PHYSICAL REVIEW RESEARCH 3, 043109 (2021)

Vortex and soliton dynamics in particle-hole-symmetric superfluids
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We propose to induce topological defects in particle-hole-symmetric superfluids, with the prime example
of the Bardeen-Cooper-Schrieffer state of ultracold atoms, and detect their time evolution and decay. We
demonstrate that the time evolution is qualitatively distinct for particle-hole-symmetric superfluids and point
out that the dynamics of topological defects is strongly modified in particle-hole-symmetric fluids. We obtain
results for different charges and compare them with the standard Gross-Pitaevskii prediction for Bose-Einstein
condensates. We highlight the observable signatures of the particle-hole symmetry in the dynamics of decaying

solitons and subsequent vortices.
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I. INTRODUCTION

The presence or absence of particle-hole symmetry in
a physical system is a fundamental property pervading its
dynamical properties. Particle-hole symmetry is realized in
Lorentz invariant theories such as the standard model of
elementary physics [1], low-energy effective models close
to quantum criticality [2], and the famous Bardeen-Cooper-
Schrieffer (BCS) theory of superconductivity [3,4]." We note
that the order parameter dynamics of high-7; superconduc-
tors can be described by an effective particle-hole-symmetric
theory, which allows for exploring the dynamics of the
Higgs/amplitude mode [5-8]. Similarly, in ultracold neutral
atoms the emergence of an effective particle-hole symmetry
has been predicted theoretically [9,10] and confirmed experi-
mentally [11,12]. Recently, amplitude oscillations of the order
parameter in the Bose-Einstein condensate (BEC) to BCS
crossover have been reported [13], suggesting the presence of
approximate particle-hole symmetry.

The dynamics of topological defects, such as solitons and
quantized vortices, derives from and exemplifies the proper-
ties of the underlying quantum fluid. The stability of solitons
has been discussed extensively for the nonlinear Schrédinger
equation or Gross-Pitaevskii (GP) equation [14-18]. Za-
kharov and Rubenchik coined the term snaking to refer to
the characteristic bending of solitons prior to their decay.

'Due to the close connection between relativistic Lorentz in-
variance and particle-hole symmetry, models that are particle-hole
symmetric are also sometimes referred to as relativistic models.
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Snaking is a manifestation of the Magnus force. This has
been discussed for neutral bosonic systems within the GP
equation [19-25], in the BEC-BCS crossover [26—28], and in
superconductors [29,30].

We propose to determine the influence of particle-hole
symmetry on the dynamics of topological defects in two-
dimensional neutral superfluids. We focus on the BCS state
as our primary example, but our results hold for any ap-
proximately particle-hole-symmetric system, e.g., bosons in
an optical lattice near unit filling [12]. For this purpose
we present the similarities and differences in the dynam-
ics of topological defects in the absence and presence of
particle-hole symmetry. We also compare the dynamics of the
particle-hole-symmetric theory for zero and nonzero Noether
charge, corresponding to a balanced mixture of particles and
holes and an imbalanced mixture of particles and holes,
respectively. We find that the case with nonzero charge is
reminiscent of the dynamics of the GP equation. On the
other hand, for vanishing charge, in which the number of
particles and holes is balanced, we show that vortices do not
experience any Magnus force. This leads to a soliton decay
without snaking, setting it apart from soliton dynamics in
non-particle-hole-symmetric fluids, such as BECs. To induce
soliton dynamics of the quantum fluid in the BCS limit, we
propose to imprint a soliton on the BEC side of the crossover
in the presence of a potential barrier. As the next step, we
propose to ramp the fluid adiabatically across the crossover
into the BCS limit while keeping the barrier potential up.
Finally, the barrier potential is ramped to zero, to induce the
soliton dynamics. This protocol of initializing the dynamics
enables imprinting of the phase pattern with an off-resonant
optical pulse, whereas direct phase imprinting in the particle-
hole-symmetric limit is prohibited. We note that this statement
holds only for an exact particle-hole-symmetric case. In ex-
periments such as those in Ref. [27], particle-hole symmetry is
only approximately realized. That is, the appropriate effective
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FIG. 1. Schematic representation of (a), (c), and (e) the proposed
protocol to imprint a soliton and (b), (d), and (f) the corresponding
density profiles ||> and phase distributions 6. (a) A narrow laser
sheet is applied to a quantum fluid on the BEC side of the crossover
to create a density depletion in the condensate. (b) and (d) The
quantum fluid is split into two subsystems with a relative phase of
zero. (c) Next a 7w pulse is applied to half of the condensate to create
(e) and (f) the phase pattern of a dark soliton. Next the interaction is
adiabatically changed across the crossover deep into the BCS side.
The narrow laser sheet separating the two subsystems is removed,
which triggers the soliton dynamics. Here £ is the healing length of
the condensate.

