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Many-body localization in waveguide quantum electrodynamics
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At the quantum many-body level, atom-light interfaces generally remain challenging to solve for or understand
in a nonperturbative fashion. Here we consider a waveguide quantum electrodynamics model, where two-level
atoms interact with and via propagating photons in a one-dimensional waveguide, and specifically investigate the
interplay of atomic position disorder, multiple scattering of light, quantum nonlinear interactions, and dissipation.
We develop qualitative arguments and present numerical evidence that such a system exhibits a many-body
localized (MBL) phase, provided that atoms are less than half excited. Interestingly, while MBL is originally
formulated with respect to closed systems, this system is intrinsically open. However, as dissipation originates
from transport of energy to the system boundaries and the subsequent radiative loss, the lack of transport in the
MBL phase makes the waveguide QED system look essentially closed and makes applicable the notions of MBL.
Conversely, we show that if the system is initially in a delocalized phase due to a large excitation density, then
rapid initial dissipation can leave the system unable to efficiently transport energy at later times, resulting in a
dynamical transition to an MBL phase. These phenomena can be feasibly realized in state-of-the-art experimental
setups.
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I. INTRODUCTION

Quantum light-matter interfaces are being actively inves-
tigated, for their many possibilities to explore fundamental
science and for applications [1,2]. However, the full quantum
many-body problem of interacting light and matter remains
highly challenging to understand, not only due to the large
Hilbert space but also its out-of-equilibrium and open nature.
The interplay between different effects, possibly including
strength of interactions, correlated emission, dimensionality,
and/or randomness, can give rise to a wealth of different
relaxation dynamics for initially excited systems. This ranges
from the collective emission effects of superradiance [3] and
subradiance [4,5] in atomic ensembles to critical slow-down
in atomic arrays [6] to the formation of exciton polariton con-
densates in microcavities [7] to the stabilization of photonic
Mott insulators [8].

Within condensed matter physics, an exciting new
paradigm for relaxation, or more specifically the lack thereof,
has emerged in recent years. In particular, many-body local-
ization (MBL) is a phenomenon in which a closed, interacting
system can fail to thermalize [9–13]. Instead, the system ex-
hibits a number of distinct properties, including the absence
of energy transport given an arbitrary initial excited state
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and thus a strong memory of initial conditions, and the slow
growth of entanglement entropy following a quench. Lying
outside of the scope of equilibrium descriptions of matter,
MBL can be considered as a novel dynamical phase.

Here we propose the existence and theoretically inves-
tigate the properties of MBL in a system involving atoms
and light. Specifically, we consider a minimal “waveguide
quantum electrodynamics (QED)” model consisting of dis-
ordered two-level atoms or qubits interacting with photons
in an infinite one-dimensional (1D) waveguide. We provide
qualitative arguments and quantitative numerical simulations
to argue that the system can support a many-body localized
phase. While the concept of MBL is originally formulated
with respect to closed systems, our waveguide QED system is
intrinsically open, as light emitted by any finite set of excited
atoms will be irreversibly lost once passing the boundaries of
the atomic ensemble. Generically, one would expect that such
spontaneous emission will result in the atoms to eventually
return to their ground states (although the dynamics itself can
be made richer by the collective nature of emission [3–6]).
However, we find that this open nature does not simply destroy
MBL, but instead results in an additional rich interplay be-
tween dissipation and essentially closed, MBL-like dynamics
[14–18]. In particular, we show that an MBL phase occurs at
low atomic excitation densities (approximately less than half
excited in the large atom limit). The absence of transport then
suppresses propagation of energy to the system boundaries
and the resulting dissipation, which in turn makes the notion
of MBL applicable in the first place. On the other hand, for
systems that are initially highly excited, transport can be re-
sponsible for a rapid dissipation at early times. This causes the
atomic excitation density to drop until transport is no longer
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FIG. 1. (a) Schematic illustration of a spatially disordered atomic chain coupled to photons in a one-dimensional, bidirectional waveguide.
The magnitude of atom-light interactions is set by the rate �1D by which a single, isolated excited atom irreversibly emits a photon into the
waveguide. With multiple atoms and excitations, the system dynamics becomes complex and interacting due to the following possibilities.
First, a photon can be reflected or transmitted with nontrivial, frequency-dependent amplitudes r(ω), t (ω) upon scattering off of an atom,
which then leads to multiple scattering in the presence of multiple atoms. Second, multiple photons (e.g., two photons with frequencies ω1,2

illustrated) scattering off of the same atom can lead to the generation of entangled, frequency-mixed photons (ω3 + ω4 = ω1 + ω2), which also
become multiply scattered. (b) Proposed phase diagram in the thermodynamic limit of large atom number N → ∞, versus amount of disorder
and fraction of atoms excited, nexc/N . For a single excitation, nexc/N = 1/N , the system is noninteracting, and arbitrarily small disorder gives
rise to Anderson localization. Beyond a single excitation, the system becomes interacting due to the nonlinearity of two-level atoms. Up to
nexc/N = 1/2, we hypothesize that the system exhibits MBL. For nexc/N > 1/2, photon transport is allowed and leads to delocalization. Going
beyond the thermodynamic limit, and considering a finite atomic system, transport in the delocalized phase leads to dissipation, in the form of
emission of light beyond the atomic system boundaries. The subsequent loss of excitation density can lead to a dynamical transition into the
MBL phase, as depicted by the dashed arrow showing time evolution. (c) Schematic illustration of a spatially disordered atomic chain coupled
to photons in a one-dimensional, “half” waveguide, with one end closed by a mirror at z = 0. The atomic system can thus only dissipate by
emitting photons from one side of the chain.

efficient, resulting in a dynamical transition into an MBL
phase. This physics should be feasible to explore in existing
state-of-the-art waveguide QED systems, such as supercon-
ducting quantum bits coupled to microwave transmission lines
[19–21] or structured waveguides [22,23].

An additional notable feature of our work, within the con-
text of atom-light interactions, is that the MBL phase arises
from the combination of atomic granularity, disorder, strong
nonlinearities, and multiple scattering of light. There has been
significant work aimed at understanding the consequences
of granularity and multiple scattering in recent years [5,24–
36] but largely restricted to classical or mean-field limits,
where potentially strong nonlinear optical interactions and
the buildup of quantum correlations are ignored. MBL thus
constitutes an interesting limit where the physics emerging
from strong interactions can be well understood in a nonper-
turbative fashion.

