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It has been shown [K. Pakrouski et al., Phys. Rev. Lett. 125, 230602 (2020)] that three families of highly
symmetric states are many-body scars for any spin—% fermionic Hamiltonian of the form H, + OT, where T
is a generator of an appropriate Lie group. One of these families consists of the well-known n-pairing states.
In addition to having the usual properties of scars, these families of states are insensitive to electromagnetic
noise and have advantages for storing and processing quantum information. In this paper we show that a number
of well-known coupling terms, such as the Hubbard and the Heisenberg interactions, and the Hamiltonians
containing them, are of the required form and support these states as scars without fine tuning. The explicit
H, + OT decomposition for a number of most commonly used models, including topological ones, is provided.
To facilitate possible experimental implementations, we discuss the conditions for the low-energy subspace of
these models to be comprised solely of scars. Further, we write all the generators 7 that can be used as building
blocks for designing new models with scars, most interestingly including the spin-orbit coupled hopping and
superconducting pairing terms. We expand this framework to the non-Hermitian open systems and demonstrate
that for them the scar subspace continues to undergo coherent time evolution and exhibit the “revivals.” A full
numerical study of an extended two-dimensional tJU model explicitly illustrates the novel properties of the

invariant scars and supports our findings.
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I. INTRODUCTION

In recent literature there has been considerable interest
in the many-body scar states [1-37] (for their pedagogi-
cal overviews, see [38,39]). The scar states are typically
spread throughout the energy range of the spectrum and
are, therefore, relevant when the excitation energy is high.
They do not obey the eigenstate thermalization hypothesis
(ETH) [40-42], one of the most fundamental conjectures
that allows us to bridge quantum mechanics with statisti-
cal physics. On the practical side, an initial state made of
many-body scar states repeatedly returns to itself in time
evolution, preventing the loss of quantum information through
thermalization. This offers intriguing prospects for quantum
computing.

Examples of many-body scars have been found in a num-
ber of systems including correlated electron models with
the Heisenberg [12,18,43,44], Hubbard [11,18,20,45] and
density-density [46,47] interactions. These findings represent
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a scattered puzzle of scar phenomenology lacking a clear
fundamental mechanism.

In our previous paper [22] (see also [23,24]), we presented
a general strategy for systematically designing the Hamil-
tonians with a many-body scar subspace S invariant under
the action of a continuous group G, which is bigger than
the symmetry group of the Hamiltonian. The general form
of such Hamiltonians is H = Ho + Y_; O;T, where T are
generators of the symmetry group G and O; are a set of oper-
ators such that the product O; TjG is Hermitian. Hy must admit
the states in S as eigenstates and the revivals are observed
when the gaps between the corresponding eigenvalues have a
common divisor.

In this work, we demonstrate that many of the commonly
used condensed matter models of interacting electrons actu-
ally happen to be of this form and specify their group-invariant
scar subspaces S. This applies to the Hubbard, Heisenberg,
and some other interactions, and any models constructed out
of them on various lattices and in arbitrary dimension such
as the extended two-dimensional (2D) ¢tJU model that we
consider in detail as a prototype. Most of these models can
be readily implemented in experiment paving the way for
their systematic experimental studies. Our results show that
some of the known scar states [14,20] can indeed be explained
by the mechanism of Ref. [22]. An important feature of our
construction is that G is a large Lie group, such as O(N) or
SU(N), whose rank is of order NV, the number of lattice sites.
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The generators of such groups include the nearest-neighbor
hopping terms, and using them we can construct a variety of
(approximately) local lattice models.

We also extend the framework of [22] to non-Hermitian
Hamiltonians. In particular, we study a model where the prod-
uct OT is not Hermitian. This opens the way to studying
the coherent time evolution of a group-invariant scar sub-
space in open systems. To our knowledge, many-body scars
at finite energy density in non-Hermitian systems have not
been discussed previously,' while the nonstationary, periodic
phenomena in dissipative strongly interacting systems is an
emergent hot topic [48-53].

In Sec. IT we specify the three families of scar states that are
relevant to our discussion of spin-% fermionic models. We de-
scribe their structures, and the generators T annihilating them.
These generators may be viewed as the free Hamiltonians.
In Sec. III we show how the well-known interaction terms,
such as the Hubbard and Heisenberg interactions, decom-
pose in terms of the same generators. As a consequence, the
models including any linear combinations of such interaction
terms also have Hy + OT decomposition. In Table III we give
these decompositions for several models, such as the J;-J,
and Haldane-Hubbard models. We conclude with an example
(Sec. V) where the full construction is detailed for the tJU
model and the numerical evidence of many-body scar states is
provided.

II. GROUP GENERATORS AND INVARIANT STATES

Consider a lattice of N sites with each one hosting a
complex spin-% fermion (electron). Their two spin states are

created on site j by operators c'J‘fa, where o =1, |. We do
not assume any spatial structure in general but will specify
it where necessary. It is useful to think of the Hilbert space of
2N fermionic degrees of freedom as factorized according to
the representations of one of the following groups:

G = O(N) x O(4) = O(N) x SUQ)gpin x SU(2),,
Gy = UWN) x SU(2)spin = U(1)g x SUWN) x SU(2)spin,
Gs = U(N) x SU2), = U(l)y x SUWN) x SU2),, (1)

where the large rank groups O(N), SU(N), SU (N) act on the
site index. In particular, the factorization under O(N) x O(4)
is natural if one works in the representation of 4N Majorana
fermions [54,55]. Due to the peculiar nature of the Hilbert
space, the representations of a group acting on the site index
are locked to particular representations of the dual O(4) =
SU2)spin x SU(2), [54] [the SU(2), group is often called the
pseudospin].

The symmetry properties of the invariant states we are
going to consider in this work are summarized in Table I [the
states are given explicitly in (22), (24), and (25)]. Note that
each of these subspaces is invariant under two groups, a large
group acting on the site index and a small group acting on the
spin or pseudospin. For example, the states |n®) are invariant

'A phenomenon equivalent to scars at zero-energy density was
mentioned in the Supplemental Material of Ref. [93].

TABLE 1. Properties of the invariant subspaces with respect to
the groups acting on the lattice index and spin and pseudospin
groups.

States Lattice index Spin Pseudospin
|n) U(N)-invariant singlet Spin-§
|n%) U(N)-invariant spin- % Singlet
|y’ U(N) -invariant singlet Spin- %

under both U(N) and SU(2),. Therefore, the generators of
each of these groups Ty and Tsy(2), and the commutators
[Tuw), Tsu),] all annihilate? the |n¢) states and can be used
as T in the Hy + OT Hamiltonian. Further insights into the
interrelations between the various groups and the invariant
states are provided in Fig. 1 and Appendix C.

In order to construct the Hamiltonians such that the invari-
ant states are many-body scars, we now discuss the generators
of all the relevant groups. We will use the standard notation
for the fermion numbers at site i:

nj = C;TC,‘T s nj, = C;¢Ci¢ 5 n; = njy + n;y. (2)

The total fermion number is

N
0= n, 3)
i=1

and we will call the corresponding symmetry U(1)g [the ac-
tual generator is (Q — N)/2].
The generators of the rotation group SU(2)gpi, are given by

N
Q1= S A=123 @)
i=1

The spin operator at site i is

1
S = 3 D ClTascis, ®)

a,B

where o4 are the Pauli matrices, and the greek indices take

two values, 1 and |. In particular,
2513 = M,’ =Ny — Ny (6)

is the magnetization at site i. The symmetry corresponding to
total magnetization is U(1)y C SU(2)spin.

Another important group is the pseudospin [56-58], which
is denoted by SU(2),,. Its generators are

1 .
+_ pop 1 o /
no= Zcmcu =3 Z CjoCjor€aa’s
j

j.o,0’
. 1
nm=0H, = 5@ —N), @)

so that U(1)p C SU(2),. Here, €5, is the antisymmetric ten-
sor of rank 2 such that €4 = 1.

2Some of these terms involve a sum over all system sites and should
be excluded if a purely local Hamiltonian is desired.
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The generators of SU(2)g,in and SU(2), involve summa-
tion over all lattice sites. Therefore, using such generators in
the interaction terms . O; riG will produce a very nonlocal
Hamiltonian. Instead, we will follow the suggestion in our
previous paper [22] to construct these interaction terms using
the generators of large rank groups, such as SU(N), which
include the nearest-neighbor spin-independent hopping terms.

