PHYSICAL REVIEW RESEARCH 3, 043083 (2021)

Hidden nonmacrorealism: Reviving the Leggett-Garg inequality with stochastic operations
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The Leggett-Garg inequality (LGI) distinguishes nonmacrorealistic channels from macrorealistic ones by
constraining the experimental outcomes of the underlying system. In this work, we propose a class of channels
which, initially, cannot violate the LGI (in the form of the temporal Bell inequality) but can violate it after the
application of stochastic pre- and post-operations (SPPOs). As a proof-of-principle experiment, we demonstrate
the stochastic pre- and post-operations in an amplitude-damping channel with photonic qubits. We denote the
above phenomenon as hidden nonmacrorealistic channels. We also discuss the relationship between these hidden
nonmacrorealistic channels [in terms of the temporal Clauser-Horne-Shimony-Holt (CHSH) inequality] and the
strongly nonlocality-breaking channel, which breaks the hidden spatial CHSH nonlocality for arbitrary states. In
general, if the channel satisfies hidden nonmacrorealism, it is not a strongly CHSH nonlocality-breaking channel.
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I. INTRODUCTION

The location of the boundary [1] between classical macro-
scopic systems, which have definite or pre-existing physical
properties, and microscopic quantum objects, obeying the un-
certainty principle, is still under debate. In the seminal work
[2], Leggett and Garg provided a quantitative way to broach
this problem with an inequality which distinguishes genuine
quantum superpositions from macroscopic systems with def-
inite (macrorealistic) observables. Violating the Leggett-Garg
inequality (LGI) implies that the dynamics of the system is
nonmacrorealistic, which means the experimental outcomes
violate either macrorealism per se or noninvasive measurabil-
ity (or both) [3]. Without loss of generality, the dynamics of
the system, which is used to construct the two-time correlation
function for computing the LGI, can always be described by
quantum channels. Therefore, when there is no ambiguity,
throughout this work, we will use the terminology of quantum
channels instead of the dynamical process of the system.

Based on the definition of macrorealism, variations and
refinements of the original LGI can be derived, including the
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quantum witness (or no-signaling-in-time condition) [4-8],
temporal Bell inequalities [9,10], transport-based inequali-
ties [11-13], higher dimensional LGIs [14-16], multitime
correlations [17-19], and the partial exclusion of false viola-
tions arising from clumsy (classically invasive) measurement
[20-24]. In addition, the range of such tests can be presented
as a hierarchy of temporal correlations [25-28]. Further-
more, many significant experiments have been implemented
in different systems, such as photons [29-32], supercon-
ducting qubits [21,24,33-36], and atoms [37,38]. Recently,
temporal quantum correlations (including LGI) have found
applications for quantum information and communication
problems, like witnessing the dimension of a system [39—41],
the certification of quantum memory [42—47], quantum clock
[48], enhancing the quantumness of a system with non-
Markovianity [49,50], self-testing the quantum measurement
[51], and verifying the quantumness of a channel [52-56].

In this work, we propose a class of quantum channels that
alone cannot violate the temporal Bell inequality. However,
after applying stochastic pre- and post-operations (SPPOs),
this class of channels can violate the temporal Bell inequal-
ity. We denote such channels as “hidden nonmacrorealistic
channels”, akin to “hidden nonlocality” in the context of the
spatial Bell inequality [57-59], in which a local state can be
activated to become nonlocal by stochastic local operations
and classical communication [60-64]. In comparing these
two similar scenarios, we find an additional implication of
our result for strongly Clauser-Horne-Shimony-Holt (CHSH)
nonlocality-breaking channels, which break the hidden CHSH
nonlocality for arbitrary states [65]. We show that when the
channel satisfies hidden nonmacrorealism, it is not a strongly
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FIG. 1. Schematic diagram. Without the process in the dashed-
line boxes, the schematic diagram represents the standard non-
macrorealism test. Hidden nonmacrorealism can be observed by
introducing the stochastic operations in the dashed-boundary boxes.

CHSH nonlocality-breaking channel. Therefore, the LGI can
be applied in the certification of the quantumness in a quantum
network.