action is expected to have both K; 9, and K, 8,2 contributions, as
we discuss below. The K9, term allows the phase imprinting
as it is the dominant term in the BEC regime. The proposed
protocol is displayed in Fig. 1.

II. SYSTEM

We consider a low-energy effective models of the form [3]
S= /dzxdt(Kz(afI//)(aﬂ/;) — Ky By
lo- 2, &, 4 2
= =VY VY —uly | + SV + Vel VI
m 2
— ipQl@ )y — &afwl), M

where K, are the above-mentioned parameters that deter-
mine the time dependence, u is the square root of the gap
energy, which has the dimensions of a mass term, g is the
contact interaction strength, and Vi is the externally applied
potential. A similar effective field theory has been proposed
and discussed to model the BEC-BCS crossover in [31-34].
We include a Lagrange multiplier 11 to fix the Klein-Gordon
charge (7) (discussed below). By setting K, = 0, K; = 1, and
nq = 0, we recover the GP equation

v2
0y (X, 1) = %w(x,t)wLV(llﬁlz)lﬁ(X,l), @)

where V| (x, 1)|?] = 1 — gl (X, 1)]> + Ve (x). We refer to
a condensate described by the GP equation as a GP fluid. This
equation is manifestly not particle-hole symmetric under the
exchange ¥ <> v. On the other hand, particle-hole symmetry
is fulfilled in the action (1) by setting K; = 0 and K, # 0.

We introduce a dimensionless representation via ¥ = /£,
V =V/£, 8 =c,/Ed;, and V = uV, where & is the healing
length of the fluid and ¢, the speed of sound. This leads to the
modified nonlinear Klein-Gordon (NLKG) equation

Fox, 1) = V2P, 1) + VTP, 1)+ ipdif (x, 1).
3)
We refer to condensates evolving according to the NLKG
equation as Klein-Gordon (KG) fluids. In the following we
drop the tilde. We trap the fluid using a box potential of the
form

Vexi(x) = Vo{l + tanh[(|x| — ro)/&1}. “

We note that this model is a relativistic BEC [35-37] and a
similar equation has been proposed to model cold dark matter
[38—40] and relativistic boson stars [41-43].

In the following we show the influence of particle-hole
symmetry on the dynamics of topological defects. For the
KG fluid, we introduce the canonical momentum IT(x,t) =
3V (x, 1)+ inq¥(x, 1) to obtain two coupled first-order par-
tial differential equations

i (x, 1) = TI(X, 1) + ipQy (X, 1), &)

TI(x, 1) = VAU (x, 1) + V(¥ IHP (X, 1) — ingIl(x, 1). (6)

A crucial feature of a KG fluid is that the particle number
N = f [V (X, 1)|2dx is not conserved, in contrast to a GP fluid.
Instead, in the KG fluid, the Noether charge

0= —i/[ﬁ(x,t)wx, 0 — T DY Ol (7)

is conserved. The Noether charge Q can be thought of as the
difference of particles and holes in the system. That is, a zero
Noether charge describes the situation with an equal number
of particles and holes. An intuitive example for illustrating
the Noether charge is a system of interacting bosons in an
optical lattice with unit filling. An excitation corresponds to
exciting one atom out of the lattice side and leaving behind a
hole. Thus, the Noether charge stays unchanged as the same
number of particles and hole were created. Another possible
excitation is to excite the atom out of the lattice and further
removing it from the system, which leaves a hole behind. The
system then slightly goes away from unit filling as there is
now an imbalance between the number of holes and particles
and this corresponds to an effective nonzero Noether charge.
Another example can be envisioned in the BCS regime for
nonzero temperature. Here a rf knife can be used to remove
some of the atoms occupying the Bogoliubov modes, leading
to an imbalance between particle and hole excitations.

