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Metastability associated with many-body explosion of eigenmode expansion coefficients
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Metastable states in stochastic systems are often characterized by the presence of small eigenvalues in the
generator of the stochastic dynamics. We here show that metastability in many-body systems is not necessarily
associated with small eigenvalues. Instead, many-body explosion of eigenmode expansion coefficients character-
izes slow relaxation, which is demonstrated for two models, interacting particles in a double-well potential and
the Fredrickson-Andersen model, the latter of which is a prototypical example of kinetically constrained models
studied in glass and jamming transitions. Our results provide insights into slow relaxation and metastability in

many-body stochastic systems.
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I. INTRODUCTION

Metastability in stochastic systems is ubiquitous in nature.
In particular, it is often associated with first-order phase tran-
sitions [1-3], (spin) glasses [4-6], protein folding [7], and
so forth. Despite its importance, the definition of metasta-
bility is quite subtle. In mean-field models, there is a static
characterization of metastable states, i.e., local minima of
the free energy as a function of order parameters [8]. For
nonmean-field models, however, a metastable state has a finite
lifetime even in the thermodynamic limit [9], and hence we
should treat metastability as a timescale-dependent dynamical
concept [10].

Since the generator G of the master equation contains full
information on the stochastic dynamics, it is natural to ex-
pect that metastability is dynamically characterized by some
special properties of eigenvalues and/or eigenvectors of G.
Indeed, the real part of an eigenvalue of G gives the decay
rate of the corresponding eigenmode, which suggests that
metastability is characterized by the presence of small eigen-
values separated from the other large eigenvalues [5,11,12]
(see Refs. [13-15] for quantum systems). Such a spectral
characterization of metastable states is appealing since it is
purely dynamical; we do not have to rely on thermodynamic
notions such as the (free) energy landscape, which is difficult
to define precisely except for mean-field models [16].

In this paper, we revisit this problem. We show that
metastability in many-body stochastic systems does not neces-
sarily accompany small eigenvalues. By analyzing two simple
models, i.e., interacting particles in a double-well potential
and the Fredrickson-Andersen (FA) model [17], we demon-
strate that slow relaxation in those models is characterized

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

2643-1564/2021/3(4)/043137(7) 043137-1

by many-body explosion of eigenmode expansion coefficients,
which was recently studied in the context of open quantum
systems [18,19] (see also Ref. [20]). Our results provide in-
sights into slow relaxation and metastability in many-body
stochastic systems.

The remaining part of the paper is organized as fol-
lows. In Sec. II, we give a general formulation within a
framework of classical Markov processes on discrete states.
We introduce eigenmode relaxation times in Sec. IIB. In
Sec. III, we numerically show that eigenmode expansion co-
efficients become huge for concrete models. In Sec. IIT A,
we consider noninteracting particles in a double-well poten-
tial. Metastability in this model is due to large barrier of
a single-particle potential, and hence we call it “potential-
induced metastability”. In Sec. III B, we consider the same
model with inter-particle interactions. Metastability is in-
duced by strong inter-particle interactions, and hence we call
it “interaction-induced metastability”. In Sec. IIIC, the FA
model is investigated. Metastability in this model is due to
kinetic constraints and not of energetic origin. It turns out that
potential-induced metastability can be explained by the emer-
gence of vanishingly small eigenvalues, whereas the other two
are not associated with small eigenvalues: they are explained
by many-body explosion of expansion coefficients. Finally,
we discuss our results in Sec. I'V.

II. GENERAL FORMULATION
A. Setup

Let us consider a system with discrete states n =
1,2, ..., D. The energy of the state n is denoted by E,. The
probability distribution P,(t) evolves following the master
equation:

Pt _ ¢
— = == Gunbal®), )

m=1

where the matrix G is the generator of the stochastic dynam-
ics. For n # m, G,,, represents the transition rate from the
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state m to n, and G, , = — Zm(#) Gu.n- When the system is
coupled to a thermal bath at the inverse temperature 8, G sat-
isfies the detailed-balance condition, Gn,me’/sE' = Gm,ne”sE".