The rest of the paper is organized as follows. First, in
Sec. II, we introduce the waveguide QED Hamiltonian and
present a qualitative argument that an MBL phase should exist
in the thermodynamic limit, provided that the atoms are less
than half excited. Given the large Hilbert space of the system,
consisting of the exponentially large space associated with the
atoms and the infinite space associated with the continuum
of photon modes, we then restrict ourselves to the regime
of near-resonant photon interactions. Then, in Sec. III, we
show how the photonic modes can be integrated out, reducing
the system to an open, interacting “spin model” describing
photon-mediated interactions between the atomic degrees of
freedom. Before going to MBL, and to gain intuition, we show

how Anderson localization manifests itself in the spin model
formalism, within the linear optics (single-excitation) limit.
This example illustrates that although the system is formally
open, localization implies that dynamics of a large system is
well described just by the Hermitian Hamiltonian component
of the spin model. We briefly introduce the phenomenology
of MBL phases in Sec. IV. As MBL is typically studied with
respect to closed systems, and given the observation above
regarding the connection between localization and Hermitian-
ity, in Sec. V we present numerical evidence of MBL for the
Hermitian Hamiltonian, namely the absence of transport and
logarithmic growth of entanglement entropy for sufficiently
low excitation densities. In Sec. VI we then consider the
physical open system and propose and numerically investigate
a number of realistic observables for MBL. At low excitation
densities, we again find an MBL phase. Surprisingly, however,
for higher excitation densities, where MBL is not observed for
the closed system, we find that transport to the system bound-
aries and the corresponding dissipation enable the system to
initially and rapidly lower the excitation density, and thus dy-
namically transition into an MBL phase. Finally, in Sec. VII,
we provide an outlook of possible future interesting directions
to explore and discuss the prospects of experimentally observ-
ing such physics in state-of-the-art waveguide QED platforms.

II. DESCRIPTION OF THE SYSTEM

Our system of interest is represented in Fig. 1(a). It con-
sists of a one-dimensional, bidirectional waveguide, whose
photons couple to the ground-excited (|g〉-|e〉) transitions of
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N two-level atoms located at random positions zi. The atomic
transition frequency is given by ω0. A minimal model for such
a system is given by the following Hamiltonian (with h̄ = 1):

H = ω0

∑
i

σ̂ i
ee︸ ︷︷ ︸

Ha

+
∑
ν=±

∫
dk ωkb̂†

ν,kb̂ν,k︸ ︷︷ ︸
Hph

+ g
∑
ν,i

∫
dk

(
b̂ν,k σ̂

i
egeiνkzi + H. c.

)
︸ ︷︷ ︸

Hint

. (1)

Here Ha describes the excited-state energy of the atoms, and
we adopt the notation σ̂ i

αβ = |αi〉〈βi| with {α, β} ∈ {g, e} for
the operators of atom i. Hph describes the energy of the
photons, characterized by a continuum of modes with two
possible propagation directions (labeled ν = ±) and wave
vector k. We assume that within the bandwidth of modes to
which the atoms significantly couple, the dispersion relation
for the guided modes can be linearized as ωk = c|k|. The
interactions, as given by Hint, describe the processes by which
an excited atom can emit a photon, or a ground-state atom can
absorb a photon, with a coupling constant g assumed to be
identical for all atoms, and an interaction phase eiνkzi encoding
the photon propagation. In the following, we consider disorder
in the positions of the atoms: zi = (i + εi )d , with d the aver-
age distance between two neighboring atoms and εi a random
variable. For numerics, we will focus on the regime of full
disorder, where εi is drawn between −1/2 and 1/2, in order
to minimize the effective localization length of the system
and the number of atoms needed in simulations, although
we believe our conclusions are general for any amount of
disorder (see below). The Hamiltonian of Eq. (1) can be an
excellent approximation for a number of systems such as su-
perconducting qubits coupled to a transmission line [19–21],
or atoms coupled to a photonic crystal waveguide [37–39],
where additional sources of dissipation (not included in this
model) can potentially be much smaller than the coherent
atom-waveguide interactions.

To gain some basic insight into Eq. (1), we begin by relat-
ing it to well-known results regarding Anderson localization
of light in 1D, in the linear optical or single-excitation limit
with disorder in the position of the atoms. The single-photon,
single-atom scattering dynamics of Eq. (1) can be exactly
solved [40,41]. In particular, the response of a ground-state
atom to an incoming photon of well-defined frequency ω is
characterized by the reflection and transmission coefficients
r(ω) = −�1D/(�1D − 2i	) and t (ω) = 1 + r(ω) [Fig. 1(a)],
with 	 = ω − ω0 being the detuning between the photon and
the atomic transition, and �1D = 4πg2/c being the sponta-
neous emission rate of a single, isolated excited atom into
the waveguide. When many atoms are coupled together via
the waveguide, the multiple scattering arising from the suc-
cession of transmission and reflection events [Fig. 1(a)] by
different atoms can be solved by the transfer matrix formal-
ism [42]. Performing a disorder average over the position
fluctuations εi of the N atoms, the 1D waveguide is always
Anderson localized for arbitrarily small disorder [arbitrar-
ily narrow distributions of εi, see Fig. 1(b)] [43–46]. The
transmittance exhibits exponential attenuation with large fluc-

tuations log(Ttot ) = −N/Nloc and var[log(Ttot )] = 2N/Nloc,
with (...) denoting the average value over the different dis-
order realizations and var(. . . ) the variance of the random
variable. Nloc is the localization length (expressed in terms
of number of atoms) and is related to the single-atom linear
transmittance T (	) = |t (	)|2 by Nloc(	) = 1/| log T (	)| =
| log[4	2/(�2

1D + 4	2)]|−1 in the dilute regime (d > λ =
2πc/ω) and for large disorder [42]. This quantity goes to zero
at resonance and increases with increasing detuning |	| as the
atomic response becomes weaker away from resonance. For
systems larger than the localization length N > Nloc, strong
destructive interference suppresses the propagation of light
through the medium.