We apply the Madelung transformation to the field and the
canonical momentum, in which the field y is written in an
amplitude-phase representation

(X, 1) =A(X, t)explif(x, 1)], ®)

A(x, 1)
A(x, 1)

H(x, 1) = ( +ilug — 6(x, t)])lﬁ(x,t), €))
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and obtain the continuity equation and particle-hole-
symmetric Euler equation

W
3 pxG + TQafps = —V(psu), (10)
\% v /Qd
('Oﬁ 4 @>atu —uVu+ 25 —< Vps), (11)
s 2 2/)0 2 A/ Ps

where we introduce the GP density ps = A2, the KG den-
sity pxg = A29,0, the velocity u = V6, and the box operator
O = 82 — V2. In this representation, the charge simplifies to
0= f pkcdx. In the particle-hole-symmetric Euler equations
there is a prefactor pgg/ps in front of the time derivative of
the velocity field d,u. This prefactor depends on the charge Q.
This is a crucial difference to the GP Euler equation where
this prefactor is always 1.

The particle-hole-symmetric Euler equation (11) has two
quantum pressure terms. One term is due to the kinetic energy
V2./ps

Ps
point motion of the condensate and becomes dominant if the

condensate has spatial variations on short length scales [44].
2 /Ps
Ps

. It is the zero-

of the condensate and is proportional to

The second is proportional to and originates from the

second-order time derivative. It only exists for particle-hole-
symmetric condensates.

We present the local velocity field around a single vor-
tex. Therefore, we transform into the Feshbach-Villars basis,
which translates the NLKG to coupled GP equations for the
particles and antiparticles, respectively [45]

1

= — (P ), 12

¥ ﬁ(llf + ¥ (12)
i

In=—?*—yP). 13
ﬁ(lﬂ ¥P) (13)

Next we expand the field around the vortex core position ry
with the amplitude A’ and phase 6' [see Egs. (8) and (9)] and
propagate the location of the vortex core using the equations
of motion and compare the new location with the previous
location to obtain the local velocity field (for a detailed discus-
sion and derivation see [46—48]). For the two velocity fields
we obtain

(=i, DT - V(AP + A%) + (AP + A (1, )T - Vo
A2 ’

vt =

(14)
(—i, DT - V(AP + A?) + (AP + AY) (1, )T - V6
P = , (15
AP
where the spatial plane (x, y) is represented as the complex
plane z = x + iy. Translating this back into the (i, IT) basis,
we obtain

1 a A?
u¢=7§(vp+v )=ﬁ<1_/ﬁ>”p' (16)

For QO # 0 we have A* # AP, which means that we obtain a
nonzero velocity field. In this case the velocity is proportional
to the velocity obtained for GP fluids [47]. For Q = 0, we
have AP = A% and NP = N?, with N! the total number of
particles/antiparticles. For this balanced scenario the local
velocity field vanishes precisely as shown in Fig. 2. As pointed
out before and as can be seen from Eq. (16), for a finite charge
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FIG. 2. Schematic sketch of (a) and (c) the local velocity fields of
the particles (blue) and antiparticles (red) and (b) and (d) the resulting
total local velocity field for the i field (gray). (a) An unbalanced
mixture of particles and antiparticles with a finite charge Q leads to
(b) a nonzero effective velocity field for the ¥ field. (c) A balanced
mixture of particles and antiparticles with a vanishing charge Q leads
to (d) a vanishing effective velocity field for the v field.