The full set of generators of SU(N) are the hopping terms
with generally complex amplitudes:

Ty=x1) chcio+He, reC. ®)

There is an SO(N) subgroup of SU(N) whose generators are
the spin-preserving hopping terms with imaginary amplitudes

Tk,O = iZ(c}:Gcm — cjack,,). )
They are invariant under SU(2)pin < SU(2),.
An alternate basis for the generators of SU(N) is

2
T=Y ticlcio. a=1,...N—1 (10)
i,j,0
where t“ are the traceless Hermitian N x N matrices. The

simple root generators of this algebra could be chosen as the
nearest-neighbor hoppings

Ti=) ¢l cuios (11

where n(i) is the nearest neighbor of the site i on a given
lattice. Commuting simple roots we can restore the whole
algebra (8). Any Hermitian spin-independent hopping terms
on any lattice are linear combinations of T;; (8). They belong
to the SU(NV) algebra and annihilate the SU(N) singlets [and
consequently also the singlets of the larger group U(N)].

There is another, less obvious, group SU(N), whose gener-
ators are (9) and the spin-orbit coupled hopping

¢ o2 2
L = Z (Cka%,sclﬂ + CtaUaﬁckﬁ)' 12)
o,p

The spin-preserving hopping terms (9) are generators of the
SO(N) which is a subgroup of both SU(N) and SU(N) (see
Fig. 1).

By combining operators Tu [Eq. (12)] and Q4 [Eq. (4)] we
obtain more general spin-orbit coupled hopping terms

A 7oA A
T4 =" (chodscip + cluoiscip) (13)
a,p

that annihilate the singlets of U (N) and SU(2)gpin (|n") states).
A special case of these generators is the local spin operator S2.

By commuting ™ [Eq. (7)] and T;; [Eq. (8)] we can get the
operators that annihilate the singlets of SU(2),, and of U(N)
(|n®) states)

TF =" T =21 eoclch,.

o,0'

T =T 14

There is a particular set of generators of U(N) that we will
find useful:

i=1,...N. (15)

FIG. 1. Interrelations between the three invariant subspaces and
the corresponding groups. The three groups that act naturally on
the Hilbert space are shown inside the ellipses, the corresponding
generators are shown inside the rectangular boxes, and the invariant
states are shown inside the circles.

For example,

n’ N2-1
Kyv=ny—1=——-1V"1 16
N =ny N (16)
where TV~ is the generator of SU(N) corresponding to the
matrix

1 1
V-1 =diag<—,—,...,—1+ﬁ>. a7

We have vazl K, = 2773, and the square of K; can be ex-
pressed in terms of the local magnetization:

K =1-M?, (18)

where we used ni2¢ = n;; and ni =n.

Now let us consider a special case of a bipartite lattice
where the vertices are divided into two nonintersecting sets,
which we can call red and blue (see Fig. 2). Here, in addi-
tion to the above operators, we can define the transformed
generators

7' =R'TR, (19)

FIG. 2. A depiction of the bipartite square 2D lattice. The red
lines indicate the “even” hoppings that connect sites on different
sublattices. The green lines indicate the “odd” hoppings that connect
sites on the same sublattice. The numbers labeling the sites show the
lattice site index, which is acted on by one of the large groups such
as SU(N).
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where

P o
R=i< |, R'R=I, (20)

and the sum runs over the blue sites. The generators (19) form
a group that we denote as SU(N)'. A particular subset of the
generators T’ is the nearest-neighbor hopping terms with a
real coefficient

Tj )= chcjo +He. @21

Other ways of constructing a SU (N) algebra of longer-
range hopping terms are discussed in the next subsection.
We will denote the spin-preserving subgroup of this group as
SON)Y C SUN).

We now provide the basis for each invariant subspace listed
in Table I. Each subspace should be invariant under the action
of Hy for the invariant states to be scars [22]. A particular
Hy may have eigenstates that are different from the basis
discussed below but may be obtained from it by a rotation.

The subspace invariant under U(N) and SU(2),, is spanned
by |n%) which have the highest possible physical spin; namely,
they form the spin—(%’) representation of SU(2)pin [22]:

u N
oy & ¢ o T4
|n)—m|0), |0>—1_[C.,~¢|0), (22)
N—n)! j=1
wheren =0, ..., N, and

N
(=01 +i0 =) ¢l (23)

j=1

is the spin-raising operator. -

The states [n") are invariant under U(N) and SU(2)gpin;
they form the (N + 1)-dimensional representation of pseu-
dospin SU(2),:

(n)"
Nln!
V (N—n)!

where 7 = 1™ [Eq. (7)]. On a bipartite lattice we can further
define the states |n")’ that are invariant under U(N)' and form
the (N + 1)-dimensional representation of SU(2);]:

|n") = 0), n=0,...,N 24)

)" T

S =Yl 29
Nln!

(N—’111)! j=1

These states are known as the n-pairing states [56,59].3 It is
not hard to check that

[st.n] =[St n]=0. (26)

Combined with the fact that both families of states include the
vacuum, that is annihilated by S;“, this means that all the |n")
and |n")’ states are annihilated by the local spin operators S7.

The importance of the spin and pseudopspin SU(2) groups
has been previously understood in the context of the Hubbard
model [56-58]. These two SU(2) groups are related by the

")’ =R|n") =

3In [22] these states were denoted as 1)

TABLE II. Action of generators on the invariant states. The en-
tries O denote the states annihilated by them. The entries *: these
operators act with a constant when summed over all lattice sites (see
Table IV). “-” means the states are not eigenstates of the correspond-
ing operator.

Annihilate [n¢) SU'(V)
i}
) T ®K (15 *)* (D) T T (A3)M;  (Qa)* T’ (21

Iy 0 0 0 0 - xNWN+2)/4 0
")y -  x NWN+2)/4 0 0 0 0 -
My -« - - -0 0 0

Annihilate |n")

Shiba transformation, that acts on the fermion operators in the
following way:

cjt = cjr, cjy < (=1c]). 27

We note that this transformation interchanges the |n")" and
|n¢) states and leaves the SO(N) generators (9) invariant. The
Hubbard Hamiltonian is also known [60] to be invariant under
the Shiba transformation.

All three families of scars have a very high degree of
symmetry with respect to the spatial index j. As a conse-
quence, when the sites are arranged into a lattice, all three
families are translation and permutation invariant. In Table II
we summarize the action of all the generators we mentioned
on the three families of the invariant states. This table provides
a simple way of constructing Hamiltonians with one of the
families as scars: any linear combination of the operators with
0 in a corresponding row can be used as an operator 7 in
the general Hy + OT form. In Sec. III we show that many of
the commonly known interaction terms, such as the Hubbard
and Heisenberg interactions, can be decomposed in terms of
the generators listed above and therefore have invariant many-
body scar states.

A. Longer-range hopping terms

Some classic models, e.g., the Hubbard model, include
only the nearest-neighbor hopping term with a real coefficient
t:

Hy=1Y (c},cjo +He). (28)

(ij)o

However, the models that aim to describe realistic materials,
such as the high-7, superconductors, may include the next-
to-nearest-neighbor or even longer-range hopping terms with
real coefficients. It is, therefore, interesting to inquire if the
deformation by such additional hopping terms preserves the
families of scar states. In this section we discuss when such
terms are generators of the relevant symmetry groups and
annihilate the paired states |n")’.

Any Hermitian spin-independent hopping terms on any
lattice (including 77, Tl-?) are special cases of the complex-
amplitude hopping T;; [Eq. (8)]. Therefore, they belong to
an SU(N) algebra and annihilate the |n°) subspace. The
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nearest-neighbor hopping with real amplitude (21) on a bi-
partite lattice is a generator of SU(N)' and annihilates |n")’.
A complication with the longer-range real-amplitude

hopping
T. = (chcio +clycio) (29)

o

comes from the fact that a commutator of such terms may not
always be expressed as T}, alone. Yet, in some special cases,
a constraint on the lattice type, hopping range or boundary
conditions allows this algebra to be closed. For example, T(; i)
is restricted to the nearest-neighbor hopping on a bipartite lat-
tice where we can perform a transformation (20) on ¢, which
maps t — it. Then the hopping terms become generators (9)
of SO(N), which is important for the argument that the states
|[n") are scars.

