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Disorder-induced topology in quench dynamics
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We study the effect of strong disorder on topology and entanglement in quench dynamics. Although disorder-
induced topological phases have been well studied in equilibrium, the disorder-induced topology in quench
dynamics has not been explored. In this paper, we predict a disorder-induced topology of postquench states
characterized by the quantized dynamical Chern number and the crossings in the entanglement spectrum in (1 +
1) dimensions. The dynamical Chern number undergoes transitions from zero to unity and back to zero when
increasing the disorder strength. The boundaries between different dynamical Chern numbers are determined by
delocalized critical points in the postquench Hamiltonian with the strong disorder. An experimental realization
in quantum walks is discussed.
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I. INTRODUCTION

Topological phases of matter out of equilibrium and their
phase transitions have attracted much theoretical and ex-
perimental interest. Their topological and nonequilibrium
features have been demonstrated in various systems including
ultracold atomic gases [1–4], quantum optics [5–7], supercon-
ducting qubits [8,9], and condensed matter systems [10–18].
Among these, topological Floquet systems have been widely
studied [19–21]. These systems exhibit protected boundary
states which are robust in the presence of disorder. More re-
cently, topological phases in dynamical quench systems have
been proposed [22–26]. For example, for a trivial state under
a sudden quench by the Su-Schrieffer-Heeger (SSH) model,
the topology of the postquench state is characterized by dy-
namical Chern numbers [22,24], the quantization of which
describes a skyrmion texture of the postquench pseudospin
in momentum-time space [27]. The topology in quench dy-
namics has been shown experimentally in photonic quantum
walks [27–29] and superconducting qubits [30,31]. Moreover,
the entanglement spectrum provides an additional probe of
the topology. The robustness of crossings in the entanglement
spectrum of the postquench states indicates the nontrivial
topology in quench dynamics [23,24].

Besides the topological structures that emerge in quench
dynamics, nontrivial topology can arise from disordered
systems in equilibrium. In the strong disorder regime, an
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unexpected topological phase with extensive boundary states
is stabilized by the strong disorder. This phase is termed
the topological Anderson insulator [32–36] and the transition
between trivial and nontrivial phases is described by the delo-
calization criticality [37]. A generalization of the topological
Anderson insulator to Floquet systems is proposed [38–41].
The strong disorder drives trivial Floquet systems into topo-
logical phases that host chiral edge modes coexisting with
the localized bulk states in two-dimensional lattices. The tran-
sition also links to delocalization [42]. In constrast, quench
Anderson disorder was studied theoretically in simple lattice
models [43,44]. It has been shown that in the strong disorder
regime, where the Anderson localization sets in, there is no
sharp transition in the quench dynamics [43].

Although there are extensive studies in disorder-induced
topology in Floquet systems, the effect of disorder on topol-
ogy in quench dynamics is less discussed. It is shown that
the crossings in the entanglement spectrum are robust against
weak disorder and interactions [23]. However, it has not been
known whether disorder could induce topology in quench
dynamics.

In this paper, we demonstrate the strong disorder-induced
topology in quench dynamics. We consider a quench protocol
described by a trivial initial state (a fully pseudospin-polarized
state) under a sudden quench by the SSH Hamiltonian in the
presence of strong disorder. The topology of the postquench
state is characterized by the dynamical Chern number which
is zero/unity when the SSH model is trivial/nontrivial. We
start at the clean limit where the postquench state is trivial.
When the disorder strength is above the critical value, the
postquench state has a quantized dynamical Chern number.
The entanglement spectrum of the postquench states shows
robust crossings which indicate the disorder-induced topology
in quench dynamics. The postquench SSH Hamiltonian in
this strong disorder regime has a disorder-induced winding
number. The phase boundaries coincide with the transitions
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FIG. 1. (a) The phase diagram of the postquench Hamiltonian
H = H0 + HU . The white dashed line denotes J0 = 1.1. (b) The
time-dependent Berry phase in the clean limit. The blue dots are for
the trivial postquench state (J0/J1 = 1.1). The red dots are for the
topological postquench state with a Berry phase flow from t = 0 to
π/2 (J0/J1 = 0.5).

between vanishing and quantized dynamical Chern numbers.
Our results demonstrate that the disorder-induced topology in
quench dynamics in (1 + 1) dimensions is directly related to
the topological Anderson insulator.

