v = 1 mm/s. Dotted line in (a) denotes
the zero-energy elastic cross section 4π |A0|2, and those in (b) denote
the classical absorption cross sections πρ2

c for each velocity.

regime shown in Fig. 12. This is explained from Eq. (23):
The classical cross section consists of three terms including
1/v4/7, R/v2/7 and R2. Among them, term R/v2/7 is dominant,
since we consider the nanoscale radius and slow atoms.

VI. SUMMARY

We studied the low-energy scattering of ultracold cesium
and rubidium atoms by a levitated nanosphere of silica glass,
with special emphasis on the identification of the quantum
regime in the potential scattering.

First, we constructed the atom-surface dispersion-force po-
tential from the atom-flat wall potential close to the surface
and from the atom-point particle potential at sufficiently long
distances. Our potential thus behaves as V (r) ∼ −(r − R)−3

in the proximity of the surface, V (r) ∼ −r−7 at sufficiently
long distances, and these smoothly cross over in the middle
distances. The potential strength was specifically computed
for each atom by using the one-oscillator model for the atomic
polarizability and the Lorentz model for the dielectric function
of the sphere.

Second, the scattering properties were investigated both
classically and quantum mechanically. We numerically de-
termined the classical capture range, which was found to be
more than one order of magnitude larger than the geometric
radius of the nanosphere around the experimentally achievable
lowest energy, while it approaches the geometric radius of
the nanosphere in the high-energy limit. We found that the
classical absorption cross section determined from the capture
range and the quantum-mechanical absorption cross section
obtained from the S matrix agree quite well even down to
an energy scale of a few nanokelvin in units of tempera-
ture. We also computed loss rates and elastic scattering rates
from cross sections and found good agreement between the
quantum and classical loss rates. In general, as long as the
diagonal elements Sl of the S matrix for l � 1 are concerned,
the quantum-mechanical scattering properties are quantita-
tively similar to the classical ones. In other words, the regime
higher than a few nanokelvin, whether the atom is elastically
scattered or inelastically lost due to the adsorption, is solely
characterized by the nature of the potential. However, in the
s-wave regime 2E/kB � O(1) nK where S0 
 1 − 2ikA0 and
Sl�1 ≈ 1, the absorption of the s wave is found to be en-
hanced due to the discreteness of the quantum-mechanical
angular momentum. At the same time, the occurrence of
the classically forbidden reflection is identified in the elastic
cross section. In contrast, we demonstrated that the quantum-
mechanical differential cross section of the elastic scattering
reveals notable deviations from the classical one in a regime
relatively high of the order of a few microkelvin associated
with the diffraction, as the manifestation of the wave character
of the incident atoms.

The analysis presented in this paper provides insight for the
observation of quantum effects in the scattering of ultracold
atoms by a dielectric material.
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