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Time delay in two-electron photodetachment and tests of fundamental threshold laws
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The photoelectron group delay, also known as the Wigner time delay (WTD), is examined in photodetachment
of the H− and Li− ions near their lowest inelastic and the double detachment thresholds. These threshold
processes promoting the remaining bound electron to an excited state or ejecting it to the continuum involve
two active electrons and are termed collectively two-electron photodetachment. The opening of an inelastic
channel is governed by the Wigner threshold law which affects the WTD very differently in H− and Li−. At
the same time, the Wannier threshold behavior of the WTD in double detachment is similar in both targets.
Experimental verification of these theoretical predictions will subject the Wigner and Wannier threshold laws to
a set of stringent tests in the time domain.
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I. INTRODUCTION

Threshold phenomena play a special role in physics by
revealing the essential link between weakly bound and frag-
mented systems [1]. A small excess energy and a large de
Broglie wavelength of the particles escaping near the thresh-
old allow for an analytical treatment of the problem. The
threshold theories by Wigner [2] and Wannier [3] present
examples of such a treatment. The Wigner and Wannier
threshold laws play fundamental roles in atomic, molecular,
and nuclear physics. These laws are being constantly applied
to new classes of collision processes [4]; their validity is
challenged [5] and ultimately reaffirmed [6]. Up to now, these
tests of the fundamental Wigner and Wannier laws have been
conducted in the energy domain. New techniques of attosec-
ond chronoscopy [7] allow one to extend these tests to the time
domain.

In the present work, we analyze the Wigner time delay
(WTD) near the lowest excitation and the double de-
tachment thresholds of the negative ions. The WTD was
introduced into particle scattering theory by Eisenbud [8],
Wigner [9], and Smith [10]. More recently, this concept
was adopted in photoemission [11,12] and became the ba-
sis of experimental attosecond chronoscopy [7]. The WTD
is a sensitive tool of photoemission especially under con-
ditions where the photoelectron phase is strongly affected
by resonances [13–16], inelastic channel openings [17], and
intershell correlation [12].
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Photodetachment of negative atomic ions is influenced by
many-electron correlation profusely. The sequence of nega-
tive ions with a closed ns2 valence shell, from H− to Cs− ,
demonstrates the strength of this correlation very vividly.
The presence of numerous resonances, Wigner cusps, and
the sheer binding of these systems is underpinned by strong
two-electron correlation [18–23]. We exploit these effects and
study the WTD in the negative ions with two active electrons
under conditions where it is affected most strongly by inter-
electron correlation. For our case studies, we select the H−
and Li− ions which display a very different manifestation of
the Wigner law near their respective lowest excitation thresh-
olds. While a short range potential of negative ions supports a
limited number of bound states, the remaining neutral species
have an infinite discrete spectrum which can be explored in
photodetachment accompanied with excitation. In addition,
we consider double detachment of the H− and Li− ions pro-
moting both target electrons into the continuum and exploring
the implications of the Wannier threshold law for the WTD.

II. THEORETICAL MODEL

Our theoretical model is based on the multiconfiguration
Hartree-Fock (MCHF) expansion for the two-electron ground
state and the convergent close-coupling (CCC) expansion of
the final state with one or two electrons in the continuum.
This approach has been tested thoroughly for single and dou-
ble ionization of the helium isoelectronic sequence of ions
including H− [24] and the alkaline earth metal atoms [25].
Expansion of this model to Li− and beyond is straightforward.

We make a configuration-interaction expansion of the two-
electron valence shell

�0(r1, r2) =
lmax∑
l=0

nmax∑
m=n

Cml |ψml (r1) ψml (r2) : 1S〉. (1)
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TABLE I. MCHF bases of two-electron bound systems: the He
atom and the H− and Li− ions.

Atom He H− Li−

expansion MCHF15 MCHF9 MCHF8

Cml 1s2 0.996 0.974
2s2 −0.059 −0.191 0.936
2p2 0.059 0.111 0.335
R∞

n (%) n = 1 94.541 63.409
2 4.469 35.735 78.521
3 0.564 0.407 20.549
Ip (eV) 24.579 0.738 0.651
Expt. 24.587 0.754 0.618
Refs. [27] [28] [29]

The MCHF orbitals ψml (r) are found in the frozen 1s2 core
in the case of Li− (n = 2), while this core is absent in the
case of H− (n = 1). Only diagonal ml2 terms are included in
expansion (1) as is always the case for the closed-shell MCHF
ground state.