II. THE POSTQUENCH HAMILTONIAN

We consider an eigenstate |�0〉 of a prequench Hamilto-
nian Hpre at t = 0 under a sudden quench by a postquench
Hamiltonian Hpost, and the postquench state is |�(t )〉 =
exp[−iHpostt]|�0〉. We consider Hpost = H0 + HU , with

H0 =
Nx∑

x=1

J0c†
x,acx,b + J1c†

x+1,acx,b + H.c.,

HU =
Nx∑

x=1

U1xc†
x,acx,b + U2xc†

x,acx+1,b + H.c., (1)

where H0 is the SSH Hamiltonian and HU is the time-reversal
and particle-hole symmetry preserving disorder. Here x is
the label of the unit cell, Nx is the total number of the unit
cell. c†

xa(b), cxa(b) are the creation and annihilation operators
on sublattices a, b on the xth unit cell. J0(1) denotes the in-
tracell (intercell) coupling, and U1(2)x is the random intracell
(intercell) coupling strength given by the random number in
the uniform distribution [−W1(2)/2,W1(2)/2]. We choose the
disorder strengths W1 = 2W2 = W0. The postquench Hamilto-
nian Hpost has the time-reversal symmetry T : cxa(b) → cxa(b),
i → −i, and the particle-hole symmetry C : cxa(b) → cxb(a),
i → −i, i.e., it belongs to the BDI symmetry class, T 2 =
C2 = 1.

The topology of the postquench Hamiltonian Hpost in the
presence of strong disorder is characterized by the winding
number W and the phase diagram is shown in Fig. 1(a). In the
clean limit with (J0/J1,W0/J1) = (1.1, 0), the winding num-
ber is zero. When the disorder strength increases, the winding
number becomes unity when W0/J1 � 1.7 and is back to zero
when W0/J1 � 3.6 [the white dash in Fig. 1(a)]. This behavior
demonstrates the disorder-induced quantized winding num-
ber in the postquench Hamiltonian and is referred to as a
topological Anderson insulator [45]. The phase boundaries of
the trivial and the topological Anderson insulating phases are
obtained by the divergence of the localization length λ [37]

[see Appendix A]:

1

λ
=

∣∣∣∣∣ln
[

|2J1 + W1|
J1
W1

+ 1
2 |2J0 − W2|

J0
W2

− 1
2

|2J1 − W1|
J1
W1

− 1
2 |2J0 + W2|

J0
W2

+ 1
2

]∣∣∣∣∣. (2)

III. THE QUENCH PROTOCOL

In the clean limit, the postquench Hamiltonian is diag-
onalized in the momentum space Hpost = ∑

k ψ
†
k Hpost (k)ψk

with ψk = (cka, ckb)T with eigenenergies ±|E (k)|. Since
each single-particle state does not interact with each other,
the single-particle state evolves individually |ψ (k, t )〉 =
e−iHpost (k)t |ψ0(k)〉, where |ψ0(k)〉 is the single-particle ground
state of the prequenched single-particle Hamiltonian Hpre(k).
For each individual postquench single-particle state, the
period of the dynamics is Tk = 2π/|E (k)|. The set of single-
particle states |ψ (k, t )〉 have a corresponding momentum-time
manifold k ∈ [0, 2π ], tk ∈ [0, Tk] which is a momentum-
time torus. This torus is distorted because different k has
different circumference Tk . Since the deformation of the dis-
torted torus to a ordinary torus (same circumference) does
not change the topology, one can rescale the period of the
dynamics to be Tk = 2π The rescaling of the period is equiv-
alent to flattening the postquench Hamiltonian, HF (k) =
Hpost (k)/|E(k)|. We focus on the flattened Hamiltonian which
allows us to construct the effective Hamiltonian Heff (k, t ) =
e−iHF (k)tHpre(k)eiHF (k)t for analyzing the topological property
of the postquench dynamics [see Appendix B].

