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Higher harmonics in complex plasmas with alternating screening
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We report how higher harmonics of collective excitations emerge in a two-dimensional layer of strongly
correlated charged microparticles in a complex plasma with a periodically alternating screening. The simulation
results of the radio frequency discharge and the charged microparticles are obtained using a highly accurate
multiscale and multiphysics approach based on the particle-in-cell technique, Monte Carlo collision calculations,
and molecular dynamics simulations. We also devise a simple phenomenological expression for the dispersion
relation of higher harmonics. Furthermore, our analysis reveals that the periodically alternating screening causes
a self-conjugate state with negative refraction. In doing so, we demonstrate how complex plasmas can serve as a
test bed for studying the fundamental physics of a self-conjugate state in strongly correlated systems.
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I. INTRODUCTION

Collective phenomena such as oscillations and waves in
strongly correlated many-particle systems are of both fun-
damental and practical importance [1–4]. The interaction
between particles in such systems significantly varies depend-
ing on the nature of interacting particles, external fields, and
other system parameters. Many technological innovations are
based on emerging collective phenomena in various types
of many-particle systems such as in condensed matter [5,6],
plasmas [7–10], and warm dense matter [11,12]. Arguably
the most prominent example is superconductivity associated
with the attraction between electrons mediated by phonons
[13]. The lessons learned from this and many other examples
underpin the insatiable interest in discovering novel collective
excitations in correlated systems.

However, generating and observing collective phenom-
ena is challenging. Therefore a number of laboratory model
systems serve as a practical surrogate for studying highly cor-
related many-particle structures under controlled conditions.
Model systems such as ultracold atoms provide insights into
the inherent dynamics of purely quantum phenomena [14].
Likewise, complex (dusty) plasmas and colloidal suspensions
are used in the context of classical strong-correlation phenom-
ena [15]. More recently, ultracold dusty plasmas [16–18] have
been utilized to study the effects that ultracold environments
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have on nano- and microparticle dynamics. These model sys-
tems probe otherwise inaccessible quantities and create states
that are difficult to observe in nature.

Complex plasmas have also been successfully used as
a laboratory model system for investigating nonideal two-
dimensional (2D) systems [19,20]. In experiments, charged
microparticles are observed in terms of a few isolated dust
grains or as an ensemble of grains interacting with each other.
Under the influence of external electric and magnetic fields,
they exhibit a myriad of physical phenomena. For example,
studying complex plasmas has led to the discovery of various
new waves in strongly correlated systems and enabled an un-
derstanding of both single-particle and collective oscillations
[3,4]. Additionally, the physics of non-Hamiltonian and self-
organizing open systems [15,21] has been investigated with
the aid of a 2D system of charged microparticles in plasmas.

In this paper, we extend the realm of complex plasma
physics to the nonlinear regime of higher harmonics. We
predict the generation of multiple higher harmonics in a 2D
system of strongly correlated charged microparticles interact-
ing via a screened pair potential with alternating screening
length. We also obtain a simple phenomenological expres-
sion that accurately represents these higher harmonics and
provides stability criteria. We exemplify all this for complex
plasmas generated in capacitively coupled radio frequency
(RF) argon discharges. Our results are based on highly
accurate multiscale and multiphysics simulations. The RF
discharge simulation is based on the combination of the self-
consistent particle-in-cell technique with the Monte Carlo
method (PIC-MCC, where MCC refers to Monte Carlo col-
lisions) [22]. The time evolution of the microparticles is
obtained from molecular dynamics (MD) simulations that are
driven using the numerical data generated from the PIC-MCC
calculations.
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The dynamics of electrons, ions (atoms), and microparti-
cles takes place on substantially different characteristic time
scales due to their different masses. Numerical simulations
of the dynamics in complex plasmas composed of these
particles are therefore highly challenging. However, they be-
come feasible under certain assumptions. Assuming that a
micrometer-sized dust particle does not respond to the details
of a rapidly changing spatial profile of the electron density
and temperature, we employ a multiscale approach consisting
of three levels: (i) PIC-MCC simulations of the discharge cov-
ering the time scale up to several hundred microseconds and
capturing processes at the times scale of nanoseconds such as
gas ionization; (ii) calculations of the complex plasma param-
eters such as the dust particle charge, levitation length, and
screening length using data from PIC simulations; and (iii)
MD simulations of the charged microparticles with a given
pair-interaction potential on the time scale of seconds. This
multiscale approach allows us to define realistic parameters
for the observation of the higher harmonic excitations in dusty
plasmas.

