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From dual-unitary to quantum Bernoulli circuits: Role of the entangling power in constructing
a quantum ergodic hierarchy
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Deterministic classical dynamical systems have an ergodic hierarchy, from ergodic through mixing, to
Bernoulli systems that are “as random as a coin toss.” Dual-unitary circuits have been recently introduced
as solvable models of many-body nonintegrable quantum chaotic systems having a hierarchy of ergodic
properties. We extend this to include the apex of a putative quantum ergodic hierarchy which is Bernoulli, in
the sense that correlations of single and two-particle observables vanish at space-time separated points. We
derive a condition based on the entangling power ep(U ) of the basic two-particle unitary building block, U ,
of the circuit that guarantees mixing, and when maximized, corresponds to Bernoulli circuits. Additionally, we
show, both analytically and numerically, how local averaging over random realizations of the single-particle
unitaries ui and vi such that the building block is U ′ = (u1 ⊗ u2)U (v1 ⊗ v2) leads to an identification of
the average mixing rate as being determined predominantly by the entangling power ep(U ). Finally, we
provide several, both analytical and numerical, ways to construct dual-unitary operators covering the entire
possible range of entangling power. We construct a coupled quantum cat map, which is dual-unitary for
all local dimensions and a 2-unitary or perfect tensor for odd local dimensions, and can be used to build
Bernoulli circuits.
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I. INTRODUCTION

The complexity of interacting many-body systems, clas-
sical or quantum, matches their importance and prevalence
that one cannot easily overstate. This is hardly surprising,
given that even low-dimensional systems can display chaos
that originates from the lack of sufficient constants of mo-
tion or nonintegrability. However, low-dimensional chaos is
reasonably well-understood in terms of phase-space struc-
tures or spectral properties. Seemingly abstract toy models
have played a crucial role in this process. The iconic one-
dimensional logistic map has a long history with attributions
to John von Neumann and Ulam from 1940 through early
computer studies in the 1950’s [1]. It came to a head with
the more modern and definitive studies of May [2], Li, Yorke
[3], Feigenbaum [4], and others, culminating in the discovery
of universality in one-dimensional maps.

Closer to Hamiltonian systems, two-dimensional area pre-
serving maps were studied as early as 1937 when Hopf
introduced [5] what is now called the bakers map as an
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example of a mixing system [6], and we find the so-called
Arnold cat map in a book by Arnold and Avez, published in
1968 [7]. The quantum avatars of the cat and bakers maps
were introduced respectively by Berry and Hannay in 1980
[8], and by Balazs and Voros in 1987 [9,10]. Such quantum
maps [11] did provide vast simplifications over say a hydrogen
atom in crossed electric and magnetic fields [12]. They were
useful in understanding semiclassical methods and identifying
classical structures in quantum states [13–18]. However, they
were arguably not nearly as successful in being simple enough
to penetrate the veils of quantum chaos, something which their
classical counterparts did with ease.

Random unitary circuit models involving random two-
body local interactions have been extensively studied in the
recent past [19–23] as minimal models of many-body quan-
tum nonintegrable systems. In such systems, the growth of
bipartite entanglement is found to be linear using a “mini-
mal space-time membrane” approach and is validated in the
limit of large local Hilbert space dimension [20]. It is no-
table that quantum supremacy was purportedly demonstrated
with a realization of such circuits in 2D with superconduct-
ing junctions [24]. In addition, the introduction of a special
class of unitary circuits of solvable lattice models that are
typically nonintegrable is remarkable and hold potential as
toy models of many-body quantum chaos [25–28]. The key
aspect that make these models solvable is an underlying
space-time duality that is realized for certain interactions,
hence these are referred to as dual-unitary circuits [26]. Quan-
tities such as the two-point correlation functions, operator
entanglements, spectral form factors, have become largely
analytically accessible in these models [26,27,29–36]. Using
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matrix product states as initial states, time evolution under
dual-unitary circuits has been analyzed, including the eval-
uation of block entanglement entropy [37]. The OTOC are
analytically tractable for dual-unitary circuits [38] and for
random dual-unitary circuits [39]. The effect of perturbations
that break the dual nature of the circuits is studied in [40]
where the structural stability of these models is motivated
as being analogous to that of classically chaotic systems [6].
Computational power of the circuits built from one and two-
dimensional dual-unitary operators are also studied recently
and shows the quantum computational supremacy of these
circuits [41].

A. Correlations and the ergodic hierarchy

The dual-unitary circuits are defined in discrete time and
can be interpreted as Floquet systems with a time-periodic
forcing. In fact the dual kicked chain model is a many-body
Floquet system and the circuit model may be thought of as
being equivalent to it [27]. They have been shown to be
capable of displaying, in the thermodynamic limit, a range
of properties that could be nonergodic, ergodic, or mixing.
The mixing rates of these circuits can be found from a sim-
ple contractive channel that is a completely positive map,
such as implemented in open quantum systems. The channel
depends only on the two-body interaction and governs the
spread of correlations across space-time [26]. These prop-
erties are inferred from the behavior of correlations such
as CAB(t ; x, y) = 〈Ay(t )Bx〉 − 〈Ay〉〈Bx〉. Here operators Ay(0)
and Bx are localized initially at y and x sites respectively, and
Ay(t ) is time-evolved under the many-body dynamics.

For comparison, we recall the ergodic hierarchy of classical
dynamical systems, which may be stated, largely, in terms
of correlations [6,42,43]. Let f (x) and g(x) be two functions
on phase space �, x = (q, p) ∈ � and dμ(x) be an invariant
measure under the dynamics x �→ xt = φt (x). For Hamilto-
nian systems, the relevant measure is simply the Lebesgue
measure or volume on phase space dqd p, in which case
dμ(φ−t x) = dμ(x) from Liouville’s theorem. Consider the
correlation

C(t ; f , g) = 〈 f (φt x)g(x)〉 − 〈 f (x)〉〈g(x)〉, (1)

where for any function h(x), 〈h(x)〉 = ∫
�

h(x)dμ(x), is its
phase space average. Denote the time average of any function
h′(t ) as h′(t ) = limT →∞

∫ T
0 h′(t )dt/T , or a corresponding

sum for discrete time systems.
The ergodic hierarchy is

Ergodic ⊃ Weak mixing ⊃ Mixing ⊃
Kolmogorov ⊃ Bernoulli

,

where A ⊃ B ⊃ C indicates that the property B implies A
but not C. The properties may then be identified as fol-
lows: ergodic systems are those for which C(t ; f , g) = 0,
weakly mixing ones are those for which |C(t ; f , g)| = 0,
while mixing implies that the correlations vanish without time
averaging: limt→∞ C(t ; f , g) = 0.

Kolmogorov (or K) and Bernoulli (or B) systems need a
more elaborate setup. While K systems can be identified from
nonintuitive properties of correlations, they are usually identi-
fied as systems with a positive metric (or Kolmogorov-Sinai)

entropy, or simply from the principal Lyapunov exponent
being positive. Chaotic systems are typically K and imply
exponential divergence of trajectories. At the apex of the hier-
archy are Bernoulli systems for which there exists a partition
of phase space such that for characteristic functions f and g
on these partitions and their images, C(t ; f , g) = 0 for t �= 0,
that is the correlations vanish instantly [6,43]. These give rise
to a symbolic dynamics based on these partitions with a full
left-shift dynamics, and a one-to-one relationship between a
stochastic Bernoulli process such as coin-tosses and determin-
istic itineraries of orbits.

Returning to dual-unitary circuits in 1 + 1 [25,26], a cru-
cial consequence of duality is that all correlations between
initially localized operators vanish inside the light cone |y −
x| < t , and also enables the explicit calculation of correlation
functions along the light cone y − x = ±t in terms of the
bipartite dual-unitary operators. It has been noted before that
the correlations along the light cone can either not vanish
with time (nonergodic), or can average to 0 (ergodic) or can
tend to zero exponentially fast (mixing). The exponential fast
mixing subsumes the case of K systems. While this quantum
classification has not singled out an equivalent of Bernoulli
systems, we show that when the local systems are larger than
two-dimensional, that is qutrits or above, it is possible for
the dual-unitary circuit to become Bernoulli in the sense that
CAB(t ; x, y) = C0δt,0δx,y, it vanishes at all space-time sepa-
rated points.

The ergodic nature of dual-unitary circuits can depend on
the extent or support of the local operators used and most of
the work thus far has been relevant to single-particle oper-
ators. While in this work we also largely confine ourselves
to such observables, in the Bernoulli case it is not hard to
see that even extended observables with two-particle support,
have vanishing correlations. Hence these “Bernoulli circuits”
represent extreme cases presumably at the apex of a putative
quantum ergodicity hierarchy. We must also emphasize that
these statements are strictly valid for all time only in the
thermodynamic limit. For finite systems, the statements are
valid till half the particle number. A previous discussion of a
quantum ergodic hierarchy also relies on correlation functions
[44], however the examples provided are, to our understand-
ing, not rigorous at these levels.

B. Role of the entangling power of the building blocks

The building blocks of these circuits, the two-particle uni-
tary operators U determine to a large extent the nature of the
circuits themselves. The dual-unitary circuits are constructed
from U that maximize their operator entanglement [45,46].
The Bernoulli circuits considered in this paper are special
cases that are constructed from U that are 2-unitary operators
(as defined in Ref. [47]) that are distinguished by having
maximal entangling power. In fact the entangling power of
U , denoted herein as ep(U ), plays a central role in the mixing
properties of the circuit and forms the principal topic in this
paper. While precise definitions are given in the next section,
the entangling power measures the average entanglement that
is produced when U acts on all product, unentangled, states
[48,49]. The SWAP operator S which acts by interchanging the
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subsystems:

S|φ1〉|φ2〉 = |φ2〉|φ1〉, ∀|φ1〉, |φ2〉,
S(u1 ⊗ u2)S = u2 ⊗ u1,∀u1, u2, (2)

is an example of a dual-unitary operator, however its entan-
gling power is zero as it clearly engenders no entanglement.
It sits diametrically opposite to 2-unitary operators and con-
sequently dual operators in the vicinity of the SWAP have
the smallest mixing properties. Previously, 2-unitary operators
in circuits have been used as perfect-tensors in networks to
demonstrate that the tripartite mutual information, a measure
of scrambling, takes the largest negative value possible, al-
ready indicating the special status of these systems [50].

The entangling power acts as a foil for an interaction
strength among the particles. It has been shown to deter-
mine global operator entanglement in bipartite time evolution
[51,52] as well to some extent in Floquet spin chains [53]. The
role of the entangling power of the basic two-particle unitary
U in determining the ergodic nature of a dual-unitary circuit
built from it is not evident due to its local unitary invariance
(LUI), as measures of entanglement are required to be. That
is, if

U ′ = (u1 ⊗ u2)U (v1 ⊗ v2), (3)

where ui and vi are single-particle operators, U and U ′ are lo-
cal unitary (LU) equivalent, and ep(U ) = ep(U ′) [48,49]. The
dual-unitary property is preserved under local unitaries, thus
U ′ is also dual-unitary. However, the dynamical properties of
circuits constructed from U and U ′ are very different. For
example, the two-point correlation functions and the mixing
rates, depend on the local unitaries. The qualitative nature of
the circuit changes with the use of local operators or “fields.”
This is not surprising as for example the Heisenberg model
on the ring is integrable, however adding a nonhomogeneous
local magnetic field can drive it to an ergodic phase. Similarly,
local unitaries can enhance entangling power to typical values
if sandwiched between nonlocal operators [51,52].

Nevertheless we show in this paper that the entangling
power plays a central role in two respects: (1) it is shown
that there exists a threshold such that if ep(U ) > e∗

p the dual-
unitary circuit built from it is guaranteed to be mixing, and
(2) the local unitary averaged mixing properties of dual cir-
cuits, when the single particle operators ui and vi are sampled
uniformly, are to a very good approximation solely deter-
mined by ep(U ). The threshold e∗

p = (q2 − 2)/(q2 − 1) is a
simple function of the local, single-particle, Hilbert space
dimension q. For ep(U ) � e∗

p, the circuit could be mixing,
ergodic, or nonergodic. If ep(U ) = 0 then the circuit cannot be
mixing, and if and only if ep(U ) = 1, the circuit is Bernoulli.
Thus e∗

p signals a strong enough entangling power that no mat-
ter what the local fields are, the circuit is mixing. For qubits
q = 2, it turns out that ep(U ) cannot exceed e∗

p = 2/3, hence
Bernoulli circuits cannot be constructed from qubits. How-
ever, for all q > 2, the entangling power can reach ep(U ) = 1.
The only case where it was not known if this was the case
till very recently was q = 6, but an explicit construction of
2-unitary operators in this dimension has settled that question
[54]. This is summarized in the following rudimentary phase

diagram.

The special value of the entangling power, e∗
p, appears as a

natural border for various families of dual-unitaries, includ-
ing qubits. We show explicit examples, including a quantum
cat map, wherein ep(U ) = e∗

p and the circuit is not mixing,
therefore the bound for guaranteed mixing is tight. In fact
e∗

p is the final threshold of a series of entangling powers
that are multiples of 1/(q2 − 1) that when breached ensure a
minimum number of modes remain mixing whatever the local
unitaries maybe. If ep(U ) = 1, the U has maximum possible
entangling power, and is 2-unitary by the definition in [47],
then so is U ′ and the Bernoulli property of circuits is local
unitary invariant.

C. Various constructions of dual-unitary
and 2-unitary operators

Using an ensemble with the Fourier gate (a dual-unitary
operator) and different local unitaries, the dynamical proper-
ties of dual circuits were studied in Ref. [55]. Similarly, [56]
constructed the dual-unitary operators from diagonal unitaries
and the SWAP operator, to exhibit mixing circuits. However, we
show below that the entangling power of such dual-unitaries
do not explore the whole possible range. In Ref. [46], we con-
structed a nonlinear iterative algorithm to produce ensembles
of unitaries which are arbitrarily close to dual-unitaries and
in some cases 2-unitaries and these provide examples with
large entangling powers. Thus we are able to cover a wide
dynamical range and indeed construct various families of dual
operators and find their entangling powers.

Except for local dimension 2, the parametrization of dual-
unitary operators is unknown. There are examples that have
been constructed and studied in the past based on the Fourier
transform (its duality has been discussed via its operator en-
tanglement in Refs. [52,57]), complex Hadamard matrices,
and diagonal unitaries. However, the systematic exploration
of these must also consider their entangling power as this
has a crucial impact on the nature of the circuit as we have
motivated above. In this paper we provide various construc-
tions of families of dual-unitary operators that are explicit
and analytical and yield ensembles with a range of possible
entangling powers.

We also provide analytical examples of 2-unitary operators
that are to our knowledge new, and related to higher-
dimensional quantum cat maps. Such 2-unitaries imply the
existence of corresponding absolutely maximally entangled
(AME) states, wherein every bipartite cut is maximally mixed,

043034-3



ARAVINDA, RATHER, AND LAKSHMINARAYAN PHYSICAL REVIEW RESEARCH 3, 043034 (2021)

and these are equivalent to perfect tensors with four indices
[47,52]. The fact that there are no Bernoulli circuits for qubits
is then related to the well-known fact from quantum informa-
tion that there are no absolutely maximally entangled states
of four qubits [58]. Thus the present work ties in quantum
information theoretic measures with dual-unitary circuits and
it is conceivable that it generalizes for other special circuits as
well.

D. Structure of the paper

The structure of this paper is as follows. In Sec. II,
dual-unitary circuits are recalled and the roles of the matrix
realignment and partial transpose–two central operations in
quantum information, are developed. The Bernoulli circuits
are constructed in Sec. II B and necessary and sufficient con-
ditions for this property is discussed. It is also pointed out
that correlations between operators with support on two sites
retain the property of being Bernoulli. The explicit relation
between entangling power and mixing in dual-unitary circuits
is developed in Sec. III. The mixing rates are defined and the
sufficiency condition for the dual-unitary circuit to be mix-
ing is derived in Sec. III A. Local, single-particle, averaged
spectral radius, which is related to the measure of mixing, is
calculated and found to be a simple function of entangling
power in Sec. III B. Explicit analytical calculations of mixing
rates for the case of two qubit unitary operators is carried in
Sec. III D.

Dual-unitary ensembles are constructed and their cor-
responding CPTP maps, involved in the calculation of
correlation functions, are studied in Sec. IV. The dual-
unitaries constructed from block-diagonal unitary operators
are in Sec. IV A, the “dual-CUE” resulting from an iterative
map acting on the circular unitary ensemble (CUE) is in
Sec. IV B. The designs from permutation matrices and the
role of Latin squares is discussed in Sec. IV C and finally a
quantized coupled cat map is constructed in Sec. IV D. The
cat map provides an analytically simple construction of dual-
unitary operators in all local dimensions and 2-unitaries or
perfect tensors in any odd local dimension. The latter is to our
knowledge the first such construction of 2-unitaries valid in
all odd dimensions. Finally we summarize and discuss some
possible directions in Sec. V.