The detailed-balance condition ensures that G is diago-
nalizable with real (and non-negative) eigenvalues since it
is made symmetric via the similarity transformation G —
G = ePH2Ge™PH/? with H = diag(E,, E,, . .., Ep). We here
assume that the stationary state is unique and eigenvalues are
orderedas 0 = Ag < A < Ay --- < Ap_;. Theright and left
eigenvectors for an eigenvalue A, are respectively denoted by
d@ and MM@: GO@ = A, ®@ and GTHI® = A, T,

Let us normalize right eigenvectors by using the L' norm
Il - |l as follows:

&) :=

D
le| =1, @)

n=1

where @@ are nth component of ®©. We will later see that
this normalization is convenient for our purpose. Since the
dual norm of the L' norm is the L™ norm || - ||« in the sense
that |A - B| < || Al llBll; for any set of vectors A and B, we
normalize left eigenvectors by using L*> norm as follows:

IT1)]| o := max | 1] = 1, (3)

where T are nth component of T1¢.

The mode o = O corresponds to the stationary state, and
OO = Pl /7 with Z =), e PF and IV =1 for all n.
Without loss of generality, we choose the signs of d@ and
1@ so that max,, 1 = 1 and [1® . @ > 0,

The probability distribution ﬁ(t) = (P (1), ...,Pg(t))T
can be expanded in terms of right eigenvectors of G as P(t) =
> Cye 2 ®@  where

@ . P
Co = ﬂ—_.() 4)
M@ . Pl

is an eigenmode expansion coefficient in the initial state.

B. Eigenmode relaxation time

Obviously, A, gives the decay rate of «th eigenmode, and
hence the slowest decay rate is given by the spectral gap A
of G. This observation indicates that slow relaxation should
accompany small A ;. Following this idea, in previous works
[5,11,13,21], metastability is characterized by the presence of
small eigenvalues. This argument implicitly assumes that C, is
not too large. As we point out below, however, this assumption
is typically not satisfied in many-body systems.

For a given initial state P(0) = Y_, C,®, let us define
the relaxation time t, for each eigenmode The expectation
value of a physical quantity O = (Oy, O, ..., 0p)" with
10]loe = 11is given by

(0)=0-P(t)=>) Coe ™0 . 5)

The contribution from «th eigenmode is thus bounded as

A s A e N
|Coe™'0 - | < |Cole™  |Olco | DX |ly = |Cole™,

(6)

where the normalization (2) is used. Thus the contribution
from ath eigenmode is negligible when |C,le~ %« « 1, and
hence it is appropriate to define the eigenmode relaxation time
7, as the time at which |C,|e %« = § for a fixed constant §.
Throughout the paper, we fix § = 0.5.

We then have

_ In(ICl/3)
o — Aa

which implies that large expansion coefficients can cause the
delay of the relaxation [22].

Which eigenmodes are responsible for metastable states?
To answer this question, let us examine the possible largest
value of t,, over all initial distributions. From Eq. (4), we have
an upper bound

; @)

ITT| o [ PCO) 14 1
C,| < ——=% . — ¢
ICal < @ . @ @ . @ e ®

This upper bound is always realizable: |C,| = ¥, when P,(0)
is nonzero only for n such that [1*) = 1. Thus, we obtain
In(W, /8
max 7, = M =: 1,. ©)]
P©) Ay
The eigenmode relaxation times {%,} tell us about which
eigenmodes can compose metastable states. In bracket nota-
tion, the time evolution operator is written as

—Gt — Z \Ilae_A"‘t |q)(ct)> (H(a)| . (10)

o

For a timescale specified by 7, we consider a subset M
of eigenmodes such that 7, <t for any o ¢ M. Since
Wye el = §ete@ « 1 for o ¢ M, we have e ¥ =~
Y wert Yo el |@@) (T, which implies that a metastable
state consists of eigenmodes in M.