The paper is composed as follows: In Sec. II we elaborate
on the simulation methods used to set up a system of strongly
correlated charged microparticles in complex plasmas. Our
results are then presented in Sec. III. We conclude the paper in
Sec. IV by discussing the relevance of the obtained results in
the context of their experimental realization and by providing
an outlook on future applications. Further technical details of
our simulation methods are provided in Appendix A.

II. SIMULATION METHODS AND PLASMA PARAMETERS

Our analysis relies on setting up a numerical workflow that
provides sustained conditions for a 2D layer of dust particles
interacting via a repulsive Debye potential with a screening
length that alternates in time. We achieve this by modulating
the external RF voltage in combination with the external dc
field. We implement a numerical workflow that is realizable in
experiment by applying PIC-MCC together with the theory of
dust particle-plasma interaction. Both methods have already
been used to describe the RF discharge [23,24] in a complex
plasma with high precision. Thus our numerical setup pro-
vides predictive capabilities.

The RF discharge, which is central to our workflow, is
modeled as follows. We modify the standard external field
excitation of a discharge with a harmonic RF voltage by
imposing a modulation and an additional dc voltage. The
parameters for the modulation and dc voltage are tuned in
such a way that the charge over a dust particle remains al-
most unchanged, ∂Zd/∂t � 0 (with a variation of about 2%),
compared with a standard harmonic RF voltage. By switching
between modified and standard regimes, we realize a stable
2D layer of dust particles with a constant levitation height
but with an alternating screening length of the argon plasma.
Notably, the frequency of change in the screening length, �, is
defined as an external parameter. Here, we consider � > ωd ,
where ωd is the plasma frequency of charged dust particles.
This keeps the discharge stable between the regimes where ei-
ther a standard harmonic RF voltage or an alternating voltage
with an additional dc component is applied. This is due to the

FIG. 1. Voltage signals which are applied to the electrodes where
time is given in units of T = 2π/ fRF.

fact that the characteristic time of the discharge stabilization
is much shorter than the dust particle plasma period.

The RF discharge is ignited between two flat, horizontally
opposing aluminum electrodes at a distance of L = 55 mm
from each other and with a power supply operating at a fre-
quency fRF = 13.56 MHz. The electrodes are located inside
a glass cylinder. An argon gas is considered at a pressure
p = 1.8 Pa and a gas temperature Tg = 350 K. The following
boundary conditions are applied on the electrodes: One is
supplied with a potential φ(t ), and the other is grounded.

A constant levitation height of dust particles with an
alternating plasma screening length is realized by switch-
ing between the following types of voltage signals: (1)
the standard harmonic RF voltage, φ(t ) = φ0 sin[2π fRFt];
and (2) an alternating voltage with an additional dc
bias, φ(t ) = φ0 sin{2π fRF(t ) + sin[2π (2 fRFt )]} + φdc, where
φdc = −46 V. The amplitude is set to φ0 = 100 V. These
excitation wave forms are shown in Fig. 1. We note that the
value of φdc is defined by the condition to keep the levitation
position of dust particles nearly constant when an alternating
voltage is applied. We identify the actual value φdc = −46 V
by performing a series of test PIC-MCC simulations and cor-
responding calculations of the levitation position.

After performing PIC-MCC simulations, the equilibrium
levitation position of the dust particle is derived from a force-
balance equation considering the electrostatic force, gravity
force, and ion-drag force. We consider a spherical melamine-
formaldehyde particle with a radius of 2.19 μm and a mass
density of 1.51 g/cm3. The Debye screening length λD and
the dust particle charge Zd are computed using argon plasma
parameters at the equilibrium levitation position. Accordingly,
we found that (a) when the harmonic RF excitation is applied,
λD = 6.153 × 10−5 m and Zd = −13 990; and (b) when the
alternating-phase excitation with dc bias is considered, λD =
4.361 × 10−5 m and Zd = −13 692. Note that the screening
length was computed using the average of plasma parameters
over the period of the fundamental frequency (13.56 MHz).
Further details of the PIC-MCC simulations and of the
solution of the force-balance equation are provided in
Appendix A.