This work is organized as follows. In Sec. II, we introduce
the formalism and basic concepts related to macrorealism
and strongly CHSH nonlocality-breaking channel. In Sec. III,
we introduce the concept of hidden nonmacrorealism under
the temporal CHSH scenario and its relation to the strongly
CHSH nonlocality-breaking channel. In Sec. IV, we exper-
imentally demonstrate the hidden nonmacrorealism in an
amplitude-damping channel. Finally, in Sec. V, we present the
conclusion and outlook of our work.

II. PRELIMINARY NOTIONS

A. Temporal Clauser-Horne-Shimony-Holt inequality

In this section, we briefly recall the Leggett-Garg inequal-
ity (LGI) in the form of the temporal Bell inequality [3,9,10].
We consider a system undergoing sequential measurements
with classical inputs x(y) and outcomes a(b) acting at time £,
(t1). A schematic diagram of this process is shown in Fig. 1.
If the dynamics of the system obeys macrorealism per se
(the system is always in a macroscopic state), and nonin-
vasive measurability (measurements only reveal the physical
property of the state without disturbance [2,3]), the observed
probability distribution for the outcomes {p(a, b|x, y)} must
be macrorealistic. That is,

pla.blx.y) B Y poplalx, Mpbly. ). (1)
A

where X is the hidden parameter which determines causally
all physical properties including the probability distributions
plalx, 1) and p(Dly, 1).

In contrast, employing quantum theory, the observed prob-
ability distribution can be formulated by Born’s rule, namely,

M
pla. blx,y) & Tr[Myy&(MappoMa)l, Ya.b.x,y.  (2)

Here, py is the initial state, £ is a quantum channel describing
the dynamics between time ¢y and ¢;, and {M,} ({Mp,}) is the
von Neumann measurement set. It has been shown that there
exist statistics (generated by quantum theory) not admitting
Eq. (1) [3,9,10,66,67]. Thus, we denote such a correlation in
time as nonmacrorealism.

The assumption of noninvasive measurability can be recast
as the so-called no-signalling-in-time condition [4-8,68],

Y pla,blx,y) =Y pla,blx,y) Vx#£x. ()

The above formula indicates that the choice of the measure-
ment at time ¢y does not “disturb” the observing probability
distribution at time ¢;. To satisfy Eq. (3) for an arbitrary
measurement set {M,}, we can consider the initial state pg
to be the maximally mixed state because the unnormalized
post-measurement state for von Neumann measurement can
be described by M) 00M )y

To demonstrate our main result, it is convenient to intro-
duce the simplest temporal Bell inequality with the index sets
x,y € {l,2} and a, b € {£1}. The temporal Clauser-Horne-
Shimony-Holt (CHSH) inequality is [10]

Brcusu =Ci,1 +Co 1 +Cip — Gp < 2, 4)

where 2 is the macrorealistic bound, and C,, =) ,a-
b p(a, b|x, y) is the two-time correlation function. Here: the
indices “a” and “b” represent the measurement outcomes of
Alice and Bob with measurement bases labeled by x and y at
different times #, and #;, respectively. If the temporal CHSH
inequality is not violated, the correlation is regarded as CHSH
macrorealistic. We note that there is no difference between the
temporal CHSH and the standard CHSH inequality unless one
a priori knows how to generate the probability distributions.

B. Strongly Clauser-Horne-Shimony-Holt
nonlocality-breaking channel

Before showing our main result, we briefly recall the con-
cept of the (strongly) CHSH nonlocality-breaking channel
[65,69]. A bipartite state pap is said to be CHSH nonlocal
if it violates the CHSH inequality, which has the same form
of Eq. (4). Otherwise, we say the state is CHSH local. In
addition, we say that a state is hidden CHSH nonlocal if a
CHSH local state can become nonlocal after applying stochas-
tic local operations with classical communication. Here, we
use the local filtering operations, denoted by A, and Ag,
to implement the stochastic local operations with classical
communication [61-63]. A bipartite state after local filters can
be described by