While rigorously establishing an MBL transition be-
yond the single-excitation limit is more complicated, we
can nonetheless make a qualitative argument, by calculat-
ing a nonlinear single-atom transmittance T (	,ρee) that
depends on the excited-state population ρee, and then sub-
stituting into the Anderson localization result Nloc(	,ρee) ∼
1/| log T (	,ρee)| to estimate a length scale over which trans-
port becomes prohibited. As discussed in the Appendix, this
transmittance can be exactly calculated for an incident coher-
ent state field of arbitrary amplitude, with corresponding Rabi
frequency . One finds the relations ρee = 2

�2
1D+4	2+22 and

T = 4	2+82

�2
1D+4	2+82 . Notably, for large photon input ( → ∞),

one finds that ρee → 1/2 and T → 1. This expresses the well-
known result that an atom becomes saturated at very high
intensities and is no longer able to respond to light [47]. In
turn, reflection and multiple scattering are suppressed, and the
localization length Nloc(	,ρee → 1/2) → ∞ diverges. We
thus hypothesize that an atomic excitation density of nexc/N =
1/2 sets the MBL-delocalization transition, as illustrated in
Fig. 1(b).

III. SPIN MODEL

Beyond a single excitation, directly solving Eq. (1) is dif-
ficult due to the infinite Hilbert space of the photons and
frequency mixing induced by the atoms [48,49]. Furthermore,
the localization length Nloc(	,ρee) increases both with in-
creasing detuning and atomic population, and can rapidly
exceed numerically tractable system sizes (see Appendix).

To partially mitigate these challenges, we will restrict
ourselves to the regime in which the photons involved in
the dynamics are near resonance with the atoms. As dis-
cussed in Ref. [50], since the field part of the Hamiltonian
(1) is quadratic, it can be formally integrated out, resulting
in photon-mediated interactions between atoms. Furthermore,
near resonance, the delay time of these interactions due to the
speed of light can be ignored to good approximation. This is
because the atoms in typical situations have very large ratios
of resonance frequencies to linewidths, ω0 � �1D. Thus, the
atoms are very dispersive, for example, as characterized by the
large, frequency-dependent phase shifts in r(ω), t (ω), and this
causes the propagation delay of near-resonant photons to be
dominated by interaction with the atoms, rather than the speed
of light itself. Equivalently, the hybrid atom-photon polaritons
that diagonalize the system are in fact almost entirely atomic
in nature. Ignoring retardation, one obtains a reduced master
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equation describing instantaneous photon-mediated interac-
tions, between only the atomic “spin” degrees of freedom
[50–57],

˙̂ρ = −i[H1Dρ̂ − ρ̂H†
1D] +

∑
i, j

�i, j σ̂
i
geρ̂σ̂ j

eg, (2)

with

H1D = −i
�1D

2

N∑
i, j=1

exp(−ik1D|zi − z j |)σ̂ i
egσ̂

j
ge (3)

and �i, j = �1D cos(k1D|zi − z j |) and k1D = ω0/c. Here we
have transformed to a rotating frame, so that the trivial phase
evolution associated with Ha can be ignored. We note that
in one dimension, the photon-mediated interactions between
atoms are infinite in range. Furthermore, integrating out the
photons results in a dissipative (open) system, as atoms can
physically emit a photon that goes beyond the atomic system
boundaries, resulting in irreversible loss of excited population.

If loss is indeed associated with the system boundaries,
then conceptually its effects (for a fixed initial number of ex-
citations) can be reduced by considering progressively larger
system sizes, where the ratio of “boundary” (e.g., atoms
within a distance ∼Nloc of an edge) to “bulk” regions de-
creases. While the maximum number of atoms in numerics
is constrained, we can nonetheless decrease this ratio by
introducing a closely related “half-waveguide” model, as il-
lustrated in Fig. 1(c). Here one end of the waveguide (say,
at z = 0) is terminated by a perfect mirror, which results in
only one open boundary where photons can escape. Apply-
ing similar considerations as the derivation of Eq. (2), it is
straightforward to show that the master equation is

˙̂ρ = −i[Hhalf ρ̂ − ρ̂H†
half ] +

∑
i, j

�i, j σ̂
i
geρ̂σ̂ j

eg, (4)

with

Hhalf = −i�1D/2
N∑

i, j=1

[exp(−ik1D|zi − z j |)

− exp(−ik1D|zi + z j |)]σ̂ i
egσ̂

j
ge (5)

and �i, j = �1D[cos(k1D|z j − zi|) − cos(k1D|z j + zi|)].
While Eqs. (2) and (4) have now eliminated the infinite

Hilbert space of photons, an interesting new feature emerges:
dissipation. In particular, MBL is usually formulated with
respect to closed systems. Although a dissipative environment
or coupling to a bath might generically be expected to destroy
MBL, it can in some cases lead to nontrivial behavior, such as
if the bath itself is many-body localized or contains too few
degrees of freedom [11,18,58]. Here we find an interesting
behavior that appears physically distinct from the aforemen-
tioned examples. In particular, although the dissipative part
of the master equation a priori has the same strength (∼�1D)
as the coherent interactions, the bulk region of a many-body
system behaves as if it is increasingly closed as it becomes
further in distance from a boundary, as suppressed transport
makes the emission of a photon past the system edges im-
probable and then makes the notion of MBL self-consistent.
These ideas can be better clarified by returning to the simpler

FIG. 2. Spatial profile of the single-excitation eigenmodes |cξ
j | of

the effective Hamiltonian H1D, ordered with respect to the real part
of their eigenvalue, for two different system sizes: N = 50 (a) and
N = 200 (b). These eigenmodes have been calculated for a single
disorder realization, and are indexed from lowest (ξ = 1) to highest
(ξ = N) frequency. (c) Average value over a large number of disorder
realizations of ωξ/�1D (solid blue line) as a function of ξ , together
with the associated Anderson localization length Nloc(ωξ ) (dashed
orange line) in units of number of atoms. This plot is calculated
for N = 50 atoms. For reference, we indicate where the localiza-
tion length corresponds to the system size by the dotted black line.
(d) Average value over a large number of disorder realizations of the
normalized decay rate �ξ/�1D of eigenmodes, as a function of ξ/N ,
for two different system sizes N = 50 (solid blue line) and N = 200
(dashed orange line). A large fraction of modes have a decay rate
smaller than �1D/2 (dotted green line). Numerically, the percentage
of modes with decay rate larger than �1D/2 decreases approximately
as ∼1/

√
N (inset).

problem of Anderson localization, but now studied from the
spin model perspective.

A. Disorder in the single-photon limit

The key single-excitation properties are encoded in the
N single-excitation eigenmodes and eigenvalues of the non-
Hermitian Hamiltonian H1D. The eigenvalues themselves are
complex, with the real and imaginary parts accounting for the
shift in resonance frequency ωξ of the collective mode with
respect to the bare atomic frequency, and half of the collective
decay rate �ξ/2, respectively.

