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Floquet engineering of topological localization transitions and mobility edges
in one-dimensional non-Hermitian quasicrystals
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Time-periodic driving fields could endow a system with peculiar topological and transport features. In this
work, we find dynamically controlled localization transitions and mobility edges in non-Hermitian quasicrystals
via shaking the lattice periodically. The driving force dresses the hopping amplitudes between lattice sites,
yielding alternate transitions between localized, mobility edge, and extended non-Hermitian quasicrystalline
phases. We apply our Floquet engineering approach to five representative models of non-Hermitian quasicrystals,
obtain the conditions of photon-assisted localization transitions and mobility edges, and find the expressions of
Lyapunov exponents for some models. We further introduce topological winding numbers of Floquet quasiener-
gies to distinguish non-Hermitian quasicrystalline phases with different localization nature. Our discovery thus
extend the study of quasicrystals to non-Hermitian Floquet systems, and provide an efficient way of modulating
the topological and transport properties of these unique phases.
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I. INTRODUCTION

Floquet engineering has enabled the realization of rich
dynamical, topological, and transport phenomena in a broad
range of physical settings [1–17]. Some notable examples
include the dynamical localization, Floquet topological phase,
and discrete time crystal (see Refs. [18–30] for reviews and
references therein). These discoveries have broadened the
classification of phases of matter in nonequilibrium situations
[31–33], and may lead to applications in emerging technolo-
gies such as ultrafast electronics [22] and topological quantum
computing [34–36].

Non-Hermitian topological matter has been investigated
intensively in the past few years [37–42]. Recently, the Flo-
quet approach was also applied to engineer topological phases
in non-Hermitian systems. Notably, it was found that the
interplay between time-periodic driving fields and gain and
loss or nonreciprocal effects could yield topological phases
that are unique to non-Hermitian Floquet systems [43–50].
These intriguing phases are characterized by large integer or
half-integer winding numbers and degenerate Floquet edge
or corner states with real quasienergies [43–49]. Their topo-
logical signatures may further be extracted experimentally
from the dynamical spin textures and quantized displace-
ments of wave packets [50]. Till now, various kinds of
non-Hermitian Floquet topological insulators, superconduc-
tors and semimetals with exceptional topological properties
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have been found [43–72]. Meanwhile, much less is known
when non-Hermitian Floquet systems are subject to more
complicated correlation effects, such as disorder, nonlinearity,
and many-body interactions.

In this work, we employ the idea of Floquet engineering
to induce and control the spectrum, localization, mobility
edges, and topological transitions in non-Hermitian quasicrys-
tals. A quasicrystal is a phase of matter with long-range
order in the absence of spatial periodicity. It can be re-
alized in a lattice with diagonal or off-diagonal spatially
quasiperiodic modulations. In Sec. II, we outline the method
of adjusting hopping amplitudes in a tight-binding lattice
by applying high-frequency periodic driving forces, which
follows the idea of engineering dynamical localization in
ultracold atoms [1–3]. In Sec. III, we introduce five pro-
totypical models of non-Hermitian quasicrystal, which can
be viewed as non-Hermitian extensions of the Aubry-André-
Harper (AAH) model and the Maryland model. We further
apply high-frequency shaking forces to these models, and
obtain driving-induced transitions between non-Hermitian
Floquet quasicrystalline phases with distinct transport and
topological features. Different types of non-Hermitian qua-
sicrystal phases are also found to emerge alternately with the
increase of the ratio between the amplitude and frequency of
the driving field. In Sec. IV, we summarize our results and
discuss future perspectives.

II. METHOD

In this section, we introduce our scheme of Floquet en-
gineering to control the phase transitions in non-Hermitian
quasicrystals, which is based on the idea of realizing dy-
namical localization in Bose-Einstein condensates [19]. A
schematic illustration of our system and approach is shown
in Fig. 1. The Hamiltonian of the system describes a
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FIG. 1. A schematic illustration of the driven non-Hermitian su-
perlattice. JL (JR) denotes the hopping amplitude from left (right)
to right (left) lattice sites. Vn denotes the static potential on the nth
lattice site, which introduces quasiperiodicity into the system. Wn(t )
is the driving potential, which is proportional to the position index
n. The driving force F (t ) oscillates periodically in time. The system
is made non-Hermitian if JL �= J∗