However, if the next-to-nearest-neighbor (NNN) hopping
terms are added, the transformation keeps those hopping co-
efficient real. As a result, the O(/N) invariant states |n") are
not scars in presence of the NNN hopping terms. Indeed,
combining the nearest- and next-nearest-neighbor hopping
does not lead to a closed algebra. For example, let us consider
the following set of hopping terms connecting sites 1,2,3 in a
linear chain:

Ty =) (c],c0 +He), Ty=) (c],c30 +He),

Ty =Y (c],c30 +He). (30)

The hoppings 7} and 7, are nearest neighbor, while 73 is next-
nearest neighbor. Then

[T, T = ) _(c},c10 — c],c30). 3D

o

It is not of the form of T3; therefore, the subalgebra of hopping
terms with real coefficients does not close.

To avoid this issue, we may use a bipartite lattice and
restrict the allowed hopping terms. A closed SO(N)' algebra is
formed by the “even” long-range real-amplitude hopping that
contains exclusively the terms connecting the sites belonging
to different groups of the bipartite lattice (red to blue) in Fig. 2,
meaning that it is a hopping over 2k neighbors, where k is
a non-negative integer. The number of the nearest neighbors
hopped over by the term #; ) clTac jo 1s determined by the
lattice as the smallest number of connected sites that need
to be visited when traveling from site i to site j. The even
nearest-neighbor hopping is shown in red lines in Fig. 2 and
includes the nearest-neighbor hopping as a subset. Such hop-
ping annihilates |n") as a generator of SO(N) and |n¢) as a
generator of SU(N).

The algebra SO(N)' can also be constructed on a bipartite
lattice when both even and odd nearest-neighbor hopping are
present in the system. In this case, we must require that all
the even nearest-neighbor hopping terms have real ampli-
tudes while all the odd nearest-neighbor terms have imaginary
amplitudes (for example, in Fig. 2 we may include the nearest-
neighbor hoppings with a real amplitude and the shortest
diagonal hoppings with an imaginary amplitude). Such a hop-
ping will again annihilate both |n*) and |n")’ subspaces. An

example of this scenario is the Haldane model [61] discussed
in Appendix A6.

B. Electromagnetic field

In the absence of an electromagnetic field, the hopping
terms are typically taken to have real coefficients. The pres-
ence of a (possibly time-dependent) electromagnetic field in
a lattice model introduces the phase factors e®ic) cj,. As
discussed above, such spin-independent hopping terms with a
complex amplitude 7;; are generators of SU(N) and therefore
annihilate the |n®) states.

The only effect of an electromagnetic field on the |n%)
states comes from the coupling between the magnetic field
and the spin of the electrons: §H = —uQ - B, which results
in a linear in B and equidistant splitting of the |n’) states
according to the projection of their total spin and changes
the “revivals” period. Other families of the invariant states are
mixed by the electromagnetic field with the rest of the spec-
trum. Because |n¢) forms the maximum-spin representation
of SU(2)spin these states get split the most by the magnetic
field with respect to all other states in the Hilbert space. If all
other terms in the Hamiltonian are bounded this means that
in a strong enough magnetic field an |n®) state can always be
made the ground state.

For some particular configurations [for example, a closed
one-dimensional (1D) chain with a magnetic field of &
through it], the modified hopping amplitude may be purely
imaginary. In such cases, the hopping Tl? [Eq. (9)] is a gener-
ator of SO(N), which makes the states |n") insensitive to the
magnetic field (they also have zero spin).

III. INTERACTION TERMS

Let us consider an arbitrary lattice with N sites on which
spin—% electrons are placed, and let i and j refer to two sites
on this lattice. We would like to rewrite the commonly used
electron-electron interaction terms in the form Hy + OT and
analyze their action on the three invariant subspaces.

A. Hubbard interaction

In the Hubbard model, two electrons interact only when
they are located on the same site i. The Hubbard interaction
at site i may be written in terms of the generators K; of group
U(N):

H[Hub = njpn;, = %(}’l2 — n[) = %(I(? + Ki). 32)

This annihilates the |n) states. While neither |#")" nor |n")
are eigenstates of (32), they are eigenstates of the Hubbard
interaction summed over the full lattice that we write using
(32), (18), and (15) as

> HM = %(Q—NJFZK?) = %(Q—ZM}).

(33)
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Since the local magnetization M; annihilates the states |n")
and |n")’, we have

SSHS Y =y = 2y,
> HM ) =nin"), (34)
which implies that the energies of these scar states have equal
spacing. This is related to the fact that the pseudospin genera-
tors n* do not commute with the Hamiltonian of the Hubbard
model [56-58].
A slightly modified Hubbard interaction

HM™ = Q2ny — 1)2ny — 1) = (=1)" (35)
can be cast in the form
A =1 —2M? =2K? — 1 (36)
and has the advantage that all three invariant families are
eigenstates on every site: H™™ [n;) = —|n;); H |n,) =
In"); HFY® [ny)' = |n)'.

B. Density-density interaction

The density-density interaction at different sites, H?¢ =
n;nj, can also be written in terms of the generators (15):

Hi' = (K + 1)(K; + 1). (37)

For the SU(N)-invariant states [n¢), we have H{ [n®) = |n%).
Neither |n") nor |n") states are eigenstates of Hi‘jd since K;
does not act on them with a definite value.

The generalized density-density interaction reads as

gdd __ oo’
Hij = § :Vij NigNjo’
o,0’

= a;jninj + BijmiMj + yijMin; + 8;;MiM;,  (38)
and M; |n") = M; |n") = 0 (see Table II). M; does not annihi-
late |n¢) and mixes them with the nonsinglet states. However,
[n®) are eigenstates of the total magnetization: ), M; |n*) =
(N —2n) |n%).

Similarly, |n") and |n")" are not eigenstates of n;, but for
the total fermion number Q we have Q |n") = 2n |n") and
Q|n") = 2n|n"). For |n®) we have n; |n®) = |n®). The above
observations mean that Hi”}dd annihilates |n") and |n") states
when «;; = 0 and leaves |n¢) unchanged when B;; = y;; =
8;; = 0; for example, o;jmn; [n°) = a;; |n®).

When the coefficients in Eq. (38) are translation invariant,
Vl;’“ = Vi‘f}’/, the |n®) become eigenstates of B and y terms:

D BonMii Inf) = By My Inf) = B(N — 2n) |n®) .

We note that Ref. [20] demonstrated that for ) Vl.j‘T’”/ =0
(satisfied by the B, v, § and violated by «;; terms) [Eq. (38)]
respects  symmetry and admits the |n")’ states as scars.

C. Heisenberg interaction

The Heisenberg interaction ngis =55 ; couples spins
on two different sites i and j. Using the expression (5) for the

spin operator in the Hilbert space of spin—% complex fermions,
we find

C e P i

a8i - S = (e —eyen)lejrer — ¢ ¢5,)
+(cren +ef en)ejyei + ciein)
e e

= D (—chciaciyeip — cluciuclyess

o.fp
— CjaCjaCjﬁCjﬁ + clTac,-a + c;ac‘ia). (39)
This may be written as
Si-8;j=1+Cy. (40)
where
Cij = —3(EijEji + E;iE;j + KKK;) (4D

and we introduced the off-diagonal generators of SU(N):
Ej=Y chcja i#] (42)

Equation (40) represents the Hy + OT decomposition of the
Heisenberg interaction with respect to the group U(N). It
follows that the U(N)-invariant states |n®) are degenerate
eigenstates of S; - § ; on any lattice, in any dimension, and for
any i # j with energy }1. We also note that the Heisenberg
interaction annihilates the states |n") and |n")" because they
are annihilated by the local spin operators %' [see Eq. (26)
and the discussion following it].

D. Symmetry-breaking perturbation

To highlight the ergodicity-breaking properties of the in-
variant states and to be able to tune to the fully chaotic regime
we will consider a simple symmetry-breaking term of the OT
form that we write for a rectangular lattice in two dimensions,
where i labels the horizontal and j the vertical direction:

H} = Zrij(Mij +M(i+1)j)5,}~1,9r
i,j
+ qi;(M;; +Mi(j+1))5,‘~_',-e", (43)

where r;;, g;; € [0, 1] are real random numbers and
Mij = ruclycijy = quel cijys

I =" clii1yjoCiie + Hee., (44)

vert __ T B
S = 2 CijennCiio + He,
a

where ry, gy are also real random numbers.