III. METASTABILITY AND EXPLOSIVE GROWTH OF
EIGENMODE EXPANSION COEFFICIENTS

In this section, we show that W, becomes huge and signif-
icantly changes the relaxation time in many-body stochastic
models, i.e., an N-particle system in a double-well potential
and the FA model. Through the analysis of those models,
we consider three kinds of metastability, i.e., the potential-
induced metastability, the interaction-induced metastability,
and the metastability due to kinetic constraints. It is shown
that the potential-induced metastability is associated with
small eigenvalues, whereas the others are caused by an ex-
plosive growth of expansion coefficients W,,.

A. Noninteracting particles in a double-well potential

Let us begin with the simplest model, i.e., N indepen-
dent particles in a double-well potential under the two-state
approximation (see Fig. 1). Each particle i (i = 1,2,...,N)
is either in the left or right well, which is expressed by a
spin variable o; = £1 (0; = 1 corresponds to the left well).
Then N-particle state is specified by a set of spin variables
(01,02, ...,0x), and there are D = 2V different states. The
state 0; = +1 (left well) has the energy ¢ > 0, and the en-
ergy barrier undergoing in the transition from o; = 41 to
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FIG. 1. Schematic picture of the model. Here, Ez denotes the
energy barrier and ¢ the potential energy of the left well. In the
interacting model, particles in the same potential well interact with
each other (g denotes the interaction strength).

—1 is given by Eg > 0. By choosing the temperature as the
unit of energy (i.e., § = 1), transitions of ith particle from
o;, =1 to —1 and vice versa happen at rates given by the
Arrhenius law 7, 'e s and 7, 'e~E#*®), respectively. Here,
Tp is a certain microscopic timescale, which is chosen as
the unit of time, i.e., Ty = 1. This transition rate satisfies the
detailed-balance condition for the Hamiltonian H = eN, :=
& Zf\/: ,(0; +1)/2, where the number of particles in the left
well is denoted by N,. Similarly, we define N = N — N, as
that in the right well.

In the single-particle problem, the generator is a two-by-
two matrix, and it has two eigenvalues Ag =0 and A; =
e F5(1 4+ ¢7¢). The right and left eigenvectors are denoted
by ¢@ and 7@ (@ =0 or 1), respectively. In the N-
particle case, the eigenvalues {A,} are given by the sum of
single-particle eigenvalues as A, = vazl oM, Where o; =
0, 1 specifies which eigenmode is occupied by ith particle.
The corresponding eigenvectors are given by the product of
single-particle eigenvectors: @ = ¢@) @ ) ... @ v
and 1:[(00 = (@) ® gl .. ® 7 lan)

The maximum expansion coefficient ¥, in Eq. (8) for each
« is explicitly calculated as follows:

2 Z;V:IO‘"
v, = . 11
- (20) a

When YV a; = O(N), W, = ¢®™ for ¢ > 0. Expansion
coefficients diverge exponentially in N. Although the corre-
sponding eigenvalue is extensively large A, = O(N), it is not
correct that this eigenmode decays in a timescale t ~ A' =
O(N~'). The eigenmode relaxation time %, is evaluated as

B In(8) N eEs | 2 a2
Ty = — n )
* Ay 1 4ee 14e¢

whose second term is independent of the system size and A,.

In this model, the “all-left” state, ie., 0y =0, =--- =
oy = 1, is considered to be a many-body metastable state for
large Ep. Expansion coefficients for this state are explicitly
calculated, and it is found that C, = ¥, and 7, = 7, for all «,
i.e., this state gives the maximum expansion coefficients for
all eigenmodes.

Even in this simplest case, explosive growth of expansion
coefficients occurs. However, W, does not depend on Ep, and
hence large W, is not related to metastability in this noninter-
acting model.