As a concrete example, we first take one single realization
of disorder and sort the eigenstates in increasing order of
their resonance frequencies, labeled by 1 � ξ � N . Denoting
the wave functions by |ψξ 〉 = ∑

j cξ
j σ̂

j
eg|g〉⊗N , in Figs. 2(a)

and 2(b) we plot |cξ
j |, the square root of the probability

for atom j to be excited, for the atom numbers of N = 50
and N = 200, respectively. For all numerical calculations, we
take an average atomic spacing of d = 2.7π/k1D (to be in
the dilute regime) and full disorder. We see that states in
the middle of the spectrum (ξ ∼ N/2) are localized, while
states at the edges of the spectrum (ξ ∼ 1 and ξ ∼ N) are
extended. Furthermore, in Fig. 2(c), we fix the atom number
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FIG. 3. A representative plot of the excitation amplitude |cξ
j | versus atom number j and eigenmode index ξ , for a single disorder realization

and within the single-excitation manifold. The excitation amplitudes are plotted for (a) the effective non-Hermitian Hamiltonian H1D and (b) its
Hermitian component Hhermi. (c) Magnitude of the dot product between the eigenmodes of the two Hamiltonians: D(ξ, ξ ′) = |〈ψ (1D)

ξ |ψ (hermi)
ξ ′ 〉|.

All of these plots were generated for a system of N = 150 atoms.

N = 50, and plot the average value of the resonance frequency
ωξ/�1D versus ξ over a large number of disorder realizations
(blue solid curve). We simultaneously plot (orange dashed
curve) the previously established Anderson localization length
Nloc(ωξ ) corresponding to these frequencies. Comparing with
Fig. 2(a), we see that the transition from localized to extended
eigenstates occurs when |ωξ | is detuned enough that the lo-
calization length Nloc(ωξ ) > N exceeds the number of atoms
inside the chain. In particular, the existence of extended states
of the spin model (such as found in Refs. [59–61]) does not
contradict the fact that Anderson localization always exists
in the 1D disordered system. Specifically, for any detuning
	 there always exists some sufficiently large N > Nloc where
one will eventually observe Anderson localization.

In Fig. 2(d), we plot the average value over a large number
of disorder realizations of the decay rate �ξ/�1D, normalized
by the single-atom decay rate, as a function of ξ/N for two
different system sizes N = 50 and N = 200. We see that the
extended modes in the edges of the spectrum have a large
decay rate, while the localized modes in the middle have an
exponentially small decay rate. This confirms that localized
modes, with populations away from the boundaries, cannot
efficiently decay by spontaneous emission. Furthermore, as N
increases, we find that the percentage of delocalized modes
[here quantified by the percentage of modes with a decay rate
greater than �1D/2, above the green dotted line in Fig. 2(d)]
decreases approximately as ∼1/

√
N , as shown in the inset.

While this analysis was restricted to the single-excitation
manifold, it naturally also follows that for our particular
model, the existence of MBL cannot be inferred purely by
looking for the localized nature of eigenstates of the spin
model with large number of excitations. In particular, a study
along those lines would have to determine whether an appar-
ently delocalized state might become localized as the system
size is increased. As that is difficult within numerical capa-
bilities, we must demonstrate the existence of MBL using
other measures. Separately, we note that while localized and
extended single-excitation eigenstates can be identified by
spectral filtering (i.e., looking at eigenstates at the center
and edges of the spectrum, respectively), this procedure can-
not be extended to more excitations. For example, assuming
that interactions can be considered as a perturbation, two

single-excitation extended eigenstates with energies ±ω could
combine to give an extended two-excitation eigenstate with
approximately zero energy.

B. Localization as a transition to Hermitianity

If Anderson (or many-body) localized states experience
exponentially small decay rates versus distance of excitations
from boundaries, then the dissipative component of Eq. (2)
should have negligible effect, and such states should essen-
tially be governed only by the Hermitian component Hhermi =
(H1D + H†

1D)/2 of the effective Hamiltonian. This Hermitian
component reads:

Hhermi = �1D

2

∑
i, j

sin (k1D|zi − z j |)σ̂ i
geσ̂

j
eg. (6)

We can again easily confirm this in the single-excitation
limit. Specifically, for a single disorder realization and N =
150, we calculate the eigenstate amplitudes |cξ

j | for the non-
Hermitian and Hermitian Hamiltonians, which we plot in
Figs. 3(a) and 3(b), respectively. Then, in Fig. 3(c), we plot
the overlap D(ξ, ξ ′) = |〈ψ (1D)

ξ |ψ (hermi)
ξ ′ 〉| between the non-

Hermitian and Hermitian eigenstates. We find that this matrix
is nearly the identity, particularly in the middle of the spec-
trum where the modes are well localized [62].

This suggests that we can establish the existence of an
MBL in two complementary ways. First, we can take the
Hermitian Hamiltonian Hhermi, and look for well-established
mathematical signatures for closed systems, such as loga-
rithmic growth of entanglement entropy following a quench.
Then, assuming that the existence of MBL is not affected by
losses for the reasons above, we can simultaneously look for
realistic observables in the physical, open system.

IV. INTRODUCTION TO CONVENTIONAL MBL

The key properties of MBL can be understood from a
“canonical” Hamiltonian hypothesized for all MBL systems
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FIG. 4. Transport properties of N = 30 atoms in the Hermitian waveguide, averaged over disorder configurations. Each line corresponds
to a different number of excitations (nexc = 1, 3, 5), initialized in a product state. In (a) and (b), we plot the time-dependent, site-resolved
excited-state population 〈σ̂ i

ee(t )〉, for disordered and ordered systems, respectively. (c) Site-resolved population 〈σ̂ i
ee(tmax)〉 evaluated at the final

simulation time tmax = 100/�1D, for both disordered (blue dotted line) and ordered systems (solid red line). As a guide to the eye, we plot
nexc/N (dashed line), the population if the initial excitations were to become uniformly distributed. (d) Time-dependent memory parameter
M(t ) for both disordered (blue dotted line) and ordered systems (solid red line).

[63,64]. For spin systems like ours, it reads

HLIOM =
∑

i

ωiτ̂
i
z +

∑
i, j

Ji, j τ̂
i
z τ̂

j
z +

∑
i, j,k

Gi, j,k τ̂
i
z τ̂

j
z τ̂ k

z + . . . .