A. Different prequench Hamiltonians

The postquench state has two inputs, the prequench Hamil-
tonian Hpre(k) and the postquench Hamiltonian H0(k). If the
prequench and the postquench Hamiltonians are in the same
symmetry class (BDI), the topology of the postquench state
is characterized by the dynamical Chern number in the half
of the Brillouin zone (BZ), k ∈ [0, π ] and t ∈ [0, π ] [22].
However, the dynamical Chern number is vanishing in the full
BZ, k ∈ [0, 2π ] and t ∈ [0, π ]. To study the disorder-induced
topology in quench dynamics, the real-space formalism is
needed and requires the information of the full BZ. Since
the dynamical Chern number vanishes in the full BZ and
t ∈ [0, π ], no disorder-induced topology can happen in this
quench protocol. On the other hand, if the prequench Hamil-
tonian Hpre(k) = −σz which is not in the same symmetry
class as the postquench Hamiltonian, the dynamical Chern
number is quantized in the full BZ, t ∈ [0, π/2] [24] [see
Appendix B]. This prequench Hamiltonian allows us to for-
mulate the dynamical Chern number in real space and study
the disorder-induced topology.

In this case, the single-particle state is fully pseudospin po-
larized and the real-space expression is |ψi〉 = (1, 0)T ⊗ |i〉,
where (1, 0)T denotes one particle at the sublattice a, |i〉 =
(0, . . . , 1, . . . , 0)T denotes the only nonvanishing ith element
with i being the site label i = 1 . . . Nx. The postquench Hamil-
tonian in the presence of disorder can be flattened by using the
projectors, HF = |ψ+〉〈ψ+| − |ψ−〉〈ψ−|, where |ψ±〉 are the
eigenstates of H with positive/negative energies.
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FIG. 2. The disorder-average dynamical Chern number and the
localization length for the postquench Hamiltonian. The error bar is
the standard deviation. There are more than 20 disorder realizations
for each data point. The parameters are J0/J1 = 1.1, Nx = 400.

B. Berry phase and dynamical Chern number

To determine the dynamical Chern number in the real
space, we compute the Berry phase with the twisted bound-
ary condition [46,47] by the overlap matrix [48–50]. The
overlap matrix at a t is defined as M�

i j (t ) = 〈ψθ�

i (t )|ψθ�+1
j (t )〉,

where |ψθ�

i (t )〉 = exp[−iHθ�

postt]|ψi〉, i is the index of the

single-particle state, and Hθ�

post is the flattened postquench
Hamiltonian with twisted boundary phase θ� = 2π�

L [49],
where L is the number of mesh points and l = 1, · · · , L.
The Berry phase is given by γ (t ) = Im[ln det

∏L
�=1 M�(t )].

The Berry phase as a function of t has no jump when the
postquench state is trivial [Fig. 1(b) blue dots]. In contrast,
when the postquench state is topological, the Berry phase flow
has 2π jumps at t = π/4 as shown by the red dots in Fig. 1(b).
The Wannier center flow also shows similar behavior which
we demonstrate in the Appendix C.

The dynamical Chern number is obtained by integrating
the time derivative of the Berry phase Cdyn = 1

2π

∫ π/2
0 dt ∂γ (t )

∂t .
Since t = π/2 is the time taken for the pseudospin to pre-
cess from the north pole to the south pole, the integration is
equivalent to counting the numbers of the pseudospin n̂i(t ) =
〈ψi(t )|�σ |ψi(t )〉 wrapping around the entire Bloch sphere [24].
The disorder-induced dynamical Chern number is shown in
the red dots in Fig. 2(a). In the weak disorder limit, W0/J1 �
2.2 and J0/J1 = 1.1, the dynamical Chern number vanishes.
While increasing the disorder strength W0, the dynamical
Chern number is quantized with negligible fluctuations in the
region 2.2 � W0 � 3.2. This behavior demonstrates that the
disorder drives the trivial postquench state to be topological,
and we refer to it as the disorder-induced topology in quench
dynamics.

The phase boundaries of the zero and unity dynamical
Chern numbers coincide with the phase boundaries of the
postquench Hamiltonian obtained from the divergence of
the localization length [the white dashed line in Fig. 1(a)
and the blue dots in Fig. 2]. It was demonstrated that in the
clean limit, the topology of the quench dynamics is related
to that of the postquench Hamiltonian [23,24]. Here, we ob-
serve that the relation is still held for the disorder-induced
topology.

FIG. 3. The entanglement spectrum of the postquench state with
the bipartition lA = lB = Nx/2, where lA(B) is the length of the sub-
system A(B) and Nx is the length of the total system. The parameters
are J0/J1 = 1.1. (a) W0 = 0 (clean limit). (b) W0 = 3. There are 100
disorder realizations for each data point.