R or Vn �= V ∗
n , corresponding to the

case with nonreciprocal hopping or on-site gain and loss.

tight-binding superlattice with on-site quasiperiodic potential
and driving field, i.e.,

Ĥ (t ) =
∑
〈n,n′〉

(JRĉ†
nĉn′ + JLĉ†

n′ ĉn) +
∑

n

[Vn + Wn(t )]ĉ†
nĉn, (1)

where n is the lattice site index, and 〈n, n′〉 includes site
indices with n′ > n. ĉ†

n and ĉn denote the creation and anni-
hilation operators of a particle (either boson or fermion) on
the nth lattice site. JL (JR) represents the hopping amplitude
of the particle from lattice site n (n′) to n′ (n). A quasicrystal
model is realized by setting the superlattice potential Vn to a
quasiperiodic function of the lattice index n. A non-Hermitian
quasicrystal is further obtained by setting JL �= J∗

R (for nonre-
ciprocal hopping) or Vn �= V ∗

n (for gain and loss of particles).
The coupling between the driving field and the particle takes
the form of Wn(t ) = −nF (t ), where the driving force F (t ) =
F (t + T ) varies periodically in time with the driving period
T and driving frequency ω = 2π/T . All system parameters
have been properly rescaled and given in dimensionless units.
We will also set the Planck constant h̄ = 1 throughout the
discussion.

In the frame comoving with the lattice, the dynamics of
the system is governed by the time-dependent Schrödinger
equation

i
d

dt
|ψ (t )〉 = Ĥ (t )|ψ (t )〉. (2)

The driving potential in Ĥ (t ) can be transformed to an oscil-
lating phase factor in the hopping amplitudes JL,R [19]. To do
so, we consider the following unitary rotation:

R̂(t ) = ei
∑

n fn (t )ĉ†
nĉn , (3)

where the time-dependent amplitude

fn(t ) = −
∫ t

t0

Wn(t ′)dt ′ − n f

= n

(∫ t

t0

F (t ′)dt ′ − f

)
≡ n f (t ). (4)

Here f is chosen to ensure that the one-period integral of
amplitude

∫ T
0 fn(t )dt = 0. Writing the time-evolving state as

|ψ (t )〉 = R̂(t )|ψ ′(t )〉, we obtain the Schrödinger equation for
the state |ψ ′(t )〉 in the rotating frame as

i
d

dt
|ψ ′(t )〉 = Ĥr (t )|ψ ′(t )〉, (5)

where the Hamiltonian Ĥr (t ) in the rotating frame reads

Ĥr (t ) = R̂†(t )Ĥ (t )R̂(t ) − iR̂†(t )
dR̂(t )

dt
. (6)

Plugging Eqs. (3) and (4) into Eq. (6), we find that R̂(t )
commutes with the on-site terms

∑
n[Vn + Wn(t )]ĉ†

nĉn in Ĥ (t )
and

iR̂†(t )
dR̂(t )

dt
=

∑
n

Wn(t )ĉ†
nĉn, (7)

which cancels the driving potential
∑

n Wn(t )ĉ†
nĉn, leaving∑

n Vnĉ†
nĉn as the only on-site term in Ĥr (t ). Furthermore, the

hopping terms in Ĥ (t ) under the rotation R̂(t ) becomes

R̂†(t )ĉ†
nĉn′ R̂(t ) = e−in f (t )ĉ†

n ĉn ĉ†
nein f (t )ĉ†

nĉn

× e−in′ f (t )ĉ†
n′ ĉn′ ĉn′ein′ f (t )ĉ†

n′ ĉn′

= ei(n′−n) f (t )ĉ†
nĉn′ . (8)

Note that this result holds for both bosons and fermions.
Therefore, the Hamiltonian in the rotating frame is

Ĥr (t ) =
∑
〈n,n′〉

JLei(n−n′ ) f (t )ĉ†
n′ ĉn

+
∑
〈n,n′〉

JRei(n′−n) f (t )ĉ†
nĉn′ +

∑
n

Vnĉ†
nĉn, (9)

where the oscillating phase factor f (t ) = ∫ t
t0

F (t ′)dt ′ − f .
When f (t ) varies quickly in time, so that h̄ω � |JR,L| and
|Vn − Vn′ | for |n − n′| = 1, its effect on Ĥr (t ) can be approxi-
mated by the average over a complete driving period T [19].
This corresponds to taking the zeroth-order term in the high-
frequency expansion of the Floquet Hamiltonian [73–75]. In
this limit, the micromotion operator is approximated by the
rotating frame transformation R̂(t ), and the resulting Floquet
effective Hamiltonian reads