II. DUAL-UNITARY TO BERNOULLI CIRCUITS VIA
OPERATOR ENTANGLEMENTS

In this section, we review the dual-unitary circuits for being
self-contained and motivate how this naturally gives rise to
their being cast in information theoretic language. We point
out that the two important rearrangements of matrix elements
in quantum information theory that are used to detect bipartite
separability of states—the realignment [59,60] and the partial
transpose [61] show up prominently in the dual-unitary cir-
cuits. This allows us to introduce the entangling power that
plays an important role subsequently. These considerations
lead naturally to the definition of Bernoulli circuits as being
at the apex of an quantum ergodic hierarchy.

A. Dual-unitary circuits, realignment, and partial transpose

Consider a periodic lattice of length 2L and each site,
located for convenience at half-integer values, is occupied by a
particle whose internal degree of freedom is a state in a Hilbert
space Hq of dimension q. The unitary U is a two-particle
operator in Hq ⊗ Hq and acts on all pairs of nearest-neighbor
sites. It is convenient to use the diagrammatic approach as
explained in Ref. [26]. Unitary operators U and U † acting on
bipartite Hilbert space are diagrammatically represented as

Connecting the legs is equivalent to contracting the indices,
hence the unitarity of U , 〈iα|UU †| jβ〉 = δi jδαβ is diagram-
matically

(4)

The one-time evolution operator

U = T2LU ⊗LT†
2LU ⊗L (5)

can be thought of as having two stages, in the first the 2L
particle state is evolved under the unitary U ⊗L, acting on pairs
(i, i + 1/2), and in the other on (i + 1/2, i + 1). Here T2L|k1〉 ⊗
|k2〉 ⊗ · · · |k2L〉 = |k2〉 ⊗ |k3〉 ⊗ · · · |k2L〉 ⊗ |k1〉 is the site
translation operator. The evolution operator over time t is
simply U(t ) = Ut . For example, with L = 4, corresponding
to eight particles, U2 is diagrammatically

Let {a j}q2−1
j=0 be an orthonormal operator basis in the single-

particle local Hilbert space Hq under the Hilbert-Schmidt
inner product tr(a†

j ak ) = qδ j,k . If we choose a0 = 1q, it fol-
lows that tr(a j ) = 0, for j > 0. The dynamical correlation
function of single-particle operators in the infinite tempera-
ture state can be found from the following quantities (where
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i, j �= 0) [26]:

(6)

By reshaping of the matrix elements of U , its realignment
R1 (denoted by Ũ in [26]) is defined as the permutation

〈βα|U R1 | ji〉 = 〈iα|U | jβ〉. (7)

This can be used to define the evolution in the “spatial direc-
tion” by the transfer operator

UR = T2t (U
R1 )⊗t T†

2t (U
R1 )⊗t . (8)

With periodic boundary conditions, these models satisfy
tr(Ut ) = tr(UL

R) and are in a sense dual to each other [25].
It has been shown in Ref. [26] that if U R1 is also unitary, the
correlations in Eq. (6) vanish inside the light cone |y − x| < t
and the resultant circuit has been called dual-unitary. These
circuits are built of dual-unitary operators.

Definition 1 (Dual-unitary [26]). A unitary operator U is
dual-unitary if U R1 is also unitary.

This is represented diagrammatically as

(9)

The realignment in Eq. (7) is intimately related to bipartite
operator entanglement [62,63]. It has been pointed out [46]
that the unitary U is dual iff the operator entanglement of U
is maximum. Besides this, the realignment in Eq. (7) has im-
portant applications in investigating the complete positivity of
quantum maps [64,65] and in characterizing the entanglement
of mixed states [59,60]. To visualize the realignment R1 in
Eq. (7), consider a 4 × 4 matrix defined with the elements in
the product basis as Xiα, jβ = 〈iα|X | jβ〉. Each 2 × 2 block of
4 × 4 matrix X is vectorized and arranged as a column in the
X R1 matrix. This can be visualized easily as

X =

⎛
⎜⎝

X00,00 X00,01 X00,10 X00,11

X01,00 X01,01 X01,10 X01,11

X10,00 X10,01 X10,10 X10,11

X11,00 X11,01 X11,10 X11,11

⎞
⎟⎠, (10)

X R1 =

⎛
⎜⎜⎜⎝

X00,00 X10,00 X00,10 X10,10

X01,00 X11,00 X01,10 X11,10

X00,01 X10,01 X00,11 X10,11

X01,01 X11,01 X01,11 X11,11

⎞
⎟⎟⎟⎠. (11)

To see the connection to entanglement consider the four-
party pure state on ⊗4Hq

|ψ〉 = 1

q

∑
iα jβ

Uiα; jβ |iα jβ〉1234 = (U ⊗ 1)|�+〉13|�+〉24,

where

|�+〉 = 1√
q

q∑
j=1

| j j〉 (12)

is a maximally entangled state, and U acts on the 12 sub-
system. The partition 12|34 is maximally entangled as the
reduced density matrix ρ12 = UU †/q2 = 1q2/q2, due to the
unitarity of U . The 31|42 partition has the state ρ31 =
U R1U R1 †/q2, and if U is dual-unitary this partition is also
maximally entangled [52].

The operator Schmidt decomposition of U is

U =
q2−1∑
j=0

√
γ j Xj ⊗ Yj, (13)

such that tr(X †
j Xk ) = 〈Xj |Xk〉 = tr(Y †

j Yk ) = 〈Yj |Yk〉 = δ jk ,
that is the operators X and Y form orthonormal bases. The
vectors |Xj〉 are columnwise vectorization of the q × q
matrices Xk , that is 〈 j|Xk|i〉 = 〈i j|Xk〉. It is easy to see that
(X ⊗ Y )R1 = |Y 〉〈X ∗|, and hence

ρ31 = 1

q2
U R1U R1 † = 1

q2

q2−1∑
j=0

γ j |Yj〉〈Yj |. (14)

Hence, the eigenvalues of ρ31 are the Schmidt coefficients
γ j � 0 which determines the entanglement of U : iff only one
of them is nonvanishing, the operator is of product form.
As is clear from the Schmidt decomposition, the γ j are LU
invariants under local unitary transformations of the form
Eq. (3), and may be used to define a variety of entropies of
entanglement. As

∑q2−1
j=0 γ j/q2 = 1, {γ j/q2, 0 � j � q2 − 1}

defines a discrete probability distribution, in terms of which
the entropies maybe defined. For our purposes, the linear
entropy, the operator entanglement [49] defined as

E (U ) = 1 − 1

q4
tr[(U R1U R1†)2] = 1 − 1

q4

q2−1∑
j=0

γ 2
j , (15)

where 0 � E (U ) � E (S) = 1 − 1
q2 , is useful. Here S is the

swap operator in Eq. (2). From this, the operator entanglement
E (U ) is maximum iff U R1 is also unitary, and all γ j = 1.
Thus the maximal operator entanglement is equivalent to the
unitary operator being dual-unitary, a property that is LU
invariant as E (U ′) = E (U ). The OTOC for bipartite systems
[66,67], averaged over all local unitary operators was shown
to be related to the Loschmidt echo [67]. The averaged OTOC
was related to the operator entanglement of bipartite unitary
operators [68] and provides another operational meaning to
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the operator entanglement by relating it to the measures of
chaos in bipartite systems.

Returning to the circuit, using the fact that U is invariant
under two-site shifts, UT2

2L = T2
2LU, to find the dynamical

correlation function in Eq. (6), it is sufficient to consider the
pair of functions

Ci j
+ (x, t ) = Di j (x, 0, t ),

Ci j
− (x, t ) = Di j

(
x + 1

2 , 1
2 , t
)
.

These two correlations are when the single-particle operators
are to the ”left” or ”right” leg of a two-particle U . The only
nonzero correlation for dual-unitary circuits lie along the light
cone and was shown, quite remarkably, in [26] to be given in
terms of a completely positive trace preserving (CPTP) map
constructed only from the two-particle unitary operator U :

Ci j
± (±t, t ) = 1

q
tr[M2t

± (ai )a j]. (16)

This can be seen from the diagrammatic evaluation of the
correlation functions Ci j

+ (t, t ) =

(17)

The CPTP maps M± are

(18)

(19)

These linear maps take density matrices to density ma-
trices and are unital (preserve the identity). Let the action
M+(ρ) = ρ ′ be denoted as M+[U ]|ρ〉 = |ρ ′〉, where |ρ〉 is
the q2-dimensional column vector formed from its row vector-
ization, and the dependence on the unitary U is made explicit.

That is, 〈 jl|ρ〉 ≡ 〈 j|ρ|l〉 and M±[U ] ∈ Cq2×q2
, where M−[U ]

is similarly defined. Consider

q〈α|M+(ρ)|β〉 =
∑

i

〈iα|U †(ρ ⊗ 1)U |iβ〉

=
∑
i jγ l

〈iα|U †| jγ 〉〈lγ |U |iβ〉〈 j|ρ|l〉

=
∑
jliγ

〈iγ |U T2†| jα〉〈lβ|U T2 |iγ 〉〈 jl|ρ〉

=
∑

jl

〈αβ|(U T2U T2†)R1 | jl〉〈 jl|ρ〉. (20)

However, as 〈α|M+(ρ)|β〉 = 〈α|ρ ′|β〉 = 〈αβ|ρ ′〉 we identify

M+[U ] = 1

q
(U T2U T2†)R1 . (21)

Similarly, we get

M−[U ] = 1

q
(U T2†U T2 )R2 . (22)

The reordering of matrix elements used in the above equations
are defined as follows:

Partial transpose T1 : 〈iα|X | jβ〉 = 〈 jα|X T1 |iβ〉, (23a)

Partial transpose T2 : 〈iα|X | jβ〉 = 〈iβ|X T2 | jα〉, (23b)

Realignment R2 : 〈iα|X | jβ〉 = 〈i j|X R2 |αβ〉. (23c)

To visualize these operations, consider a 4 × 4 matrix with
matrix elements Xiα, jβ = 〈iα|X | jβ〉 as given in Eq. (10):

X R2 =

⎛
⎜⎜⎜⎝

X00,00 X00,01 X01,00 X01,01

X00,10 X00,11 X01,10 X01,11

X10,00 X10,01 X11,00 X11,01

X10,10 X10,11 X11,10 X11,11

⎞
⎟⎟⎟⎠,

X T1 =

⎛
⎜⎜⎜⎝

X00,00 X00,01 X10,00 X10,01

X01,00 X01,01 X11,00 X11,01

X00,10 X00,11 X10,10 X10,11

X01,10 X01,11 X11,10 X11,11

⎞
⎟⎟⎟⎠,

X T2 =

⎛
⎜⎜⎜⎝

X00,00 X01,00 X00,10 X01,10

X00,01 X01,01 X00,11 X01,11

X10,00 X11,00 X10,10 X11,10

X10,01 X11,01 X10,11 X11,11

⎞
⎟⎟⎟⎠.

(24)

Note also that

M+[SUS] = M−[U ], (25)

which follows from the definitions in Eqs. (21) and (22)
and the fact that tr1(SAS) = tr2(A). Identifying these CPTP
maps in terms of the well-known partial transpose operation—
another rearrangement of matrix elements, devised to detect
bipartite entanglement [61], has some immediate conse-
quences that we presently investigate.

Along with the swap operator S, and the usual transpose
operation AT , the realignment and partial transpose operations
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satisfy the following, easily verifiable, but useful identities,
which we use frequently:

(AT1 )T2 = (AT2 )T1 = AT , (AT1 )T = (AT )T1 , (26a)

(AR1 )R2 = (AR2 )R1 = SAT S, (26b)

AR1 = (SAR2 S)T , (26c)

(SA)R2 = SAT1 , (AS)R1 = AT1 S, (26d)

(SA)T2 = SAR1 , (AS)T1 = AR1 S, (26e)

(AS)T2 = AR2 S, (SA)T1 = SAR2 . (26f)

The effect of local operators is as follows:

[(u1 ⊗ u2)A(u3 ⊗ u4)]R1 = (
uT

4 ⊗ u2
)
AR1
(
u3 ⊗ uT

1

)
, (27a)

[(u1 ⊗ u2)A(u3 ⊗ u4)]R2 = (
u1 ⊗ uT

3

)
AR2
(
uT

2 ⊗ u4
)
, (27b)

[(u1 ⊗ u2)A(u3 ⊗ u4)]T1 = (
uT

3 ⊗ u2
)
AT1
(
uT

1 ⊗ u4
)
, (27c)

[(u1 ⊗ u2)A(u3 ⊗ u4)]T2 = (
u1 ⊗ uT

4

)
AT2
(
u3 ⊗ uT

2

)
. (27d)

First, we recall some basic properties of the channel. M±
is a Liouvillian superoperator representation of the channel
M±. M± is a non-Hermitian operator whose eigenvalues {λ j}
are bounded |λ j | � 1 [26]. The channel M± is unital: it fixes
the maximally mixed state ρ = 1q/q, thus there is always one
eigenvalue = 1, the “trivial eigenvalue” corresponding to the
(unnormalized) eigenvector |ρ〉 = |1q〉/q = |�+〉/√q, where
|�+〉 is the maximally entangled state from Eq. (12). We note
that M+(a) is complementary [69–71] to the channel

E+(a) = 1

q
tr2[U †(a ⊗ 1)U ],

where the subsystem initially in the most mixed state is traced
out, which is the traditional process of tracing out a complex
environment. The channel E+(a) is obtained by replacing U in
M+(a) by US. The Liouvillian superoperator of the channel
E+(a) is E+[U ] = M+[US] = (1/q)tr((US)T2 (US)T2†)R1 =
(U R2U R2†)R1/q as noted in Ref. [62], and if U is dual-
unitary, this channel is 1R1

q2 /q = |�+〉〈�+|. Here the result
from Eq. (26f) is used.

The spectrum of M+ arranged in increasing order of its
magnitude is used below as λ0 = 1 � |λ1| � |λ2| � · · · �
|λq2−1|. Generically the eigenvalues of both M± will be re-
ferred to as λk below. The authors of Ref. [26], classified
the ergodic properties of the dual-unitary circuits from the
nontrivial eigenvalues (k > 0) of M± as follows.

(1) Noninteracting. All 2(q2 − 1) eigenvalues λk = 1, the
correlations remain constant.

(2) Nonergodic (interacting and nonintegrable)]. There are
0 < k < 2(q2 − 1) nontrivial eigenvalues λk = 1, then the
correlations in the k modes remain constant.

(3) Ergodic and nonmixing. All nontrivial eigenvalues
λk �= 1 but there exists at least one eigenvalue with unit mod-
ulus |λk| = 1.

(4) Ergodic and mixing. All 2(q2 − 1) eigenvalues lie
within the unit circle, |λk| < 1. All the correlations decay.

Following the discussion of Bernoulli systems in the intro-
duction, we add

(5) Bernoulli: all 2(q2 − 1) nontrivial eigenvalues vanish:
λk = 0, and M± are diagonalizable.

Bernoulli implies mixing, but not the other way around,
and we will motivate below that this is indeed a unique class
by itself and lies at the apex of a possible quantum ergodic
hierarchy.

B. Bernoulli circuits, entangling power, and 2-unitarity

To begin, note that the correlations on the light cone vanish
if Eqs. (18) and (19) reduces as follows

as tr(a) = 0. This motivates the introduction of “T-duality”
based on the T2 partial transpose, see Eq. (23). Although we
do not imply any evident duality as such, it is convenient to
refer to this in parity to the definition of dual-unitarity.

Definition 2 (T-dual unitary). If U and U T2 are both uni-
tary, U is T-dual.

Diagrammatically,

(28)

Using U T2 , similar to defining E (U ) in Eq. (15) it can be
shown [52] that

E (US) = 1 − 1

q4
tr[(U T2U T2†)2]. (29)

E (US) is maximum iff U T2 is also unitary, that is U is T-
dual. In the context of the four-party state in Eq. (12), ρ14 =
U T2U T2†/q2 is the state of the 14|32 partition and E (US) is the
linear entropy of entanglement of this bipartite split.

The quantity that in a way brings together measures of
duality and T-duality is the entangling power ep(U ). This is
defined as the average entanglement produced by the action
of a unitary operator U on an ensemble of pure product states
distributed according to the Haar measure,

ep(U ) = Cq E (U |φ1〉 ⊗ |φ2〉)
|φ1〉,|φ2〉

,

where E (·) can be any entanglement measure and Cq is scaling
factor. By considering the linear entropy as an entanglement
measure, the entangling power ep(U ) of U has been related
to the operator entanglements E (U ) and E (US) [49]. The
normalized entangling power 0 � ep(U ) � 1, with Cq = (q +
1)/(q − 1) is then

ep(U ) = 1

E (S)
[E (U ) + E (US) − E (S)], (30)

where E (S) = q2−1
q2 has already been introduced. Note that

this choice of scaling is different from that used in Ref. [49],
but is convenient to have the maximum value be 1. The en-
tangling power ep(U ) is maximum iff both U R2 and U T2 of
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U is unitary. Thus 2-unitary operators have been previously
defined [47].

Definition 3 (2-unitary). If U is dual-unitary and T-dual
then it is 2-unitary.