C. Entanglement spectrum

The entanglement spectrum provides additional infor-
mation of the topology induced by disorder in quench
dynamics. It is shown that the crossings in the entangle-
ment spectrum reveal the topological properties in both the
equilibrium systems [51–57] and out-of-equilibrium systems
[23,24,58,59]. The presence/absence of the robust cross-
ings in the entanglement spectrum indicates the postquench
state is topological/trivial. To compute the entanglement
properties, the system is bipartite spatially into A and B sub-
systems, where the postquench many-body state is expressed
as |�(t )〉 = ∑

i, j Ci j (t )|Ai〉|Bj〉, with |A(B)i〉 being the local
basis in subsystem A(B). We can compute the reduced den-
sity matrix ρA(t ) = TrB|�(t )〉〈�(t )| = 1

N e−HA(t ), where HA(t )
is referred to as the entanglement Hamiltonian, N is the
normalization constant, and the spectrum of HA(t ) is the en-
tanglement spectrum.

In free-fermion systems, the eigenvalues of the reduced
density matrix can be obtained from the correlation matrix
Cx,x′ (t ) = 〈�(t )|c†

xcx′ |�(t )〉 = ∑
i |ψi(x′, t )〉〈ψi(x, t )|, where

|ψi(x, t )〉 is the postquench single-particle state [see
Appendix D]. The spectrum ξ (t ) of the correlation matrix
Cx,x′ (t ) with x, x′ being restricted in A is related to the en-
tanglement spectrum ε(t ) by ξ (t ) = 1/(1 + eε(t ) ) [60]. For
simplicity, we refer ξ (t ) to the entanglement spectrum.

In the clean limit at J0/J1 = 1.1 [Fig. 3(a)], the postquench
state is trivial and there are no crossings in the entanglement
spectrum ξ (t ). When the disorder strength is above the critical
values, the entanglement spectrum ξ (t ) of the postquench
state shows a crossing at t = π/4 [Fig. 3(b)]. The existence
of the crossings in the entanglement spectrum agrees with
the nonvanishing dynamical Chern number of the postquench
state. We demonstrate the nonvanishing dynamical Chern
number and the crossings in the entanglement spectrum for
other parameters in Appendix E.

IV. EXPERIMENTAL REALIZATION

Discrete-time quantum walks are great platforms for simu-
lating the topological phases of matter [28,61,62], quantum
quenches [27,29], and disorder phenomena [63–65]. Fol-
lowing Ref. [27], the discrete-time evolution operator for
a one-dimensional lattice with single photons can be engi-
neered by the cascaded half-wave plates and beam displacers.
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FIG. 4. The postquench psuedospin texture in the momentum-
time space without disorder with J0/J1 = 0.5 for (a)flattened
Hamiltonian, (b) nonflattened Hamiltonian. The postquench psue-
dospin forms the Skyrmion texture in the momentum-time domain,
k ∈ [0, 2π ], t ∈ [0, π/2] in (a) and t ∈ [0, Tk] in (b) where Tk =
π/(2E (k)) is shown by the green line. (c) The long-time average
of η for the nonflattened Hamiltonian with J0/J1 = 0.5. Two curves
almost overlap. The error bars are the standard deviation for 400
disorder realizations. Nx = 31.

The Hilbert space is spanned by the polarization states
{|P+〉, |P−〉} and the position state |x〉 with x ∈ Z. The cor-
responding evolution operator for each time step is U =
R(φ1/2)SR(φ2)SR(φ1/2), where R(φ) rotate the polarization
by φ with respect to y axis, and S is the shift operator S =∑

x |x − 1〉〈x| ⊗ |P+〉〈P+| + |x + 1〉〈x| ⊗ |P−〉〈P−|. The po-
larization angle φ1(2)(x) is spatially dependent and disorder
can be introduced by choosing different φ1(2)(x) for different
positions x.

In a translation-invariant case, the unitary operator can
be diagonalized in the momentum space and the effective
Hamiltonian describing the pre/postquench system has the
form Heff (k) = −i ln U (k). It is shown that this quantum walk
protocol [27] can simulate a sudden quench between Hi

eff (k)
and Hf

eff (k) of the SSH model. Here Hi
eff (k) and Hf

eff (k)
are referred to as prequench and postquench Hamiltonians.
The topology of the postquench state can be extrapolated
from the postquench pseudospin n(k, t ) = Tr[ρ(k, t )σ] with
ρ(k, t ) = |ψk (t )〉〈ψk (t )|. The postquench pseudospin forms
the Skyrmion texture in the momentum-time domain when the
postquench state has non-vanishing dynamical Chern number
[Fig. 4(a)]. The Skyrmion texture can be understood as the
pseudospin pointing along the +(−)z direction at t = 0(π/2)
and rotating clockwise as a function of k on the x − y plane. In
the experimental setup, the Hamiltonian is non-flatten and the
period of dynamics of each momentum is Tk = π/(2E (k)).
Nevertheless, the Skyrmion texture of the pseudospin can
be observed in the momentum-time domain k ∈ [0, 2π ], tk ∈
[0, Tk] [Fig. 4(b)] and was measured experimentally in the
quantum walk setup [27].