The coefficients Cml in the MCHF expansion (1) are
found by using the multiconfiguration Dirac-Fock computer
code [26]. The number of terms in the MCHF expansion is
increased until we are satisfied with the stability of the ground
state energy and the asymptotic photoionization ratios taken in
the limit of infinite photon energy R∞

n = σn/σ
+|ω→∞, where

σn is a single photoionization cross section corresponding to
an n excited state of the parentic species.

A few of the largest MCHF coefficients Cml and the asymp-
totic ratios R∞

n are listed in Table I. We also display the
ionization potential Ip. For comparison, we also show the
corresponding values for the ground state He. As compared
to He, the H− and Li− ions are much stronger correlated with
the weights of the virtual excitations in the ground state ex-
ceeding that of He three to four times. Accordingly, the singly
charged He+ ion remains predominantly in its ground state,
while the n = 2 and higher excitations are barely noticeable.
After photodetachment of negative ions, the neutral atom in
the final state has a very significant probability to be excited.

The cross section of a two-electron transition, measured
as a function of the photon energy ω and corresponding to
a particular state j of the remaining bound electron, is given
by [30]

σ j (ω) = 4π2

ωc

∑
mj

∫
d3k |〈� (−)

j (k) |D| �0〉|2δ(ω − E + E0).

(2)

Here c � 137 is the speed of light in atomic units, while other
fundamental constants are set to e = m = h̄ = 1.

The dipole matrix element entering Eq. (2) is calculated by
integration of the bare two-electron dipole transition matrix
with the half off-shell T matrix [31]

〈� (−)
j (k)|D|�0〉 = 〈k(−) j|D|�0〉 +

∑
i

∑∫
d3κ

× 〈k(−) j|T |iκ(+)〉〈κ(+)i |D| �0〉
E − εκ − εi + i0

. (3)

Here the channel wave function 〈k(−) j| is the product of a
one-electron target orbital ϕ j with energy ε j and a distorted
outgoing wave χ (−)(k) with energy εk. For negative ions, the
target orbital is generated with the asymptotic charge being
one and the asymptotic charge seen by the distorted wave
is zero. The contribution from the final channels 〈k(−)

b j| is
separated into single and double ionization according to the
energy ε j , which is positive for the double ionized channels
and negative for the singly ionized channels. The number of
the target states is increased until satisfactory convergence is
achieved. In practice, our calculations were performed with at
least 20 −  target states, where 0 �  � max is the angular
momentum of the target orbital and max = 3. For near thresh-
old double detachment calculations, max = 6.

The phase of the transition amplitude

δ j (k) = arg〈� (−)
j (k) |D| �0〉, τ j (k) = ∂δ j (k)/∂E (4)

is used to calculate the WTD τ j (k) in the given emission
direction as the phase derivative with respect to the photoelec-
tron energy E = k2/2. If only one channel makes a dominant
contribution into the transition amplitude (3), then the WTD
becomes the energy derivative of the scattering phase in this
particular channel η j (k). As such, it is independent on the
photoelectron emission direction.

III. NUMERICAL RESULTS

A. Photodetachment with excitation

The photodetachment cross section (2) as well as the phase
and the WTD (4) of H− near the n = 2 threshold are presented
in Fig. 1. The top panel displays the partial photodetachment
cross sections in various channels leaving the H atom in
the ground 1s and excited 2s or 2p states. The total cross
section is compared with the experiment [32]. The sharp res-
onance below the n = 2 threshold is due to autodetachment
of a two-electron bound state into the ground state of the
H atom (Feshbach resonance). The H− ion supports several
similar resonances converging to higher n thresholds [33].
When a resonance decays into a single continuum, the Fano
parametrization of the amplitude and the cross section takes
the form [34]

f (ε) = f0
q + ε

i + ε
, σ (ε) = σ0

(q + ε)2

1 + ε2
. (5)

Here ε = (E − E0)/(�/2) is the dimensionless energy
counted from the center of the resonance and measured in
its half width and q is the so-called profile index. The non-
resonant amplitude f0 changes little over the width of the
resonance. In such a case, the phase and the WTD becomes
respectively

arg f (ε) = − arctan
1

ε
, τ (ε) = 1

1 + ε2

2

�
, τ0 = 2/�.