Both Slhjf“ and Sivjert are special cases of the hopping T}; o
[Eq. (21)] which is simultaneously a generator for SU(N)
and SU(N)' groups (see Sec. II and Table II). Therefore,
the full perturbation term H}, is of the pure OT form and
annihilates two invariant families: [n¢) and |n")’. It can be
added to any model supporting these states as scars without
changing their energy but breaking all symmetries except the
particle-number conservation.
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TABLE III. Well-known models written as Hy + OT . The decomposition is different for paired |n")/|n")’ and |n°) states. The term in the
third (H(f = OT") column is part of Hy for the decomposition with respect to the U(N) group (|n®) scars) and a part of OT with respect to fj(N )
or ﬁ’(N ) groups (|n") or |n")’ scars). Equations (18) and (40) allow to easily switch between the expressions for |n¢) and paired states. All
models are considered in the unrestricted Hilbert space that allows any onsite occupations including double occupations. All decompositions
are valid in any dimension and on any lattice except for the models that involve the |n")" states; they only become scars when the lattice is
bipartite. N{" and N;" are the numbers of nearest- and next-nearest-neighbor pairs in a particular lattice. C;; [Eq. (41)] are generators of SU(V).
The last three columns indicate which families of the invariant states are many-body states in the corresponding model. *: only when ® = 7 /2,

t; = 0. **: only when ® = /2.

Model Hy H{ = OT" or ney |amy |ny
Hubbard (% —wo - t % T, + Y ;K? v v
Heisenberg TN J (X; Ci; v v v
ij
A il LY Ci+h Y Cy v v v
(i) (kD))
2(N2-1N 2 Co
Haldane-Shastry T -z o v v v
t-J IN" ch,-,- —l—t;;T(;j) v v
1 1
tJu (Y -n)o INp — UN I Ci+t YT+ 4 YK v v
(i) (i) i
Hirsch (reduced) [67] (% —n)o & Y ORT L + 53K v v
iy i
Hirsch (full) [68] (@ —N)+VN" g Ol Ty + 5 XK +V <_Z;(K,-Kj +Ki +K)) v
1] J 1
Haldane-Hubbard (5 —-wn)o - t § Tiy+ % ZK,-Z +1 w{% (¢l ¢y +Hee) v Ve Vas
ij i ,0

We note that the symmetry-breaking terms such as (43)
also lead to the absence of any dynamical symmetries that
could otherwise cause persistent oscillations of local observ-
ables [62].

E. Non-Hermitian perturbation

A non-Hermitian Hamiltonian may result under certain
approximations from reducing a closed full system to an ef-
fective description of an open subsystem. The non-Hermitian
Hamiltonian may not conserve the norm of the state which
corresponds to the probability leaking out or into the open
system. While the derivation of such an effective description is
beyond the scope of this work, we show here that the invariant
states remain stable and decoupled also in non-Hermitian sys-
tems as long as the non-Hermitian Hamiltonian has the form
Hy + OT. We consider the following non-Hermitian OT term

H! = Z(Mij — M) )SE + qij(Mij — Migj11)S}.
ij
45)
This only differs by a minus sign from Eq. (43), and thus
also annihilates the same two invariant families |n) and |n")’.
This operator is invariant under complex conjugation, and its
eigenvalues form complex-conjugate pairs. According to the
classification of Refs. [63,64], the model falls into the Ginibre
symmetry class Al, and therefore will have the same level
statistics as the Ginibre GUE (GinUE) distribution [65].
Another possibility to obtain a non-Hermitian term of the
OT form annihilating invariant states is by taking only a
“half” of the hoppings (8), (9), (12), (13), and (21), without
the Hermitian conjugate. A 2D modified Hubbard model of

this form

Hub t t
Hii® = (0] pCirnjo + o Cigrne)

i.j.o

¥ t
+ 12(Ci41)jo Ciio F €1 Ciio)) F U Y mijanijy,
inj

(46)

where t| # t, are real parameters, was recently shown [66]
to be amenable to quantum Monte Carlo simulations. Since
such non-Hermitian hopping terms are certain generators of
the SU(N) group, they annihilate the |n®) states.

IV. MODELS WITH INVARIANT SCARS

The interaction terms considered above, as well as their
linear combinations, are of the form Hy + OT . Together with
the generators from Sec. II they can be used as building blocks
for designing Hamiltonians in which some of the invariant
states |n®), |n"), and |n")’ are many-body scars.

Many commonly used models, such as the Hubbard,
Heisenberg, and rJU models fall into this class. In Table III we
explicitly rewrite them as Hy + OT and indicate the invariant
states comprising the scar subspace, the derivations and some
more details are given in Appendix A. The presence of |n")’
scars in the extended Hubbard and Hirsch models, that has
been demonstrated in the literature [14,20], is a direct conse-
quence of the group theoretic structure presented in this work.

Because several families of scars with different symmetries
may be present in the same model simultaneously the Hy +
OT decomposition is different between |n¢) and the paired
|n") / |n") states. However, the difference is only in that a
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certain constant term (shown in third column of Table III)
is either a part of Hy or OT depending on which group we
consider (full separate expressions with respect to each group
are given in Appendix A).

To facilitate the design of custom models not listed here we
also added Table IV to the Appendix which gives the action
of other common Hamiltonian terms on the invariant states.

Note that in models that conserve spin, the |n¢) states that
comprise a maximum spin-N/2 representation of SU(2)pi,
will not be true scars. To make them such, adding a pertur-
bation breaking spin conservation [such as (43) or (45)] is
required. Analogously, the states |n")" only become true scars
upon addition of an n-pairing symmetry-breaking perturba-
tion of the OT form.

A. Engineering the location of scars in the spectrum
1. Making a scar the ground state

The energies of the scars and the basis in the invariant
subspace are determined by the Hy part of the Hamiltonian,
and we can change their position in the spectrum by adding
a term to Hy that commutes with it (is diagonal in the basis
selected by Hp).

The |n®) states form the maximum spin representation of
SU(2)spin and have a definite total spin and its axis projec-
tion quantum numbers. This means that a sufficiently strong
magnetic field will make the |n¢) state with the largest axis
projection the ground state. It also controls the splitting be-
tween the |n®) states and the revivals period. For the basis in
Eq. (22) one would use the B, = Q3 [Eq. (4)] magnetic field
while for the basis (54) used later in our numerical example
we will use the B, = Q> field (4).

The states |n") and |n")" have a definite particle number and
include the states with maximal and minimal possible particle
number (all filled |[N") or [N")" and all empty |07) or |07)").
This guarantees that a sufficiently large chemical potential
term can be used to make one of these two states the ground
state.

2. Coupling to the rest of the scar subspace

Suppose we are at zero temperature and are in the ground
state which per the above results is a scar state. Now we turn
on for a limited time the “raising operator” of the correspond-
ing scar family.

In case the ground state is an all-filled |[N") or [N")’ state
we add a term ~ + ™ to the Hamiltonian [see (25) and (7)].
This may potentially be made by placing the system into direct
contact with a superconductor. As a result, the system will be
initialized to a state that is a linear combination of |n") or |n")’.
Moreover, since |n") form an irreducible representation of
SU(2), we can by the action of a group e @" +"7") send any
initial state, say |0") or |N"), to any desired linear combination
of the paired states.

In case the ground state is a state with maximal spin |[N¢)
we add a term ¢ + ¢ [Eq. (23)] to the Hamiltonian. This
may be implemented by introducing an external magnetic
field [B, = Q; for basis (22) and B, = Q3 for basis (54)].
As a result the system will be initialized to a state within
the |n®) subspace. The same algebraic argument as for |n")

above shows that with an appropriate choice of magnetic field
and interaction time one can turn any initial state in the |n®)
subspace into an arbitrary desired linear combination of |n®)
states.

Finally, we can mix the states from the families |n7) and
|n¢) by the simultaneous action of magnetic field and 7 term.
After the above steps the system is initialized to a state in the
singlet scar subspace. At this point one may choose to lower
or turn off the magnetic field or the chemical potential that
was used in the first step in Sec. IVA1 to make one of the scar
states the ground state.

It would be interesting to analyze the relation of this
scheme to a number of protocols for preparing a paired |n")’
state that rely on dissipation or periodical driving [69-72].

3. Low-energy subspace composed of scars only

We can also arrange for all the low-energy subspace be
composed solely of many-body scars. To do that we need
to add a non-negative definite operator P to the Hamiltonian
that annihilates the scars (and the scars only). Increasing the
magnitude of such a term will leave the scars untouched but
will push the rest of the spectrum up in energy.

For the scar states invariant under a particular group we
have various options for designing the desired operator P. For
example, P can be chosen to be the quadratic Casimir operator
of the corresponding group, as was done in [73]. However,
from the point of view of lattice models this is a complicated
and nonlocal operator. A simple choice of a local operator is
P = Zk(TkT,f)l, where T; are the simple root generators of
the group (11) and / > 0O is an integer.