In the presence of disorder, the momentum is no longer a
good quantum number and the momentum-dependent period

FIG. 5. The long-time average of η for the postquench psue-
dospin in the pseudomomentum space given by nonflattened
Hamiltonian with (a) J0

J1
= 1.1, and (b) J0

J1
= 1.5. The error bars are

the standard deviations for 400 disorder realizations. Nx = 31.

is not well-defined. For the nonflattened postquench Hamil-
tonian, we propose to measure the long-time average of the
pseudospins 〈σi〉T = 1

T

∫ T
0 dt〈σi〉, where 〈σi〉 = Tr[ρ ′(k̃, t )σi]

and

ρ ′(k̃, t ) = 1

2

3∑
i=0

∑
x1,x2

e−ik̃(x1−x2 )〈ψx1 (t )|σi|ψx2 (t )〉σi. (3)

ρ ′(k̃, t ) is the disorder-averaged density matrix in the
pseudomomentum-time space, where · · · denotes the disorder
average. Here k̃ is referred to as the pseudomomentum, which
indicates that the momentum is no longer a good quantum
number in disordered systems. Since the x, y− components
of the Skyrmion texture show a 2π winding as a function of
the pseudomomemtum k̃, one can monitor the in-plane pseu-
dospin texture to detect the nontrivial topology by defining

η = Im log[〈σx〉T + i〈σy〉T ]. (4)

If the the postquench state is topological, η shows a 2π differ-
ence in k̃ = 0 to 2π .

We numerically show that η can detect the topology of the
postquench state in Figs. 4(c) and 5. The time taken for the
average is T = π/Emin, where Emin is the minimum absolute
eigenenergy of the postquench Hamiltonian in the clean limit.
This average time T is the largest timescale in the system.

First, we demonstrate the topology of the postquench state
is robust in the weak disorder region. As shown in Fig. 4(c),
the in-plane pseudospin angle η exhibits a 2π winding in
the clean limit W0/J1 = 0 and the weak disorder region
W0/J1 = 1 for the parameter J0/J1 = 0.5. Next, we consider
the disorder-induced topology for the parameter J0/J1 = 1.1.
As we demonstrated previously, the postquench state is topo-
logical for the disorder strength 1.7 � W0/J1 � 3.6. As shown
in Fig. 5(a), η does not have a 2π winding at W0/J1 = 1 and
W0/J1 = 6, but exhibits a 2π winding at W0/J1 = 3, reflecting
the disorder-induced topology. In contrast, for the parame-
ter J0/J1 = 1.5 which does not exhibit the disorder-induced
topology, η does not show a 2π winding with different strong
disorder strengths as shown in Fig. 5(b).

V. CONCLUSION

We predicted the disorder-induced topology in quench
dynamics in (1+1) dimensions. The topology is character-
ized by the dynamical Chern number and crossings in the
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entanglement spectrum. We showed the boundaries between
trivial and nontrivial postquench states are identified by de-
localized critical points in the postquench Hamiltonian. The
quantized dynamical Chern number in (1 + 1) dimensions
corresponds to the winding number of the one-dimensional
topological Anderson insulating phase of the SSH model.
Finally, we proposed this phenomenon can be realized in
quantum walk experiments.
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APPENDIX A: LOCALIZATION LENGTH

When electrons are localized, the wave function expo-
nentially decays with length, i.e., φL ∝ e−L/λ, where φL =∑L

n=1(φna, φnb)T c†
n is the eigenstate of the Hamiltonian H =

Ho + HU with length n, φna/b are the coefficients for sublattice
a/b at site n and λ is the localization length. The Schrodinger
equation for zero eigenenergy state becomes

(J0 + U1n)φnb + (J1 + U2n)φn−1,b = 0, (A1)