ĤF ≈ 1

T

∫ T

0
dtĤr (t )

=
∑
〈n,n′〉

(
Jeff

L ĉ†
n′ ĉn + Jeff

R ĉ†
nĉn′

) +
∑

n

Vnĉ†
nĉn, (10)

where the photon-dressed hopping amplitudes Jeff
L and Jeff

R are
given by

Jeff
L = 1

T

∫ T

0
dtJLei(n−n′ ) f (t ), (11)

Jeff
R = 1

T

∫ T

0
dtJRei(n′−n) f (t ). (12)

The driving field thus introduces a control knob to the
hopping amplitudes, and thus the transport property of the
non-Hermitian quasicrystal.
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In experiments, one type of driving force that is relatively
easy to engineer has the form of a harmonic function [1,19],
which can be introduced by shaking the lattice back and
forth periodically [76–78] and described as F (t ) = K cos(ωt ),
where K is the driving amplitude and ω is the driving fre-
quency of the force. The factor f (t ) in the Peierls phase for
such a harmonic drive reads f (t ) = K sin(ωt )/ω according
to Eq. (4). Working out the integrals in Eqs. (11) and (12)
with the help of the Bessel function expansion eix sin(y) =∑∞

l=−∞ Jl (x)eily, we find Jeff
L,R = JL,RJ0[(n′ − n)K/ω], which

is derived previously in the study of dynamical localization
[76]. The Floquet effective Hamiltonian of the system under
the high-frequency harmonic forcing now takes the form

ĤF =
∑
〈n,n′〉

JLJ0

(
(n′ − n)

K

ω

)
ĉ†

n′ ĉn

+
∑
〈n,n′〉

JRJ0

(
(n′ − n)

K

ω

)
ĉ†

nĉn′ +
∑

n

Vnĉ†
nĉn. (13)

Since both the JL,R and the Bessel function of first kind
J0[(n′ − n)K/ω] decays globally with the increase of hopping
distance |n′ − n|, we may reserve the hopping terms up to
nearest-neighbor sites, yielding the following Floquet effec-
tive Hamiltonian

ĤF =
∑

n

[
J0

(K

ω

)
(JRĉ†

nĉn+1 + JLĉ†
n+1ĉn) + Vnĉ†

nĉn

]
. (14)

In the Hermitian limit, we observe that the hopping ampli-
tudes JL,R are switched off at the zeros of J0(K/ω), which
leads to the well-known phenomena of dynamical localiza-
tion for any nonvanishing on-site potential Vn [1]. When the
system becomes non-Hermitian and Vn is quasiperiodic, the
competition between the energy scales of intersite tunneling
and on-site trapping could result in localization-delocalization
transitions caused by non-Hermitian effects. The presence of
the driving field further generates an interplay between the
field parameters (K, ω) and the non-Hermitian terms of the
system, which is expected to yield richer phase diagrams
and dynamically controlled transitions between different non-
Hermitian quasicrystalline phases. These judgments will be
demonstrated by explicit examples in the following section.

III. RESULTS

In this section, we apply the Floquet engineering ap-
proach discussed in Sec. II to five representative models of
non-Hermitian quasicrystal, which can be viewed as non-
Hermitian variants of the AAH model [79–81] and the
Maryland model [82–85]. The explicit forms of these models
and the driving forces are introduced in Sec. III A. Without
the driving field, the conditions of localization transition for
these models have been derived in previous studies. We re-
veal how these conditions are modified in the presence of
high-frequency lattice shaking forces, and obtain analytical
expressions for their Lyapunov exponents if possible, which
are now functions of the driving amplitude and frequency. Our
theoretical results are further verified by numerical calcula-
tions presented in Secs. III B–III F.