The Hubbard interaction already includes (33) a similar
term P =) Ki2 with K; the generator of U(N) [Eq. (15)].
It does annihilate the |n®) scars and pushes nonscar states
high in energy for large U at half-filling (where the H, energy
contribution of the Hubbard interaction is zero). However, it
also “accidentally” annihilates some of the nonscar states and
thus does not alone allow to create a scar-only low-energy
subspace.

V. TWO-DIMENSIONAL ¢JU MODEL

We illustrate the concepts discussed above using the exam-
ple of a perturbed +JU model on a 2D rectangular bipartite
lattice shown in Fig. 2. The Hamiltonian of the standard
tJU model [76-78] combines the Hubbard and Heisenberg
interactions

HYY =Y "(tc],cjo + He) +7 Y 55,
(ij)o (ij)

+U ann,‘l —uQ 7

and can be viewed as a generalization of Hubbard or ¢-J mod-
els relevant for high-T, superconductivity [79]. It is typically
assumed that 7 is real and negative, so that the kinetic energy is
minimized at zero momentum. Certain types of longer-range
hopping could be considered in addition without changing the
structure of the scar subspace as discussed in Sec. II A.

The Hy + OT decomposition of the model (47) with real
t can be performed with respect to to two groups U(N) and

043156-8



GROUP THEORETIC APPROACH TO MANY-BODY SCAR ...

PHYSICAL REVIEW RESEARCH 3, 043156 (2021)

0.08 T T T T
ol 7{\ mN, =N, =3
o6k I —GOE (4000) |
’&; 0.05F 7 ; 1
E 0.04 B
0.03F q
0.02 q
0.01 (b)
OO 015 1‘ 15 é 25 3 3.5 4 4.5
spacing (s) x10°

FIG. 3. Quantum chaos for Hermitian rJU (50) and high magnetic field y = 3.6. (a) Spectral form factor g(z, 8) for three different
temperatures. (b) Level spacing distribution P(s). The red curve is the data for the random GOE matrix with size 4000 x 4000. This model has

(r) = 0.5306. (r)gug = 0.6027 and (r)gor = 0.5359 [74].

ﬁ(N )" which leads to two families of group-invariant scars
|n%) and |n")’. In case of U(N) we have

J U UN
HtJUZ_Nnn = _ "
PR (e 2
T..+JY C v K? 48
EDIUTESDY U+§Z P 48
(i) (ij) i

while for the group UV itis

U
HIJU:Q(E_M>
tY T +TY S-S v M? (49)
+ <%;(m—" %l .1_22 i

where we have used the Hy + OT decomposition of individual
terms (21), (33), and (40) derived earlier. In both equations the
first line is Hy and acts on the invariant states with a constant
while the second OT line only consists of terms proportional
to group generators that annihilate the invariant states. Note
that the two expressions (48) and (49) are only different by
assigning a certain constant term to Hy or OT as indicated in
the decomposition given in Table III.

~ —real,3=0
101 \
\\ —imaginary =0
ol \ magnitude, 3= 0
~ 6 \ “‘
2 \ S
_'\_,/ 4+ | ‘ . PP rr? \ R
O ol “ |/
| | N w0 A A
o | \‘ f ARSI TR
v
2+ g
4 | R i | | | @
--10 -5 0 5 10 15 20 25

time(g'1)

We recall that the states invariant under group G become
scars in a model that can be written as Hy + ), Oy Tx, where
T} are generators of G. Note that a generator of any subgroup
of G is also a generator of G and can also appear as 7; in
the decomposition. This is actually the case in (49) (and all
other decompositions with respect to paired states) where the
hopping terms are generator of SU(NY', while the Heisenberg
and magnetization terms involve the local spin ; that is also
a part of the full symmetry group of |n")’ (see Appendix C).

The standard rJU model (47) conserves the total physical
spin. Therefore, the states |n°) form a separate symmetry
sector of this model. To make them true scars we break the
total spin conservation by adding a perturbation (43). The full
Hermitian Hamiltonian we study numerically reads as

H'Y = HYY + BH! + v 0s, (50)

where we added a term proportional to the SU(2)gpi, generator
0> [Eq. (4)]. It acts as Hy on |n®) and splits them according
to the index n: Q, [n*) = (2n — N) |n®)). For the SU(2)qpin-
invariant states |n)’ it is of the pure OT form and annihilates
them exactly.

Note that by increasing y we can make the scar state with
maximum Q», |S1) [Eq. (54)] the ground state. This may be
used to initialize the system to a state from many-body scar

0.14

DNX= Ny =3 |
—Ginibre (12870)

0.12

0.1

—~
%) 0.08

(b)

spaéing (s)6

FIG. 4. Quantum chaos for non-Hermitian tJU [Eq. (51)] and high magnetic field y = 3.6. (a) Spectral form factor g(¢, §) at infinite
temperature (8 = 0) calculated using only real and imaginary parts of the eigenvalues or their magnitude. (b) Level spacing distribution P(s).
This model has (r) = 0.7378. For reference, the Ginibre value (r)giug & 0.74 was supported numerically in [75].
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subspace as described in Sec. IV A. The full non-Hermitian
Hamiltonian we consider is

HyY = H'Y + piHY, (1)

n

where for numerical investigations we set 8; = 0.48. In both
the Hermitian and the non-Hermitian cases, the part of the full
Hamiltonian that acts with a constant on the invariant states is

o I (U UN
Hy' =N, +<3—M>Q—7+yQ2, (52)

ny U
Hy" = (; - u)Q. (53)
The states |n")’ are already eigenstates of (53) as written in
Eq. (25) while the states in Eq. (22) are not the eigenstates
of (52). Instead, the basis in the SU(N)-invariant subspace
determined by the Hamiltonian (52) reads as

= +

n i :
{ Cal + )
—F= IS, S)=|]"—F="100, (9
2" 1 1 1:[ V2

where £ = Q3 — iQ).
The energies of the invariant states are given by

E} = (U —2un,

|ntZJU) =

E;’ = gNl"” — uN+yQ@2n—N), (55)
where n is the index of a state in its respective family (25)
or (54). i

The energy of the product state IOf Ju) = 1S1) in large sys-
tems is proportional to N and therefore has good chances
to be the ground state at half-filling for (J/2 — u —y) < 0.
An |n") state is more likely to be the ground state when
U —-2u) <0.

Because both Hermitian and non-Hermitian models we
consider have an exact Hy + OT decomposition, they have
the two families |#°) and |n") as scars for any choices of the
coupling constants. The two scar families form two equidis-
tant towers of states with the energies given in (55). Revivals
within each individual subspace can be observed for any val-
ues of the couplings. However, to see the revivals of an initial
state that is a mix of |n®) and |n")" subspaces all the gaps
between them must have a common divisor which represents
a constraint on the choice of the constants u, U, and y.

A. Numerical results

For the numerical experiment we use the rectangular 3 x 3
lattice and choose open boundary conditions to make sure
the real-amplitude nearest-neighbor hopping is a generator
of U(N) and annihilates the |n")’ states (boundary condition
would not matter in a system with even number of sites). We
set t =—04,J=1,U =8, p=1.3, and ry = 1.426974
and gy = 2.890703 [see Eq. (44)]. For y =1 this corre-
sponds to the ground-state filling of v = % =0.44(4), 11%
below the half-filling which corresponds to the potentially
high-T;-relevant regime [80,81]. For our simulation we in-
stead choose y = 3.6. At this value the half-filled |S;) state
(54) becomes the ground state. This simplifies the initializa-
tion of the system to the scar subspace in experiment, which

X|n">!
+|n<>

0.5

-40 -20 0 20 40
RelEl
FIG. 5. Spectrum of the non-Hermitian #JU model (51). All the

particle-number sectors are plotted together. The invariant states
shown in red remain at purely real energies.

is discussed in detail in Sec. IV A. Because |S;) is a prod-
uct state, it can alternatively be created by application of a
simple gate circuit on each site (see Supplemental Material of
Ref. [22]).

FIG. 6. Entanglement entropy computed numerically for the 3 x
3 system in the half-filling sector Q = 9. The cut separates the five
sites in the first and second rows from the four sites in the second and
the third rows. (a) Hermitian Hamiltonian (50), (b) non-Hermitian
Hamiltonian (51).
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-20 -10 0 10 20

FIG. 7. Entanglement entropy for non-Hermitian rtJU [Eq. (51)]
in low magnetic field y = 1.