In addition to the screening length modulation frequency
�, there are two other free parameters in our MD simulations
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FIG. 2. (a) and (b) Higher harmonics in the 2D system of charged microparticles emerge in the spectrum of the longitudinal current
fluctuations for liquid (� = 200) and crystalline states (� = 1000), respectively. (c) The spectrum of the transverse current fluctuations in the
crystalline state with � = 1000. Crosses correspond to the results of Eq. (6).

that can be varied independently from the computed discharge
parameters. One of them is the coupling parameter of the
dust particles � = Q2

d/akBTd , where a = (πnd )−1/2 denotes
the Wigner-Seitz radius in 2D, Qd denotes the dust particle
charge, Td denotes the characteristic dust particle tempera-
ture, and kB denotes the Boltzmann constant. Although Qd

is defined by the plasma parameters of the discharge, the
density of dust particles nd can be controlled in experiments as
dust particles are immersed into a discharge from the outside.
The other one is the so-called screening parameter κ = a/λD.
While the Debye screening length λD is defined by the dis-
charge parameters at the dust particle levitation height, a can
be controlled to a certain degree externally.

It is well known from experiments that dust particles form
either liquid or crystal states at the considered discharge pa-
rameters of Qd ∼ 104, where κ lies in the range from 1 to 2
and Td is defined by the self-organization process. We note
that in our PIC-MCC simulations of the RF discharge, neither
the levitation height nor the charge of the dust particles varies
upon switching on and off the modulation of the external RF
voltage. Nevertheless, λD varies upon switching between the
two regimes. Therefore, at a given nd , � remains constant,
and the screening parameter κ becomes time dependent. At
the considered discharge and external field parameters, λD

changes by a factor of 1.43. Therefore, in our MD simulations,
the screening parameter alternates between κ and κ/1.43, with
the standard harmonic RF voltage set to κ = 2. The latter
value is characteristic of experiments at the considered param-
eters of the RF discharge. The temperature of dust particles
Td is defined by the self-organization process and is hard to
control explicitly. Therefore, taking into account a large value
of the microparticle charge, Qd � 14 000 e (e denoting the
electron charge), we consider those characteristic � values of
liquid and crystalline states that are observed in experiments
of the RF discharge [25].

The MD simulations were performed for N = 104 particles
of the same mass and charge confined in a square of length
L = √

πNa. To eliminate boundary effects, we use periodic
boundary conditions. The interaction between particles is de-
scribed by the screened Coulomb potential

V (r) = Q2 exp (−r/λD)

4πε0r
, (1)

where r denotes the interparticle separation distance. The pa-
rameters of MD simulations were computed using data from
the PIC-MCC simulations of the RF discharge as discussed
above, and the coordinates r j of the particles are found by
solving the Langevin equation. The presented MD results
are computed using the time-dependent screening parameter
κ (t ) = 1.7 + 0.3 sgn[cos(� t )], where sgn is the sign func-
tion.

Our central result is the vibrational spectrum (Fig. 2). In
order to analyze the natural vibration modes, we compute the
spectrum of the longitudinal L(k, ω) and transverse T (k, ω)
vibrations. Both are defined as the Fourier components of
the current density operator j(k, t ) = ∑N

j=1 ṙ j exp [ik · r j (t )]
with ṙ j = dr j/dt and N denoting the total number of dust
particles [4,26].

The equations for longitudinal and transverse collective
excitation spectra read [26]

L(k, ω) = 1

2πNtmeas
|Ft [λ(k, t )]|2, (2)

T (k, ω) = 1

2πNtmeas
|Ft [τ (k, t )]|2, (3)

where tmeas is the measured time and Ft is the temporal
Fourier transform. The longitudinal λ(k, t ) and transverse
τ (k, t ) components of the microscopic current j(k, t ) =∑N

j=1 v j (t ) exp[ik · r j (t )] are defined as

λ(k, t ) =
N∑

j=1

v j,x(t ) exp [ikr j (t )], (4)

τ (k, t ) =
N∑

j=1

v j,y(t ) exp [ikr j (t )], (5)

where v j,x (t ), v j,y(t ), and r j (t ) are computed in the MD sim-
ulation for each particle j at time t . Here, v j,x(t ) denotes the
velocity in the x direction, and v j,y(t ) denotes the velocity in
the y direction. In the following, the direction of wave vector
k has been chosen parallel to the x axis and will therefore
be denoted by k. The results for L(k, ω) and T (k, ω) were
obtained by averaging over ten simulation runs.
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FIG. 3. Acoustic dispersion relations for constant and alternating screening parameters κ . (a) and (b) The dispersion of longitudinal
fluctuations in the liquid and crystalline states, respectively. (c) The dispersion of transverse fluctuations in the crystalline state.