Q corresponding to an imbalance between particles and an-
tiparticles, the magnitudes of the velocity fields are different
[see Fig. 2(a)], which results in a nonzero velocity field for the
KG fluid ¢ [see Fig. 2(b)]. In contrast, for a balanced mixture
the local velocity field magnitudes are the same [see Fig. 2(c)]
and due to the opposite direction of the velocity fields the
velocity field of the KG fluid vanishes [see Fig. 2(d)].

III. NUMERICAL RESULTS

To expand on our analytical predictions and to propose an
experimental setup to detect vortex dynamics of KG fluids, we
simulate the equations using the pseudospectral method [49]
for both the GP and KG fluids. We set the ratio between the
chemical potential o and the contact interaction g to u/g =
10/&2. In the following we express all length scales in units
of &. Our simulations are discretized in a 256 x 256 grid. We
choose ry/& = 25, where ry is half of the box size, as defined
in Eq. (4), and resolve & with three grid points. The phase and
density distribution for snapshots in real time are shown for
a GP fluid [see Fig. 3(a)] and for a KG fluid with vanishing
charge [see Fig. 3(c)]. Circles (KG fluid with Q = 0) and dia-
monds (GP fluid) in red correspond to a phase winding of +1,
while blue corresponds to —1 [see Fig. 3(b)]. The gray arrows
show the flow of time in the figure. It can be seen that for a
dipole distance dj, > 2£ in the GP fluid the dipole will start
to propel forward perpendicular to the dipole axis and will not
annihilate. In contrast, the KG vortex dipoles will move along
the dipole axis and annihilate each other, due to the absence
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FIG. 3. Dynamics of vortex dipole pairs in a GP and a KG fluid.
The phase and the density of (a) the GP fluid and (c) the KG fluid
are shown. (b) The symbols display the locations of the vortices and
antivortices in red and blue, respectively, of the GP fluid (diamonds)
and the KG fluid (circles), and difference times. The snapshots of
(a) and (c) are indicated via black arrows. The gray arrows indicate
the movement of the vortices in time.

of a velocity field. Related observations of vortex dynamics
were reported in Ref. [50]. We note that the particle-hole
symmetry is the origin of this qualitatively distinct behavior
from GP fluid dynamics. We propose that the data from a fu-
ture experimental realization of our proposal could be used to
numerically fit the ratio of K; and K, for different interaction
strengths. This links our proposal to the parameters used in
the universal effective action of such systems.

To investigate the influence of the particle-hole symmetry
on the soliton dynamics, we initialize the condensate with
a modified Thomas-Fermi profile [44], as described in the
Supplemental Material [48], for a box potential in Eq. (4)
with Vy = 10 and ryp = 30 for the GP (KG) fluid and start
with a soliton imprinted in the fluid. We let the condensate
relax using the imaginary-time propagation [51] extended to
particle-hole-symmetric fluids [48]. For the KG fluids, we set
the initial canonical momentum as IT = i52y with uq € R,
resulting in a charge of Q = pN. Furthermore, we add 1%
white noise on the initial condensate density to study the
stability of solitons.

The system is propagated in time according to Egs. (2),
(5), and (6). At lowest order, the Higgs mode and the Gold-
stone mode decouple in a particle-hole-symmetric theory [3].
Within this approximation, this initial state only induces the
dynamics of the Goldstone mode. However, this approxi-
mation fails in soliton and vortex solutions. For the same
parameters © and g, the healing length is twice as large in
the KG case compared to GP equation due to the difference in
the prefactor of the kinetic energy.

In Fig. 4 we present the real-time dynamics of the complex
field ¢ shaded from white to black corresponding to decreas-
ing amplitude, i.e., black regions denote areas with vanishing
|Yr|. The phase of the wave function is represented as color.
The wave function is normalized for each snapshot such that
the maximum value is set to unity to make it easier to compare
GP and KG results.