(J0 + U1n)φna + (J1 + U2n)φn+1,a = 0. (A2)

The above equations give the ratio of coefficients between
the first and the last site, |φLa| = ∏L

n=1 | J1+U2n
J0+U1n

φ1a| and |φLb| =∏L
n=1 | J0+U1n

J1+U2n
φ1b| for each sublattice, respectively. The final

localization length for the system is the minimum of that of

the sublattices. Thus, the localization length is given by

1

λ
= 1

L
ln

L∏
n=1

∣∣∣∣J1 + U2n

J0 + U1n

∣∣∣∣. (A3)

The equation can be solved analytically [37].
Another approach to calculate the localization length is via

Green’s function. The localization length λ is defined by

2

λ
= − lim

L→∞
1

L
Tr ln |G1,L|2, (A4)

where n is the total number of sites of the one-dimensional
Hamiltonian, G1,L is the propagator connecting the first and
last slice of the system [66]. G1,n is computed with the it-
erative Green’s function method [66–68] by computing the
on-site Green’s function Gn,n = (E − hn − Uf Gn−1,n−1Ub)
and G1,n = G1,n−1UbGn,n recursively till n is large enough for
convergence, where hn = (J0 + U1,n)σx, Uf (b) = (J1 + U2n)
(σx + (−)iσy)/2 and U1(2)n are defined in the main text.

Within this method, the Hamiltonian is constructed in a
slicing scheme, i.e.,

HN =
N∑

i=1

(|i〉hi〈i| + |i〉Ub〈i + 1| + |i + 1〉Uf 〈i|), (A5)

for the system with N slices, where |i〉 is the state for the
ith slice, Uf (b) is the forward (backward) hopping matrices
between the neighboring slices, and to calculate the Green’s
function for the system with N + 1 slices, the Hamiltonian for
N + 1 slices is

HN+1 = HN + |N + 1〉hN+1〈N + 1| + H ′, (A6)

where hN+1 is the Hamiltonian for N + 1-th slices, the hop-
ping matrix H ′ = |N〉Ub〈N + 1| + |N + 1〉Uf 〈N | between the
N − th and N + 1 − th slice is treated as a perturbing term
to HN + |N + 1〉hN+1〈N + 1|. According to the Dyson equa-
tion, the perturbed Green’s function is given by GN+1 = Go +
GoH ′GN+1, where Go = GN + |N + 1〉(E − hN+1)−1〈N + 1|.
Substituting H ′ into the Dyson equation, one obtains the
Green’s function for N + 1 slices (GN+1) in which the sub-
matrices are given by

〈N + 1|GN+1|N + 1〉 = (E − hN+1 − Uf 〈N |GN |N〉Ub)−1, (A7)

〈1|GN+1|N + 1〉 = 〈1|GN |N〉Ub〈N + 1|GN+1|N + 1〉. (A8)

Equations (A7) and (A8) are the main iterative equations for
obtaining the localization length shown in Appendix E.

APPENDIX B: SYMMETRY ANALYSIS
AND TOPOLOGICAL CLASSIFICATION

The flattened Hamiltonian formalism allows us to construct
the effective Hamiltonian,

Heff (k, t ) = e−iHF
0 tHpre(k)eiHF

0 t . (B1)

The topological invariants can be classified according to the
symmetries of the effective Hamiltonian. For the prequench
Hamiltonian Hpre(k) = −σz and the postquench Hamiltonian

H0(k) = hx(k)σx + hy(k)σy, one has the effective Hamilto-
nian

Heff (k, t ) = hy(k) sin 2t√
hx(k)2 + hy(k)2

σx

− hx(k) sin 2t√
hx(k)2 + hy(k)2

σy + cos 2tσz. (B2)

The effective Hamiltonian breaks the particle-hole symmetry
explicitly, but preserves the time-reversal symmetry
T Heff (k, t )T −1 = Heff (−k,−t ), and the additional
two twofold symmetries σzHeff (k, t )σz = Heff (k,−t ),
σxHeff (k, t )σx = −Heff (−k, t ). These two additional
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symmetries together with the time-reversal symmetry lead
to a Z classification in (1 + 1) dimensions. The former
twofold symmetry acts like the reflection symmetry in the
time domain. There are two fixed points t = 0 and π/2 such
that [σz,Heff (k, 0)] = [σz,Heff (k, π/2)] = 0. The dynamical
Chern number in this effective Hamiltonian is quantized
in the half of the momentum-time space k ∈ [0, 2π ],
t ∈ [0, π/2] [69–72].