B. Interacting particles in a double-well potential

Let us introduce interactions. We here consider a sim-
ple model in which two particles in the same potential
well equally interact with each other. The interaction energy
is given by Ein = —(g/N)IN+(N;. — 1)/2 + N_(N- — 1)/2],
where g > 0 denotes the interaction strength (the scaling 1/N
ensures the extensivity of the energy). The interaction changes
the effective potential felt by a single particle: the energy
is written as E(Ny) = e, Ny +e_N_ with e, = ¢ — g(N; —
1)/N and e = —g(N_ — 1)/N. The effective energy barrier
from o; = £1 to F1 is thus given by E,gi) =Ep+e—eq.
The model with interactions is obtained by replacing (e, Ep)
in the noninteracting model by (¢4 —¢e_, El(;r)). Obviously,
interactions g > 0 effectively increases the energy barrier and
causes slower relaxation, which we call interaction-induced
metastability.

The master equation in this model is generated by a
2N _dimensional generator. Instead of considering the full gen-
erator, let us employ the simplified description by focusing
on the dynamics of a collective variable Ny € {0, 1, ..., N}
only. Since the energy only depends on N, in our model, we
can exactly obtain the dynamics of N,. Let the probability
distribution of N at time ¢ be denoted by Py, (t). Then the
master equation for Py, (¢) is written as

dPy, (1)
[Cvl; = _GN+.N++1PN++1(I) - GN+vN+71PN+71(t)

+ (Gn 1,8, + Gy —1.N, )Py, (1), (13)

() . .
where Gy, 1y, = —Nse Es . This generator satisfies the
detailed-balance condition of the form

Gy, —in.e "N =Gy, y,_je FMD, (14)

where F'(N;) = E(Ny) — S(N;4) denotes the free energy of a
state specified by NV,.. The entropy S(NV,) is given by S(V;) =
In(N!/(N4IN_D).

The (N + 1)-dimensional generator in Eq. (13) is a diago-
nal block of the original 2V -dimensional full generator. Thus,
the full generator has other 2¥ — (N + 1) eigenmodes, which
are dropped in this description. However, it does not affect the
conclusion (see Appendix A).

We now fix Eg = 1 and € = 5. In our model, there is the
non-ergodic phase for g 2 8.8, in which we have an extensive
free energy barrier AF o« N and the relaxation time T di-
verges in the thermodynamic limit as 7] = ef = ™). We
discuss the non-ergodic phase in Appendix B, and here we
focus on the ergodic phase at which the free energy F' (V) is
a monotonic function of N, .

First let us investigate the g-dependence of the spectral gap
of G. Numerical results for different g and N are presented in
Fig. 2. It clearly shows that the spectral gap of G is almost
independent of the value of g for large N, although the finite-
size effect is stronger for larger g. It means that the spectrum
gap A does not reflect the increase of the relaxation time due
to interactions.
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FIG. 2. Spectrum gap A; of G against the system size N for
g =2, 3, and 4. The saturated value of the gap at large N is almost
independent of N.

Next, we compute {7,} at g = 2 for different N and show
the result in Fig. 3. Although the typical value of A, lin-
early grows with N, that of 7, looks convergent for large
N. According to Eq. (9), it means that expansion coefficients
typically grows exponentially in N, which is already seen in
the noninteracting model. In Fig. 3, 7, for the all-left initial
state is also plotted by squares with a dashed line in Fig. 3,
which completely agrees with %, as in noninteracting case.
The all-left state has the maximum expansion coefficients for
all eigenmodes, |Cy| = W,,.

It turns out that the eigenmode «* that gives the largest
relaxation time Tpma,x = max, T, = T,+ appears in the middle
of the spectrum, A+ o N, not at the spectrum edge. Since the
relaxation particularly slows down far from equilibrium with
large N, an extensive number of particles simultaneously
undergo dissipation in a many-body metastable state, which
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FIG. 3. Eigemmode relaxation times {z,} against their eigenval-
ues A, for different N. We find a peak structure, and the peak shifts
towards larger eigenvalues as N increases. We also plot {Z,}, which is
indistinguishable from {z,}. (Inset) Logarithmic plot of 7,,x against
g for N = 30.

t

FIG. 4. Dynamics of the expectation value of N, for different
values of g at N = 30. Vertical dashed lines represent Tp, for
each g.

would be the reason why eigenmodes with extensively large
eigenvalues are important here.