III. RESULTS

As illustrated in the dispersion curves in Fig. 2 for � =
2ωd , we have identified the first six modes beyond the stan-
dard acoustic mode (at the lowest frequency) of the 2D
layered charged particles from the spectrum of their current
fluctuations. In Fig. 2(a), we show the longitudinal current
fluctuation spectrum in the liquid state at � = 200. We note
that in this regime, the transverse oscillations are strongly
damped. Furthermore, we illustrate the longitudinal and trans-
verse current fluctuation spectra for the crystalline state at
� = 1000 in Figs. 2(b) and 2(c), respectively. We also infer
from Fig. 2 that higher harmonics appear at values of odd
multiples of � and that they are split into two branches at finite
wave number. Furthermore, the higher harmonics exhibit a
gap in reciprocal space, implying that the waves gradually
disappear below a certain wave number [27]. For the first pair
of higher harmonics, this gap is about 0.1a−1 and increases up
to about a−1 for the second and third pairs of harmonics.

Next, let us analyze the acoustic mode dispersion
ω[k; κ (t )] when the screening parameter κ (t ) is time depen-
dent. To this end, consider Fig. 3, where we compare the
dispersion of the acoustic modes when the screening parame-
ter is fixed against that where it is alternating in time. We have
chosen the fixed values κ̄ = 1.4, κ̄ = 1.7, and κ̄ = 2.0, which
correspond to the minimum, mean, and maximum values of
the alternating screening parameter κ (t ). We deduce from this
comparison that the dispersion with an alternating screening
length agrees well with that when the screening is fixed to the
mean value, κ̄ = 1.7. This observation stems from the fact that
the structural properties are the same in both screening scenar-
ios. This explanation is further supported by the similarities in
the radial distribution function (RDF), which is illustrated in
Fig. 4.

Finally, we seek an analytical formula for the mode dis-
persion. Leaning on the similarity in the RDFs, we can take
advantage of existing theories such as the well-tested quasilo-
calized charge approximation (QLCA) [28], which assumes a
fixed screening parameter κ̄ to derive properties of ω[k; κ (t )].
Noting that the acoustic mode resembles the higher harmonics
in Fig. 2, we derive the following phenomenological expres-
sion:

ω±( j)(k) = (2 j + 1)� ± ω(k; κ̄ ), (6)

where j is an integer number, � �= 0, and the “+” and
“−” signs refer to the upper and lower branches of the
modes, which coalesce into a single mode when k → 0 and

ω(k → 0; κ̄ ) → 0. Note that this expression is valid for both
longitudinal and transverse modes, where the corresponding
ω(k; κ̄ ) needs to be used.

The prognostic value of Eq. (6) is demonstrated in Fig. 2.
The crosses are obtained from evaluating this analytical ex-
pression for the first six higher harmonics (i.e., j < 3), which
is in full agreement with our simulation results. Note that
this expression is valid for both longitudinal and transverse
modes. We also note that close above the acoustic mode, i.e.,
when ω±( j)(k) < ω(k), the hybridization of the modes leads
to a fast heating and melting of the system [29]. Therefore the
condition ω±(i)(k) > ω(k) is necessary for the observation of
a stable system in both simulation and experiment.

IV. CONCLUSIONS AND OUTLOOK

Crowned with an expression in Eq. (6) for the mode disper-
sion, we have predicted the emergence of higher harmonics
in a 2D layer of strongly correlated charged microparticles
in a medium with alternating screening. Thereby, we pave
the way for an experimental observation of this nonlinear

FIG. 4. (a) and (b) Radial distribution functions of charged
microparticles for two coupling parameters � with constant and
alternating screening constants κ .
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phenomenon. We ensure the experimental feasibility of our
prediction by assuming realistic plasma parameters in the RF
discharge. This was only possible due to the self-consistent
PIC-MCC simulations we performed.