(7)
Here the τ̂ i

z operators are so-called local integrals of motion,
pseudo-σ̂z operators that are quasilocal in space.

Because HLIOM only involves products of τ̂z operators,
each τ̂

j
z commutes with the Hamiltonian and thus their oc-

cupancies are conserved quantities. Furthermore, as these
operators only have support on a few sites, there will be no
transport of energy, and an MBL system prepared initially out
of equilibrium will never thermalize.

The interacting terms (e.g., Ji, j for two-body interactions)
have exponentially decreasing amplitude with the distance
between modes [64–66]. The interactions differentiate MBL
from Anderson localization, and cause each local integral of
motion τ̂ i

z to acquire different phases in evolution depending
on the occupancy of other τ̂

j
z . For closed systems, this results

in a dephasing for any local subsystem, due to the gradual
entanglement of these degrees of freedom with others further
away. Likewise, starting from a product state in the physical
basis, these interactions cause a subsystem ρ̂A consisting of
half the entire system to exhibit a logarithmic growth of en-
tanglement entropy S(t ) = −Tr{ρ̂A(t ) log[ρ̂A(t )]} in time in
the MBL phase [67]. As a comparison, systems that do not
exhibit MBL experience a ballistic growth of entanglement
entropy (linear with time).

V. MANY-BODY LOCALIZATION IN THE HERMITIAN
WAVEGUIDE MODEL

In this section, we study the Hermitian component Hhermi

of the effective Hamiltonian, looking at transport and en-
tanglement entropy. Specifically, we consider initial states
consisting of product states of nexc excitations, |ψinit〉 =∏

j∈Einit
σ̂

j
eg|g〉⊗N with Einit being the set of indices of the

initially excited atoms. Enforcing a fixed number of exci-
tations enables us to study modestly larger system sizes,
by throwing out the Hilbert subspace with higher excitation
numbers.

We first consider transport, in a system of N = 30 atoms.
In Fig. 4(a), we show the time-dependent excited-state popula-
tion 〈σ̂ i

ee(t )〉 per site, averaged over ∼20–100 disordered con-
figurations, for nexc = {1, 3, 5} roughly equidistantly spaced
excitations. In comparison, in Fig. 4(b), we show the evo-
lution for the same initial states, but in an ordered chain
of lattice constant d = 2.7π/k1D. In Fig. 4(c) we plot the
site-dependent population 〈σ̂ i

ee(tmax)〉 for the final time of the
simulation, tmax = 100/�1D, both for the disordered (blue dot-
ted line) and ordered cases (red solid line). In the ordered
system, the population rapidly becomes distributed evenly
among all the spins, so that 〈σ̂ i

ee(tmax)〉 ≈ nexc/N (dashed
black line). (The only exception is for nexc = 1, where the
single excitation evolves according to a well-defined band
dispersion relation.) In contrast, in the presence of disorder,
the system retains a clear memory.
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FIG. 5. Disorder-averaged half-chain entanglement entropy S(t )
as a function of time, for different number of atomic excitations
initially prepared in a product state, in the Hermitian waveguide.
The simulations are for N = 30 atoms, and the curves from bottom
to top correspond to 1 � nexc � 5 excitations. Logarithmic scalings
(dashed lines) are shown as a guide to the eye.

This can be quantified by defining an observable that cap-
tures the memory of the initial state:

M(t ) =
[∑

i∈Einit

〈
σ̂ i

ee(t )
〉

nexc
− nexc

N

]/(
1 − nexc

N

)
. (8)

This quantity would be equal to 1 in the case of an initial
population distribution conserved through time, and to 0 in
the case of an equally shared population between all atoms. In
Fig. 4(d), we plot the disorder-averaged M(t ) and observe a
clear memory of the initial state (or, equivalently, an absence
of transport at long times) in all the cases with disorder.

In Fig. 5 we study the evolution of the half chain entan-
glement entropy S(t ) in time, for the same disordered system
and initial conditions. A clear region of logarithmic growth is
observed when the number of excitations is large enough (up
to the largest number nexc = 5 we can simulate in a system of
N = 30 atoms), before saturating due to the limited system
size. Figures 4 and 5 provide evidence that the Hermitian
system, as defined by Hhermi, exhibits a many-body localized
phase up to an excitation density of at least ∼1/6.

A. Delocalization transition

As discussed in Sec. II, based on qualitative arguments,
we expect a disordered waveguide QED system to exhibit an
MBL phase up to an excitation density of ρee = nexc/N = 1/2
in the thermodynamic limit. However, we also expect that
the localization length Nloc(	,ρee) should gradually increase
as the excitation density increases, eventually diverging as
ρee → 1/2. Thus, for a finite system of moderate size as
can be simulated, this would lead to a smooth crossover to
delocalization as nexc is increased.

FIG. 6. Transport properties of N = 20 atoms in the Hermitian waveguide, averaged over disorder configurations. Each line corresponds
to a different number of excitations (nexc = 3, 5, 7), initialized in a product state. (a) Time-dependent, site-resolved excited-state population
〈σ̂ i

ee(t )〉. (b) Site-resolved excited-state population at the final simulation time, tmax = 100/�1D. As a guide to the eye, we plot nexc/N (dashed
line) to indicate the population if the excitations become equally distributed. (c) Time-dependent memory parameter M(t ).
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FIG. 7. Disorder-averaged half-chain entanglement entropy S(t )
as a function of time, for different number of atomic excitations
initially prepared in a product state, in the Hermitian waveguide. The
simulations are for N = 20 atoms, and the curves from bottom to
top correspond to 1 � nexc � 7 excitations. Linear and logarithmic
scalings (dashed curves) are shown as a guide to the eye.

To observe this, we consider a smaller chain of N = 20,
and repeat the same calculations as before for the Hermitian
waveguide, but now for 1 � nexc � 7 to reach a higher exci-
tation density. In Fig. 6(a) we plot the transport properties for
nexc = 3, 5 and 7 excitations. It can be seen that the memory of
the initial state becomes negligible already for nexc = 5, and
essentially vanishes for nexc = 7, as the initial population is
eventually equally shared among all atoms in the waveguide.
In Fig. 7 we plot the half-chain entanglement entropy, and see
a smooth transition toward ballistic growth as the number of
excitations exceeds nexc � 4–5.