Note that if U and U R1 is unitary then U R2 is also unitary
and vice versa. Similarly, for T-dual property, if U and U T1 is
unitary then U T2 is also unitary and vice versa. Hence there
is no need to distinguish between the two realignments for
defining the dual property, or to differentiate the two partial
transpositions in defining the T-dual property. The two classes
of dual-unitary operators are connected by the swap operator.
In particular if U is T-dual (dual), then US and SU are both
dual (T-dual) unitary operators. This follows as from Eq. (26d)
(SA)R2 = SAT1 , hence if A is T-dual, SA is dual-unitary, as the
swap is unitary. Similarly, AS is also dual-unitary. As simple
examples, the identity is T-dual, and swap S is dual, CNOT is
T-dual and DCNOT= S × CNOT is dual. The operator entan-
glements E (U ), E (US), and the entangling power ep(U ) are
all local unitary invariants (LUI).

Proposition 1. A dual-unitary quantum circuit is Bernoulli
iff U is 2-unitary.

If U is 2-unitary, then U T2 is also unitary and hence from
Eq. (21)

M+[U ] = 1

q
1R1

q2 = |�+〉〈�+|. (31)

Hence the nontrivial part of the spectrum of M+[U ] van-
ishes, that is λk = 0 for k > 0, and the correlations decay
instantaneously. Local unitary transformations do not alter the
situation as 2-unitarity is LUI and hence M+[U ′] = M+[U ].
Note that in this case, the spectrum of M−[U ], from Eq. (22) is
also identical with the only nonzero eigenvalue corresponding
to the trivial mode. Bernoulli circuits are not “chiral.”

Now assuming that λk = 0 for k > 0, we show that U T2

is unitary. As M+[U ] is diagonalizable, we can assume a
form M+[U ] = |φ2〉〈φ1|, where |φ2〉 is the (right) eigenvector
corresponding to the eigenvalue 1 if 〈φ1|φ2〉 = 1. However,
this is the trivial eigenvalue and the corresponding normalized
eigenvector from the fact that the map is unital is |1q〉/√q,
where |1q〉 = |�+〉. Considering the left eigenvector corre-
sponding to the eigenvalue 1, we conclude that |φ1〉 is the
same as well. Hence M+[U ] = |�+〉〈�+| = 1R1/q and we get
from Eq. (21) that U T2U T2† = 1q2 . Similar considerations of
M−[U ], assuming that its only nonzero eigenvalue is the trivial
one, leads to U T2†U T2 = 1q2 and hence U T2 is unitary as was
to be shown. As U is assumed to be dual, it is in fact 2-unitary.

If U is 2-unitary the four-party state in Eq. (12) is such
that all the bipartite splits are maximally entangled, in other
words it is an absolutely maximally entangled state (AME)
[47,72]. It is denoted as AME(4, q) to indicate that there
are four particles each of dimension q. It is well-known that
there are no AME(4, 2) states: four qubits cannot form an
AME state [58]. This implies that there are no dual-unitary
circuits of qubits that are Bernoulli. It is now known that
AME(4, q) exists for all q except only for q = 2. This has
been demonstrated explicitly by constructing such 2-unitaries
as permutations based on orthogonal Latin squares for q �= 6
[73] and by a special recent construction for case q = 6 [54].
We will return to this when constructing dual operators from
permutations further below.

The classification of a circuit based on the maps M± is
valid for single-particle observables, but may not be in the
same class for observables with larger support over a few
particles, or “extended observables.” While a study of such
correlations in dual-unitary circuits is, to our knowledge, ab-
sent, at least in some limited way Bernoulli circuits seem
straightforward examples where correlations of two-particle
observables continue to vanish. To illustrate this, the dynami-
cal correlation function between the operators defined on the
two sites is shown in Eq. (33). As any two-particle operator
can be written as a linear combination of such product op-
erators ax1

j ⊗ ax2
k , it is sufficient to consider the correlations

from such pairs. Again, as for single particle, we adopt an
orthonormal basis with identity as one of them and consider
the correlation function

Ci jkl (x1, x2, t ) = 1

q2L
tr
[
ax1

k ax2
l U−t ay1

i ay2
j Ut

]
, (32)

with y1 = 0, y2 = 1/2. Thus Ci jkl (x1, x2, t ) =

(33)

By using the duality conditions, Eq. (9), the correlations van-
ish inside the light cone and is shown in Appendix A.

For the correlations along the light cone, x1 = t − 1
2 , x2 =

t , the repeated application of unitarity from Eq. (4), gives
Ci jkl (x1, x2, t ) =

(34)

Applying the T-duality condition Eq. (28) to the highlighted
part in Eq. (34) and repeating its application, the vanishing of
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the correlation function is evident, as Ci jkl (x1, x2, t ) =

(35)

The vanishing correlation function for the case x1 = x2 = t −
1
2 is similar and shown in Appendix A.

More general cases of extendable observables need to be
studied, but we do not expect them to vanish in general. This
is also in line with classical Bernoulli systems where the
Bernoulli partition is singled out for independence [43]. There
exist unitaries even with q = 2 such that Mk

+[U ] = |�+〉〈�+|
for some k > 1, so that all single-particle correlations decay to
zero beyond t = k. However, unlike the Bernoulli case, local
transformations can change the nature of this correlation and
it need not continue to hold even for two-site observables.
We will construct examples of Bernoulli and such cases using
cat maps, among other possibilities. Finally we observe that
if U is not a dual-unitary operator, but is T-dual alone, the
correlations along the light cone still vanish for t �= 0.

III. THE SPECTRAL GAP, MIXING RATE, AND
ENTANGLING POWER

A. Rates and a sufficiency condition for dual
circuits to be mixing

To separate the trivial eigenvalue so that the largest eigen-
value is a nontrivial one, we define

M̃+[U ] = M+[U ] − |�+〉〈�+|. (36)

The eigenvalues of M̃+[U ] are the same as that of M+[U ],
except that the trivial eigenvalue is replaced by 0. This follows
as 〈�+| is the left eigenvector with eigenvalue 1 as may also
be verified directly using the form Eq. (21), for example.
Therefore we can peel off the projector on the maximally
entangled state |�+〉〈�+| from a spectral or Jordan decompo-
sition of M+[U ]. The remaining states are orthogonal or can
be chosen to be orthogonal to |�+〉 and M̃+[U ]||�+〉 = 0.

Focusing on M+[U ], the nontrivial eigenvalues determine
the decay rates

μk = − ln |λk|, k � 1. (37)

If any |λk| = 1, these correspond to nondecaying modes, on
the other hand there is instant mixing along a mode if the
corresponding λk = 0. Note that |λk| � 1 and hence μk � 0.
Arranging the decay rates in an increasing order μ1 � · · · �
μq2−1, ignoring the trivial mode as μ0 = 0, we may define μ1

as a degree of mixing. It is derived from the largest magnitude
eigenvalue (the spectral radius |λ1|) of M̃+[U ] and vanishes
when any one of the nontrivial modes does not decay. This is
infinite if all the μk = ∞ for k > 0, which is the case if the
circuit is Bernoulli. The converse is also true: if μ1 = ∞, then
the circuit is Bernoulli. For the most part, we will concentrate
on estimating the largest nontrivial eigenvalues |λ1| which
controls these rates as well as the spectral gap 1 − |λ1|.

If the local transformed unitary U ′ = (u1 ⊗ u2)U (v1 ⊗ v2)
is, as in Eq. (3), using Eq. (27), we get

U ′T2U ′T2† = (
u1 ⊗ vT

2

)
U T2U T2†(u1 ⊗ vT

2

)†
. (38)

This proves the earlier observation that the singular values of
U T2 and the eigenvalues of U T2U T2†, are local unitary invari-
ant. However their realignment, which results in the CPTP
map (18), does not have this property, and hence the decay
rates depend on the locals used. If M+[U ] = (U T2U T2†)R1/q
is modified to M+[U ′] = (U ′T2U ′T2†)R1/q, on using a further
identity in Eq. (27) results in

M+[U ′] = (
v

†
2 ⊗ vT

2

)
M+[U ]

(
u†

1 ⊗ uT
1

)
. (39)

Therefore the eigenvalues of M+[U ] are not LUI. We note
that the eigenmode corresponding to the trivial eigenvalue
of 1 remains |�+〉 as (u ⊗ u∗)|�+〉 = |�+〉, where u is any
local unitary and u∗ is its element-wise complex conjugate,
which follows from the vectorization of the identity uu† = 1,
as |ABC〉 = (A ⊗ CT )|B〉.

As μ1 is dependent on the local operators, we may define
the maximal mixing rate associated with U as

ν+[U ] = maxui,viμ1[(u1 ⊗ u2)U (v1 ⊗ v2)], (40)

which is the maximum possible mixing rate under the action
of arbitrary local or single-particle unitaries. A similar max-
imal mixing rate can also be defined from M−[U ]. Another
useful measure is the average mixing rate

μ+[U ] = Eui,viμ1[(u1 ⊗ u2)U (v1 ⊗ v2)], (41)

where the ui and vi are independently drawn from the Haar
measure on the local single-particle spaces. One may also first
perform the average on the spectral radius |λ1| before finding
the rate. All of these quantities, measuring the mixing induced
by the channel, are by construction LUI and we address their
connection to LUI measures based on U itself, in particular to
the entangling power ep(U ).

The primary connection is to the norm of the channel.
Equation (39) implies that this norm is a LUI, as

‖M̃+[U ]‖2 = ‖M+[U ]‖2 − 1 = (q2 − 1)(1 − ep(U )), (42)

where ‖A‖ =
√

tr(AA†) is the Hilbert-Schmidt or Frobenius
norm. To see this, use Eq. (21), and the easily verified identi-
ties that (AR1 )† = (A†)R2 and tr(X R2 X R1 ) = tr(X 2) to get

‖M+[U ]‖2 = 1

q2
tr(U T2U T2 †)2. (43)

As U is dual-unitary, E (U ) = E (S) and from Eq. (30)
ep(U ) = E (US)/E (S). Using the relation in Eq. (29), we then
arrive at the above connection, which is also the norm of
M−[U ].

043034-9



ARAVINDA, RATHER, AND LAKSHMINARAYAN PHYSICAL REVIEW RESEARCH 3, 043034 (2021)

Let M̃+ = V TV † be a Schur decomposition [74] of M̃+,
where V is unitary and T is an upper-triangular matrix whose
diagonal entries are the eigenvalues λi. It then follows from
the unitary invariance of the norm that ‖M̃+‖2 = ‖T ‖2 and
hence

q2−1∑
i=1

|λi|2 � ‖M̃+[U ]‖2 = (q2 − 1)(1 − ep(U )). (44)

These consequences are immediate.
(1) From |λq2−1|2(q2 − 1) � ∑q2−1

i=1 |λi|2 � (q2 − 1)(1 −
ep(U )), it follows that the smallest eigenvalue is bounded
from above as

|λq2−1| �
√

1 − ep(U ). (45)

(2) An upper bound for the largest nontrivial eigenvalue of
M+ or its spectral radius |λ1| immediately follows as |λ1|2 �∑q2−1

i=1 |λi|2 � (q2 − 1)(1 − ep(U )) gives

|λ1| �
√

1 − ep(U )
√

q2 − 1, (46)

which also gives a lower-bound on the spectral gap 1 − |λ1|,
and the rate of mixing.

(3) The above two are subsumed in a series of inequalities
which follow from the observation that k|λk|2 � ∑k

i=1 |λi|2 �∑q2−1
i=1 |λi|2 � (q2 − 1)(1 − ep(U )). This yields

|λk| �
√

1 − ep(U )
√

q2 − 1/
√

k. (47)

The upper bound in Eq. (45) implies that whenever
ep(U ) > 0, |λq2−1| < 1 and there will be at least one mixing
mode and hence iff U is the swap or locally equivalent to it,
all the |λk| = 1 as ep(U ) = 0. Thus the presence of mixing
modes is generic. On the other extreme, if ep(U ) = 1, |λ1| =
0 and hence all nontrivial λk = 0 and we are in the Bernoulli
circuit case, consistent with our previous observations.

We observe that the upper bound for |λ1| in Eq. (46) is
trivial, as it will not be less than 1, unless

ep(U ) > e∗
p = q2 − 2

q2 − 1
. (48)

This is then a sufficiency condition for the dual-unitary circuit
to be mixing as it ensures that |λ1| < 1, and hence |λk| < 1 for
all k > 0, and for both M+ and M−. The inequality in Eq. (46)
is a tight one, that is there exists dual-unitary gates U such that
ep(U ) = e∗

p = (q2 − 2)/(q2 − 1) and |λ1| = 1, in fact λ1 = 1,
as we show explicitly via examples when discussing specific
instances. The qualitative content of the sufficiency condition
is plain: if the interaction as measured by the entangling power
of the unitary bricks of the quantum circuit is sufficiently
large, the resultant circuit is always mixing, whatever be the
local fields. For the case of qubits, q = 2, the sufficiency
condition ep(U ) > 2/3 is never met, as the maximum possible
entangling power is 2/3 and 2-unitaries do not exist, as we
have already noted. Gates such as DCNOT [51,52,75] have the
maximum entangling power of 2/3, and circuits built of them
need not be mixing depending on the local operations used.

While the smallest eigenvalue |λq2−1| < 1 for any en-
tangling unitary U , and sufficiently entangling ones ensure
mixing, there is a hierarchy of intermediate cases. It follows

10 e∗pe∗p,2e∗p,q2−2 e∗p,q2−3

|λ1| < 1

|λ2| < 1

|λq2−2| < 1

|λq2−1| < 1

ep(U)

1

2

q2 − 3

q2 − 2

q2 − 1

FIG. 1. As the entangling power of the two-particle unitary U
is increased, by multiples of 1/(q2 − 1), beyond e∗

p,k , this ensures
that q2 − k modes of the dual-unitary circuit are mixing. At least one
mode is mixing if ep(U ) > e∗

p,q2−1
= 0 and all the q2 − 1 nontrivial

modes are mixing if ep(U ) > ep,1 = e∗
p.

from Eq. (47) that for 1 � k � q2 − 1,

ep(U ) > e∗
p,k = 1 − k

q2 − 1
implies that

|λq2−1| � · · · � |λk| < 1, (49)

where e∗
p,1 ≡ e∗

p and e∗
p,q2−1 = 0. Thus the influence of the

increasing entangling power of the two-particle unitary U on
the mixing properties of the many-body circuit is encapsulated
by this periodic gradation: if ep(U ) > e∗

p,k there are at least
q2 − k mixing modes. This is illustrated in Fig. 1.

The entangling power does encode at all levels, the degree
of mixing in the dual-unitary circuits. Further, as e∗

p is a tight
bound, so also the others maybe, in the sense that there exist
U such that ep(U ) = e∗

p,k and λ1 = · · · = λk = 1. The rather
large upper-bound on the spectral radius Eq. (46) is due to the
factor

√
q2 − 1, which we now go on to whittle down.

B. Single-particle averaged spectral radius and rates

We wish to go beyond the bounds such as in Eq. (46)
to find approximations. Local unitary operations U �→ U ′ =
(u1 ⊗ u2)U (v1 ⊗ v2) change the mixing rate μ1 in Eq. (37)
and can substantially lower it as well. We will motivate,
both numerically and analytically that μ+[U ], the average
mixing rate, is an universal function of the entangling power
ep(U ), independent of the local dimension for q > 2. Ana-
lytical results include the case of q = 2, which is different
from the rest, as well as the approximation that arise from
Eui,vi |λ1|[U ′] ≈ √

1 − ep(U ) which is seen to be qualitatively
valid and quantitatively so near ep(U ) = 1. Thus the averag-
ing effectively removes the

√
q2 − 1 factor from the upper

bound. It is quite remarkable, that while ep(U ) is just one
of many local unitary invariants, it plays a central role in the
mixing properties of the quantum circuit built of U .
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The spectral radius of an arbitrary matrix A is the largest
absolute value of its eigenvalues. A formula of Gelfand is
well known for the spectral radius and is given as the limit
‖Ak‖1/k as k → ∞, where ‖A‖ is any norm [74], but we will
continue to imply the Hilbert-Schmidt norm. Thus we have
|λ1| = limk→∞ ‖M̃k

+‖1/k . For simplicity we will write M̃+ for
what we call M̃+[U ]. We have that the norm ‖M̃+‖ is a LUI
and is given by Eq. (42). However the norm of Mk

+ for k > 1
is not LUI.

Consider Eq. (39), and identify u ≡ v
†
2 and v ≡ u†

1. We
then have that the local-unitary Haar averaged spectral radius
of M̃+ is

Eui,vi |λ1| =
∫

Haar
dudv |λ1|[(u ⊗ u∗)M̃+(v ⊗ v∗)]

=
∫

Haar
dudv |λ1|[[(vu) ⊗ (vu)∗]M̃+]

=
∫

Haar
dv

∫
Haar

dw |λ1|[(w ⊗ w∗)M̃+]

=
∫

Haar
du |λ1|[(u ⊗ u∗)M̃+]

= lim
k→∞

∫
Haar

du‖[(u ⊗ u∗)M̃+]k‖1/k . (50)

The invariance of the Haar measure under multiplication by a
fixed unitary is used, as well as the limit and the integration is
interchanged.