Pag = (Ka ® Kg)(pap) (K ® KJ)/N, (5)

where K, (Kp) is the Kraus representation of the local fil-
tering operation, and N = Tr[(Kx ® KB)(,OAB)(K/I ® Kg )] is
the normalization constant. In general, a local filtering opera-
tion is a complete-positive (CP) trace-nonincreasing map with
only one Kraus operator. Therefore, we can define another
Kraus operator, K, = /1 — K| Kj, such that Kf[(l + K;Kz =
1 forms a quantum channel. In addition, since there are only
two Kraus operators in the above quantum channel, the system
through the local filter (K;) can be regarded as a successful
operation. On the other hand, the system after K, is denoted
as a fail operation. In this case, N represents the success
probability. Now, if a correlation, obtained after the channel £
acting on the subsystem, always satisfies the CHSH inequality
for arbitrary measurements and bipartite states, the channel
is CHSH nonlocality-breaking. More specifically, a CHSH
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nonlocality-breaking channel generates the correlation
pla, blx,y) = Tt[My @ My (1 ® E)pagl, (6)

which always satisfies the CHSH inequality with arbitrary
measurement sets {M,,} ({Mp,}), and state pap. Note that
the measurement M, (Mp,) is implemented on one of the
spatially separated states. Furthermore, if the evolved state
(1 ® &)pap does not show hidden CHSH nonlocality for any
input state and any choice of measurements, the channel
can be further denoted as a strongly CHSH nonlocality-
breaking channel. It has been shown [65] that the strongly
CHSH nonlocality-breaking channel can be certified by test-
ing whether the Choi state of the channel, defined as pcy =
(1I®&E)|PL) (D] with |D,) = 1/«/32[ |i) ® |i), shows the
hidden CHSH nonlocality. Note that the Choi state can be
defined not only for the quantum channel but also for CP maps
[70-72].

III. HIDDEN NONMACROREALISM

We now consider a more general protocol by which we can
“activate” nonmacrorealism from apparently macrorealistic
channels by introducing stochastic pre- and post-operations
(SPPOs). The schematic diagram of the process is shown
in Fig. 1. More precisely, given a quantum channel &£, that
obeys Eq. (1) for arbitrary measurements {M,,} and {My,},
nonmacrorealism can be observed after applying the SPPOs
described by the pre and post filters Apr and Apos. The prob-
ability distribution of the outcomes from the whole process
including measurements, SPPOs, and channel can now be
formulated as

pla, blx,y) = Tr|:Mb|y<

Aposl ofo Apre(Max))] )

d x N(alx)
where the normalization constants are
N(alx) = Tr[Apost ofo Apre(Malx)]/d- (®

Here, the initial input with dimension d has already been
inserted. Note that, in general, the success probability depends
on the initial state. However, since we consider the maxi-
mally mixed state as the input, the postmeasurement states
correspond to eigenstates of the von Neumann measurement
operators. Therefore, the success probability depends on the
measurement set. Similar to the concept in hidden CHSH
nonlocality, the CHSH macrorealistic channel, which can be
activated to a CHSH nonmacrorealistic one by SPPOs, is
denoted as hidden CHSH nonmacrorealistic channel.
Physically, A can be experimentally implemented by weak
measurements [73], or a filtering process [60,61,74—77]. In the
next section, we will explicitly show how filtering operations
can activate a hidden CHSH nonmacrorealistic channel. We
also note that weak measurements have been used to experi-
mentally demonstrate standard nonmacrorealism in different
physical systems, including photonic systems [29], supercon-
ducting circuits [34], and atom transport systems [38].
Recently, it has been shown that a channel which is not
a CHSH nonlocality-breaking channel can be witnessed by
violating the temporal CHSH inequality [56]. In other words,
if the temporal CHSH inequality can be violated, the channel
is not CHSH nonlocality-breaking. Here, we further show

how temporal quantum correlations can be used to distinguish
the strongly CHSH nonlocality-breaking channels from their
counterparts [65].