A. Quasicrystal models

The AAH model is one of the standard models in the study
of localization-delocalization transitions in one-dimensional
(1D) quasiperiodic systems [79–81]. In the lattice representa-
tion, the Hamiltonian of the model takes the form

Ĥ0 =
∑

n

[J (ĉ†
nĉn+1 + H.c.) + V cos(2παn)ĉ†

nĉn], (15)

where J is the hopping amplitude and V is the amplitude of the
on-site potential. By setting α to be an irrational number, the
superlattice potential V cos(2παn) becomes quasiperiodic in
the lattice index n, and the system described by Ĥ0 forms a 1D
quasicrystal. Thanks to the self-duality property of the AAH
quasicrystal, it has been shown that the eigenstates of Ĥ0 pos-
sess a delocalization-to-localization transition at V = 2J in
the thermodynamic limit. When V < 2J , all eigenstates of Ĥ0

are delocalized and the system is in an extended phase. When
V > 2J , the correlated disorder becomes strong enough, such
that all eigenstates of Ĥ0 are localized and the system enters
an insulating phase [81].

The Maryland model forms another paradigm in the study
of Anderson localization and quantum chaos [82–85]. It is an
integrable model and can be mapped to a Floquet system. The
Hamiltonian of the Maryland model takes the form

ĤM =
∑

n

[J (ĉ†
nĉn+1 + H.c.) + V tan(παn)ĉ†

nĉn], (16)

where n is the lattice index, J is the hopping amplitude, V
is the amplitude of the on-site potential, and a quasicrys-
tal is formed once α takes an irrational value. Since the
potential Vn depends on a tangent function, which is not
bounded, all states of the system are localized and are found
to have an energy-dependent Lyapunov exponent (inverse
localization length) λ(E ) = arccosh[(

√
(2J + E )2 + V 2 +√

(2J − E )2 + V 2)/4|J|] [82]. Besides, the Maryland model
can also be employed to study the topological nature of integer
quantum Hall effects [86].

In recent years, the impact of non-Hermiticity on localiza-
tion transitions in AAH-type and Maryland-type quasicrystals
have been explored [84,87–107]. The non-Hermitian effects
are introduced by either setting the on-site quasiperiodic
potential to be non-Hermitian [84,87–89], or making the
hopping amplitudes between adjacent lattice sites to be non-
reciprocal [90,91]. In these models, it was found that the
non-Hermitian terms could induce PT transitions of the en-
ergy spectrum from real to complex (or the opposite), together
with localization-delocalization transitions of the eigenstates.
These transitions could further be characterized by the quan-
tized change of winding numbers of the spectrum around
certain base points of the complex energy plane [84,87–91].

In the following sections, we apply the Floquet engi-
neering approach to induce and control phase transitions in
five non-Hermitian quasicrystal models. The time-dependent
Hamiltonians of these models take the general form of Eq. (1),
with the explicit expressions of hopping amplitudes, on-site
potential, and driving force given in Table I. We will refer
to these five models as M1–M5 for simplicity. In the high-
frequency limit, the Floquet effective Hamiltonians of these
models then take the formalism of Eq. (14), where the hopping
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TABLE I. Definitions of the five periodically forced non-Hermitian quasicrystal models, denoted by M1–M5. In the second column, JL

and JR are left-to-right and right-to-left hopping amplitudes between nearest-neighbor lattice sites. γ controls the asymmetry between the left
and right hopping amplitudes in M3. In the third column, V is the amplitude of the on-site potential, iγ is an imaginary phase shift, η controls
the non-Hermiticity of M5 and α is an irrational number. In the fourth column, n is the lattice site index, K is the driving amplitude and ω is
the driving frequency. All system parameters are set in dimensionless units.

Model Hopping On-site Driving
index amplitude potential Vn force Wn(t )

M1 JL = JR = J Ve−i2παn −nK cos(ωt )
M2 V cos(2παn + iγ )
M3 JL = Jeγ , JR = Je−γ V cos(2παn)
M4 JL = JR = J V tan(παn + iγ )
M5 V/(1 − ηei2παn)

amplitudes are controlled by the ratio of the driving ampli-
tude and driving frequency K/ω through the Bessel function
J0(K/ω). Since the localization-delocalization transitions in
these models are originated from the competition between the
energy scales of hopping J and onsite potential V [81], the
photon-dressed hopping amplitude JL,RJ0(K/ω) provides a
flexible knob to tune the transitions between different non-
Hermitian quasicrystalline phases of these systems, as will be
demonstrated below. Note in passing that the models M1–M5
do not possess the translation symmetry. They also do not
have the chiral symmetry due to the absence of sublattice
or spin structures. Meanwhile, the effective Hamiltonians of
M1–M5 all possess the PT symmetry, which is relevant for
the characterization of their phase transitions.