While a delocalization transition that occurs at a lower
density of excitations, nexc/N ∼ 1/4, cannot be ruled out from
these numerics, the results are also consistent with our previ-
ous hypothesis of a smooth crossover. In particular, assuming
that the dynamics have a characteristic bandwidth of ∼�1D,
one finds a heuristic many-body localization length Nloc(	 =
�1D, ρee) that exceeds the system size of N = 20 for nexc � 4.

VI. MBL IN THE OPEN SYSTEM

A. Quantum transport

We now investigate practical signatures of MBL in the
physical, open system. Anticipating that regions within the ex-
citation density-dependent localization length ∼Nloc(	,ρee)
of the boundaries are strongly affected by dissipation, we
reduce their relative contribution in numerics by going to the
open half-waveguide, as described by Eq. (4), which only has
one radiating boundary located to the right.

We begin by studying transport in the open system. Based
on the intuition that the system will resemble a closed system
(and thus exhibit stronger features of MBL) provided that
excitations remain far from the boundary, we slightly alter the
initial conditions compared to Sec. V, and take initial states
consisting of nexc excitations all located on the left half of
the chain. To eliminate any bias originating from a specific
choice of location within the left half, we consider equal
superpositions of all possible basis states, with each basis state

multiplied by a random phase. We have checked, however,
that other choices do not affect the final conclusions. Numer-
ically, we directly solve for the master equation dynamics of
Eq. (4), for nexc � 2, and by a quantum jump approach for
higher excitation number, with a minimum of 150 trajectories
for each configuration, and with at least 50 random configura-
tions in all cases to calculate disorder-averaged observables.

We then define the time-dependent imbalance Mhalf (t )
between the left and right halves,

Mhalf (t ) = 1

Pe(t )

[ ∑
i<N/2+1

〈
σ̂ i

ee(t )
〉 − ∑

i>N/2

〈
σ̂ i

ee(t )
〉]

, (9)

where Pe(t ) = ∑
i〈σ̂ i

ee(t )〉 is the total excited population that
now decays in time. In Fig. 8(a) we plot the disorder aver-
aged, time-dependent imbalance for various initial excitation
numbers nexc = 1, 2, 4, 6 and for different system sizes (indi-
cated by different colors). Alongside the imbalance, we plot
in Fig. 8(b) the total population Pe(t ).

Beginning with a low density of excitations (nexc = 1, 2) in
the disordered system (solid lines), we see that both transport
and dissipation are strongly suppressed, with the asymp-
totic behavior apparently trending toward perfect suppression,
Mhalf → 1 and Pe → nexc, as N → ∞. This confirms the in-
creasingly closed nature of the system. Similar trends also are
observed for a higher number of excitations, nexc = 4. Here,
however, the localization length Nloc(	 = �1D, ρee) (again
assuming a characteristic bandwidth ∼�1D for dynamics)
becomes comparable to the system sizes simulated, and dissi-
pation is no longer negligible. Interestingly, one sees that the
imbalance does not monotonically decay, but rather reaches
a minimum over a short timescale, while partially recovering
at later times. This behavior is more prominent for smaller
N , due to the higher initial excitation density. Physically, part
of the initial population on the left experiences transport and
quickly propagates toward the right boundary of the chain
(decreasing the imbalance), where it can be dissipated. The
lowering of density on the left half subsequently suppresses
the transport, and the system dynamically enters into an MBL
phase, while the imbalance partially recovers as the remaining
excitations on the right half then slowly but preferentially
dissipate away. Given this observation, we are then motivated
to investigate even higher initial densities (nexc = 6 and N =
16), where now the localization length Nloc(	 = �1D, ρee =
3/8) ≈ 65 � N far exceeds the system size. Despite clearly
starting in a transport and dissipation-allowed phase, the same
dynamical behavior is clearly and even more prominently
observed.

We now return to the hypothesized phase diagram of
Fig. 1(b), which we initially considered to be for a system
in the thermodynamic limit. Considering that any physical
system will consist of finite atom number, we propose that
its dynamical behavior, if it begins in the delocalized phase,
will consist of transport-facilitated dissipation, until it reaches
an MBL phase, as illustrated by the arrow showing evolution
in time. Furthermore, this dissipation process should be quite
rapid and dominate the initial dynamics, due to the lack of
subradiant states (with decay rate  �1D) for excitation densi-
ties nexc/N � 1/2, and by the fact that the average dissipation
rate of eigenstates of the non-Hermitian Hamiltonian for such
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FIG. 8. Time-dependent, disorder-averaged population imbalance Mhalf (t ) (a) and total population Pe(t ) (b) for the open half-waveguide,
for nexc = 1, 2, 4, 6 initial excitations, and for various system sizes N (indicated by different colors). We plot these quantities both for the
disordered (solid curves) and ordered (dashed) systems.

high excitation densities must grow extensively with system
size, ∼N�1D.

Finally, for comparison, we plot with dashed curves the
same observables for all the system sizes and number of
excitations previously considered, but for an ordered system.
It should be noted that the total population in the ordered
system also decays slowly for long times, albeit faster than the
disordered case. This can be attributed to the large number of
single and multiexcitation subradiant states in a 1D waveguide
at low excitation density [54]. In the case of a full waveg-
uide (dissipation at both boundaries) and sufficient number of
excitations, it has previously been shown that this leads to a
power-law decay for ordered systems at long times [6].

B. Quantum revivals

As entanglement entropy is difficult to measure in a closed
system of large size, and has no immediate analog in an open
system, capturing some essence of the slow entanglement en-

tropy growth is generally one of the most challenging aspects
of experimentally studying MBL [68]. When the local integral
of motion closely resembles the physical spin, it has been
theoretically proposed that the slow growth of entanglement
can be probed by generalized spin echo techniques [69]. In
our system, however, we find that this technique is ineffective,
as localized modes have a non-negligible extent over at least
a few sites (see the single-excitation dynamics in Fig. 4, for
example). Physically, this is because suppressing the emission
of light by one excited atom arises from the excitation of at
least the neighboring atoms and their destructive interference
in radiation.