1. Quantum chaos

The level statistics parameters of the Hermitian model
r = 0.5306 (rS°F = 0.5359) and the non-Hermitian model
Fan = 0.7378 (#Oinibre ~ (0.74) are close to the values of the
corresponding random ensembles (defined in Appendix B)
and thus indicate that the bulk spectra of both systems are
fully chaotic. This is further elaborated by the gap distribution
P(s) and by the presence of the “dip-ramp-plateau” structure
in the spectral form factor (Figs. 3 and 4) typical for chaotic
systems.

The level spacing distribution P(s) is the probability den-
sity function of the spacings between consecutive eigenvalues.
A key feature of the P(s) of random Gaussian matrices is that
it decays to zero as s — 0. This phenomenon is called level
repulsion and implies that it is very unlikely for eigenvalues
to be nearly identical. We observe level repulsion in both Her-
mitian (Fig. 3) and non-Hermitian (Fig. 4) systems studied.

The spectral form factor (SFF) is usually defined as

g(t, B) = |Tr(e 1= Tr(e P12, (56)
X
. <M>|¢i>
0.2’ <M>T
/\ X<M>|n77>|
=01t
Vi
0 dipms

and gives information about the longer-range correlations of
eigenvalues. The main elements of the SFF for a random
matrix is a dip-ramp-plateau structure. The ramp is caused by
the repulsion of eigenvalues that are far apart; these eigen-
values are anticorrelated, which is why the ramp is below
the plateau. The plateau is a result of generic level repul-
sion, as degeneracies are unlikely. The ramp and plateau
occur at later times and thus probe shorter distances, and
these elements are a result of a phenomenon known as
spectral rigidity. The dip occurs at early times and so it
probes larger distances; it is the Fourier transform of the
entire spectrum. The probability density function (pdf) of the
eigenvalues for a random Hermitian matrix follows a semi-
circular distribution. This shared property of the pdf leads to
a similar slope of the dip in the SFF of the Wigner random
ensembles.

In the Hermitian case the dip-ramp-plateau structure is
seen at high enough temperature (Fig. 3). In the non-
Hermitian system the dip-ramp-plateau structure is best seen
if the SFF is calculated for the real parts of the eigenvalues
only. In both systems the large magnetic field y = 3.6 (used
to make one of the scar states the ground state) causes the
correlations at one corresponding frequency that results in the
peak seen in the SFF plot soon after the dip. This peak is
absent or much less pronounced for moderate magnetic field
of y = 1 (see Appendix B).

2. Spectrum

In the spectrum of the non-Hermitian Hamiltonian (51)
shown in Fig. 5 we observe that all the scar states remain at
the real axis and are not effected by the non-Hermitian terms
while the majority of the eigenvalues of the non-Hermitian
Hamiltonian become complex. This demonstrates the stabil-
ity of the many-body scar states in suitably designed open
systems.

The non-Hermitian spectrum has a “conjugation symme-
try”: for every state with energy a + ib there is another state
with energy a — ib. All the observables measured in any two
such states (such as entanglement entropy) are also equal. For

_l_

FIG. 8. ETH violation by the scar states for the Hermitian Hamiltonian (50). Shown is the expectation value (y;|M|y;) evaluated for
every eigenstate ;. The green line is the microcanonical (window) average. (a) Particle-number sector Q = 8, operator M = G¢ [Eq. (57)].

(b) Particle-number sector Q = 9 (half-filling), M = Gy [Eq. (58)].
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FIG. 9. ETH violation by the scar states for the non-Hermitian Hamiltonian (51). Shown is the expectation value (y;|M|y;) evaluated for
every eigenstate ;. The green line is the microcanonical (window) average. (a) M = Gy [Eq. (57)], particle-number sector Q = 8. (b) M = Gy

[Eq. (58)], particle-number sector Q = 9, half-filling.

this reason we choose to plot such observables as a function
of the real part of the energy eigenvalue: Re E.

3. Entanglement entropy

The entanglement entropy at half-filling is shown in Fig. 6.
We observe that in both Hermitian and non-Hermitian systems
the |n®) scar states expectedly have entanglement entropy
much lower than the rest of the spectrum at corresponding en-
ergy (temperature). This is also true for the |n")’ scars that are
located in the respective particle-number sectors (not shown).
High magnetic field used to make one of the |n®) states the
ground state leads to the emergent structure most clearly seen
in Fig. 6 for the non-Hermitian case: each total spin sector
acquires different energy and starts to form a separate arc as
it would be if the total spin was exactly conserved by the
Hamiltonian. This additional structure disappears for smaller
magnetic field of y = 1 as seen in Fig. 7.

4. ETH violation

To further demonstrate the violation of strong ETH we
evaluate the “superconducting”
Go = (c]

¥
Cayit S iCXZ-"ZLC"U’ZT)

(57)
and “magnetic”

Gy = (58)

t i
<Cx1y1 1 Cxiy icxzyz¢CXzsz)

off-diagonal long-range order (ODLRO) correlators charac-
teristic of the |n")’ [56] and |n¢) [22] states, respectively. We
observe (see Figs. 8 and 9) that the corresponding expectation
values are significantly different in the invariant states relative
to the microcanonical average in both systems which allows
us to conclude the invariant states are scars in this system.

Because of the high symmetry of the invariant states, the
above correlators, when evaluated for scars, do not depend on
the coordinates xp, y1, X2, y2 [22]. For the numerical evalua-
tion we set the points 1 and 2 to be the most distant points
in our system with open boundaries: (x;,y;) = (1,1) and
()CZ, yZ) = (31 3)

Note that while all the |n*) states are at half-filling (Q = 9)
the particle number of the paired states |n")’ is 2n and there-

fore only one such state is visible for any fixed filling (the data
shown are for Q = 8).

Very strong magnetic field is present in both systems and
couples to the states with nonzero magnetization. This results
in the spikes seen in the data for the non-Hermitian system
which is apparently more susceptible to the magnetic field.

5. Time evolution and revivals

One of the most striking and counterintuitive features of
the scar states in the non-Hermitian Hamiltonian (51) is the
stable and coherent time evolution of the scar subspace shown
in Fig. 10. The system is initialized to a state that is a uniform
mix of all the 2N 4 2 = 20 scar states present in the system.
As shown in Fig. 10 this state is coming back to itself exactly
after the time intervals 277 /w = 20.94, where w = 0.3 is the
greatest common divisor of all the gaps between the scar
states according to (55). The norm of the state is preserved
throughout, although the system is open (Hamiltonian is non-
Hermitian).

0.8}

f(r)

100

FIG. 10. Time dependence of the squared overlap between the
initial state (composed of scars only) and a time-evolved state for the
non-Hermitian Hamiltonian (51). The overlap repeatedly reaches the
value of 1 with the period of approximately 20.94 as expected given
the energies of the invariant states.
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FIG. 11. Time evolution for the non-Hermitian Hamiltonian (51).
state is composed of 20 generic states (compare to the time evolution
state 1% (by weight) of 29 generic states are admixed to 20 scar states

For the initial state composed of generic eigenstates the
imaginary components of the eigenvalues lead to the probabil-
ity density quickly flowing into the effectively open system.
As can be seen in the left panel of Fig. 11, the norm of the
time-evolved state and correspondingly the overlap explode
already over one revival period.

A similar phenomenon is observed also if only 1% (by
weight) of generic, complex eigenstates is admixed to the
initial state dominated (99% by weight) by scars. The initially
small imaginary components obtain exponential amplification
with time; however, a few periods of the revivals with the same
period as in other systems can still be observed as shown in the
right panel of Fig. 11.

As expected, starting from a mix of scar states, stable
revivals are also observed for the Hermitian Hamiltonian (see
Fig. 12). In contrast, the information initially stored in the
generic states quickly dissipates through thermalization (right
panel of Fig. 12).

VI. DISCUSSION

We have shown explicitly that the Hamiltonians of some
well-known models (Table III) are of the Hy + OT form;

1

(a)
0.8(

ALl

20 40 60 80 100

T

(b)
15}
107
5,
O PPN, SEDTUT I VU S Y SV PSP IS .
0 5 10 15 20
T

Squared overlap between the time-evolved and initial states. (a) Initial
for the initial state composed of 20 scars in Fig. 10). (b) In the initial
(99% by weight).

therefore, they support the group-invariant scars for any cou-
pling constants and without a need for fine tuning. A large
number of other models can be built by combining the terms
we list as the group generators in Sec. II. Of particular interest
are the “superconducting” terms in (14) and the spin-orbit
coupled hopping terms in (12) and (13). It will be very inter-
esting to explore the interplay of the weak ergodicity breaking
and the superconductivity or topology by studying the models
built of such terms.