Furthermore, we anticipate that the observation of the pre-
sented collective excitations could be realized in a 3D system
of charged microparticles under microgravity conditions [30],
where alternating ambient plasma parameters can be created
using an external source providing gas ionization, which is
turned on and off periodically.

A peculiar property of the dispersion relation in Eq. (6) is
that the group and phase velocities are directed opposite to
each other:

ω−(i)

k

dω−(i)

dk
< 0. (7)

This phenomenon is known as negative refraction [31,32].
In contrast to that, the dispersion ω+(i)(k) corresponds to a
positively refracting state. In general, a medium with disper-
sion modes resulting in both negative and positive refraction
is called self-conjugate [33]. Therefore we have numerically
shown that a 2D layer of charged microparticles with alternat-
ing screening is a self-conjugate state with negative refraction.

Let us finally take a look at the presented results from a
more general point of view. In crystals, particle oscillations
can be described using the harmonic approximation. In our
case, the motion of the dust particles is governed by

üi +
3N∑

j=1

λ̄i j (1 + ε cos(�t ))uj = 0, (8)

where λ̄i j is a stiffness coefficient defined by the pair-
interaction potential among the particles, ε < 1, and u is a
displacement vector. Equation (8) is the N-particle version
of Mathieu’s differential equation. Mathieu’s equation—an
archetypal equation in the theory of nonlinear dynamics—
spans a wide application range from quantum mechanics to
general relativity. Simple plane-wave analysis is not sufficient
to find solutions of this equation due to the cos(�t ) term.
Clearly, one needs to invoke the theory of nonlinear oscil-
lations. To this end, one can further simplify the problem
by considering the equation in 1D. Essentially, as confirmed
by our simulations, the observed waves and their dispersion
delineated by Eq. (6) remain valid in 1D (see Appendix B).
In this case, Eq. (6) reduces to the 1D version of Math-
ieu’s differential equation [34]. However, a direct use of the
Mathieu functions (the solutions of Mathieu’s equation) does
not straightforwardly lead to the dispersion relation even in
1D. However, Eq. (6) can be understood as such a solution
obtained from the simulation of the vibrational spectrum.
Therefore a correlated many-particle system governed by the
N-particle Mathieu equation is expected to exhibit higher
harmonics as shown in this paper.

In closing, we speculate that our findings can serve as a test
bed for studying the fundamental physics of a self-conjugate
state with negative refraction in strongly correlated systems
on the kinetic level.

FIG. 5. Spatial profile of the ion (dashed and dash-dotted lines)
and electron (solid and dotted lines) densities for the different exci-
tation wave forms.

ACKNOWLEDGMENTS

N.K.B. thanks Zoltan Donkó for hospitality during
N.K.B.’s internship at the Institute for Solid State Physics and
Optics within the Wigner Research Center for Physics and
for supervising the PIC simulations. This work was partly
funded by the Center for Advanced Systems Understanding
(CASUS), which is financed by the German Federal Min-
istry of Education and Research (BMBF) and by the Saxon
Ministry for Science, Culture and Tourism (SMWK) with tax
funds on the basis of the budget approved by the Saxon State
Parliament.

APPENDIX A: SIMULATION DETAILS

A detailed description of the PIC-MCC simulation code
used to model the RF discharge is given in Refs. [22,23].

In Fig. 5, the density profiles of the electrons and ions are
shown for different excitation wave forms. In comparison with
the standard harmonic RF excitation, the alternating-phase
driven voltage leads to an increase in the electron and ion den-
sities by a factor of about 2.7. The additional dc bias results
in a decrease in the peak density. In Fig. 6, the spatiotemporal
profiles of the electron density and effective temperature from
the mean energy of electrons measured in the simulation are
shown for a harmonic RF excitation [Figs. 6(a) and 6(c)]
and for an alternating-phase excitation with an additional dc
bias [Figs. 6(b) and 6(d)]. The spatial profile of the Debye
screening length computed using plasma parameters averaged
over the period of the fundamental frequency of the RF dis-
charge (13.56 MHz) is presented in Fig. 7. A discussion of the
impact of the alternating-phase excitation and of the impact
of the additional dc bias on the spatiotemporal profiles of the
electron temperature is given in Ref. [35].