In the GP fluid, we observe the established soliton instabil-
ity in Figs. 4(a)—4(c) [16] and the motion of trapped vortices
in Figs. 4(c)—4(e) [23,47]. The vortices move towards the edge
of the condensate. As they approach the edge, they experience
a net force and move along the trap boundary as depicted in
Figs. 4(d) and 4(e) [23]. The behavior of the KG fluid with
Q0 # 0 is similar. As displayed in Figs. 4(f)—4(j), the soliton
decays into vortices, which then move around the condensate.
Similar to the GP fluid, as the phase rotates in Figs. 4(f)—4(j),
the vortices experience a net force leading to their motion
along the trap boundary as seen in Figs. 4(i)—4(j).

In contrast, for the KG fluid with Q = 0, the soliton de-
cays into vortices that are located along the soliton axis, as
shown in Figs. 4(k)—4(m). Similar results have been found
in [28]. Moreover, we find that the vortices are not rotating
as displayed in Figs. 4(m)-4(o), which is consistent with
Egs. (14) and (16) and Fig. 3. When the vortices reach the
trap boundary, they evaporate into the thermal cloud as shown
in Figs. 4(n) and 4(0).

IV. CONCLUSION

In conclusion, we have shown that by measuring the den-
sity profile of a two-dimensional condensate after imprinting
a soliton in a particle-hole-symmetric superfluid, such as a
BCS state of neutral particles, it is possible to test the ef-
fective low-energy theoretical description of the system. We
have shown analytically and numerically that for particle-
hole-symmetric superfluids with vanishing Noether charge,
the Magnus force is absent. This allows for a dipole pair of
vortices to approach each other without transverse motion and
to annihilate, reminiscent of a recent observation in Ref. [50].
Another consequence of the vanishing Magnus force is that a
soliton does not bend as it decays into vortices. Probing these
effects experimentally will reveal how well particle-hole sym-
metry is realized in the dynamics of superfluids or whether the
non-particle-hole-symmetric term, the first-order derivative in
time, is the dominant contribution in the effective theory.
This is crucial in understanding the notion of turbulence in
particle-hole-symmetric fluids such as superconductors. Our
work reveals that turbulence in a BCS superconductor and
its scaling laws might deviate from Kolmogorov scaling laws
[52], which apply to classical systems as well to GP fluids.
We note that our predictions could be experimentally con-
firmed using refined experimental technique, such as in situ
observations of two-dimensional Fermi liquids when probing
the BEC-BCS crossover in neutral atoms [53,54] or the well-
controlled imprinting of vortex dipole pairs [50].

ACKNOWLEDGMENTS

We thank Guido Homann and Antonio Mufioz Mateo
for fruitful discussions. This work was supported by the
Deutsche Forschungsgemeinschaft in the framework of SFB

043109-4



VORTEX AND SOLITON DYNAMICS ...

PHYSICAL REVIEW RESEARCH 3, 043109 (2021)

z/€ /€
-20 0 20 220 0 20

z/€
-20 0 20

-20 0 20
y/§ y/§ y/¢

b - s t/T
+71/2
0 P!
ik
-71/2
=
+77/2 A
0 i)
-2
(an)
>~
+71/2 a
0 QO
I
-71/2 S

~20 0 20 ~20 0 20
y/§ y/€

FIG. 4. Overview of the soliton instability for the three distinct cases corresponding to (a)—(e) the GP results, (f)—(j) the KG results with
0 # 0, and (k)—(o) the KG results with Q = 0. For a better comparison between the GP and KG results the v field density is normalized such
that the maximum value is set to unity in each snapshot. The shading of the plots ranging from black to white visualizes the magnitude of the
field ||, while the colormap indicates the phase. (a), (f), and (k) Initial soliton seeded with white noise. (b), (g), and (1) Soliton bending. (c),
(h), and (m) Vortices appearing after the soliton decay. The long-time dynamics of the vortices inside the trap are presented in (d), (i), and (n)
and in (e), (j), and (0). White dashed lines indicate the soliton axis and the perpendicular axis. The spatial length is expressed in terms of the
healing length £. A movie showing the dynamics is presented in the Supplemental Material [48].
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