Another possible generalization of our approach is to con-
sider discrete groups G instead of Lie algebras. In this case we
should use T = g — 1 with H = Hp + OT, where g € G and
¢ 'Hog = Hy.

From the quantum computation perspective, the group-
invariant scar states we consider are analogous to a
“decoherence-free” subspace that can be used to reduce noise
in the universal quantum computation [82,83]. Thus, another
interesting direction for future work is the development of
specific protocols that would enable more robust quantum
computation.

Many of the models we are considering are among the
most commonly and widely used in condensed matter physics.
Therefore, there is a great potential for studying these models

1
(b)
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0.2

0
0 20 40 60 80 100
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FIG. 12. Time evolution for the Hermitian Hamiltonian (50). Squared overlap between the time-evolved and initial states. (a) Initial state
is composed of 20 scars. (b) Initial state is composed of 20 generic states.
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and the weak ergodicity breaking effects therein in cold atom
quantum simulations, and also for identifying materials that
could host this phenomenon. We do describe conditions under
which the ground state is a many-body scar or the full low-
energy subspace consists solely of scars, which should further
facilitate the experimental explorations.

While in this work we considered the case of spin-%
fermionic systems, the general approach of Ref. [22] can be
readily applied to the systems with larger number of fermionic
species per site and richer structure of the singlet subspace.
Such examples will be considered in our subsequent work.

Finally, we have demonstrated that the invariant scar sub-
space continues to undergo stable, coherent time evolution in
a class of suitably designed open systems with non-Hermitian
Hamiltonian. This greatly expands the realm of weak er-
godicity breaking phenomena and will hopefully inspire new
theoretical and experimental studies. In particular, it would
be interesting to study the relation of the degenerate group-
invariant scar subspaces in the non-Hermitian systems [e.g., in
(55), By = 0 for [n®) or u = U/2 for |n")'] to the “exceptional
points,” the degeneracies in the non-Hermitian operators that
lead to numerous exotic phenomena and are being intensively
studied currently [52,84-86].
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APPENDIX A: DERIVATION OF THE H, + OT
FORM OF THE HAMILTONIAN

Throughout this Appendix we will use the following def-
initions: v = % is the filling fraction; N[ and N;" are the
numbers of nearest- and next-to-nearest-neighbor pairs in a
particular lattice.

TABLE IV. The action of various operators on the invariant
states. Summation ), goes over all the lattice sites. Lattice can be
arbitrary, and the |n")’ states are defined, however, on a bipartite
lattice only.

) SoHM YMo 0 58 YKk YK
|nf) 0 N—-2n N i 0 0
[n™) n 0 2n 0 2n— N N
|n"y n 0 2n 0 2n—N N

1. Hubbard model

The Hubbard model Hamiltonian reads as

H™ =1 3" [l cio + chcjo] = nQ+U Y HM™
(i,j).o i
where i and j label sites of an arbitrary lattice in arbitrary
dimension, (i, j) stands for the nearest neighbors, and ¢ is a
negative real number.
Substituting our result (32) we obtain the Hy + OT form in
terms of the generators of U(N),

U N U
Hub _ / 2
=05~ )~ UG+ T+ SR
(i) i
(AD)
where the hopping term is a generator of SU(V) as a special
case of T;; [Eq. (8)]. On a bipartite lattice this hopping term
coincides with (21) is therefore a generator of SU(N)'. Using
(18) we obtain the Hy + OT decomposition for the group
SUWN)"

U U
Hub __ / E 2
H —Q(E—M)-H‘ E T(i,j)_E M;. (A2)
(i, ) i

Comparing the two expressions (A1) and (A2), we notice that
they are similar except that the constant UN/2 belongs to H
in the first and to OT in the second equation [as a consequence
of (18)].

Only the |n®) states are scars for the Hubbard model on an
arbitrary lattice. On a bipartite lattice, because the Hy + OT
decompositions are possible with respect to two different
groups SU(N) and SU(NY, the singlets of these groups |n®)
and |n")" together form the (2N + 2)-dimensional scar sub-
space. In the pure Hubbard model the |n¢) subspace (Q = N)

is degenerate with energy [see (A1)]
H™ |n') = —uN [n) (A3)

while the n-paired states |n")’ (Q = 2n) are split equidistantly
according to their particle number [see (A2)]

HM |y = (U = 2u)n |n") . (A4)

The states [n") are not eigenstates of the Hubbard model; they
are mixed by the hopping terms.

2. Heisenberg model

The spin-% Heisenberg Hamiltonian is

HHeisenberg =J Z S;i . gj'
(ij)

(AS5)

The constraint §i . §i = % translates into the requirement of
half-filling on each site: n; = 1. This sector of Hilbert space
contains the |n®) states and a single, half-filled |n") / |n")’
state. When we restrict to the locally half-filled subspace

K; = 0, we get from (40)

S:-8;=1—1E;E) (A6)
and the Hy 4+ OT form [with respect to SU(N)] is
J J
HHeisenberg = ZNlNN + E ZEijEji» (A7)

(i)
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where NNN is the number of nearest-neighbor links on a given
lattice and E;; are the SU(N) generators.

Therefore, the U(N)-invariant states |n°) are degenerate
eigenstates of the Heisenberg model with the energy

s J
EHCS _ 7 lNN (AS)

) 7 4
3. Haldane-Shastry model

The isotropic (A = 0) Hamiltonian [87] of the 1D
Haldane-Shastry model [87,88] reads as

=> Jn—n")S, Sy,

n<n'

(A9)

2
with J(n —n') = —F—r.
( ) N2 sin? (Z2r)y

We have seen that each of
such terms acts on |n°) states with a constant [Sec. III C and
Eq. (40)]: 5; - §; [n®) = 1 [n®).

Therefore, all the |n°) states are degenerate in the isotropic
Haldane-Shastry model, are scars, and have the energy

Z 7T2 N3_N
Ew 4N2 sin’ ”ﬁk TaNv 6

(A10)

which is always integer in units of 7 4N2 We note that Ref. [87]
does mention the existence of such integer-energy states.*
Both families of paired states are exactly annihilated by the
Haldane-Shastry Hamiltonian as a special case of the Heisen-
berg interaction.

4. J1-J» model

J1-J> model is the Heisenberg interaction between nearest
neighbors (J;) and next-nearest neighbors (J;):

H): =J12§i-§j +J ng -gl.
(ij) (kL))

(Al1)

Using Eq. (40) we write

HJ|12 =J ZHiI;‘IeiS +J Z ngeis
ij) (k1))

—JIZ<C,J+ )—i—JzZ(Ck]—i-‘l—‘)

(i) (kD))

1
= Z (NN + BNYN) 4y Z Cj+h Y Cu,
(i) ((kt))
(A12)

where the SU(N) generators C;; are defined in Eq. (41).
It follows that H/'2 [n¢) = {(J1NNN 4+ LNYY) [nf), while
H’"> annihilates the paired states |n") and |n")’ just as each

“The precise statement in Ref. [87] is “For the isotropic model,
the numerical study reveals a surprising fact: States are grouped into
highly degenerate supermultiplets, and at every value of the crystal
momentum and parity, every energy level is contained in the set
derived from states with real pseudomomenta, and the energies in

units of X

4N2

are all integers.”

of its terms does individually. Therefore, all three families
decouple in the J;-J, model and are scars.

We also note that the above results directly apply
to the Majumdar-Ghosh model which is a special case
with J; = 2J,.