(6)

The peak WTD at the center of the resonance τ0 corresponds
to the dwelling time the electron spends when it is captured
temporarily into the resonance. Note that the WTD (6) is
always positive. This case is realized for the narrow resonance
centered at ω = 10.927 eV, which decays into the 1s → E p
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FIG. 1. (a) Cross section (2), (b) the phase of the transition
amplitude, and (c) the WTD (4) of H− in various photodetachment
channels near the n = 2 threshold. The experiment [32] is displayed
in the top panel.

continuum. Here fitting the cross section with the squared
amplitude (5) returns � � 0.03 meV and q � −17 in agree-
ment with [35].

When the resonance decays into several continuous chan-
nels, the additional correlation parameter ρ needs to be
introduced into the Fano cross-section formula [36]

σ (ε) = σ0

[
1 − ρ2 + ρ2 (q + ε)2

1 + ε2

]
. (7)

In the simplest case of one dominant channel ρ � 1 [37],

f (ε) = f0(ε)
[
ζ + q + ε

i + ε

]
, ζ =

√
1 − ρ2

ρ
. (8)

This modification allows both for the positive and negative
WTD. Heuristically, this can be understood as a competition
of “slow” and “fast” ionization channels, while switching
from a slow to a fast channel may cause an advancement of the
photoelectron. The peak value at the center of the resonance
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FIG. 2. Same as Fig. 1 for the Li− ion near the 2p excitation
threshold. Experimental cross-section results [38,39] are displayed
in the top panel.

becomes

τ0 = 2

�

1 − ζ/q2

1 + ζ 2/q2
. (9)

This case applies to the broad resonance above the n = 2
threshold centered at 10.97 eV. The peak time delay eval-
uated from the width � = 0.018 eV amounts to 73 fs. The
actual WTD in the 1s → E p channel is smaller, which can
be understood qualitatively from Eq. (9). We see that all four
autodetachment channels have very similar cross sections and
Eq. (9) can only be used as an indication. The WTD in the
n = 2 channels is strongly angular dependent. Near the open-
ing of the n = 2 channels, it goes to very large negative values.

Figure 2 displays the set of Li− results analogous to that
of H− shown in Fig. 1. The photodetachment cross section
exhibited in the top panel of Fig. 2 displays a very clear
threshold cusp prescribed by the Wigner threshold law [2,40],
which suppresses all the partial waves in the photoelectron
wave packet in the newly opened channel except the s wave.
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In the Wigner theory, the cross section near the opening of
a new channel can be parametrized as

σ (E ) = σ0 − 2A|E − E0|1/2

{
sin2 δ0 for E > E0,

sin δ0 cos δ0 for E < E0.

(10)
Equation (10) can be found in most quantum collision theory
textbooks, i.e., Refs. [41–43]. A similar expression can be
derived for the phase of the transition amplitude [44]:

δ(E ) =
{
δ0 − κχ2 sin2 δ0 for E < E0,

δ0 + kχ2 sin δ0 cos δ0 for E > E0.
(11)

Here k and κ are defined by k2 = κ2 = 2(E − E0) and A = χ2

is a coupling constant with the newly opened inelastic chan-
nel. The presence of a virtual bound state with the energy
E0 − β2/2 changes this definition to κ → βκ/(κ + β ) and
k → β2κ/(k2 + β2) without changing the threshold behavior
of the cross section (10) and the phase (11). The κ or k
derivative of the phase (11) can become discontinuous. While
this derivative is always negative below the threshold, its sign
above the threshold is determined by the factor sin δ0 cos δ0.
In the case of Li−, δ0 is large and the factor is negative which
explains the cusp exhibited in the top and middle panels of
Fig. 2. Because of the Wigner cusp, the WTD at the 2p thresh-
old becomes divergent, which explains its sharp rise shown in
the bottom panel. In the case of H−, which is illustrated in
Fig. 1, the threshold phase is very close to zero and both the
phase and the WTD remain continuous at the n = 2 threshold.
In comparison to H− , the angular dependence of the phase
and WTD is rather weak in Li−. This is because the competing
2p → Ed channel is strongly suppressed near the threshold
and only becomes contributing away from it.