B. M1: Floquet spectrum, localization transition,
and topological invariant

Following Table I, the time-dependent Hamiltonian of the
quasicrystal M1 reads

Ĥ1(t ) =
∑

n

J (ĉ†
nĉn+1 + H.c.)

+
∑

n

[Ve−i2παn − nK cos(ωt )]ĉ†
nĉn, (17)

which is non-Hermitian due to the complex on-site potential
Ve−i2παn and quasiperiodic when α is irrational. Following the
procedure of Sec. II, we find the Floquet effective Hamiltonian
of the system under high-frequency driving as

Ĥ1F =
∑

n

[
JJ0

(K

ω

)
(ĉ†

nĉn+1 + H.c.) + Ve−i2παnĉ†
nĉn

]
.

(18)
The hopping strength now depends on the ratio between the
amplitude and frequency of the driving field, and can thus be
controlled dynamically. Meanwhile, the effective Hamiltonian
Ĥ1F possesses the PT symmetry as Vn = V ∗

−n, which means
that its Floquet spectrum could be real in certain parameter
regions.

The eigenvalue equation of Ĥ1F is Ĥ1F|ψ〉 = E |ψ〉. In-
serting the single-particle state |ψ〉 = ∑

n ψnĉ†
n|0〉 into the

equation, we obtain the eigenvalue equation in the lattice
representation as

JJ0

(K

ω

)
(ψn+1 + ψn−1) + Ve−i2παnψn = Eψn. (19)

Here E mod 2π corresponds to the quasienergy of Ĥ1F. For a
lattice of length L and under the periodic boundary condition
(PBC), one can take a discrete Fourier transformation from
lattice to momentum representations by expanding the ampli-
tude ψn as

ψn = 1√
L

L∑
m=1

ϕme−i2παmn. (20)

The transformed eigenvalue equation in momentum space
then reads

V ϕn−1 + 2JJ0

(K

ω

)
cos(2παn)ϕn = Eϕn. (21)

Following the method outlined in Ref. [89], it can be readily
shown that when α takes irrational values, the non-Hermitian
Floquet quasicrystal M1 possesses a PT transition and a
localization-delocalization transition under the condition

|V | = |JJ0(K/ω)|. (22)

When |V | < |JJ0(K/ω)|, the hopping process dominates
and all Floquet eigenstates of Ĥ1F are extended with van-
ishing Lyapunov exponents (diverging localization lengths).
The quasienergy dispersion of Ĥ1F in this case takes the
form of E (k) = 2JJ0(K/ω) cos(k) ∈ R, where k ∈ [0, 2π ).
When |V | > |JJ0(K/ω)|, the quasiperiodic potential domi-
nates, and all Floquet eigenstates of Ĥ1F are localized with
the same Lyapunov exponent (inverse localization length) λ =
− ln |JJ0(K/ω)/V | > 0. The Floquet spectrum of the system
in this case has the form of E (k) = 2JJ0(K/ω) cos(k − iλ) ∈
C, where k ∈ [0, 2π ). The extended and localized phases
could be further distinguished by a topological winding num-
ber of the Floquet spectrum. With the eigenvalue equation
(21), we find the matrix elements of the system’s Floquet
effective Hamiltonian Ĥ ′

1F in momentum space to be

[Ĥ ′
1F]n,n = 2JJ0

(K

ω

)
cos(2παn), n = 1, . . . , L;

[Ĥ ′
1F]n+1,n = [Ĥ ′

1F]1,L = V, n = 1, . . . , L − 1. (23)

Multiplying the corner matrix element [Ĥ ′
1F]1,L by a phase fac-

tor e−iθ , we obtain the effective Hamiltonian Ĥ ′
1F(θ ) under the

twist boundary condition in momentum space. The spectral
winding number of Ĥ ′

1F(θ ) can then be obtained following the
construction of Ref. [91]. Such a winding number counts the
number of times the Floquet spectrum of Ĥ ′

1F(θ ) winds around
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TABLE II. Summary of the results for the non-Hermitian Floquet quasicrystal M1. J is the nearest-neighbor hopping amplitude, V is the
amplitude of on-site non-Hermitian quasiperiodic potential, K is the driving amplitude, ω is the driving frequency, and J0(K/ω) denotes the
Bessel function of first kind. λ denotes the Lyapunov exponent [108]. The parameter k fills uniformly the range of [0, 2π ). Ĥ ′

1F(θ ) is obtained
from Ĥ1F after taking the discrete Fourier transformation and introducing a phase twist e−iθ to its top-right corner matrix element in momentum
representation. E0 is the base quasienergy.