To begin with consider

‖M̃2+[U ′]‖2 =
∫

Haar
du‖[(u ⊗ u∗)M̃+]2‖2

=
∫

Haar
du‖M̃+(u ⊗ u∗)M̃+‖2. (51)

To perform the Haar average ‖(A(u ⊗ u∗)B)‖2 use the identity
(see Appendix B for a derivation) which uses the results from
Refs. [76–78] for calculating Haar average of monomials over
the unitary group∫

Haar
dutr[X (u ⊗ u∗)Y (u† ⊗ uT )]

= 1

q2 − 1
(trX R2 trY R2 + trX trY )

− 1

q(q2 − 1)
(trX R2 trY + trX trY R2 ). (52)

With X = A†A and Y = BB† and the identification of A =
B = M̃+, we have trX R2 = trY R2 = 0. This follows as trX R2 =
q〈�+|A†A|�+〉 and M̃+|�+〉 = 0. We have then

‖(A(u ⊗ u∗)B)‖2 = 1

q2 − 1
‖A‖2‖B‖2, (53)

and hence an exact evaluation,

‖M̃2+[U ′]‖2 = 1

q2 − 1
‖M̃+[U ]‖4 = (q2 − 1)(1 − ep(U ))2,

(54)
where we have used Eq. (42).

This then implies in the spirit of Eq. (46), a local unitary
averaged inequality:

Eui,vi (|λ1|4) � (q2 − 1)(1 − ep(U ))2, (55)

which implies

Eui,vi (|λ1|) � (q2 − 1)1/4
√

(1 − ep(U )). (56)

For the mixing rate,

μ+[U ] = Eui,vi (− ln |λ1|) � − ln(Eui,vi |λ1|)
� − 1

2 ln(1 − ep(U )) − 1
4 ln(q2 − 1). (57)

This gives a sufficiency condition for the circuit to be mixing
as

ep(U ) > 1 − 1√
q2 − 1

, (58)

in the sense that there will exist locals that will make the
circuit mixing. However, these are weak conditions and it ap-
pears from numerical results that only ep(U ) > 0 is required
for suitable local unitaries to make the circuit mixing. More
importantly, a comparison of the inequalities in Eqs. (46) and
(56), shows how the local unitary averaging reduces the effect
of the factor (q2 − 1) at even k = 2.

We now indulge in an approximate evaluation for the norm
of the higher powers of M̃+. Continuing to denote Haar aver-
ages by overbars

‖[A(u ⊗ u∗)]k‖2 = ‖[A(u ⊗ u∗)B]‖2

= tr[A†A(u ⊗ u∗)BB†(u† ⊗ uT )), (59)

where B = [A(u ⊗ u∗)]k−1. For k > 2, the Haar average seems
hard to perform exactly and we resort to treating the equality
in Eq. (53) as remaining valid even in this case although B =
(A(u ⊗ u∗))k−1 depends on u. Similar reasoning as before,
including the fact that u ⊗ u∗ leaves |�+〉 invariant, implies
still that trY R2 = 0. However, now we can recursively separate
out one more factor of A(u ⊗ u∗)B′ from B to average ‖B‖2.
We get the estimate

‖[A(u ⊗ u∗)]k‖2 ≈ 1

(q2 − 1)k−1
‖A‖2k, (60)

and hence finally, with A = M̃+ and using Eq. (42),

‖M̃k+[U ′]‖2 ≈ (q2 − 1)(1 − ep(U ))k. (61)

Using the Gelfand formula leads to an estimate of the local
unitary average of the largest nontrivial eigenvalue as

Eui,vi (|λ1|) ≈ fq

√
1 − ep(U ), (62)

where fq ≈ 1 is a potential “fudge factor.” Thus the (q2 − 1)
factor in the norm of M̃+[U ] is essentially eliminated by the
local unitary averaging procedure with the exactly same factor
appearing in the Haar average formula of Eq. (52).

Shown in Fig. 2 are eigenvalues λ1 and λq2−1 of M+[U ′]
when an ensemble of local unitaries have been applied to
fixed dual-unitary U , see Eq. (39). Except for the case when
ep(U ) = 0.75, these are the largest and smallest nontrivial
eigenvalues for three realizations of U = D1S when D1 are
themselves diagonal matrices of random phases uniformly
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FIG. 2. The real and imaginary parts of the nontrivial largest and
smallest magnitude eigenvalues λ1 and λq2−1 of M+[U ′] for four
dual-unitary U , the first three being of the form D1S, where D1 is
a diagonal unitary and S the swap and q = 3. The U ′ are generated
in all cases with 104 local, random single-particle unitaries, while a
solid circle of radius

√
1 − ep(U ) is shown in each figure.

distributed on the unit circle. This is an ensemble of dual-
unitary matrices, which we discuss in Sec. IV A as the D1S
ensemble. Its entangling power does not exceed q/(q + 1).
The realizations have been chosen to have a representative
range of values of the entangling power, which is also dis-
played. The case when ep(U ) = 3/4 is a dual-unitary obtained
from an algorithm described in Sec. IV B. We will presently
discuss the reason for this choice.

In the figures a circle of radius
√

1 − ep(U ) is also marked.
For small ep(U ), the |λ1| is large, but so is |λq2−1| and both
nearly coincide with the

√
1 − ep(U ) circle. In all cases it is

clear that the inequality in Eq. (45) holds. We notice also that
there are substantial number of real eigenvalues, apart from
the one at 1: this arises due to a symmetry in the spectra
that if λ is an eigenvalue then so is λ∗. There is a similar
“equatorial” enhancement for the real Gaussian random or
Ginibre ensemble [79]. As the entangling power increases, the
separation between the eigenvalues is also more prominent,
but the ring of λ1 values is essentially governed by the same
circle, and indicates that that Eq. (62) is valid.

This is shown in Fig. 3 where quite remarkably the simple
formula in Eq. (62) fits reasonably well the average of |λ1|
for a variety of ensembles of dual-unitaries in a large range
of entangling power, with fq = 1.1 for 3 � q � 6. The dual-
unitaries used are from two sources: first is the D1S ensemble
used in the last figure, whose entangling power is limited.
The other is a numerical iterative procedure that generates
an ensemble dubbed dual-CUE [46] and which we recall in
the next section. It is capable of producing high entangling
power dual-unitaries including 2-unitaries. Perturbations of

FIG. 3. The single-particle averaged spectral radius Eui,vi (|λ1|)
vs the entangling power. The dual-unitaries are 200 realizations each
of the D1S and dual-CUE ensembles, for all the local dimensions
q. The number of single-particle unitaries used in the averaging
is 104. The analytical approximations shown are discussed in the
text. The inset shows how well the analytical expression fits in the
neighborhood of ep(U ) = 1.

such 2-unitaries are used to generate unitaries with entangling
power arbitrarily close to 1 to populate the inset of the figure,
which shows how well the Eq. (62) works with fq = 1 near
ep(U ) = 1. Thus the factor fq appears to be a slow function of
the entangling power. Note that we have made use of q = 4 for
the inset, as q = 3 is a special case wherein ep(U ) = 1 appears
to be isolated in the set of dual-unitary matrices. Numerical
results indicate that for q = 3 there is a gap whose left extreme
seems larger than e∗

p, but is otherwise not yet known [52].
The average mixing rate μ+ and the maximal rate ν+ for

dual-unitaries with entangling power close to ep(U ) = 0 for
q = 2, 3, and 4 are shown in Fig. 4. These dual-unitaries are
of the form D1S, D1 is diagonal with entries eiεφ where φ is

FIG. 4. The maximal mixing rate ν+ and the average mixing rate
μ+ for dual-unitaries with entangling power ep(U ) close to ep(U ) =
0 for q = 2, 3, and 4. 104 local unitary realizations are used in the
averages.
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FIG. 5. The real and imaginary parts of the nontrivial largest
eigenvalue λ1 of M+[U ′] for two dual-unitary Ui that have the same
entangling power, ep(Ui ) = 3/4. The circle shown is of unit radius,
while for U1 the complex eigenvalues are bounded by a hypocycloid
called a deltoid.

uniform and random in [−π, π ) and ε controls how far from
the swap the dual-unitary is. Firstly, it is remarkable that for
q = 2, ν+ seems to lie exactly on the ep(U )/2 line. We shortly
derive the analytical form of ν+ for qubits, which indeed is a
singular case. For q = 3 and 4, the ν+ has a slightly smaller
slope than q = 2 and both lie on the same line. The μ+ line
for q = 2 has a slope of ≈3/8, while for q = 3 and 4, we
find a scatter of points. We discuss complementary data and
comparisons with analytics later in Figs. 6 and 9.

The scatter of the average mixing rates near ep(U ) = 0
signals the involvement of other local-unitary invariants than
the entangling power alone. That these are not fluctuations
due to sample size was verified by increasing the sample
size by several orders of magnitude and observing that the
scatter remained practically invariant. To examine this further,
we take gates U1 and U2 with the same entangling powers:
ep(U1) = ep(U2), but which are not local-unitarily connected,
that is there exists no ui and vi such that (u1 ⊗ u2)U1(v1 ⊗
v2) = U2. See Fig. 5 for the largest eigenvalues λ1 of M+[U ′

1]
and M+[U ′

2] when q = 3. Figure 2 shows yet another instance
of ep(U ) = 3/4 but is not locally equivalent to either U1 or
U2. For details of these matrices, see Appendix C. The fact
that the λ1 is very differently distributed in the unit circle
itself indicates that these operators are not locally connected.
It is found that Eui,vi (|λ1|) ≈ 0.48655 for U = U1 whereas
it is ≈0.55045 for U = U2 with Ns = 106 samples of local
unitaries, and seem to have converged to an accuracy of at
least 10−3.

The peculiar structure seen in Fig. 5 corresponding to U1

warrants some comments, especially as some aspects of the
“triangular features” are also evident in two of the cases in
Fig. 2. Very similar figures have appeared in the study of
so-called unistochastic matrices [80]. The map corresponding
to M+[U ′

1] = (v†
2 ⊗ vT

2 )M+[U1](u†
1 ⊗ uT

1 ) [from Eq. (39)] is
special in this case and apart from a null 6-dimensional space,
it is given by the bistochastic 3 × 3 matrix whose elements
are |ui j |2, where u = u†

1v
†
2, as shown in Appendix C. A bis-

tochastic matrix is unistochastic if its elements are derived as
the absolute value squared of the elements of a unitary matrix.
The eigenvalues of random unistochastic matrices for q = 3
are conjectured to be bound by the deltoid (3-hypocycloid)
[80] which are the origin of the structure observed in the first

part of Fig. 5. It must be emphasized that the CPTP maps
M+[U ′] are in general not related in such a manner to unis-
tochastic matrices and hence such structures are generically
absent. In particular we have found them for specific subsets
of CPTP maps derived from special dual unitaries with special
values of the entangling power (such as 3/4 in q = 3).

C. Inhomogeneous circuits

If the two-particle unitary operators are different, but still
dual-unitary, within a circuit, this represents an inhomoge-
neous case and in this brief interlude we use the results above
to bound the correlation decay. The CPTP maps after t time
steps are

M±(t ) = M±[U ′
2t ]M±[U ′

2t−1] · · · M±[U ′
1]. (63)

Here U ′
k = (u1k ⊗ u2k )Uk (v1k ⊗ v2k ) is the interaction be-

tween site k − 1 and k. The correlation function from Eq. (16)
becomes in this case, considering traceless basis operators,

∣∣Ci j
± (±t, t )

∣∣2 = 1

q2
|〈a j |M±(t )|ai〉|2 = 1

q2
|〈a j |M̃±(t )|ai〉|2

� 1

q2
〈a j |a j〉〈ai|ai〉‖M̃±(t )‖2 = ‖M̃±(t )‖2,

(64)

where we have used the Schwarz inequality and tr(a†
j a j ) =

〈a j |a j〉 = q. The replacement of M± by M̃±, a product of
M̃±[U ′

k] is possible as the a j are traceless.
Allowing for single particle unitaries that are also inhomo-

geneous (u1k , etc. are i.i.d. random) and averaging over them
leads to the inequality

|Ci j
± (t, t )|2 � ‖M̃±(t )‖2 = (q2 − 1)

2t∏
k=1

[1 − ep(Uk )]. (65)

Here we note that the averaging in Eq. (61) is exact as the
local unitaries are independent at every stage of the averaging.
As a special case, assuming single particle inhomogeneity, but
uniform two-particle interactions, we have

|Ci j
± (t, t )|2 � (q2 − 1) exp(−tγ ), (66)

where γ = − ln(1 − ep(U ))2. Thus the decay of correlations
in the quenched disordered dual circuits are exponentially fast
and the rate is explicitly given in terms of the entangling
powers of the two-particle unitaries used.

D. Qubit case analytics

The qubit case is special in many ways including the fact
that the dual-unitary family has only one free parameter. This
presents a completely solvable case to find the connections
to the entangling power when a restricted volume of local
unitary operations are used. All local unitary inequivalent
classes of two-qubit operators are characterized by their Car-
tan decomposition that is a three parameter family [81–83].
For dual-unitary subclass, this is reduced to the one parameter
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family

U (J ) = exp

[
i

(
π

4
σx ⊗ σx + π

4
σy ⊗ σy + Jσz ⊗ σz

)]

=

⎛
⎜⎜⎜⎝

e−iJ 0 0 0

0 0 −ieiJ 0

0 −ieiJ 0 0

0 0 0 e−iJ

⎞
⎟⎟⎟⎠, (67)

where σ j are Pauli matrices and 0 � J � π/4. Note that

U (J ) = SD(J ) = D(J )S,

where S is the swap operator and D(J ) =
diag(e−iJ ,−ieiJ ,−ieiJ , e−iJ ) and is thus a member of the
D1S ensemble we have used in earlier figures.

The corresponding channel is simply a diagonal matrix:
M+[U (J )] = diag(1, sin(2J ), sin(2J ), 1), with |λ1| = 1. The
entangling power is [84]

ep(U ) = 2
3 cos2(2J ), (68)

and the case J = π/4 corresponds to a SWAP gate while J = 0
corresponds to the DCNOT [83].

A general local or single qubit gate u ∈ SU(2) can be
parametrized as

u =
(

cos θ
2 ei φ

2 −ei ψ

2 sin θ
2

e−i ψ

2 sin θ
2 cos θ

2 e−i φ

2

)
, (69)

where, θ ∈ [0, π ], and φ, ψ ∈ [0, 4π ]. We wish to find the
eigenvalues of the channel corresponding to a locally equiva-
lent U ′: M+[U ′(J )] = (u† ⊗ uT )M+[U (J )]. This turns out to
be analytically difficult for us and therefore we take single
qubit gates from two different subsets. These are found to
be useful, as the first gives an approximation to the average
mixing rate μ+, while the second leads to, what appears
numerically to be the exact analytical expression for the max-
imum mixing rate ν+.

The first subset is parametrized as

w =
(

cos θ
2 −ei ψ

2 sin θ
2

e−i ψ

2 sin θ
2 cos θ

2

)
, (70)

obtained by setting φ = 0 in Eq. (69). The maximal mixing
rate is

ν ′
+[U ] = −1

2
ln(sin 2J ) = −1

4
ln

(
1 − ep(U )

emax
p

)
, (71)

where emax
p = 2/3, the maximum possible value for qubits

(see Appendix E1). The prime on ν+ is to indicate that the
maximum rate is found within a subset of all possible single-
particle unitary gates. The connection to the entangling power
is via Eq. (68) and displays explicitly its monotonic relation
to the maximum mixing rate. Thus ν+[U ] � ν ′

+[U ], and com-
parisons with numerical results are shown in Fig. 6.

The average mixing rate μ′
+, again with the restricted set

of local unitaries drawn from w, with cos θ being uniformly

FIG. 6. The maximal mixing rate ν+[U ] for q = 2 as a function
of the entangling power. Shown are the results of maximization over
the restricted subset of local unitaries represented by w (ν ′

+[U ] with
its analytical evaluation in Eq. (71)) as well as over the unrestricted
set comprising u ∈ SU(2). The analytical results for the restricted
set v in Eq. (74) is seen to fit exactly the data from the optimization
over the unrestricted set. The inset shows the corresponding average
mixing rates μ′

+[U ], for which we compare with the analytical ex-
pression in Eq. (72).

distributed, is

μ′
+[U ] = −1

2

∫ π

0
ln(|λ1[θ, J]|) sin θdθ

= 1 − sin 2J

1 + sin 2J
=

1 −
√

1 − ep(U )
emax

p

1 +
√

1 − ep(U )
emax

p

, (72)

after taking into account the nonsmooth changes at θc and
π − θc. Again the monotonic relation between μ′

+[U ] and
ep[U ] is made explicit, and agrees with numerical results as
shown in Fig. 6. We reiterate that the expressions for μ′

+
and ν ′

+ are valid only for the given parametrization of the
locals [Eq. (70)] and, in particular, do not agree when all the
unitaries are sampled using the CUE. The latter sampling that
uses general locals u ∈ SU(2) of the form in Eq. (69) is also
shown in Fig. 6. It is interesting that the average mixing rates
are approximately the same from both sampling. For the case
when J = 0, when the entangling power of U is the maximum
possible value of 2/3, μ′

+[U (J = 0)] = 1. The CUE average
in this case is also easy to find and μ+[U (J = 0)] = 1 as
well. This reflects the fact that there are no 2-unitary gates
for qubits, as for q > 2, μ+[U ] = ∞ when ep(U ) = 1.