We consider the Choi representation of the channel
with pre and post filters, namely pcy := (1 ® Aposi 0 & 0
Apre)| D) (D], the output state under a general physical map
(CP map is up to renormalization) A(X) = Trj[1 & X T pcy]
[78], and the property of the maximally entangled state (I ®
X)P,L) =XT®1)|d,). Here, X represents any operator
and T denotes the transpose. To compare with the strongly
CHSH nonlocality-breaking channel, we further assume that
the normalization constants are uniform N(a|x) =N Va, x
[cf. Eq. (5)]. In other words, the success probability is in-
dependent of the choice of the measurement set {M,.} (see
also Ref. [44] which discusses the same issue in the LGI).
Inserting the above into Eq. (7), we can see that testing hidden
CHSH nonmacrorealistic channels is the same as certifying
whether the Choi state of the channel £ shows hidden CHSH
nonlocality (cf., Sec. II [65]). Equivalently, if there is hid-
den CHSH nonmacrorealism, the corresponding channel is
not strongly CHSH nonlocality-breaking. Thus, the temporal
Bell inequality can be used to certify the quantumness of a
quantum channel in a quantum network.

IV. EXPERIMENTAL DEMONSTRATION

As a proof-of-principle demonstration, we consider the
hidden CHSH nonmacrorealism in an amplitude-damping
channel with photonic qubits. The amplitude damping is com-
monly used to describe the energy dissipation or spontaneous
emission. An amplitude-damping channel £(p) can be decom-
posed into

E(p) = EipE{ + E2pE] ©

with
E; = VT —u[1)(1] +10)(0], (10)
E, = vl0)(1], (1n

corresponding to the decay of the population in |1) and
the quantum jump from |1) to |0), respectively, and v €
[0, 1] being the visibility. At high visibility, the qubit in the
amplitude-damping channel tends to be in the state |0) and
exhibits CHSH macrorealism (Bt_cusg < 2) for v > vy, =
0.5. However, as demonstrated by our experiment, the CHSH
nonmacrorealism (Bt_cusy > 2) can be observed for v > vy,
if the following SPPO (filtering processes) are exploited,

Kpre = 10)(0] + /1 = DI1)(1], 12)
Kpost = v 1 = D[0){0] 4 [1) (1], 13)

where D € [0, 1] is the power loss of state |0).

A. Experimental setup

The schematic of our experimental setup is illustrated in
Fig. 2. The type-II quasi-phase-matched spontaneous para-
metric down-conversion (SPDC) is realized in a periodically
poled lithium niobate waveguide pumped by a 780-nm CW
laser (ECDL system). The co-propagating 1560-nm photon
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FIG. 2. Experimental setup. BP: Band-pass filter; SPD: single-
photon detection modules. BW: Brewster window plate. The time
digitizer is triggered by the horizontally polarized photons. The co-
incidence counts are recorded once the measurements My, lead to
clicks at Stop 1 or Stop 2.

pairs are spatially separated with a polarizing beam split-
ter (PBS). This allows us to herald a single photon in the
signal channel by detecting an idler photon. To test the tem-
poral CHSH inequality, we send a maximally mixed state
into the amplitude-damping channel at 7y by preparing the
qubit in an ensemble of the eigenstates of &, and &, with
equal probability [79]. In addition, we use the von Neumann
measurement sets {M,.} = {6,, 6,} at time fy and {My,} =
(6 + 6,)/7/2. (85 — 6,)//2) at time 1.

The amplitude-damping channel is implemented in a
Sagnac-like interferometer [73,80] with polarization encod-
ing, |0) = |H) and |1) = |V). The |H) and |V') components of
the qubit are first separated by a PBS. The |V) component is
then passed though a half-wave plate (HWP1), with its fast
axis rotated at 0 < 6 < 7 /2 (sin26 = /v), and converted
probabilistically to the |H) component after the PBS. To
compensate the additional phase induced by HWP1, another
half-wave plate (HWP2) tilted at an angle is inserted in the
interferometer arm of the |H) component. After leaving the
interferometer, the |H) component is temporally delayed by
traveling a longer optical path than that by the |V') component
before the two components are recombined incoherently on a
nonpolarizing beam-splitter (BS). By doing so, an initial state
like

p = (a[H) + BIV)) (@ (H|+ B*(V]) (14)
is altered to

E(p) = (a|H) + Bcos20|V)) (o™ (H| + B* cos20(V])
+ B%sin? 20 |H)(H|, (15)

in the amplitude-damping channel. Essential to our demon-
stration is the K and Ko of the SPPOs. These operators
are implemented by the glass windows placed at the Brewster
angles. By adjusting the principle axes of the windows, we
can filter out the |V') or |H) component, which corresponds to
the actions Ape and Apog in Fig. 2. In our experiment, D is
approximately 0.45 for both Kj,re and Kpog.