5. Hirsch model
a. The “reduced” version [14,67]

The “reduced” Hirsch model for which the |n")’ states were
shown to be scars in Ref. [14] reads as

HI = = 3 [t = X (i +1;-o)l(c] ¢j0 + Hoe)

(ij).o

+U Y njsngy —pQ, (A13)
J

where X is a real number and —o is the opposite direction of
spin o or equivalently [14]

Hrle = Z[t — X +nj — 1)]2(6‘10610 +H.c)
(i)

+U Y njnjy — pQ. (Al14)
J

Defining

O = —[t =X (n; +n; — )], (A15)
noticing that the terms 7}, are generators of both SU (N) and
SU(N) [see (21)], and using Eq. (32) for n; 4n; | we obtain the
Hy + OT form for the model (A14) with respect to the group
SU(N) (|n®) scars)

. UN
=St LT ofS-i) -2
(ij)
(A16)

and with respect to the group SU (NY (|n™) scars)

HAY =" OMF T+ Q(— - u) - ZMZ (AL7)

(ij)

On a generic lattice T}; 5 is a generator of SU(V) and the

half-filled SU(N)-invariant |n®) states become scars with the
energies,

HUT by = —uN [né). (A18)

On a bipartite lattice the nearest-neighbor

hopping

Téj) is a generator of SU(N). Therefore, in addition
to the |n®) the |n7) states become scars with the
energies

HI 0"y = (U = 2u)n ")’ (A19)

b. The full version from Ref. [68]

The Hirsch model in its original formulation [Eq.
(6) in Ref. [68], see also [89]] contains an addi-
tional density-density term but is missing the chemical
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potential

HY = — 1Y " (c] ,cj0 + Hee.)

(ij),o

+UY HM™ 4V nn;
i (i)

+ At Z (¢} yCjo +He) (6 +1j_g).  (A20)
(ij).o
Defining
O = [—to + At(nj +nj — 1)] (A21)

and using (37) for density-density we bring the full Hirsch
model to the Hy + OT form with respect to the group SU(N):

U
HHir — 5@ —N)+VN™ 4+ ZOHFT

+ = ZK2+VZ(KK + K+ K;).
J (ij)

(A22)

We have seen in Sec. IIIB that the generic density-density
interaction can be written in terms of the SU(N) generators
but does not have the paired states as eigenstates. Therefore,
only |n®) states with energies

HHir |n§ >

= VN |nf) (A23)

are scars in the full Hirsch model [68].

6. Haldane-Hubbard model
The spin-full Haldane-Hubbard model is [61,90,91]

M =1 Z [Cj(rcl(f +C,(,C/r7] H’Q"—UZHHUb
(i.)),0
+1 Z [e’q’”cT Clo +

el o], (A24)

and can be defined on any bipartite lattice and in particular on
the 2D honeycomb lattice of graphene.

The model is obtained by adding the complex-amplitude
next-nearest-neighbor hopping to the Hubbard model which
means the Hy + OT decomposition only differs from Hub-
bard model by the addition of the #, hopping to the OT (see
Table III).

In the most general case the #, hopping terms are the
generators of SU(N) and the model possesses only one scar
family |n¢) with the corresponding Hy + OT decomposition:

U N U
H U 2 : T/ 2 : KZ
(i) i
(A25)

+1 Z [ el cio +e el crol.
((kl)),o

For ®;; = /2 the amplitude of the # hopping becomes
purely imaginary and because the lattice in the Haldane-
Hubbard model is always bipartite the hopping #; +#, is a
generator of SU(N )Y (see Sec. Il A) and the |n")" family of

scars is added while the corresponding Hy + OT decomposi-
tion reads as

HW (@) = 7/2)

—Q(——M)+t1ZT”)

(i,

+ity Y [}y cio — ¢l chol — (A26)
(kD))o

%ZM}.

If in addition #; = 0, then the remaining #, hopping alone
is a generator [see Eq. (9)] of SO(N) which is a subgroup
of both SU(N)" and SU(N) and the third scar family of
[SUWV) x SU(2)gpin]-invariant states |n7) is added. The cor-
responding Hy + OT decomposition is

HHH(CDH =n/2;t; =0)

“al5

+it Z lc] cio — ¢} crol —
(kD))o

(A27)

%ZM}.

APPENDIX B: QUANTUM CHAOS

We can better understand several properties of our system
using knowledge from random matrix theory. There are three
main random matrix ensembles corresponding to the Hermi-
tian models that we study in this paper; these are commonly
known as the Wigner ensembles consisting of the Gaussian
orthogonal ensemble (GOE), the Gaussian unitary ensemble
(GUE), and the Gaussian symplectic ensemble (GSE). The
GOE is time reversal invariant and is a random real symmetric
matrix (H = HT) where the entries are drawn from a normal
Gaussian distribution. The GUE is not time-reversal invariant
and is a random Hermitian matrix (H = H") where the entries
are drawn from a complex Gaussian distribution. Finally, the
GSE is time-reversal invariant (but breaks rotational sym-
metry) and is comprised of real quaternion matrices. Here,
we quantify quantum chaos in our models using three dis-
tinct measures, and we can compare some of these measures
from our model to those of the corresponding random matrix
ensemble. We examine the spectral form factor (SFF) [92],
the level spacing distribution [P(s)], and the mean spacing
ratio (r).

a. Hermitian Hamiltonian

The mean level spacing ratio (r) is often used to quantify
chaos as well as spectral transitions between Wigner-Dyson
ensembles. The spacing ratio r is defined as

__ min (s;, 5i—1)

where  s; = Aip1 — Ais BD

~ max (s;, 5i_1)
where A; is the ith eigenvalue. See Eq. (B2) for the definition
for a non-Hermitian system. We also see level repulsion in
the probability density function of the consecutive level spac-
ing ratio P(r), as we send r — 0. The analytic mean level
spacing ratios are calculated in [74], and are (r) ~ 0.5359,
(r) = 0.6027, and (r) ~ 0.6762 for the GOE, GUE, and GSE
respectively.
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FIG. 13. Quantum chaos for Hermitian tJU [Eq. (50)] and low magnetic field y = 1. (a) Spectral form factor g(¢, 8). The peak caused by
the magnetic field is almost absent (compare to Fig. 3). (b) Level spacing distribution P(s). This model has (r) = 0.5284. (r)gue = 0.6027 and

(r)GOE = 0.5359.

Based on the Figs. 3 and 13, we can conclude that our
Hermitian models have a chaotic bulk; the SFF has a dip-
ramp-plateau structure, and the level spacing plots and (r)
values closely match those of the GOE. We note that the peak
is absent or much reduced for the moderate magnetic field
y = 1 (see Fig. 13).

b. Non-Hermitian Hamiltonian

The Ginibre symmetry classes are the non-Hermitian
analogs to the Dyson symmetry classes. We can compute the
level spacings of our non-Hermitian models and compare to
those of the Ginibre random matrix analog. It is also possi-
ble to compute complex spacing ratios (r). For example, the
Ginibre GUE (GinUE) (r) is numerically determined to be
~0.74 [75].

The r value is defined as [75]

En,l - En
En,2 - En
where E,, ; and E,, ; are the nearest and the next-nearest energy
levels in the spectrum to the given energy level E,,.

We can see from Fig. 4 that our non-Hermitian model
shows evidence of a chaotic bulk. The level spacing plot fits
closely to that of the Ginibre distribution, and the (r) value of
our model is also close to the Ginibre value. The interpretation
of the SFF for the non-Hermitian model is less straightfor-
ward, though we do see a dip-ramp-plateau structure when
considering only the real part of the eigenvalues. The dip-
ramp-plateau structure is less clear when considering only the
magnitude or imaginary part of the eigenvalues.

; (B2)

I'n =

APPENDIX C: FULL SYMMETRY
OF THE SCAR FAMILIES

Since the states |n°) are invariant under the groups U(N)
and SU(2),, these states are invariant under the action of all

the commutators. Thus, we can take an arbitrary hopping (8)
and commute it with (7) and see that they do not commute:

le' = Z[c}acjg + c}acig, ntl= Zew/cjac]‘.d,. (C1)
o o0’

It means that the groups U(N) and SU(2),, when joined
together, do not form a direct product as in the case of G;’s
groups. Rather, they form a so-called semidirect product of
these groups. And one can work out that it corresponds to

U(N)<SU(2), = Sp(2N, C), (C2)

and the states |n) are invariant with respect to this group
Sp(2N, C). Moreover, the Hilbert space could be decomposed
in the following way:

G2 C Ga‘p = SP(ZN, C) X SU(2)spin9
H= Z <k>sp ® (n — k),

k<N

(€3)

where (k),,, corresponds to an antisymmetric representation of
Sp(2N, C) formed by multiplying k copies of the fundamental
representation, and (k) is a usual spin-k representation of
SU(2),.
The same holds for the groups U(N) and SU(2)spin, but
then we instead have another S~p(2N , C) group:
Gs C Gy, = SP(2N, C) x SU(2),. (C4)
The |n") states are invariant with respect to S~p(2N ,C). The
latter contains SZA, the local SU(2)gpin generators, which shows
that the Heisenberg interaction is actually of a TT form for
the |n") states. This is another way to see that the Heisenberg
interaction exactly annihilates the paired |n") and |n")’ states.
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