Phase Extended Localized

Condition |V | < |JJ0(K/ω)| |V | > |JJ0(K/ω)|
IPR 
0 for all states >0 for all states

Lyapunov exponent λ = ln

∣∣∣∣ V
JJ0 (K/ω)

∣∣∣∣
{
< 0 Extended
> 0 Localized

Quasienergy E (k) = 2JJ0(K/ω) cos k E (k) = 2JJ0(K/ω) cos(k − iλ)

Winding number w = ∫ 2π

0
dθ

2π i ∂θ ln det[Ĥ ′
1F(θ ) − E0] =

{
0 Extended
−1 Localized

a base quasienergy E0 on the complex plane ReE -ImE when
θ changes from zero to 2π . When the quasienergy spectrum
is real (complex), the value of this winding number is found
to be zero (−1). This winding number could thus serve as a
topological order parameter to distinguish the extended phase
(with real quasienergies) and localized phase (with complex
quasienergies) of the system. In Table II, we summarize the
key results about the spectrum, localization transition and
topological invariant of the non-Hermitian Floquet quasicrys-
tal M1. Notably, the condition of localization transition in the
system now depends on the parameter K/ω of the driving
field. The states of the system can thus be tuned between
extended and localized phases dynamically by varying the
ratio K/ω between the amplitude and frequency of the driving
force.

To demonstrate our theoretical results, we compute the
spectrum E , inverse participation ratio (IPR), Lyapunov ex-
ponent λ and winding number w of the M1 versus the
amplitude of onsite potential V and the ratio between driv-
ing amplitude and frequency K/ω. The numerical results
are presented in Fig. 2. In the calculation, we choose the
undressed hopping amplitude J = 1 and the quasicrystal
parameter α =

√
5−1
2 
 p

q , with p, q being two adjacent el-
ements of the Fibonacci sequence (p < q). The length of
lattice is chosen as L = 610, and the base quasienergy is
set as E0 = 0. In Fig. 2(a), we show the maximal imaginary
parts of quasienergy max |ImE | versus V and K/ω. The red
dashed line is given by the phase boundary equation |V | =
|JJ0(K/ω)|. It is clear that max |ImE | = 0 (max |ImE | > 0)
when |V | < |JJ0(K/ω)| [|V | > |JJ0(K/ω)|]. The condition
|V | = |JJ0(K/ω)| thus determines the boundary of the PT
transition between real and complex quasienergy spectrum of
the system.

For any normalized Floquet right eigenstate |ψ〉 =∑
n ψnĉ†

n|0〉 of Ĥ1F, with
∑L

n=1 |ψn|2 = 1, we define its
IPR as

IPR =
L∑

n=1

|ψn|4. (24)

The minimum of IPRs over all eigenstates at a fixed set of
system parameters under the PBC then yields the min(IPR).
In Fig. 2(b), we present the min(IPR) versus V and K/ω,
which is found to be 
0 when |V | < |JJ0(K/ω)| (below the

red dashed line) and >0 otherwise. The maximum of IPRs of
all eigenstates is found to have the same dependence on V and
K/ω. Therefore, the system is indeed in the extended (local-
ized) phase with all states being delocalized (localized) when
|V | < |JJ0(K/ω)| [|V | > |JJ0(K/ω)|]. Finally, we present
the signs of Lyapunov exponent λ = − ln |JJ0(K/ω)/V | and
the topological winding numbers w of M1 versus V and K/ω

in Fig. 2(c). It is clear that the winding number w = 0 in the
extended phase with real quasieneriges, and w = −1 in the
localized phase with complex quasienergies. The two regions
are separated by the phase boundary |V | = |JJ0(K/ω)| (red
dashed line). Therefore, it is verified that w could be utilized
as a topological order parameter to discriminate the PT -
invariant extended phase and PT -breaking localized phase of
the non-Hermitian Floquet quasicrystal M1. Note that without