For small ep(U ), where from Eq. (72) we infer that
μ′

+[U ] ≈ 3ep(U )/8. From Fig. 4, we see that with CUE
sampling, μ+[U ] ∼ 0.36ep(U ) which is indeed close to this.
However, Eq. (71) gives ν ′

+[U ] ∼ 3ep(U )/8 which is quite
different from the numerically obtained estimate of ep(U )/2
from Fig. 4. A better bound on ν+[U ], which we believe to
be the exact value, is attained with the second subset of local
gates of the form

v = 1√
2

(
ei φ

2 −ei ψ

2

e−i ψ

2 e−i φ

2

)
, (73)
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obtained by setting θ = π/2 in Eq. (69). The maximal mixing
rate,

ν+[U (J )] = − ln sin
2
3 (2J ) = −1

3
ln

[
1 − ep(U )

emax
p

]
(74)

where the maximum mixing rate is found over single or local
qubit gates of the form Eq. (73), and is also written in terms
of ep(U ) = 2

3 cos2(2J ) (see Appendix E2).
Indeed this is a better bound than the one in Eq. (71),

however as this is still based on a subset of local unitaries
it is not a proof that this is indeed ν+. In Fig. 6, Eq. (74)
is plotted and fits exactly the ν+[U ] calculated from general
single qubits sampled from the CUE. Further, calculations and
numerical results shown in Appendix E3 strongly suggest that
Eq. (74) is a global optimization using single qubit gates of the
general form Eq. (69) from the entire SU(2) space. Notice also
that Eq. (74) gives for small ep(U ) that ν+[U ] ∼ ep(U )/2,
agreeing with the corresponding numerical result displayed
in Fig. 4. Note that the results for qubits are not surprising as
there is only one parameter J and the invariants are all function
of these. However, the monotonic dependence of the mixing
rates with the entangling power does not follow from this and
is a forerunner of the predominantly monotonic dependence
for q > 2.

We now construct dual-unitary, and 2-unitary, operators
in a variety of different ways, keeping in view the resulting
entangling power which we have just demonstrated plays a
key role in the ergodic life of a dual-unitary circuit.

IV. DUAL-UNITARY CONSTRUCTIONS AND THEIR
ASSOCIATED CPTP MAPS

The channel M±[U ] and the influence of the entangling
power of U on its mixing properties have just been discussed
in some generality. We now step back to describe families of
dual-unitary operators which are the building blocks of the
circuits in the first place. There have been few constructions
in the literature already [55,56], we augment them consider-
ably, especially with the understanding that their entangling
power forms a crucial aspect to control. Dual-unitary opera-
tors are also those with maximum operator entanglement and
while there exists no general parametrization of these, there
are few concrete families including a numerical algorithm
constructed by the current authors, which results in the “dual-
CUE” ensemble [46]. However, the dual-CUE have typically
large entangling power and it may be good to construct an-
alytically families that may have smaller entangling power
but are parameterized well. For large entangling power and
2-unitaries there are also permutation matrices and complex
Hadamard matrices that are quantizations of classical cat
maps: paradigms of classical chaos.

A. From block-diagonal unitaries

Dual-unitary matrices are those that remain unitary under
realignment. However, of the four permutations involving the
partial transpose and realignment, the simplest to visualize is
T2. Therefore we may construct first T-dual matrices and left
or right multiply these by the swap operator S to get dual
matrices. For the symmetric q × q spaces, AT2 amounts to

partitioning A into q2 q × q matrices, the first block starting
at the first element, and taking the transpose within these
blocks. As the transpose of a unitary matrix remains unitary,
this implies that any matrix comprising uniformly of only
diagonal, unitary, q × q blocks is T-dual. Denoting this as Dq,
we have

(75)

where {Uj} is any set of q × q unitary matrices. Hence

U = SDq, U = DqS, (76)

are two families of dual-unitaries, parametrized by q matrices
∈ U (q).

1. Diagonal unitary constructions

The blocks Uj may in turn have a block structure, an
extreme case being when they are all diagonal. In this case, we
refer to the diagonal matrix as D1 and the ensemble SD1 was
studied recently in this context in Ref. [56], but was studied
from the point of view of entanglement content in Ref. [85].
The channel M+[U ] depends on which side the swap operator
is multiplying the block diagonal matrices, but the entangling
power does not. The entangling power of ep(U = D1S) is
essentially the operator entanglement of diagonal gates. If D1

is the uniform ensemble of diagonal unitary gates (the phase
in the diagonal elements is i.i.d. random, uniform in [−π, π ))
moments of the singular values of DR2

1 maybe derived [85].
For example we find from there that the average entangling
power is

ED[ep(D1S)] = q − 1

q + 1
. (77)

This compensates for an additional factor of (q − 1)/(q + 1)
present in [85] due to different scaling used in the definition
of entangling power. Recall that in the present convention, the
maximum value of the entangling power is 1. However, we
show below that the maximum value of ep(U = D1S) is only
q/(q + 1), see Eq. (82). Hence this is � e∗

p, for q > 2 and
= e∗

p for q = 2, where e∗
p is the border for ensuring mixing in

Eq. (48).
For q = 2, the distribution of the entangling power may

also be explicitly found, as it is observed in Ref. [85] that the
distribution of the squared singular values of U R2 follows the
arcsin law. This implies the distribution

P(x = ep(D1S)) = 1

π

1√
x
(

2
3 − x

) , (78)

as seen in Fig. 7, where for comparison the case q = 3 is
shown as well. These show the members of these dual-unitary
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FIG. 7. The distribution of entangling power ep(U ) of the dual-
unitary SD1 ensemble, consisting of the SWAP gate multiplied by
diagonal unitaries, for q = 2 and q = 3, the former is an arcsin law
given in Eq. (78).

family can have a fair spread of the entangling power from
nearly 0 to q/(q + 1).

2. General block diagonal constructions

A more general ensemble is constructed from

(79)

where 1 < K � q and Uj are special classes of q j × q j unitary
matrices, where qj are multiples of q such that

∑K
j=1 q j =

q2. For example when q = 3, we could have K = 2 blocks
with q1 = 6 and q2 = 3. The extreme case of K = 1 simply
corresponds to a full T-dual matrix of q2 dimension, there is
no block structure and is avoided here. The case when K = q
is the uniform one discussed above.

Only when q j = q, Uj is an arbitrary unitary. If q j = mjq,
with 1 < mj < q, Uj comprise of m2

j q × q subblocks. These
Uj may be thought to belong to a tensor product space Hmj ⊗
Hq, of a mj-dimensional system with a q-dimensional one. If
all such Uj are T2-dual, that is remain unitary under partial
transpose of the q-dimensional subsystem then Dq1,··· ,qK is
T-dual. Of course this is recursive process and the difficulty
is now transferred to finding such special unitaries in lower
dimensions.

However, we note that even if one such set of T-dual
matrices are known then local unitary transformations on the
Hmj ⊗ Hq provide a parametrization of T-dual q2 × q2 matri-
ces of differing nonlocal content in the Hq ⊗ Hq space. The
simplest T-dual matrix is the identity and hence we may take

Uj = umj ⊗ vq, where umj ∈ U (mj ), vq ∈ U (q)

are arbitrary mj and q-dimensional unitary matrices. This pro-
vides one way of constructing the blocks Ui of Dq1,··· ,qK , such

that it is T-dual. Once these are constructed U = SDq1,··· ,qK

and U = Dq1,··· ,qK S provide ensembles of dual-unitaries gen-
eralizing the easy uniform case. As K �= 1 (if K = 1, m1 = q
and such operators are locally equivalent to swap S), they
result in nontrivial dual-unitary families.

The entangling power of dual-unitaries depends only on
E (US) = E (SU ) and these in turn follow from the singular
values of the partial transpose such as U T2 . From Eq. (26e),
we get that U T2 = (SDq1,...,qK )T2 = S(Dq1,...,qK )R1 . The action
of the realignment R1 on a q2 × q2 matrix again proceeds by
uniformly dividing it into q2 q × q subblocks, column vector-
ize the subblocks starting from the top left corner, and going
along the blocks columnwise. Thus (Dq1,...,qK )R1 contains as
many columns as there are q × q blocks in it and we get that

Rank
[(

Dq1,...,qK

)R1
] =

K∑
j=1

m2
j , (80)

as each q j-dimensional subblock contains m2
j q-dimensional

ones. Along with
∑K

j=1 mj = q, this renders (Dq1,...,qK )R1

rank-deficient (rank < q2). In the extreme case when K = q
blocks are present, mj = 1 uniformly and the rank is lowest at
q, which includes the case of D being a diagonal unitary.

This implies, as we show in Appendix D, that for these
dual-unitary ensembles constructed from block-diagonal T-
dual matrices,

E (SU ) � 1 − K

q2
,

ep(U ) = 1

E (S)
E (SU ) � q2 − K

q2 − 1
� e∗

p, (81)

where e∗
p is the bound from Eq. (48). The smallest range of the

entangling power occurs for the uniform case when K = q,

E (SU ) � 1 − 1

q
, ep(U ) � q

q + 1
, (82)

Hence, for q = 2, the maximum value ep(U ) = 2/3 is al-
ready reached by the block-diagonal cases above and can be
achieved even with diagonal 2-qubit gates. The largest range
occurs for the case K = 2, which interestingly coincides with
the bound e∗

p derived from the norm of the channel as a suf-
ficiency condition for mixing. Thus none of the dual-unitary
constructions based on diagonal blocks, satisfy the sufficiency
condition, Eq. (48) for mixing: there are always members that
do not mix.

Whenever (Dq1,...,qK )R1 is rank-deficient the entangling
power cannot be maximized as K > 1. As all block-diagonal
based constructions are rank-deficient these will not reach
the maximum entangling power, with the exception of q = 2.
Quite remarkably, the maximum depends only the number of
blocks and not on the block sizes mj . For the case of qutrits,
the uniform block-diagonal based ensemble can only reach a
maximum entangling power of 3/4. If we take the nonuni-
form case when K = 2, m1 = 2, and m2 = 1, the maximum
according to Eq. (81) is 7/8 = 0.875. Interestingly, in this
case, the bound is not tight, and is not achieved. For ququads
with q = 4, if K = 2, m1 = m2 = 2, the bound on ep(U ) is
14/15 and is achieved. The distinction is that there are eight-
dimensional 2-unitary matrices in the bipartite qubit-ququad
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split: H2 ⊗ H4 [86], however there are no six-dimensional
2-unitary matrices with the qubit-qutrit bipartition [87].

3. Channels from block-diagonal based constructions

We will study the CPTP maps M+[U ] when U = Dq1,...,qK S
and U = SDq1,...,qK and denote them simply as M+[DS], and
M+[SD]. Note from Eq. (25) that M±[DS] = M∓[SD]. Recall
that Dq1,...,qK consists of K unitary blocks, denoted Uk , on the
diagonal of sizes q j = mjq, with

∑
j m j = q.

From Eq. (21) and using Eq. (26f), we get

M+[DS] = 1

q
[(DS)T2 (DS)T2†]R1 = 1

q
[DR2 DR2†]R1 .

It is not hard to see that the CPTP map M+[DS] consists of
diagonal (square) blocks [U R2

k U R2†
l ]R1 . There are in all K2 such

blocks with sizes in the set {mkml |1 � k, l � K}, that is

M+[DS] = 1

q

K⊕
k,l=1

[
U R2

k U R2†
l

]R1
. (83)

In the simplest uniform case, there are K = q blocks, all the
q j = q and mj = 1, M+ is diagonal. In this case U R2

k,l are row

vectors of length q2 and hence the product U R2
k U R2†

l is simply
an inner product, which in terms of the original matrices
is the Hilbert-Schmidt inner product. Hence the (unordered)
spectrum of M+[DS] is

λkl = 1

q
tr(UkU

†
l ). (84)

Hence there are q eigenvalues λkk = 1, and local unitary
operations are needed to render the circuit mixing. Also inter-
estingly, if the blocks contain orthonormal unitary matrices,
then all the other eigenvalues are 0, equivalently λkl = δkl ,
and represent the most mixing that can be obtained from
this type of dual-unitaries. These continue to hold for the
special case when Uk are themselves diagonal matrices, and
was considered recently in [56]. In the uniform blocks case,
the entangling power cannot exceed q/(q + 1) as shown in
Eq. (82).

The maximum possible entangling power is when K = 2,
when ep(U ) � e∗

p. It was mentioned that there are gates U
such that ep(U ) = e∗

p = (q2 − 2)/(q2 − 1) and λ1 = 1. It is
shown in Appendix D that if Uk are 2-unitaries in mixed
dimensions mk × q, that is they satisfy the conditions of
Eq. (D1), then the entangling power is e∗

p. However, these
conditions imply that there are K blocks in M+[DS] which
are

1

q

[
U R2

k U R2†
k

]R1 = 1

mk
1R1

m2
k
= ∣∣φ+

mk

〉〈
φ+

mk

∣∣, (85)

where |φ+
mk

〉 is the maximally entangled state
∑mk

i=1 |ii〉/√mk .
Thus in general there are K eigenvalues that are 1 and∑

k (mk − 1) = q − K zero eigenvalues. Hence |λ1| = 1, also
in the particular case of K = 2. As we have previously noted,
there exists no matrices that satisfy these conditions in q = 3
and K = 2, as there exists no 2 × 3 2-unitary matrix. How-
ever there do exist such block matrices for q = 4 when we
could have two 8 × 8 blocks, each satisfying the conditions of
Eq. (D1) as there exists 2-unitary matrices in H2 ⊗ H4. This

follows from the existence of a four-party AME state of two
qubits and 2 ququads, which is a corollary of the fact that six
qubit AME states exist [87]. We show below that the quantum
cat map is another example wherein ep(U ) = e∗

p but can be
nonmixing.

Turning to M+[SD], which is also M−[DS], we get

M+[SD] = 1

q
[(SD)T2 SD)T2†] = 1

q
[SDR1 DR1†S]R1 ,

where an identity in Eq. (26e) is used. The difference with the
previous case that involved R2, Eq. (83), is that here there no
“interference” terms between the blocks as a simple schematic
of multiplying such realigned matrices will convince a reader.
This results in

M+[SD] = M−[DS] = 1

q

K∑
j=1

[
SU R1

j U R1†
j S

]R1
. (86)

This simplifies for K = q, when Uj are uniformly q × q uni-
tary matrices as

M+[SD] = M−[DS] = 1

q

q∑
j=1

U †
j ⊗ U T

j . (87)

Thus unlike M+[DS] this is not diagonal and generically there
are no other eigenvalue that is 1 apart from the trivial one.
Thus the same circuit could be chiral in the nature of their
mixing. Also, note that in this case, using Eq. (39) M+[(u1 ⊗
u2)DS(v1 ⊗ v2)] = M+[SD′] where D′ = ⊕

j u1Ujv2. Thus
the channels of locally transformed operators are equivalent
to the channels of other members of dual-unitary matrices of
the same form.

To construct dual-unitary operator U with an entangling
power in excess of the bound e∗

p, which assures mixing, and to
construct Bernoulli circuits from 2-unitaries, we need to look
beyond the block-diagonal constructions. A few possibilities
are outlined below.

B. Dual-CUE

As shown above, the entangling power ep(U ) of block
diagonal dual-unitaries is bounded by the number of blocks,
and cannot exceed the sufficiency bound in Eq. (48) for a mix-
ing circuit. They certainly cannot result in Bernoulli circuits.
Permutations and decorations thereof may exceed it and even
reach the maximum possible, and for odd dimensions there
exist cat maps that can do this. However, as these are spe-
cial constructions, an ensemble of dual-unitary matrices with
large entangling power still seems inaccessible. However, in
Ref. [46], we constructed a nonlinear dynamical map on the
space of unitary operators, which acting iteratively, limit to
dual operators and which have large entangling power.