We plot 7,,,x against g in the inset of Fig. 3. We find that
Tmax iNcreases exponentially in g, which is consistent with
the intuitive picture that interactions effectively increase the
energy barrier. This increase of the relaxation time stems from
rapid growth of expansion coefficients with g.

In order to compare the physical relaxation time with
Tmax, We numerically compute the dynamics of (Ny) =
> ~, N+Py, (1) starting from the all-left initial state. The nu-
merical result for different g at N = 30 is shown in Fig. 4. The
quantity (N, ) reaches the stationary value roughly at# = Tyax,
which is shown by vertical dashed lines in Fig. 4. It is thus
confirmed that 7,,,x coincides with the physical relaxation
time of the system.

C. Fredrickson-Andersen model

In the model considered so far, interaction-induced
metastability is explained by the many-body explosion of
expansion coefficients. Here we examine the FA model [17] as
a prototypical example of kinetically constrained models [23]
studied in glass and jamming transitions [6]. Metastability in
a kinetically constrained model is not due to energy barriers
but due to dynamical rules. As we see below, the many-body
explosion of expansion coefficients also explains this kind of
metastability.

Suppose that each site i € {1, 2, ..., L} is occupied (n; =
1) or empty (n; = 0), and the transition rates from n; = 0 to
1 and that from n; = 1 to 0 are given by C;p and C;(1 — p),
respectively, where p corresponds to the average density at
equilibrium and C; expresses dynamical constraints. In the FA
model [17], C; = 1 — n;_1n;41, which means that the site i
can change its state only if at least one of the two neighbors
i — 1 and i+ 1 is empty. Since this transition rate satisfies the
detailed balance condition with respect to the noninteracting
Hamiltonian H = —u ZiLzl n;, where u = In[p/(1 — p)] de-
notes the chemical potential, the equilibrium state is trivial
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FIG. 5. Eigemmode relaxation times {7,} against their eigenval-
ues A, for different L in the FA model with p = 0.1. (Inset) Tyax
against L.

but its dynamics exhibits interesting properties, which is a
common characteristic of kinetically constrained models.

In the FA model, it is rigorously proved that the spectral
gap of G remains finite in the thermodynamic limit for any
0 < p < 1 [24]. However, the maximum relaxation time ex-
hibited by this model diverges in the thermodynamic limit for
any p. Because of the kinetic constraint, a cluster of particles
can decay or grow only from its edges. Therefore, if the initial
state has a macroscopically large cluster of size O(L), the re-
laxation time is at least of O(L). A state with macroscopically
large clusters is therefore regarded as a metastable state. This
increase of the maximum relaxation time should be due to an
exponential growth of W, [25].

Under the periodic boundary condition, {%,} for p = 0.1
are computed and plotted in Fig. 5. We see that in the FA
model W, = %D for o with A, = O(1), which results in
Tmax X L even though the spectral gap remains finite.

IV. DISCUSSION

We have shown that the many-body explosion of eigen-
mode expansion coefficients is responsible for slow relaxation
in many-body stochastic systems. We emphasize that this is a
generic phenomenon, and it would also occur in nonequilib-
rium dynamics without detailed balance. Concepts related to
slow relaxation, such as metastable states, must be reconsid-
ered.

Since the maximum value W, of the expansion coefficient
for an eigenmode « is given by the inverse of the overlap
between the left eigenvector T1® and the right eigenvector
®@, the many-body explosion of W, indicates a mismatch
between the supports of these two vectors. Under the detailed
balance condition, left and right eigenvectors are given by
@ o ¢ PHI2W (@ and TI@® o PH2W @ where W@ is the
eigenvector of the symmetric matrix G' = ef/2Ge=PH/2 with
the eigenvalue A,. Therefore, the support of d, (1) tends
to be localized at low (high) energies, which may result in
an extremely small overlap [1@ . @ = ¢=9M) We however
point out that explosive growth of ¥, occurs even when G is

a symmetric matrix, i.e., H = 0, which is realized in the FA
model with p = 1/2. We also emphasize that it would also
occur in nonequilibrium stochastic dynamics without detailed
balance.