We thus adopt an alternative proposal by Vasseur et al. [70],
which is readily implementable within waveguide QED. In
particular, we consider the addition of an extra ancilla atom A
that does not directly couple or radiate into the waveguide, but
is allowed to coherently exchange excitations with the waveg-
uide atom with index nc [see Fig. 9(a)]. The waveguide atoms
thus serve as an exotic bath for the ancilla. The corresponding
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FIG. 9. (a) Scheme of the quantum revival setup to measure the interacting degrees of freedom in the open half-waveguide. An additional
ancilla A is introduced, which does not couple or radiate into the waveguide, but couples to and can exchange excitations with the waveguide
atom nc. The time-dependent excited population of the ancilla is monitored to record the number of revivals Nrev within a certain time window
[0, t]. [(b) and (c)] Ancilla population versus time, for three typical disorder realizations for a Hermitian half-waveguide. Here initially the
ancilla is excited, while the waveguide atoms contain no excitations (b) and 2 excitations located at positions |e1, e4〉 (c). The total system size
(ancilla + atoms) is N = 14. Disorder-averaged O(t ) for both Hermitian (d) and open (e) disordered systems of size N = 14 (dotted curves),
N = 17 (light blue curve), and N = 24 (solid curves) with varying number of excitations (nexc = 2, 3, 4, 6) indicated by different colors. As a
guide to the eye, we show a linear evolution in (d) and a logarithmic evolution in (e) in black dashed curves.

Hamiltonian for this system (studied for the half-waveguide)
is

H = Hhalf + Hc, (10)

with the non-Hermitian Hamiltonian Hhalf given in Eq. (5)
and Hc = C(σ̂ A

egσ̂
nc
ge + H.c.) coupling the ancilla to atom nc in

the chain. In the following we use C = �1D/2 and we couple
the ancilla to the atom number nc = 3 in the chain of N − 1
atoms.

If the system was governed purely by Hc, then an ancilla
initially excited would indefinitely and reversibly exchange
its excitation with atom nc. In the Anderson localized regime,
where the waveguide interactions are turned on but all waveg-
uide atoms are initially unexcited, the ancilla couples to a
few localized modes (those whose support contain atom nc).
This leads to a more complex structure of collapse and revival
dynamics in the ancilla population over time, as illustrated in
Fig. 9(b) (calculated here for the Hermitian half-waveguide,
with no dissipation). Although the details of the revivals
depend on the disorder configuration, since the number of
localized modes to which the ancilla couples is finite and
fixed, the revivals would continue with the same frequency
and amplitude indefinitely in the absence of dissipation, and
for an increasingly long time with increasing system size in
the presence of dissipation. In contrast, in the MBL phase
where multiple waveguide atoms are initially excited:

|ψinit〉 = |eA〉 ⊗ |ψwg〉, (11)

with |ψwg〉 containing nexc − 1 excitations, interactions be-
tween excitations effectively cause the ancilla to couple to
an increasing number of degrees of freedom in time, which
makes revivals less likely. This is illustrated in Fig. 9(c), for

the case of nexc − 1 = 2 excitations initialized in the Hermi-
tian half-waveguide as well, at positions |e1, e4〉.

For closed systems, the revival rate should approximately
be inversely proportional to the effective size of the Hilbert
space to which the ancilla is coupled. We can thus numerically
study the revival rate R(t ) = Nrev(t )/t (see Appendix B for
how the number of revivals Nrev(t ) in the time window [0, t]
is determined). To do this, we again directly solve the master
equation for low excitation numbers nexc = 1, 2, and by the
quantum jump formalism for higher numbers (with at least
500 trajectories for each configuration). We perform averages
over at least 50 configurations for each choice of nexc, N , and
the initial waveguide state is chosen to be in an equal super-
position of all basis states with nexc − 1 excitations, multiplied
by random phases.

To quantify the evolution of the average number of degrees
of freedom N (t ) to which the ancilla is coupled by interac-
tions, we take the ansatz that

R(t ) ≈ α

N (t )
, (12)

where α is a proportionality constant. We further split N (t ) =
N 0(t ) + N int (t ) with N 0(t ) the average number of degrees
of freedom that interacts with the ancilla without interac-
tions inside the waveguide and N int (t ) the average number
of degrees of freedom that comes from interactions between
the different qubits. N int (t ) should grow logarithmically in
time for closed, large MBL systems and linearly in time for
delocalized systems, while N0(t ) saturates to a constant value
that depends on the localization length Nloc.

Thus, using the unloaded waveguide as a reference to ob-
tain R0(t ), we can extract from the revival rates the average
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number of interacting degrees of freedom (up to a proportion-
ality factor), by considering the quantity

O(t ) ≡ 1/R(t ) − 1/R0(t ) ≈ N int (t )

α
. (13)

We plot O(t ) for different initial excitation numbers nexc =
2, 3, 4, 6 and atom number N = 14, 17, 24 in Fig. 9, both
for the Hermitian (d) and open systems (e) up to �1Dt =
300. Starting with the Hermitian half-waveguide system, one
clearly observes a transition from logarithmic to linear growth
of O(t ) as the system goes from a MBL to a delocalized phase
when the density of excitations increases. Interestingly, for
the open system, we observe a slow logarithmic growth of
O(t ) in all the cases considered over this time range. We again
attribute this to a dynamical transition, where transport results
in rapid dissipation of large excitation densities, until the
waveguide atoms reach an MBL phase. This transition occurs
faster than the characteristic interaction rate of the ancilla with
the bath (taken to be comparable to the single atom-waveguide
coupling strength �1D), resulting in suppression of quantum
revivals reminiscent of a closed MBL system. Separately,
we have seen that for sufficiently long times �1Dt � 500, a
deviation from logarithmic scaling can be observed, due to
the very slow dissipation of remaining excitations left in the
system.

VII. CONCLUSION

In summary, we have proposed and presented numerical
evidence that a system of disordered atoms coupled to a
waveguide exhibits an MBL phase, provided that the density
of atomic excitations is less than 1/2. Compared with many
other MBL systems already studied, this system has a number
of interesting features. In particular, the system contains two
types of particles (atomic spins, and a continuum of photons),
and furthermore, the continuum nature of the photon modes
intrinsically causes the atomic dynamics to appear open, with
a dissipation strength that a priori is equal to the coherent
interaction strength, as seen in Eq. (2). Thus, beyond typical
MBL systems where dissipation is simply an unwanted effect,
our system presents interesting opportunities to study the ap-
parent transition toward Hermitianity [62] when the system is
localized, and a dynamical transition toward MBL induced by
loss.