The effective Hamiltonian has the following symmetries:

T Heff (k, t )T −1 = Heff (−k,−t ),

Rt Heff (k, t )R−1
t = Heff (k,−t ),

MxHeff (k, t )M−1
x = −Heff (−k, t ), (B3)

where T 2 = R2
t = M2

x = 1, {Rt ,Mx} = 0, and [T ,Rt ] =
[T ,Mx] = 0.

The effective Hamiltonian can be expressed in terms of
the effective massive Dirac Hamiltonian Heff (k, t ) = kγ1 +
tγ2 + M0γ0, with {γi, γ j} = 0 (i = 0, 1, 2). We construct the
minimal effective Dirac Hamiltonian in terms of the tensor
product form of the Pauli matrices

γ1 = σx ⊗ σx, γ2 = σy ⊗ I2×2, γ0 = σz ⊗ I2×2,

T = I2×2 ⊗ σzK, Rt = σz ⊗ σz, Mx = σx ⊗ I2×2.

(B4)

One can check the only allowed mass term which preserving
all the symmetries is the γ0. For the Z classification, we
need to make copies of the original effective Hamiltonian.
For simplicity, we just make one copy. The double Hamilto-
nian is Heff (k, t ) = kγ1 ⊗ I2×2 + tγ2 ⊗ I2×2 + M0γ0 ⊗ I2×2,
for which there are no other symmetry-preserving mass terms.
This indicates that different phases are not adiabatically con-
nected in this system. On the other hand, we can flip one
momentum of the copy and construct the double Hamiltonian,
Heff (k, t ) = kγ1 ⊗ σz + tγ2 ⊗ I2×2 + M0γ0 ⊗ I2×2. There is
another symmetry-allowed mass term (anticommute with
γ0 ⊗ I2×2 ⊗ I2×2), M1 = σy ⊗ σy ⊗ σy. This indicates the
systems are all in the same phase. We conclude from the above
analysis that the system belongs to a Z classification. Similar
classification schemes can be found in Refs. [69–72].

APPENDIX C: WANNIER CENTER WITH DISORDERS

In translational invariant systems, the Wannier orbits
are constructed from the Bloch states unk(r), wn(r − R) =
1
�

∫
dkeik·(r−R)unk(r), with � being the volume of the system,

R is the position of the unit cell, and r is the local position of
the Wannier orbits within the unit cell. In an insulator, these
Wannier orbits are localized states and are the eigenstates of
the projected position operator XP = PXP, where P is the
projector to the occupied states which are well-defined in an
insulator.

To construct the Wannier orbits without using Bloch states,
we first write down the Hamiltonian in the real space HIJ ,
where I (J ) includes the band indices and positions. The
spectrum can exhibit a gap and the corresponding occupied
states |ψαI〉 are well-defined. Here α is the eigenenergy index.
The corresponding projectors are PIJ = ∑

α∈occ. |ψαI〉〈ψαJ |.
The position operator can be defined by as a diagonal

FIG. 6. The Wannier center as a function of t . (a) Disorder-
free Hamiltonian ( J0

J1
,

W0
J1

) = (1.1, 0), (b) disordered Hamiltonian

( J0
J1

,
W0
J1

) = (1.1, 3). There are 100 disorder realizations.

matrix diag(1, · · · , 1, 2, · · · 2, · · · , N, · · · , N ), where N is
the total number of sites and at each site there are L bands.
The projected position operator can be constructed as usual
XP = PXP [73].

Since the Wannier orbits are the eigenstates of the XP, we
can find diagonalize the XP and get the set of eigenstates. If
the set of the eigenstates are localized states, then these states
are the Wannier orbits and the corresponding eigenvalues
are the position of the Wannier states. The Wannier center
of a localized state in M-th site can be defined as wcM =
|〈wM |XP|wM〉 − M|. We have 0 < 〈xM〉 < 1. We can further
define the average Wannier center wc = 1

N

∑N
m=1 wcM . In the

presence of the chiral symmetry in one-dimensional gapped
systems, the average Wannier center can have two values
wc = 0 and 0.5. The former corresponds to a trivial phase
and the latter is the topological phase. Although in the quench
setup, the effective Hamiltonian does not have the chiral
symmetry, we observe the Wannier center of the topological
postquench state reaches wc = 0.5 [Fig. 6(b)]. On the other
hand, for the trivial postquench state, the Wannier center is
below 0.5 [Fig. 6(a)].