In the two models examined in this paper, {Z,} are broadly
distributed, and no clear separation in {%,} is observed. In such
a case, it would be a difficult problem to identify metastable
states [26—28]. Existing mathematical theory on spectral char-
acterization of metastable states [11] provides a recipe to
construct a metastable state as a linear combination of relevant
eigenmodes of G, but it is not applicable to our case, in
which slow relaxation is caused by the many-body explosion
of expansion coefficients. Although we can identify which
eigenmodes are important for metastable states by looking at
{7,}, it is not straightforward to find a systematic method to
construct metastable states by using them. We leave it as a
future problem.
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APPENDIX A: DIAGONALIZATION OF FULL
GENERATOR

In the main text, we consider the model of N interacting
particles in a double-well potential within the two-state ap-
proximation. In this model, each microscopic state is specified
by the set of “spin” variables {o;} = {01, 02, ..., oy}, Where
o; =41 (—1) means that ith particle is in the left (right)
potential well. In the main text, the master equation for the
probability distribution Py, () of the collective variable N, =
Zﬁvzl (o; + 1)/2 is examined.

Here we diagonalize the generator of the master equation
for the probability distribution P,;(t) over all microscopic
states, which we call “the full generator”, and compare with
the description using the collective variable N.. The result
for N=15,g=2,Eg =1, and ¢ =5 is shown in Fig. 6. In
the calculation, in order to avoid eigenvalue degeneracies, we
introduced very weak inhomogeneity: ¢ is replaced by ¢; =
€ + §&;, where {§;} are independent random variables uniformly
drawn from [0, 10~*].

Figure 6 shows that the full generator contains all the
eigenmodes of the generator of the master equation for the
collective variable (shown by open circles). This is because
the collective variable is completely decoupled from the other
degrees of freedom in our model. In general, of course, coarse-
grained description using collective variables is not exact.

APPENDIX B: NON-ERGODIC PHASE

In the two-state model of interacting particles in the
double-well potential, we have the non-ergodic phase for
g > g., where g. ~ 8.8 for e =5. When g < g., F(V;) is a
monotonic function of N, , whereas when g > g, it becomes
nonmonotonic and has a local minimum, which is due to
the mean-field character of the model. The non-ergodicity
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FIG. 6. Eigenmode relaxation times {%,} obtained by the diago-
nalization of the full generator of the master equation for N = 15,
g=2,Ep =1, and ¢ = 5. Those obtained by using the generator of
the master equation for Py, (¢) are shown by open circles.

in the thermodynamic limit is a result of an extensive free
energy barrier AF o N. The local minimum is interpreted as
a metastable state in this case, and its lifetime grows with N
as eAf = O,

In the non-ergodic phase, metastability is fully explained
by the gap closing of G. We find that o* = 1 and A oc e™2F.
The corresponding maximum expansion coefficient W; does
not grow with N. This is explained by the fact that relaxation

6
10 N=10 u

5 N=20 e
10 * N=30

4 [
107 ¢ E
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d 3 max .
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FIG. 7. Eigenmode relaxation times {%,} against {A,} in the
non-erogdic phase. (Inset) Tn.x = max, T, against N. It increases
exponentially in N, in agreement with const. x e*F that is shown
by the dashed line. The parameters are chosen as ¢ = 5, Ep = 1, and
g=10.

of a metastable state across the free energy barrier is regarded
as a single-particle problem with the cooridinate x = N, /N.
There is no “many-body” explosion in the relevant expansion
coefficient. We show numerical results for e = 5, Eg = 1, and
g =10 > g, in Fig. 7. The maximum eigenmode relaxation
time Tpa = Max, %, agrees with const. x e®F, where AF ~
0.113 (see the inset of Fig. 7).
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