We recall this procedure here for completeness. Define
the map MR : U (q2) → U (q2), which is schematically rep-
resented as follows:

MR(U ) : U
R−→ U R2

PD−−→ V. (88)

R is a linear map, R(U ) = U R2 , whereas the map PD is
nonlinear, such that PD(X ) = V , where V is the closest
unitary operator to X (under any unitarily invariant norm),
which is given by the polar decomposition X = V

√
XX †. It

was observed in [46] that, starting from almost any unitary
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FIG. 8. Distribution of ep(U ) of dual-CUE ensemble generated
by applying the MR map on the CUE of ensemble. It can be seen that
for q = 3, the MR map also produces a fraction of 2-unitaries whose
ep(U ) = 1. If ep(U ) > e∗

p, the dual-unitary circuit is guaranteed to be
mixing. For comparison, the average entangling power of CUE ēp is
also indicated.

operator U0, an iterative application of MR, Un = Mn
R(U0),

produces unitary Un with an operator entanglement E (U )
monotonically approaching the maximum value 1 − 1/q2 as
n → ∞, so that M∞

R (U0) is dual-unitary.
Furthermore, defining the Tsallis entropies,

Sα (U ) = 1 −∑q2

j pα
j

α − 1
,

where p j = γ j/q2 [see Eq. (13)], the α = 2 case corresponds
to the operator entanglement E (U ) defined in Eq. (15). Under
the MR map, it was proved in Ref. [46] that

S1/2(Un+1) � S1/2(Un),

showing a nondecreasing trend towards an entropy increase
and making plausible that the limiting process results in a
maximum entropy state. From a dynamical systems perspec-
tive, the dual-unitaries are fixed points of the M2

R map. To see
this, let U be a dual-unitary operator to begin with, then action
of M2

R is as follows:

U
R−→ U R2

PD−−→ U R2
R−→ U

PD−−→ U .

Since U is dual-unitary, so that U R2 is unitary and it remains
invariant under the PD map. As shown in Ref. [46], there
is overwhelming numerical evidence that almost any unitary
is in the basin of attraction of the dual-unitary fixed point
set, and is reached under the MR map. Thus if the starting
unitaries are sampled from the Haar measure, the resultant
ensemble of dual-unitary matrices, M∞

R (CUE) was dubbed
“dual-CUE”. The distribution of entangling power ep(U ) for
dual-CUE is given in Fig. 8 in which the average entangling
power of CUE, ēp = (q2 − 1)/(q2 + 1) [49,52] and e∗

p are
both indicated for comparison.

Additionally, it is possible to define other maps wherein
the partial transpose is added as a step in the protocol so that
the resultant matrices are 2-unitary. It was shown in [46] that
especially for q = 3 and q = 4, this was successful in produc-

FIG. 9. The maximal mixing rate ν+ and the average mixing rate
μ+ for q = 3 and K = 1, 3 cases of dual-unitary operators of the
form D3S, and D1S. In the former case the three blocks are random
unitaries drawn from the CUE, while in the latter the diagonal entries
are random phases drawn uniformly from the unit circle. The maxi-
mum possible entangling power 3/4 is indicated by dashed vertical
line. The inset shows the case of dual-CUE, again with q = 3, which
can explore a larger range of entangling power.

ing ensembles of 2-unitary matrices, with ep(U ) = 1, from
which Bernoulli circuits may be constructed. Thus, although
these maps result typically in numerically close to dual and
2-unitary matrices, they are for practical purposes as good
as analytical ones and crucially enable us to explore gates
with large entangling powers. In Appendix F, we provide
examples of a dual-unitary operator with entangling power
ep(U ) = 8/9 > e∗

p = 7/8 and 2-unitary operator obtained via
this numerical procedure for q = 3. Note that this procedure
is capable of identifying exact operators if the elements are
simple enough to be recognized, as in these examples.

The maximum and the average mixing rates ν+ and μ+
of Eqs. (40) and (41) are shown for q = 3 in Fig. 9, using
three types of dual-unitary constructions. Two of these are
based on block diagonal constructions, while the D1S uses
diagonal unitary matrices, the D3S uses random 3 × 3 CUE
blocks on the diagonals. While both of these have the same
range of possible entangling power, namely [0, q/(q + 1)], it
is seen that D3S typically has larger entangling power. The
third ensemble used is the dual-CUE, which can have as large
as ep(U ) = 1, but q = 3 is a peculiar case, where there is a gap
at ep(U ) = 1. Nevertheless we can see that this realizes gates
of larger entangling power than the diagonal blocks based
ensembles. For larger entangling power, ν+ does not appear
to be a function of the entangling power alone and these
numerical results indicate that it is a more complex quantity.
For smaller values of ep(U ), it has been noted in Fig. 4 that it
is simple function of the entangling power. On the other hand,
the single-particle averaged μ+ seems to be determined by the
entangling power and is close to the estimation from |λ1|.

C. From permutations

Permutation matrices form a source of unitary gates with
a wide range of entangling powers [73]. They have been
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used to construct gates with ep(U ) = 1 for all dimensions
except q = 2 and q = 6. The SWAP and identity operators are
two permutations with vanishing entangling power but have
different nonlocal contents. The characterization of permuta-
tion matrices that are dual and T-dual does not seem to have
been systematically exposed, although the ideas are present in
Ref. [73].

If [q] = {1, . . . , q}, a permutation of q2 elements [q] × [q],
written as P(i, j) = (ki j, li j ), is represented by the pair of
matrices K = (ki j ) and L = (li j ). Corresponding permutation
operator P acts on the product basis as P(|i〉| j〉) = |ki j〉|li j〉
and represented as

P =
∑
i, j

|ki j〉|li j〉〈i|〈 j|. (89)

For example, for q = 3, if P permutes the elements of [3] ×
[3] as ⎡

⎣11 12 13

21 22 23

31 32 33

⎤
⎦ P−→

⎡
⎣11 23 31

32 21 13

33 12 22

⎤
⎦,

the matrices K and L are recognized as

K =
⎡
⎣1 2 3

3 2 1

3 1 2

⎤
⎦, L =

⎡
⎣1 3 1

2 1 3

3 2 2

⎤
⎦.

As PR2 = ∑
i, j |ki j〉|i〉〈li j |〈 j|, if 〈ki j |kin〉 = δ jn, then

PR2 †PR2 = I . It is also easy to see that the converse is true.
Similarly considering conditions under which PR2 PR2 † = I ,
one concludes that the permutation operator P is dual-unitary,
that is PR2 is unitary, if and only if 〈ki j |kin〉 = δ jn and
〈li j |lm j〉 = δim. This imposes a constraint on the K and L
matrices. The elements along the each row of the K matrix
and the elements along the column of the L matrix must be
distinct. Thus the example above does represent a dual-unitary
permutation.

Similarly, the permutation operator P is T-dual if and only
if 〈ki j |km j〉 = δim and 〈li j |lin〉 = δ jn. The elements in each
column of the K matrix and the elements in each row of the
L matrix must be distinct. The conditions for dual and T-dual
together defines the conditions for P to be 2-unitary. This re-
quires that both K and L be Latin squares, with unique entries
along any row or column. In addition for the combined KL
to be a permutation, we must require that these Latin squares
be orthogonal: overlaying the squares result in no repetition
of the order pairs in [q] × [q]. Thus orthogonal Latin squares
give unitary gates with ep(U ) = 1. The above example fails
this condition, whereas the following satisfies it:

⎡
⎣11 12 13

21 22 23

31 32 33

⎤
⎦ P−→

⎡
⎣11 23 32

22 31 13

33 12 21

⎤
⎦

≡
⎡
⎣1 2 3

2 3 1

3 1 2

⎤
⎦
⎡
⎣1 3 2

2 1 3

3 2 1

⎤
⎦.

FIG. 10. The largest and second (inset) largest eigenvalues |λ1,2|
of the channel M+ for all possible dual-unitary permutations for
qutrits, q = 3. The figure also illustrates the bounds of the entangling
power, beyond which the corresponding modes are definitely mixing.

Figure 10 shows the largest and second largest eigenvalues
of the channels M+[P] from all the possible dual-unitary
permutations for q = 3 as function of their entangling power.
Many permutations share the same entangling power and in-
terestingly many also have |λ1| = 1, unless ep(P) > e∗

p which
is indicated by a vertical dashed line in the main figure.
Note that 2-unitary permutations have ep(P) = 1 and |λ1| =
0. The inset shows the same for the second largest eigenvalue
and shows that if the entangling power exceeds e∗

p,2, indeed
|λ2| < 1.

While permutations provide a discrete set of dual, T-dual,
and 2-unitaries, one may use a kind of gauge-freedom they
enjoy to define continuous families that are not local unitarily
connected. Multiplying by diagonal unitaries on either sides
does not change the dual nature of the permutations, we define
generically locally inequivalent ensembles of unitaries that are
“enphased” permutations as

Pθ =
∑
i, j

eiθi j |ki j〉|li j〉〈i|〈 j|, (90)

where −π � θi j < π . It is easy see that the same condition for
duality, T-duality and 2-unitary given above for P continues
to hold. However, if we take a single dual permutation, the
members of its enphased family may have different entan-
gling powers. The exceptions are 2-unitaries, which remain
2-unitary under any enphasing. This follows as 2-unitaries are
both dual and T-dual, and enphasing does not change either of
these properties.

D. From cat maps

It seems natural to look at quantized classically chaotic
systems for dual and 2-unitary operators. Quantum maps have
long been studied whose classical counterparts are dynamical
systems with a high degree of chaoticity [11], in particular,
the baker [10,88,89] and the cat maps [8,90]. The cat maps
are linear automorphisms of the 2-torus that are hyperbolic,
Anasov or C systems. Their quantization was first studied by
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Berry and Hannay [8] and provides a rich source of models
for which semiclassical methods are exact. But they also have
peculiar properties such as periodicity in time, whose ori-
gins lie in number-theoretic aspects of the classical cat itself
[8,14,91]. As our concentration in this work is not primarily
with these interesting models, but rather use them as examples
for the class of unitary operators to use in quantum circuits,
we restrict ourselves to a minimal description. Coupled cat
maps from the point of view of duality have been studied
in Ref. [92] and coupled quantum cat maps have also been
studied in Ref. [93].

The Arnold cat map is area-preserving and defined on the
torus [x, p] ∈ [0, 1)2 by[

x′

p′

]
=
[

1 1

1 2

][
x

p

]
mod 1. (91)

As we are interested in bipartite unitary operators, two cou-
pled cat maps are considered in which case the automorphism
is of the four-dimensional torus and the map on it is symplec-
tic. There have been previous studies involving such coupled
maps, such as in [94]. However, we define the quantum propa-
gator via the classical generating function, a route taken in the
absence of a Hamiltonian for example in the construction of
the quantum bakers map [10]. The linearity of the map implies
a quadratic generating function. Considering the generating
function on R4

F1(x1, x2, x′
1, x′

2) = ax1x2 + bx′
1x′

2 + c(x1x′
2 + x′

1x2), (92)

a symplectic transformation is obtained from pi = ∂F1/∂xi

and p′
i = −∂F1/∂x′

i [95]. This linear map is a differentiable
one on the compactified unit torus T 4 if a, b, c are integers
and c|a, c|b. We take a = −1, b = −2 and c = 1 to get the
four-dimensional symplectic map⎡

⎢⎢⎢⎣
x′

1

p′
1

x′
2

p′
2

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎣

1 0 0 1

0 1 1 0

0 1 2 0

1 0 0 2

⎤
⎥⎥⎥⎦
⎡
⎢⎢⎢⎣

x1

p1

x2

p2

⎤
⎥⎥⎥⎦mod 1, (93)

which we recognize as Arnold cat maps on the (x1, p2) and
(x2, p1) subspaces. The corresponding quantum propagator is
given by the prescription of Jordan and Dirac 〈x′

1x′
2|U |x1x2〉 =

eiF1/h̄ [96,97]. On the unit torus with q states in each de-
gree of freedom h = 1/q and the position and momentum
take discrete values k/q with 0 � k � q − 1. This leads to
the quantum cat map corresponding to the classical map in
Eq. (93) acting on the bipartite system in Hq ⊗ Hq:

〈kα|UC | jβ〉 = 1

q
exp

(
− 2π i

q
[kα + 2 jβ − (kβ + jα)]

)
,

(94)
where α, β, j, k ∈ {0, 1, . . . , q − 1} label position eigenkets.

The operator UC is dual-unitary for all q and it is 2-unitary
operator for all odd local dimension q (see Appendix G). To
our knowledge, this is the first time a simple nonpermutation
class of unitaries have been shown to be 2-unitary. Note that
this is a complex Hadamard matrix. Examples of complex
Hadamard matrices are known to be 2-unitary for q = 3 [47].
Besides, being related to dynamical systems, and their sim-
ilarity to Fourier transforms, they may be implementable in

efficient quantum circuits or other physical setups [98,99].
Thus, while ep(UC ) = 1 for q odd, it is amusing that for q
even,

ep(UC ) = e∗
p = q2 − 2

q2 − 1
(95)

is at the border of the sufficiency condition for mixing.
While the unitary UC does not provide a family or ensem-

ble of dual operators, a one parameter family may be found
by setting a = 0 and c = 1 for arbitrary b in the generating
function Eq. (92). The corresponding quantum maps are

〈kα|UC (b)| jβ〉 = 1

q
exp

(
2π i

q
[b jβ + (kβ + jα)]

)
. (96)

This forms a dual-unitary family for all b ∈ R. However,
its entangling power is no larger than q/(q + 1) (reached
when b = 1), which one recognizes from Eq. (82) as that
of a uniform block-diagonal case. Indeed, it is not hard
to see that UC (b) = (Fq ⊗ Fq)SDq2 (b) where Fq is the q-
dimensional discrete Fourier transform and 〈kα|Dq2 (b)| jβ〉 =
e2π ib( jβ )/qδk jδαβ is a diagonal unitary. Hence this family of
cats is locally equivalent to a swap-diagonal family such as
we considered earlier, irrespective of the parity of q. We
note that UC in Eq. (94) also has a decomposition of the
form SDq2 (Fq ⊗ Fq)D′

q2 , where D are diagonal matrices, but
the fact that the local product is sandwiched between two
nonlocal ones makes the structure special and require that the
parameters a and b be fine-tuned. Complex Hadmard matrices
have been used in similar constructions by [55] and it will be
interesting to compare them and find their entangling power.

1. Cat map channels

The channel M+ for the quantum cat map in Eq. (94) is
given by

〈kα|M+[UC]| jβ〉 =1

q
〈kα|(U T2

C U T2†
C

)R1 | jβ〉

= 1

q2
e

2π i
q (αβ− jk)

δ jβ

q−1∑
m=0

e− 2π i
q 2(α−k)m

=1

q
e

2π i
q (αβ− jk)

δ jβδ2(α−k) mod q,0. (97)

For q odd, δ2(α−k) mod q,0 = δαk and M+[UC] = |�+〉〈�+| as
behoves a 2-unitary cat, and the circuit is Bernoulli. For q
even, the cat map UC is dual but not 2-unitary. The M+ in
Eq. (97) takes a simple form as

〈kα|M+[UC]| jβ〉 = 1

q
δ j,βδk,α + 1

q
(−1)βδ j,βδk,α± q

2
,

M+[UC] = |�+〉〈�+| + |�〉〈�∣∣, (98)

where |�+〉 is the maximally entangled state in Eq. (12) and

|�〉 = 1√
q

q−1∑
k=0

|k,

(
k + q

2

)
mod (q)〉,

|�〉 = 1√
q

q−1∑
k=0

(−1)k|kk〉, (99)
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are two other maximally entangled states. The operator
|�+〉〈�+| as always corresponds to the trivial eigenvalue, and
|�〉〈�| is nondiagonalizable, as |�〉 and |�〉 are orthogonal.
However, it is easy to see that

Mn
+[UC] = |�+〉〈�+|, ∀n � 2, (100)

and hence the cat map for q is such that correlations vanish af-
ter the second time step. We also note that M−[UC] = M+[UC]
as UCS = SUC , the cat is parity or exchange symmetric.

Under local single-particle unitaries though the cat map
channel changes as Eq. (39). It is sufficient to consider one
local unitary to get M+[U ′

C] = (u ⊗ u∗)M+[UC], where u ∈
U (q). Then in general M2

+[U ′
C] �= |�+〉〈�+|. From Eq. (98)

M+[U ′
C] = |�+〉〈�+| + (u ⊗ u∗)|�〉〈�|. Therefore any state

that is orthogonal to both |�+〉 and |�〉 is a (right) eigenstate
of M+[U ′

C] with eigenvalue 0, and hence the channel is rank
2. Ignoring the trivial eigenvalue 1, we get

λ1(U ′
C ) = 〈�|(u ⊗ u∗)|�〉 = 1

q

q−1∑
k,l=0

(−1)kulku∗
(l+ q

2 ) k. (101)

If u is the discrete Fourier transform on q sites,

ukl = 1√
q

exp[2π i(l + ϕ1)(k + ϕ2)/q],

with 0 � ϕ1,2 < 1 being phases, then λ1(U ′
C ) = cos(πϕ2).

Thus the dual circuit can be rendered nonergodic if ϕ2 = 0
or ergodic if ϕ2 �= 0.This shows that the cat map for q even,
with suitable local unitaries, is an example of a case when
ep(U ) = e∗

p, but the circuit is nonmixing.
A generic choice of u will however render the circuit

mixing. Indeed, if u is chosen from the Haar measure, it is a
straightforward application of Eq. (B2) to get the local-unitary
averaged

|λ1(U ′
C )|2 = 1

q2 − 1
= 1 − ep(UC ). (102)

This quantum cat map is therefore a solvable case wherein
the general relation between the largest nontrivial local
single-particle averaged eigenvalue and the entangling power,
Eq. (62) takes this exact and simple form.