The stark difference between the Li− and H− threshold
behavior is illustrated in Fig. 3. The top panel of this figure
displays the angular anisotropy β parameter in the 2p channel.
The general expression for the β2p parameter [47] reduces to
0 or 2 in the limiting cases of the strong dominance of the
2p → Es or 2p → Ed channels, respectively. The Wigner
threshold law demands the strong suppression of the 2p →
Ed channel and β2p ∝ −(E − E0) above the threshold [48].
It is this behavior that is seen in Li−. In a sharp contrast,
β2p � −1 for H− , which indicates a comparable strength
of the two channels. The only exception is the immediate
vicinity of the threshold below 3 meV excess energy. Here
indeed β2p ∝ −(E − E0), thus indicating the dominance of
the 2p → Es photodetachment channel as required by the
Wigner threshold law. Much further away from the threshold,
the 2p → Ed channel gradually takes over and β → 2 in both
ions while showing a rapid oscillation near the n = 3 thresh-
old. The higher thresholds are not resolved in the present
calculation.

This threshold behavior is further highlighted in the mid-
dle and bottom panels of Fig. 3, which display the partial
photodetachment cross sections in both ions plotted versus
the absolute excess energy |E − E0|. Below the threshold,
the cross sections for the main photodetachment channel are
folded over and overplotted versus E0 − E . The change of the
slope of the two branches E − E0 > 0 and E − E0 < 0 indi-
cates the presence of the cusp. This cusp is clearly visible in
Li− and hardly noticeable in H−. The above analysis indicates
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FIG. 3. (a) β2p parameter in Li− and H− above the first excita-
tion threshold plotted versus the excess energy. The H− data from
Hyman et al. [45] and Venuti and Decleva [46] are also shown. The
partial photoionization cross sections of H− (b) and Li− (c) are
plotted on the absolute excess energy scale. Below threshold cross
sections for the main ionization channel 1s → E p for H− and 2s →
E p for Li− are overplotted.

that the Wigner threshold law holds in both H− and Li− ions
albeit on a very different excess energy scale. It is the presence
of the virtual bound state in Li− that extends the validity of
this law by at least two orders of magnitude. Similar behavior
was detected in photodetachment of heavier alkali ions, Na−

and K− [49]. While Li− and Na− display very strong Wigner
cusps, they are significantly reduced and narrowed in K−.

B. Double photodetachment

Now we address the second topic of the present
investigation—the two-electron photodetachment with both
electrons appearing in the continuum. In a general case, the
timing analysis of such a process is complicated and de-
pends sensitively on the photoelectron energy sharing and
escape geometry [50]. This analysis is greatly simplified and
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FIG. 4. (a) Double ionization cross sections of H− and Li− are
plotted against the excess energy. The Wannier threshold law (12) is
shown with the straight lines for both targets. The Li− cross section
is also shown in the reduced coordinates σ 2+Z4 vs E/Z2, where Z is
the charge of the core. (b) Phase of the two-electron photodetachment
amplitude (13) fitted with the s-wave Coulomb ansatz.

streamlined near the threshold of the two-electron escape.
Near the threshold, the cross section follows the Wannier
law [3]

σ 2+(E , Z ) ≈ σ0(Z )EM(Z ), (12)

where the exponent M takes the values of 1.127 and 1.096 for
H− and Li− , respectively. The effective core charge ZLi =
1.13 for Li− is estimated by fitting the hydrogenic energy
formula to the Rydberg series εns = Z2/(2n2). The calculated
double ionization cross sections of H− and Li− satisfy this
law very well as demonstrated in the top panel of Fig. 4. In this
figure, we apply an additional scaling to the Li− cross section
by reducing the (y, x) coordinates to σ 2+Z4 versus E/Z2. This
scaling brings both targets to a universal curve [24].

The Wannier threshold regime corresponds to the two
continuum electrons receding back to back with equal en-
ergies, thus maintaining the electrostatic equilibrium of the
system and avoiding falling back on the nucleus. Under
these conditions, the two-electron detachment/ionization am-
plitude can be factorized into the dynamic and kinematic
parts [51]:

〈k1k2 |D| �0〉 = M+(E1, E2, θ12)[k̂1 · e + k̂2 · e]. (13)