APPENDIX D: CORRELATION FUNCTION FORMALISM
IN QUENCH SETUPS

We consider an initial state contains N particles. Each
single-particle state we denote by |φα (x)〉, α = 1, . . . , N , x is
the internal degrees of freedom, including position, spin, and
the band. We require these single-particle states are orthonor-
mal,

∑
x〈φα (x)|φβ (x)〉 = δα,β . The N-particle initial state can

be expressed as the Slater determinant of the single-particle
state:

|�0〉 = Det[|φi(x j )〉], i, j = 1, . . . , N. (D1)

We consider an unitary evolution of this initial state |�0〉 by a
static Hamiltonian H = ∑

x,x′ Hx,x′c†
xcx′ , where c(†)

x is the an-
nihilation (creation) operator. Each single-particle state under
this evolution is |φα (x, t )〉 = ∑

x′ exp[−iHx,x′t]|φα (x′)〉, α =
1, . . . , N . The postquench N-particle state is

|�(t )〉 = e−iHt |�0〉 = Det[|φi(x j, t )〉] =
∏

i

d†
i (t )|0〉, (D2)

where

d†
i (t ) = e−iHt d†

i eiHt = e−iHt
∑

y

Viyc†
yeiHt

=
∑
x,y

ViyUy,x(t )c†
x, (D3)
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FIG. 7. The dynamical Chern number (DCN) for the static
Hamiltonian in the clean limit. The parameters are J0 = 1.1,

J1 = 1, Nx = 400, L = 20. Here L is the number of mesh points for
the twisted boundary condition.

with Uy,x(t ) = e−iHy,xt and Viy being an unitary matrix that
rotates d†

i to c†
y.

The postquench single-particle state is

d†
i (t )|0〉 =

∑
x,y

ViyUy,x(t )c†
x|0〉 =

∑
x

|φi(x, t )〉. (D4)

The correlation function constructed from the N-particle
postquench state is

Cx,x′ (t ) = 〈�(t )|c†
xcx′ |�(t )〉

= 〈0|
∏
α

dαeiHt c†
xcx′e−iHt

∏
β

d†
β |0〉〉

= 〈0|
∏
α

dα

[∑
y,i

diUx,y(t )Vyi

]†

×
[∑

y′, j

Ux′,y′ (t )Vy′ jdi

]∏
β

d†
β ||0〉

=
∑

i

[∑
y

Ux,y(t )Vyi

]†[∑
y′

Ux′,y′ (t )Vy′i

]

=
∑

i

|φi(x′, t )〉〈φi(x, t )|. (D5)

FIG. 8. (a) The disorder averaged mean dynamical Chern num-
ber and localization length obtained from Eq. (A4) for the quench
Hamiltonian. The error bar is the standard deviation. The parame-
ters are J0 = 1.1, J1 = 1, Nx = 100, L = 400. (b) The entanglement
spectrum of the postquench state with W1 = 3. The parameters are
J0 = 1.1, J1 = 1, Nx = 400. There are more than 50 disorder realiza-
tions for each data point.

The correlation matrix can be used for computing the
entanglement spectrum. The existence of the crossings in
the entanglement spectrum can detect the topology of the
postquench state as demonstrated in several examples.

APPENDIX E: OTHER PARAMETERS FOR THE
DISORDER-INDUCED TOPOLOGY IN QUENCH

DYNAMICS

In the clean limit, the dynamical Chern numbers are cal-
culated for 0 � J0 � 2 and J1 = 1 of the SSH Hamiltonian
Ho. The results are shown in Fig. 7. For J0 > 1, the static
Hamiltonian becomes trivial and the dynamical Chern number
is zero.

We consider the case with vanishing intercell disorder
W2 = 0. We find for 2.2 � W1 � 3.8, the dynamical Chern
number is close to an integer with vanishing fluctuations as
shown in Fig. 8(a). The phase boundaries, where the dy-
namical Chern number is close to half-integer, are at W0 =
1.5, 4.9. The localization length λ also indicates delocalized
transitions at the same values of W0 [Fig. 8(a)]. The en-
tanglement spectrum has a crossing at t = π/4 when the
postquench state has integer dynamical Chern number W1 = 3
[Fig. 8(b)].
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