V. SUMMARY AND DISCUSSIONS

This paper has considered the recently introduced dual-
unitary circuits that are models of many-body quantum
chaotic systems [26]. We showed that the partial-transpose
and realignment operations central to the problem of separa-
bility of quantum states [59–61] play a central role in these
circuits as well. Defining T-dual gates then, we showed how
the CPTP maps that govern the decay of correlations along
the light cone is related to the partial-transpose operation.
This leads naturally to Bernoulli circuits that are at the apex
of a putative quantum ergodic hierarchy. These are made
of 2-unitaries or perfect tensors which remain unitary under
both realignment and partial transpose. Determining neces-
sary and sufficient conditions for the circuit to be Bernoulli,
we showed how two-site observables retain the property of
having Bernoulli correlations.

A simple observation that the norm of the CPTP maps
determining the decay of correlations is directly related to
the entangling power of the two-particle unitary building the
circuit, enables us to derive a sufficiency condition for mixing.
There are unitaries U such that ep(U ) = e∗

p and the circuit
is not mixing, and not even ergodic. For the case of qubits,
it is also true that if ep(U ) � e∗

p, there exists local unitary
transformations such that the circuit can be made nonergodic.
This follows from the results in the Supplementary material
of Ref. [26]. It is unclear if this generalizes to q > 2, but we
believe that this true. However, increasing entangling power
does ensure that an increasing number of modes are rendered
mixing, whatever the local unitaries maybe.

While the entangling power are local (single-site or single-
particle) unitary invariants represent local fields, the mixing
properties of the circuit are not. We show however that local
unitary averaged mixing rates depend simply and universally
on the entangling power. That these averages are in fact typical
values is shown by numerical results. This paper has also
systematically enumerated several methods of constructing
dual-unitary operators. Importantly, we also calculate the en-
tangling power in these constructions as indeed these play a
central part in the ergodic properties of the quantum circuit.

There are very many natural directions that this work
throws up. The use of T-duality by itself or in conjunction
with realignment, such that the unitary remains unitary under
serial applications of these rearangements, in quantum circuits
maybe interesting. This is related to using operators other than
dual-unitary ones. The rudimentary phase-diagram where the
ergodicity properties depend on the entangling power alone,
will likely expand to include at least two LUI quantities such
as the operator entanglements E (U ) and E (US) or the entan-
gling power and the so-called gate typicality [52]. Another
direction is the use of dual-unitary operators with particles
with different local dimensions, such as a mixture of qubits
and qutrits [86]. A closely related possibility is to have multi-
particle interactions, rather than only nearest-neighbor ones.
For example, a tripartite three-body interaction can enable
Bernoulli or perfect tensor circuits even with qubits as there
are AME states of six qubits [86,87].

Other directions that seem intriguing are comparisons of
the ergodic properties as discussed via correlation functions
and those from standard quantum chaos literature, such as
spectral statistics. Finite systems, with recurrences are natural
in this context, and the nature of eigenstates of the Floquet
operator and the development of complexity in nonequilib-
rium states are of interest. Also, we have used a cat operator
that is capable of being a 2-unitary. It will be interesting
to study other physical systems whose Floquet operators are
indeed 2-unitary or in general dual operators. It is unclear to
us what quantity would play the role of entangling power in
organizing the ergodic hierarchy of possible classical limits of
such dual-unitary circuits.
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APPENDIX A: BERNOULLI CIRCUITS: CORRELATION
BETWEEN EXTENDED OPERATORS

In this Appendix, we consider other cases of two-site ob-
servables in Bernoulli circuits than treated in the main text.
For the case x1, x2 �= t − 1

2 , t , the repeated application of dual-
ity relation (9) imply the vanishing correlation function which
can be seen from the following diagrammatical evaluation,
Ci jkl (x1, x2, t ) =

For x1, x2 = t − 1
2 , by again using duality conditions (9),

the vanishing correlation function can be seen from the corre-
lation function Ci jkl (x1, x2, t ) =

The vanishing correlation function along the light cone,
x1, x2 = t − 1

2 , due to the application of T-duality condition
(28), and Ci jkl (x1, x2, t ) =

APPENDIX B: INTEGRATION WITH RESPECT
TO HAAR MEASURE

Here we prove the identity (52) used in the Sec. III B of the
main text. Consider∫

Haar
dutr[X (u ⊗ u∗)Y (u† ⊗ uT )]

=
∫

Haar
du

∑
iα jβkγ mτ

〈iα|X | jβ〉〈 jβ|u ⊗ u∗|kγ 〉

〈kγ |Y |mτ 〉〈mτ |u† ⊗ uT |iα〉

=
∑

iα jβkγ mτ

〈iα|X | jβ〉〈kγ |Y |mτ 〉
∫

Haar
du u jku∗

βγ u∗
imuατ .

(B1)

Using the results from Refs. [76–78] for calculating the mono-
mial integrals on the unitary group with respect to Haar
measure, above integral can be evaluated as∫

Haar
du u jku∗

βγ uατ u∗
im

= 1

q2 − 1
(δ jβδkγ δαiδτm + δ jiδkmδβαδγ τ )

− 1

q(q2 − 1)
(δ jβδkmδαiδτγ + δ jiδkγ δβαδτm). (B2)

By substituting Eq. (B2) into Eq. (B1), we get the follow-
ing identity:∫

Haar
dutr[X (u ⊗ u∗)Y (u† ⊗ uT )]

= 1

q2 − 1
(trX R2 trY R2 + trX trY )

− 1

q(q2 − 1)
(trX R2 trY + trX trY R2 ). (B3)
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APPENDIX C: UNISTOCHASTIC MATRICES
AND CPTP MAP M+[U ′]

The nontrivial largest and smallest magnitude eigenvalues
λ1 and λq2−1 of M+[U ′] is plotted in the Fig. 2, where U ′ =
(u1 ⊗ u2)U (v1 ⊗ v2). The following dual-unitary U with
ep(U ) = 3/4 is used to generate λ1 and λq2−1 of M+[U ′] as
shown in the lower right figure in Fig. 2. This unitary is ob-
tained by iterative application of the nonlinear map MR(U ) to
a permutation operator. Note the elegant form the dual-unitary
operator obtained from a numerical algorithm, and is given as

U =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 1 0 0 0 0

0 1 0 0 0 0 0 0 0

0 0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0 1

− 1
2 0 1

2
1
2 0 − 1

2 0 0 0

− 1
2 0 1

2 − 1
2 0 1

2 0 0 0

0 0 0 0 0 0 1 0 0

− 1
2 0 − 1

2 − 1
2 0 − 1

2 0 0 0

− 1
2 0 − 1

2
1
2 0 1

2 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (C1)

The structure of the real and imaginary parts of the non-
trivial largest eigenvalue λ1 of M+[U ′

i ] in Fig. 5 deserves
an explanatory note. First note that the dual-unitary operator
U1 = D3S and U2 = D2S are having same entangling power
ep(Ui ) = 3/4. The local unitary inequivalence between U1 and
U2 is evident from the different λ1 distribution seen in the
Fig. 5. The rank of M+[U ′

1] is 3 and M+[U ′
2] is full. The block

diagonal unitary operators used to construct these dual-unitary
operators are

D3 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0

0 0 0 0 0 1 0 0 0

0 0 0 1 0 0 0 0 0

0 0 0 0 1 0 0 0 0

0 0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0 1

0 0 0 0 0 0 1 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (C2)

D2 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0

0 0 0 0 0 1 0 0 0

0 0 0 0 1 0 0 0 0

0 0 0 1 0 0 0 0 0

0 0 1 0 0 0 0 0 0

0 0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 cos(aπ ) sin(aπ )

0 0 0 0 0 0 0 − sin(aπ ) cos(aπ )

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (C3)

where a ≈ 0.315167.
The geometric structure in the Fig. 5 corresponding to the

statistics of λ1 of M+[U ′
1] is called deltoid, a 3-hypocycloid.

Here we briefly explain the reason behind this structure as
these structures were also reported in Ref. [80] in the con-
text of random unistochastic matrices. By using Eq. (21), the
operator M+[U1]is given by its matrix elements as

〈iα|M+[U1]| jβ〉 = δi jδαβδiα. (C4)

With U ′
1 = (u1 ⊗ u2)U1(v1 ⊗ v2), M+[U ′

1] = (v†
2 ⊗

vT
2 )M+[U1](u†

1 ⊗ uT
1 ) [see Eq. (39)]. The spectrum

Spec(M+[U ′
1]) = Spec((v†

2 ⊗ vT
2 )M+[U1](u†

1 ⊗ uT
1 )) =

Spec((u†
1v

†
2 ⊗ uT

1 vT
2 )M+[U1]), by identifying u = u†

1v
†
2,

it is sufficient to study the spectrum of M+[U ′
1] =

(u ⊗ u∗)M+[U1]. By using Eq. (C4) for M+[U1],

〈iα|M+[U ′
1]| jβ〉 = 〈iα|u ⊗ u∗| jβ〉δ jβ

= 〈i|u| j〉〈α|u∗|β〉δ jβ. (C5)

Here M+[U1]| jβ〉 = δ jβ | jβ〉 is used. The subspace contribut-
ing the three eigenvalues are spanned by the vectors {|ii〉}.
The corresponding matrix elements are 〈ii|M+[U ′

1]| j j〉 =
〈i|u| j〉〈i|u∗| j〉 = |ui j |2. Thus the eigenvalue of M+[U ′

1] is

same as that of the unistochastic matrix B = |ui j |2 of di-
mension 3 × 3 generated from the local unitary operators
u = ui j . In Ref. [80], the authors constructed an ensem-
ble of unistochastic matrices of dimension 3 × 3 starting
from the nontrivial permutation operators and showed that
the spectrum is bounded by a 3-hypocycloid. They conjec-
ture that the spectrum of any random unistochastic matrices
of dimension 3 × 3 forms a 3-hypocycloid. They also con-
struct random unistochastic matrices for the dimension N ×
N and show that the spectrum forms N-hypocycloid for
such constructions. But in general the spectrum may deviate
for N > 3.

The dual-unitary U1 = D4S and U2 with ep(Ui ) = 4/5 are
given below. Here, U2 is obtained from the iterative appli-
cation of MR map to a permutation operator. Again note
the elegant form of the dual-unitary obtained from the MR

map. U1 and U2 are not local unitarily equivalent and the
rank of M+[U ′

1] is 4 and M+[U ′
2] is of full rank. The dis-

tribution of real and imaginary values of nontrivial largest
eigenvalue λ1 of M+[Ui] is plotted in Fig. 11. There is a small
fraction of eigenvalues that deviates from the 4-hypocycloid.
The single-particle averages Eui,vi (|λ1|) = 0.46170 for U1
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and Eui,vi (|λ1|) = 0.4940 for U2.

D4 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0

0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (C6)

U2 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0

0 0 0 0 0 0 0 0 0 1√
2

0 0 0 1√
2

0 0

0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 − 1√
2

0 0 0 1√
2

0

0 0 0 0 0 0 1√
2

1√
2

0 0 0 0 0 0 0 0

0 0 1√
2

1√
2

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 1√
2

0 0 0 1√
2

0

0 0 0 0 0 0 0 0 0 1√
2

0 0 0 − 1√
2

0 0

0 0 − 1√
2

1√
2

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 1√
2

− 1√
2

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (C7)

APPENDIX D: MAXIMUM ENTANGLING POWER
OF BLOCK DIAGONAL UNITARIES

The bound in Eq. (81) is attained when the blocks Uj of
Eq. (79) are not only such that their partial transposes are
unitary, but that their realignments are also unitary; that is they
are 2-unitaries in the bipartite Hmj ⊗ Hq space. As mj < q,
these spaces are not symmetric under exchange and the con-
ditions of 2-unitarity are modified accordingly [86]. They are

U T2
j U T2†

j = 1q2 , U R2
j U R2†

j = q

mj
1m2

j
, (D1)

while U R1
j U R1†

j is not proportional to identity. The operator
Schmidt decomposition of Uj is in general

Uj =
m2

j∑
k=1

√
λ̃ j,k a j,k ⊗ b j,k, (D2)

where {a j,k} and {b j,k} are orthonormal operator bases in Hmj

and Hq respectively, tr(a j,ka†
j,l ) = δlk and tr(b j,kb†

j,l ) = δlk .

The Schmidt values satisfy
∑m2

j

k=1 λ̃ j,k = mjq, and Uj is
maximally entangled if λ̃ j,k = q/mj for all k, from which
the second relation in Eq. (D1) follows. If all the Uj are
maximally entangled,

(
Dq1,...,qK

)R2 =
K⊕

j=1

√
q

mj

m2
j∑

k=1

|a j,k〉〈b∗
j,k|, (D3)

as (A ⊗ B)R2 = |A〉〈B∗|. It follows that

(
Dq1,...,qK

)R2
(
Dq1,...,qK

)R2† =
K⊕

j=1

q

mj

m2
j∑

k=1

|a j,k〉〈a j,k|, (D4)
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FIG. 11. The real and imaginary parts of the nontrivial largest
eigenvalue λ1 of M+[Ui] for two dual-unitary Ui with ep(Ui ) = 4/5.
A finite fraction of spectrum of M+[Ui] is deviated from the 4-
hypocycloid. The matrix U2 converges from iterating the map M
for a large number times n to a particular permutation matrix P.

as |a j,k〉〈a j′,l | = 0 for j �= j′, their supports not overlapping.
The singular values of (Dq1,...,qK )R2 are therefore

√
q/mj with

a m2
j fold degeneracy. Using Eq. (15), we get

E (Dq1,...,qK ) = 1 − 1

q4

K∑
j=1

q2

m2
j

m2
j = 1 − K

q2
. (D5)

Hence as E (SU ) = E (Dq1,...,qK ), the bound in Eq. (81) arises.

APPENDIX E: QUBIT CASE ANALYTICS

1. Single qubit gates from w family

Nontrivial eigenvalues of M[U ′(J )] = (w ⊗ w∗)M[U (J )],
where w is given by Eq. (70), are given by

λ′
1,2 = 1

2 [(1 + sin 2J ) cos θ

±
√

(1 + sin 2J )2 cos2 θ − 4 sin 2J], (E1)

λ′
3 = sin 2J.

Note that these eigenvalues are independent of ψ , while λ′
3 =

sin 2J is always real and independent of θ as well. The ordered
eigenvalues are denoted λi as above and |λ1| can change from
|λ′

1| to |λ′
2|. Figure 12 shows |λi| as a function of θ for a

particular value of J = π/16.
As θ increases from 0, λ′

1,2 are real and |λ′
1| = |λ1| de-

creases while |λ′
2| = |λ2| increases till these values become

equal at θ = θc = arccos[2
√

sin 2J/(1 + sin 2J )] when these
eigenvalues turn complex and form a conjugate pair whose
modulus

√
sin 2J remains constant till π − θc when they be-

come real again. Thereafter |λ1| = |λ′
2| and |λ2| = |λ′

1|. Thus
the smallest value of |λ1| for a fixed J for various local w is√

sin 2J and hence

ν ′
+[U ] = −1

2
ln(sin 2J ) = −1

4
ln

(
1 − ep(U )

emax
p

)
. (E2)

2. Single qubit gates from v family

In this case, nontrivial eigenvalues of M[U ′(J )] = (v ⊗
v∗)M[U (J )], where v is given by Eq. (73), are given by roots

FIG. 12. The ordered eigenvalues |λi| of the qubit channel
M+[U ′(J )] as a function of θ for J = π/16, when the local single
particle gates are of the restricted form w.

of the cubic equation

λ3 − (λ2 − λ) cos φ sin 2J − sin2 2J = 0. (E3)

Despite the restriction, explicit forms of the roots λ′
1,2,3, and

their ordered versions, are cumbersome. They satisfy the fol-
lowing relations:

λ′
1λ

′
2λ

′
3 = sin2 2J,

λ′
1 + λ′

2 + λ′
3 = cos φ sin 2J, (E4)

λ′
1λ

′
2 + λ′

2λ
′
3 + λ′

1λ
′
3 = cos φ sin 2J,

and are independent of ψ . As the roots depend on cos φ it is
sufficient to restrict attention to the interval φ ∈ [0, π ].

The absolute values of λ′
i are shown in Fig. 13 as a function

of φ for a representative value of J = π/16. The phenomenol-
ogy of the roots shown is independent of the value of J used.
For φ = 0, it is easy to see that λ′

1,2 = ±i
√

sin 2J , while the
real root is λ′

3 = sin 2J . At φ = π , all three roots are real:
λ′

3 = √
sin 2J while λ′

1 = −√
sin 2J and λ′

2 = − sin 2J . The
root with the largest magnitude, |λ1|, decreases from |λ′

1| =
|λ′

2| = √
sin 2J at φ = 0 and then increases again to the same

value at φ = π . We are interested in its smallest value, and it
turns out that this is obtained when φ = π/2, independent of
the value of J used.