Here the complex dynamic factor M+(E1, E2, θ12) contains
the energies of the photoelectrons and their mutual angle,
while the kinematic factor depends on the photoelectrons’
escape directions k̂1, k̂2 relative to the polarization axis of
light e. In the Wannier regime, E1 = E2 and the amplitude
M+ peaks strongly at θ12 = π . Because the kinematic factor

is real, the phase of the amplitude (13) comes solely from the
dynamic M+ factor at the equal energy sharing and the back-
to-back emission. This phase in two-electron photodetach-
ment of H− and Li− is plotted in the bottom panel of Fig. 4.
It is fitted with the Coulomb s-wave ansatz given by Eq. (4)
of [52]. This fit indicates that the two-electron photodetach-
ment phase is divergent as η ln |η|, where η = −Z∗/k is the
Sommerfeld parameter and Z∗ � 0.55. The WTD τ (E ) ∝
E−3/2 ln E becomes similarly divergent. A Coulomb s-wave
behavior of the slow photoelectrons reaching the detector with
an effective charge Z∗ < 1 can be understood by their mutual
screening of the positively charged core Z � 1. The departure
of the two-electron phase from the Coulomb s wave indicates
noticeable contribution of other partial waves at the higher end
of the energies considered in Fig. 4. The CCC model remains
valid within a much wider excess energy range.

In conclusion, we demonstrate the threshold behavior of
the Wigner time delay in photodetachment of negative atomic
ions with two active electrons. We consider the H− and Li−

ions as the most representative and informative examples. The
photoelectron phase in the elastic scattering channel near the
lowest excitation threshold behaves very differently in these
two ions. It is either small and continuous as in H− or large
and cusplike as in Li−. Such a behavior is explained within the
Wigner threshold theory [2,40] modified by the presence of a
virtual bound state [53]. As a result, the WTD, calculated as
the energy derivative of the phase, remains finite as in H− or
becomes divergent as in Li−. The H− ion demonstrates a sharp
angular dependence of the WTD, whereas this dependence is
rather weak in Li−. The WTD is divergent at the two-electron
photodetachment threshold in both targets. Even though a
large number of partial waves compose the two-electron wave
packet, the slow electron reaches the detector as an s wave
propagating in an effective nucleus charge. The corresponding
WTD displays a Coulomb singularity at the threshold. Such a
behavior follows from the Wannier threshold theory [3] and it
is common for all double ionization processes in both neutral
and charged targets.

IV. SUMMARY AND OUTLOOK

This work offers additional avenues for attosecond science
to test atomic physics at the very fundamental level. The
Wigner and Wannier threshold laws have been tested so far
in the energy domain, while we suggest the way of their
experimental verification in the time domain. Experimen-
tal observation of narrow resonant features in the threshold
photodetachment WTD may seem beyond the present instru-
mental capabilities. However, the energy resolution attainable
in attosecond experiments is rapidly improving. A resolution
around 10 meV is achieved in a RABBIT experiment [54]
and very narrow resonant features become progressively
resolved [14,15,55,56].

Laser driven interferometric techniques [11,12] are rela-
tive in their nature. Observation of the angular dependent
WTD facilitates such a relative measurement with reference
to the polarization direction of light [57]. Two-electron es-
cape in double ionization presents another opportunity with
the WTD of the two photoelectrons being referenced against
each other. While we consider here the equal energy sharing
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case, the presently developed theory allows one to interpret
the two-electron escape with arbitrary energies by analyzing
the phases of both the symmetric and antisymmetric ampli-
tudes [58].

The WTD measurement in negative ions would be ham-
pered by much lower ionic target densities as compared to
neutral atomic targets. As a trade-off, the negative ions dis-
play gigantic time delays near their thresholds, of the order
of femtoseconds. This should be much easier to detect in
comparison to small, attosecond scale delays in neutral atoms.
In laser driven atomic measurements, an additional correc-
tion due to the coupling of the laser field with the Coulomb
field of the parent ion (CLC) needs to be introduced [59,60].
In resonant laser assisted measurements, the CLC correction
may not fully decouple from the WTD [61,62] and it becomes
divergent near the threshold [63–65]. This correction remains
finite and relatively small, of the order of ∼50 as, in photode-
tachment of negative ions [66]. Therefore, it will be hardly
noticeable in photodetachment near the excitation threshold.
In double detachment, the Coulomb field of the core does

couple with the laser field. However, both the CLC correction
and the WTD display the same Coulomb singularity of the
opposite sign. As a result, the measured phase flattens near
the threshold [67,68]. In the present case, the Coulomb phase
of the slow photoelectron carries an imprint of an effective
charge Z∗, which differs from the charge of the core Z . So the
interplay of the Wigner phase and the CLC correction may be
particularly interesting.

The present theoretical findings are based solely on the
Wigner and Wannier threshold laws and do not depend on
the specific numerical implementation. Once confirmed ex-
perimentally, these results will establish the fundamental
threshold laws in the time-resolved atomic collision physics.
Otherwise, the laws of nature will be revealed in the threshold
collision physics studied in the time domain.
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