State-of-the-art waveguide QED systems involving su-
perconducting qubits coupled to transmission lines should
already be capable of studying the proposed phenomena. In
particular, it has been demonstrated that systems consist-
ing of at least N = 7 controllable, individually measurable,
and identical qubits can be realized [21], with ratios of
atom-waveguide interaction strengths to additional, unwanted
dissipation of �1D/�′ ∼ 102–103 [21,71] that enable the pre-
dicted dynamics to be observed before additional effects set
in. Furthermore, since our proposed scheme relies on disor-
der, the use of identical qubits is not necessary, and up to
N = 72 qubits have been realized in such an instance in sim-
ilar systems [72]. Coupling between superconducting qubits
and microwave photons can also be realized in two dimen-
sions [73], thus offering promising opportunities to investigate
MBL, including in regimes beyond what can be studied di-

rectly with numerics. We note that superconducting qubit
systems are already being used to investigate MBL [66,74,75],
albeit in regimes where photons are not a central degree of
freedom. Moreover, although still in their infancy, systems
consisting of atoms coupled to photonic crystal waveguides
can also potentially reach the desired combinations of large
atom-waveguide interaction strengths [38,39,76–79] and large
atom number to investigate MBL.

Beyond our initial theoretical investigations, our work also
stimulates other theoretical questions to explore. First, while
we have focused solely on position disorder (and full disorder
in the numerics, to minimize the localization length), our
qualitative arguments about the existence of MBL seem quite
general. We thus envision future efforts to confirm a ther-
modynamic phase diagram similar to Fig. 1(b), for arbitrary
amounts and types of disorder (e.g., in resonance frequen-
cies). Furthermore, thus far, we have reduced the complexity
of our system by integrating out the photons and focusing
on the atomic “spin” degrees of freedom. While this is an
excellent approximation near resonance, it would be inter-
esting to more fully explore the system from the photonic
standpoint. For example, we anticipate that the MBL phase
is reflected in interesting quantum correlations of light, either
generated through the excited atoms themselves, or explicitly
via quantum transport by sending in optical pulses. Including
the photons might also provide an avenue to develop dia-
grammatic techniques [80–82] to understand MBL and the
delocalization transition, and in a way that is not as limited
by system size as with pure numerics. Finally, while we have
considered the most basic continuum of photon modes here,
consisting of a linear dispersion and infinite bandwidth, cur-
rent waveguide QED systems also offer excellent potential for
dispersion engineering, such as through the introduction of
band edges and gaps [83] or even its global shape [73,84], and
other features such as realizing some degree of chirality in in-
teractions [85,86]. These can dramatically alter the nature and
the range of the photon-mediated interactions, and result in
nontrivial boundaries between MBL and delocalized phases.
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FIG. 10. (a) Excited-state population ρee (blue solid line) and transmittance T of a single atom (orange dashed line) as a function of driving
Rabi amplitude /�1D and at a detuning 	 = �1D. (b) The estimated MBL localization length Nloc(	 = �1D, ρee) as a function of atomic
population.

APPENDIX A: ESTIMATION OF THE ENERGY
DENSITY-DEPENDENT LOCALIZATION LENGTH

In this Appendix, we derive the energy density-dependent
localization length of the 1D disordered and open waveguide.
To do so, let us consider a single two-level atom driven by an
incoming coherent state of Rabi frequency  and frequency ω,
and a detuning of 	 = ω − ω0 relative to the atomic transition
frequency. In the rotating frame, the interaction Hamiltonian
between this field and a two level atom is

H = −	σ̂ee + (σ̂eg + σ̂ge). (A1)

Inserting this Hamiltonian into the master equation for the
two level atom,

dρ

dt
= −i[H, ρ] + �1D

2
L[ρ] (A2)

with L[ρ] = 2σ̂geρσ̂eg − σ̂eeρ − ρσ̂ee, one obtains the optical
Bloch equations whose steady-state solutions are as follows:

ρee = 2

4	2 + �2
1D + 22

(A3)

and

ρeg = i
�1D + 2i	

4	2 + �2
1D + 22

. (A4)

The input-output equation for a waveguide [50] allows one to
express the transmitted field as

Ê = Êin + i

√
�1D

2
σ̂ge, (A5)

where Êin represents the (coherent state) input field. This leads
to the expression of the transmittance T = 〈Ê†Ê〉/〈Ê†

inÊin〉:

T = 4	2 + 82

�2
1D + 4	2 + 82

. (A6)

From this single-atom transmittance, we can estimate the sat-
uration and frequency-dependent localization length using

Nloc(	,ρee) = 1/| log(T )|, (A7)

with Nloc being the localization length in units of number of
atoms. In the equation above, the excited-state population ρee

parametrically depends on the Rabi frequency via Eq. (A3).
In a waveguide QED system, one can estimate that the

characteristic bandwidth of MBL dynamics is given by
�1D. One can then evaluate the excited-state population ρee

and transmittance T at a detuning 	 = �1D [illustrated in
Fig. 10(a), as a function of /�1D], and subsequently calcu-
late the excited-state population-dependent MBL localization
length ∼Nloc(	 = �1D, ρee), which we plot in Fig. 10(b).
Note that the localization length exceeds the maximum sys-
tem sizes we can numerically study N ∼ 20–30 for excitation
densities of nexc/N ∼ 0.3.

APPENDIX B: REVIVAL COUNTING

In the quantum revival simulations, one has to count the
revival rates of the ancilla in order to extract the number of
interacting degrees of freedom in the waveguide. For each
realization of the disorder, we obtain the population of the
ancilla 〈σ̂ A

ee(t )〉 as a function of time from which we extract
all the times tn corresponding to an extremum of 〈σ̂ A

ee(t )〉. Our
algorithm is designed to prevent local maxima with arbitrarily
small visibility from qualifying as true revivals. To this end,

for each local maximum, we compute Q = 〈σ̂ A
ee(tn )〉−〈σ̂ A

ee〉min,n−1

〈σ̂ A
ee〉min,n−1

,
which compares the value at the position of the maximum with
the minimum value of the population of the ancilla, during
the time since the last revival maximum. We count the local
maximum at tn as a true revival if Q exceeds a prescribed value
Qmin, and if the population of the ancilla 〈σ̂ A

ee(tn)〉 exceeds
0.25. For each disorder realization, we then define Nrev(t ) as
the cumulative number of revivals of the population in the
time window [0, t]. Then we average Nrev(t ) over the disorder
in order to obtain R(t ) = Nrev(t )/t (note that the details of the
revival dynamics vary for each configuration, so one cannot
obtain R(t ) from the disorder-averaged population of the an-
cilla 〈σ̂ A

ee(t )〉). All the curves presented in this work have been
obtained taking Qmin = 0.4.
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