FIG. 13. The ordered nontrivial eigenvalues |λi|, i = 1, 2, 3 of
M+[U ′(J )] as a function of φ for J = π/16, when the locals are
drawn from the restriction of local unitaries to the form v in Eq. (73).
The smallest value of |λ1| is (sin 2J )2/3 at φ = π/2 for all values
of J .
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FIG. 14. Absolute value of the largest nontrivial eigenvalue; λ1,
of M[U ′] = (u ⊗ u∗)M[J], u ∈ SU(2), is plotted as a function of
θ, φ parametrizing single qubit gate u. For given value of J , |λ1| is
bounded below by sin

2
3 (2J ).

The root that is always real, λ′
3, increases from sin 2J to√

sin 2J monotonically for φ ∈ [0, π ]. This follows from the
non-negativity of

dλ′
3

dφ
=
[

λ′
3(1 − λ′

3) sin φ sin 2J

3λ′2
3 + (1 − 2λ′

3) cos φ sin 2J

]
. (E5)

It is straightforward to see that this derivative is positive for
0 < φ � π/2, and remains so for π/2 < φ < π as |λ′

3| < 1
[26]. Consider the case φ ∈ [0, π/2]. There are two com-
plex roots, say λ′

1 = λ′∗
2 , and |λ′

1| decreases monotonically as
from Eq. (E4): |λ′

1|2λ′
3 = sin2 2J . Furthermore |λ′

1|2 − λ′2
3 =

cos(φ) sin(2J )(1 − λ′
3) � 0, the equality is satisfied for φ =

π/2 for all J . As λ′
3 continues to increase, it will replace

|λ′
1| as |λ1| beyond φ = π/2. Thus the minimum value of

|λ1| is identified from |λ1|3 = sin2 2J , that is |λ1| = sin
2
3 (2J ).

Therefore

ν+[U (J )] = − ln sin
2
3 (2J ) = −1

3
ln

[
1 − ep(U )

emax
p

]
. (E6)

3. General SU(2) single qubit gates

With single qubit gate u of the form Eq. (69), the charac-
teristic equation corresponding to the nontrivial eigenvalues
of M[U ′] = (u ⊗ u∗)M[J] is given by

λ3 +
[

1 − 2 cos2 θ

2
(sin 2J cos φ + 1)

]
λ2

+
[

sin 2J

(
2 cos2 θ

2
(sin 2J + cos φ) − sin 2J

)]
λ

− sin2 2J = 0. (E7)

This cubic equation is not easy to factorize and its roots can all
be real or, a pair of complex roots with one real root depending
on the values of J, θ, φ. Since getting closed form of roots is
hard, we study the θ, φ dependence of the largest root, i.e., the
largest nontrivial eigenvalue of M[U ′] numerically for a given
value of J as shown in Fig. 14. It is seen numerically that
|λ1| is bounded below by sin

2
3 (2J ) and this minimum value is

obtained for many pairs of (θ, φ) for a given value of J .
To see it clearly, we plot the function

f (J, θ, φ) = − ln
∣∣|λ1(J, θ, φ)| − sin

2
3 (2J )

∣∣, (E8)

as a function of (θ, φ) for a fixed value of J . Pairs of (θ, φ)
angles for which the bound is reached are seen as lighter in the

FIG. 15. Function f (J, θ, φ) is evaluated on the (θ, φ) plane for
four different values of J . Pairs of (θ, φ) angles for which f (J, θ, φ)
diverges are the values at which the minimum of |λ1(J, θ, φ)| is
reached.

plot Fig. 15 where the function takes large values (diverges
in principle). For J = 0, bound is reached at θ = π/2 for all
values of φ. The dependence of the minimum of |λ1(J, θ, φ)|,
obtained by searching over different values of (θ, φ) pairs, on
J or equivalently, ep(U ) is shown quantitatively for different
values of J in Fig. 16.

APPENDIX F: EXPLICIT FORM OF DUAL AND
2-UNITARIES FROM THE MR MAP

Here we give the explicit forms of a dual-unitary
and a 2-unitary obtained from the map MR given in
Eq. (88). The dual-unitary for q = 3 having entangling power

FIG. 16. Minimum value of |λ1| (obtained numerically by
searching over θ, φ ∈ [0, 2π ] parametrizing single qubit gate) is
plotted as a function of J . The minimum obtained perfectly fits the
predicted theoretical value obtained using locals from a restricted set.
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ep(U ) = 8/9 > e∗
p = 7/8 is given as

U = 1

2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

√
3 0 −1 0 0 0 0 0 0

0 0 0 0 2 0 0 0 0

0 0 0 0 0 0 −√
3 0 1

0 0 0 1 0
√

3 0 0 0

0 0 0 0 0 0 1 0
√

3

0 2 0 0 0 0 0 0 0

0 0 0 0 0 0 0 2 0

0 0 0
√

3 0 −1 0 0 0

1 0
√

3 0 0 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

(F1)
and the 2-unitary operator ep(U ) = 1 for q = 3 is given as

U = 1

2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

√
3 0 0 0 0 0 0 0 −1

0 0 0 0 2 0 0 0 0

1 0 0 0 0 0 0 0
√

3

0 −1 0 0 0
√

3 0 0 0

0 0 0 0 0 0 2 0 0

0
√

3 0 0 0 1 0 0 0

0 0 0 1 0 0 0
√

3 0

0 0 2 0 0 0 0 0 0

0 0 0 −√
3 0 0 0 1 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(F2)
This 2-unitary is different from 2-unitary operators obtained
from mutually orthogonal latin squares in the following sense:
considering that each row is associated with a particle, then 6
rows with 2 nonzeros entries each correspond to three pairs of
particles which are entangled, while the rest three rows with
only one nonzeros entry (equal to 1) correspond to free or
unentangled particles. However, under local transformations
Eq. (F2) can be transformed to 2-unitary permutation obtained
from mutually orthogonal latin squares [100].

APPENDIX G: CAT MAP IS DUAL FOR ALL q AND
2-UNITARY FOR ALL ODD q

The unitarity of UC is straightforward to verify as

〈kα|UCU †
C | jβ〉

=
q−1∑

m,n=0

〈kα|UC |mn〉〈mn|U †
C | jβ〉

= 1

q2
e

2π i
q ( jβ−kα)

(
q−1∑
m=0

e
2π i
q (α−β )m

)(
q−1∑
n=0

e
2π i
q (k− j)n

)

= δα,βδk, j .

The dual nature of U can be seen as follows:

〈kα|U R1
C U R1†

C | jβ〉

=
q−1∑

m,n=0

〈kα|U R1
C |mn〉〈mn|U R1†

C | jβ〉

= 1

q2

(
q−1∑
m=0

e
2π i
q [2( j−k)+(α−β )]m

)(
q−1∑
n=0

e− 2π i
q [( j−k)+(α−β )]n

)

= δα,βδk, j . (G1)

To prove this, let σ1 and σ2 denote the m and n sums,
respectively, then for k = j, α = β, σ1 = σ2 = q, and the di-
agonal elements are equal to 1. For the off-diagonal terms
such that k = j, α �= β, σ1 = σ2 = 0, and similarly when
k �= j, α = β, σ2 = 0 ∀q. Note that here we have used the
fact

∑q−1
m=0 e

2π i
q lm = qδl mod q,0. For the other off-diagonal el-

ements, k �= j, α �= β, the structure of elements in σ1 and σ2

are such that either both σ1 = σ2 = 0 or if σ1 �= 0 then σ2 = 0
and if σ2 �= 0 then σ1 = 0. This holds for all dimensions q,
and hence the quantum cat map unitary U in Eq. (94) is
dual-unitary in all local dimensions q.

The T-dual property is restricted to only odd dimensions.
This can be shown by considering the matrix elements

〈kα|U T1
C U T1†

C | jβ〉

=
q−1∑

m,n=0

〈kα|U T1
C |mn〉〈mn|U T1†

C | jβ〉

= 1

q2
e

2π i
q (kα− jβ )

(
q−1∑
m=0

e
2π i
q m(β−α)

)(
q−1∑
n=0

e
4π i
q n( j−k)

)

= e
2π i
q (kα− jβ )

δα,βδ2( j−k) mod q,0. (G2)

For q odd, the second Kronecker delta product is nonzero iff
k = j and hence there are only diagonal entries (= 1) in this
case and T-duality follows. If q is even, there are nonzero
elements (= (−1)β ) when α = β and (k − j) = ±q/2. As the
unitary cat map U in Eq. (94) is dual for all dimensions q, it
is 2-unitary for q odd.

[1] S. M. Ulam and J. von Neumann, On combination of stochastic
and deterministic processes. preliminary report, Bull. Amer.
Math. Soc. 53, 1120 (1947).

[2] R. M. May, Simple mathematical models with very compli-
cated dynamics, Nature (London) 261, 459 (1976).

[3] T.-Y. Li and J. A. Yorke, Period three implies chaos,
Am. Math. Mon. 82, 985 (1975).

[4] M. J. Feigenbaum, Quantitative universality for a class of
nonlinear transformations, J. Stat. Phys. 19, 25 (1978).

[5] E. Hopf, Ergodentheorie (Springer, Verlag, Berlin, 1937).
[6] E. Ott, Chaos in Dynamical Systems, 2nd ed. (Cambridge

University Press, Cambridge, U.K., 2002).
[7] V. I. Arnold and A. Avez, Ergodic Problems of Classical Me-

chanics WA Benjamin, The Mathematical Physics Monograph
Series (W.A. Benjamin, New York-Amsterdam, 1968).

[8] J. H. Hannay and M. V. Berry, Quantization of linear maps on
a torus-fresnel diffraction by a periodic grating, Physica D 1,
267 (1980).

043034-27

https://doi.org/10.1038/261459a0
https://doi.org/10.1080/00029890.1975.11994008
https://doi.org/10.1007/BF01020332
https://doi.org/10.1016/0167-2789(80)90026-3


ARAVINDA, RATHER, AND LAKSHMINARAYAN PHYSICAL REVIEW RESEARCH 3, 043034 (2021)

[9] N. L. Balazs and A. Voros, The quantized baker’s transforma-
tion, EPL (Europhysics Letters) 4, 1089 (1987).

[10] N. L. Balazs and A. Voros, The quantized baker’s transforma-
tion, Ann. Phys. 190, 1 (1989).

[11] M. V. Berry, N. L. Balazs, M. Tabor, and A. Voros, Quantum
maps, Ann. Phys. 122, 26 (1979).

[12] Chaos and Quantum Physics, Les Houches Session LII (El-
sevier Science Publishers BV, Amsterdam, The Netherlands,
1991).

[13] M. Saraceno, Classical structures in the quantized baker trans-
formation, Ann. Phys. 199, 37 (1990).

[14] J. P. Keating, The cat maps: quantum mechanics and classical
motion, Nonlinearity 4, 309 (1991).

[15] A. M. Ozorio de Almeida and M. Saraceno, Periodic orbit
theory for the quantized baker’s map, Ann. Phys. 210, 1
(1991).

[16] P. W. O’Connor, S. Tomsovic, and E. J. Heller, Accuracy of
semiclassical dynamics in the presence of chaos, J. Stat. Phys.
68, 131 (1992).

[17] F. Faure and S. Nonnenmacher, On the maximal scarring for
quantum cat map eigenstates, Commun. Math. Phys. 245, 201
(2004).

[18] Mathematical Aspects of Quantum Maps, edited by M. D.
Esposti and S. Greffi, Lecture Notes in Physics Vol. 618
(Springer, Berlin, Heidelberg, 2003).

[19] A. Nahum, S. Vijay, and J. Haah, Operator Spreading in Ran-
dom Unitary Circuits, Phys. Rev. X 8, 021014 (2018).

[20] A. Nahum, J. Ruhman, S. Vijay, and J. Haah, Quantum Entan-
glement Growth under Random Unitary Dynamics, Phys. Rev.
X 7, 031016 (2017).

[21] V. Khemani, A. Vishwanath, and D. A. Huse, Operator Spread-
ing and the Emergence of Dissipative Hydrodynamics under
Unitary Evolution with Conservation Laws, Phys. Rev. X 8,
031057 (2018).

[22] C. W. Von Keyserlingk, T. Rakovszky, F. Pollmann, and S. L.
Sondhi, Operator Hydrodynamics, Otocs, and Entanglement
Growth in Systems Without Conservation Laws, Phys. Rev. X
8, 021013 (2018).

[23] A. Chan, A. De Luca, and J. T. Chalker, Solution of a Mini-
mal Model for Many-Body Quantum Chaos, Phys. Rev. X 8,
041019 (2018).

[24] F. Arute, K. Arya, R. Babbush, D. Bacon, J. C. Bardin, R.
Barends, R. Biswas, S. Boixo, F. G. S. L. Brandao, D. A. Buell
et al., Quantum supremacy using a programmable supercon-
ducting processor, Nature (London) 574, 505 (2019).

[25] M. Akila, D. Waltner, B. Gutkin, and T. Guhr, Particle-time
duality in the kicked ising spin chain, J. Phys. A: Math. Theor.
49, 375101 (2016).

[26] B. Bertini, P. Kos, and T. Prosen, Exact Correlation Functions
for Dual-Unitary Lattice Models in 1 + 1 Dimensions, Phys.
Rev. Lett. 123, 210601 (2019).

[27] B. Gutkin, P. Braun, M. Akila, D. Waltner, and T. Guhr, Exact
local correlations in kicked chains, Phys. Rev. B 102, 174307
(2020).

[28] P. Braun, D. Waltner, M. Akila, B. Gutkin, and T. Guhr,
Transition from quantum chaos to localization in spin chains,
Phys. Rev. E 101, 052201 (2020).

[29] B. Bertini, P. Kos, and T. Prosen, Exact Spectral form Factor in
a Minimal Model of Many-Body Quantum Chaos, Phys. Rev.
Lett. 121, 264101 (2018).

[30] B. Bertini, P. Kos, and T. Prosen, Entanglement Spreading in
a Minimal Model of Maximal Many-Body Quantum Chaos,
Phys. Rev. X 9, 021033 (2019).

[31] B. Bertini, P. Kos, and T. Prosen, Operator entanglement in
local quantum circuits I: Maximally chaotic dual-unitary cir-
cuits, SciPost Phys. 8, 067 (2020).

[32] P. Kos, B. Bertini, and T. Prosen, Chaos and Ergodicity in
Extended Quantum Systems with Noisy Driving, Phys. Rev.
Lett. 126, 190601 (2021).

[33] A. Lerose, M. Sonner, and D. A. Abanin, Influence Matrix
Approach to Many-Body Floquet Dynamics, Phys. Rev. X, 11,
021040 (2021).

[34] S. J. Garratt and J. T. Chalker, ocal Pairing of Feynman Histo-
ries in Many-Body Floquet Models, Phys. Rev. X 11, 021051
(2021).

[35] A. Flack, B. Bertini, and T. Prosen, Statistics of the spectral
form factor in the self-dual kicked ising model, Phys. Rev. Res.
2, 043403 (2020).

[36] B. Bertini, P. Kos, and T. Prosen, Operator entanglement in
local quantum circuits II: Solitons in chains of qubits, SciPost
Phys. 8, 068 (2020).

[37] L. Piroli, B. Bertini, J. I. Cirac, and T. Prosen, Exact dynamics
in dual-unitary quantum circuits, Phys. Rev. B 101, 094304
(2020).

[38] P. W. Claeys and A. Lamacraft, Maximum velocity quantum
circuits, Phys. Rev. Res. 2, 033032 (2020).

[39] B. Bertini and L. Piroli, Scrambling in random unitary circuits:
Exact results, Phys. Rev. B 102, 064305 (2020).

[40] P. Kos, B. Bertini, and T. Prosen, Correlations in Perturbed
Dual-Unitary Circuits: Efficient Path-Integral Formula, Phys.
Rev. X 11, 011022 (2021).

[41] R. Suzuki, K. Mitarai, and K. Fujii, Computational power
of one- and two-dimensional dual-unitary quantum circuits,
arXiv:2103.09211 [quant-ph].

[42] R. Frigg, J. Berkovitz, and F. Kronz, The Ergodic Hierarchy,
in The Stanford Encyclopedia of Philosophy, (Fall 2020 Edi-
tion), edited by E. N. Zalta, https://plato.stanford.edu/archives/
fall2020/entries/ergodic-hierarchy/.

[43] J. Berkovitz, R. Frigg, and F. Kronz, The ergodic hierar-
chy, randomness and Hamiltonian chaos, Studies in History
and Philosophy of Science Part B: Studies in History and
Philosophy of Modern Physics 37, 661 (2006).

[44] I. Gomez and M. Castagnino, Towards a definition of the quan-
tum ergodic hierarchy: Kolmogorov and bernoulli systems,
Physica A 393, 112 (2014).

[45] S. Gopalakrishnan and A. Lamacraft, Unitary circuits of finite
depth and infinite width from quantum channels, Phys. Rev. B
100, 064309 (2019).

[46] S. A. Rather, S. Aravinda, and A. Lakshminarayan, Cre-
ating Ensembles of dual Unitary and Maximally Entan-
gling Quantum Evolutions, Phys. Rev. Lett. 125, 070501
(2020).

[47] D. Goyeneche, D. Alsina, J. I. Latorre, A. Riera, and K.
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