We scanned the grid points between electrodes to find the
levitation position of dust particles based on the PIC-MCC
simulation result of the RF discharge. Here, we present a
brief description of the model used for the calculation of
forces which define the levitation position in the RF discharge.
Further details of the plasma-dust particle interaction model

043187-5



Z. A. MOLDABEKOV et al. PHYSICAL REVIEW RESEARCH 3, 043187 (2021)

FIG. 6. Spatiotemporal profile of the electron density [(a) and
(b)] and the electron temperature [(c) and (d)] in the discharge which
results from the applied voltage wave forms; (a) and (c) correspond
to the harmonic RF excitation, and (b) and (d) correspond to the
alternating-phase excitation with dc bias. The time is given in units
of the period T of the fundamental frequency (13.56 MHz).

are given in Ref. [23], where the accuracy of the method was
confirmed by comparison with experimental data.

The floating potential ϕd is calculated from the electron
and ion fluxes in the dust particles on the basis of the orbital
motion limited (OML) approximation [36]. At each RF cycle,
based on the data from the PIC-MCC simulation, the electron
and ion fluxes (�e and �i) are calculated using

�e ∝
∑

p

Wevpnd (x)σed[εp, ϕd(xk )] (A1)

and

�i ∝
∑

p

Wivpnd (x)σid[εp, ϕd(xk )], (A2)

where W denotes the weight of a superparticle, vp and εp

denote the velocity and energy of the pth electron or ion, nd

denotes the dust density, and σed and σid denote the electron-
dust and ion-dust collision (“collection”) cross sections [37].

The floating potential of the dust particles is found it-
eratively by enforcing the requirement that (A1) and (A2)
become equal in the stationary state. Having obtained the

FIG. 7. Spatial profile of the Debye screening length.

FIG. 8. Individual force components and the total force acting on
the microparticle for the different excitation wave forms considered.
Arrows indicate the equilibrium microparticle levitation position de-
fined by Ftot = 0. (a) Harmonic RF excitation, where at the levitation
position ne = 3.9 × 1014 m−3, ni = 3.72 × 1014 m−3, λD = 6.153 ×
10−5 m, Qd = 13 990 e, and xd = 0.0086 m. (b) Alternating-phase
excitation with dc bias, where at the levitation position ne =
7.528 × 1014 m−3, ni = 7.213 × 1014 m−3, λD = 4.361 × 10−5 m,
Qd = 13 692 e, and xd = 0.0085 m.

FIG. 9. Higher harmonics emerge in the dispersion relation of a
chain of charged microparticles.
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floating potential at a given grid point, the equilibrium charge
of the dust particle is calculated as

Qd = 4πε0rdϕd(xk ), (A3)

where ε0 denotes the dielectric constant, ϕd is the floating
potential, and rd is the dust particle radius.

The equilibrium levitation position of the dust particle is
derived from the force-balance equation

Ftot = Fel(xd ) − Fg − Fi(xd ) = 0, (A4)

where Fel denotes electrostatic force, Fg denotes the gravita-
tional force, and Fi denotes the ion-drag force. The ion-drag
force Fi(x) = Fi,coll(x) + Fi,orb(x) consists of two components:
(i) Fi,coll(x) is due to ions absorbed by the dust particle (col-
lection force), and (ii) Fi,orb(x) is due to ions deflected by the
charged dust particle (orbit force). Further details of the used
models and approximations for different components of the
total force are given in Refs. [23,35].

In Fig. 8, the individual force components and the total
force acting on a dust particle are shown. In Fig. 8(a) the
standard harmonic RF voltage is applied, whereas in Fig. 8(b)
an alternating voltage with an additional dc voltage is applied.

APPENDIX B: 1D SYSTEM WITH
ALTERNATING SCREENING

Figure 9 illustrates the spectrum of the current fluctuations
in 1D. The MD simulation of the 1D system was performed
using N = 1000 particles, where periodic boundary condi-
tions were imposed. The time-dependent screening parameter
takes values between κ = 1.4 and κ = 2 with a frequency
� = 10 ωd . In Fig. 9, the crosses indicate the results obtained
from the analytical dispersion presented in this paper. We note
that a 1D chain of the charged microparticles inside a glass
box is investigated in dusty plasma experiments [38,39].
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