Br_cusu

1.0 { = Theory Amplitude Damping (AD) RN \
——~- Theory AD with SPPOs D=0.45 Ny
—-= Theory AD with SPPOs D=0.99
@ Exp. AD
A Exp. AD with SPPOs D=0.45

0.5 1

0.0

0.0 0.2 0.4 0.6 0.8 1.0
(%

FIG. 3. Observation of the hidden CHSH nonmacrorealism in an
amplitude-damping channel with visibility v. The grey shaded area
at the bottom represent the macrorealistic regime. Without apply-
ing the SPPOs (blue dots with solid curves being the theoretical
prediction), the temporal CHSH inequality is violated Br.cysy > 2
up to v = 0.48. With the SPPOs (red triangles with dashed curves),
the violations are observed up to v = 0.64. The green dot-dashed
curve represents the theoretical prediction with loss D =~ 1 (where
D = 0.99). The error bars take into account the finite accuracy
of the waveplate’s angle (£1°), imperfect Brewster windows (D =+
2%), misaligned incident polarization (£1°), and nonideal visibility
(96-98%) of the Sagnac interferometer.

B. Experimental results

The hidden CHSH nonmacrorealism is experimentally
probed by the violation of the temporal CHSH inequality
Eq. (4). Figure 3 shows the measured By.cysy versus the
visibility v = sin? 20. Without the SPPOs (circular dots), we
observe the CHSH nonmacrorealism up to v = 0.48, which
is in good agreement with the theory (solid curve). The
slight deviation between our observation and theory likely
results from the finite accuracy of the waveplate’s angle,
nonideal Brewster windows, misaligned incident polarization,
and imperfect visibility of the Sagnac interferometer. After
applying the SPPOs (triangular dots), the violation of the
temporal CHSH inequality can be observed up to vpax =
0.64 > vy, thus demonstrating the hidden CHSH nonmacro-
realism in the region of 0.5 < v < 0.64. We note that the
range of the observable hidden CHSH nonmacrorealism is
only limited by the power loss D chosen for the SPPOs
in Eq. (12). For example, the hidden CHSH nonmacrore-
alism can be observed up to vy, = 0.83 if D &~ 1, which
can be achieved by using more glass windows at the Brew-
ster angles. We also note that when v > (.5, the channel is
CHSH nonlocality-breaking [69]. Therefore, our experimental
observation implies that the amplitude-damping channel is
not a strongly CHSH-nonlocality-breaking channel [65] for
0.5 <v<0.64.

V. DISCUSSION

In this work, we have proposed and demonstrated hid-
den nonmacrorealism. More specifically, we have shown how
macrorealistic channels can be “activated” to nonmacrorealis-
tic channels by using the stochastic pre- and post-operations
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(SPPOs) both theoretically and experimentally. In other
words, our proposal provides a heuristic way to partially mit-
igate certain types of temporal quantum correlations against
decoherence. In addition, we have shown how strongly CHSH
nonlocality-breaking channels are related to the hidden CHSH
nonmacrorealistic channels. In general, when the system is
hidden CHSH nonmacrorealistic, it is not a strongly CHSH
nonlocality-breaking channel.

This work also suggests some open problems. How can one
determine the set of hidden nonmacrorealistic channels? Is it
enough to test whether the Choi state of the channel shows
the hidden nonmacrorealistic channels? As we have shown
in our experiment, certain consequences of decoherence can
be suppressed by applying SPPOs. In fact, similar ideas can
be generalized and applied to different problems, e.g., re-
viving quantum interference [81] and quantum teleportation
power [82].
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