FIG. 2. The maximal imaginary parts of Floquet quasienergies
in (a), the minimal values of IPRs in (b), and the signs of Lya-
punov exponents in (c) of the non-Hermitian Floquet quasicrystal
M1. Other system parameters are set as α =

√
5−1
2 , J = 1, and the

length of lattice is taken as L = 610. The red dashed line in each
figure panel denotes the boundary between the extended phase (with
real quasienergies for all Floquet eigenstates) and the localized phase
(with complex quasienergies for all Floquet eigenstates), which sat-
isfies the condition |V | = |JJ0(K/ω)| (see Table II). The topological
winding number w of each phase is denoted explicitly in (c).
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the driving field, the phase boundary between the extended
and localized states reduces to a point at V = J . The driving
force instead allows the localized phase to disappear and reap-
pear alternately with the change of the driving parameter K/ω,
which highlights the advantage of Floquet engineering in the
realization and control of phase transitions in non-Hermitian
quasicrystals.

C. M2: Floquet spectrum, localization transition,
and topological invariant

We next consider a driven non-Hermitian AAH quasicrys-
tal with an imaginary phase shift iγ , whose Hamiltonian takes
the form of

Ĥ2(t ) =
∑

n

J (ĉ†
nĉn+1 + H.c.)

+
∑

n

[V cos(2παn + iγ ) − nK cos(ωt )]ĉ†
nĉn. (25)

According to the theory presented in Sec. II, the Floquet
effective Hamiltonian of this non-Hermitian quasicrystal M2
is given by

Ĥ2F =
∑

n

JJ0

(K

ω

)
(ĉ†

nĉn+1 + H.c.)

+
∑

n

V cos(2παn + iγ )ĉ†
nĉn. (26)

It is clear that the hopping amplitude is modified by the
driving field and its magnitude could be controlled by the
ratio between the amplitude and frequency of the driving force
K/ω. Besides, the Ĥ2F also holds the PT symmetry, since its
on-site potential Vn = V cos(2παn + iγ ) = V ∗

−n. The Floquet
quasienergy spectrum of Ĥ2F could then take real values in
certain parameter regions.

Plugging the single-particle state |ψ〉 = ∑
n ψnĉ†

n|0〉 into
Ĥ2F|ψ〉 = E |ψ〉, we obtain

JJ0

(K

ω

)
(ψn+1 + ψn−1) + V cos(2παn + iγ )ψn = Eψn,

(27)

where E mod 2π refers to the quasienergy. Taking the PBC
for a finite lattice of length L and performing the discrete
Fourier transformation by Eq. (20), we find the eigenvalue
equation in momentum space to be

V

2
(eγ ϕn−1 + e−γ ϕn+1) + 2JJ0

(K

ω

)
cos(2παn)ϕn = Eϕn,

(28)

which can also be viewed formally as a quasiperiodic lattice
with nonreciprocal hopping and photon-dressed on-site poten-
tial.

Following the method developed in Ref. [88], it is straight-
forward to show that the non-Hermitian Floquet quasicrystal
M2 could undergo a PT transition and a localization-
delocalization transition when its parameters satisfy the

condition

|V |e|γ | = |2JJ0(K/ω)|, (29)

which is clearly dependent on the parameters of the driving
field K and ω. If |V |e|γ | < |2JJ0(K/ω)|, the hopping energy
overwhelms the quasiperiodic on-site disorder, and the system
sits in an extended phase. All Floquet eigenstates in this phase
have real quasieneriges and delocalized profiles (with
vanishing IPRs) throughout the lattice. If |V |e|γ | >

|2JJ0(K/ω)|, the non-Hermitian on-site potential governs
the behavior of the system and drives it into a localized
phase. The Floquet states of the system in this phase are all
localized (with finite IPRs) and have complex quasienergies.
These localized eigenstates are found to share the common
Lyapunov exponent λ = − ln |2JJ0(K/ω)/(Ve|γ |)|, whose
value is also controlled by the ratio between the amplitude
and frequency of the driving force. To construct a topological
winding number for M2, we add a real phase shift
to the quasiperiodic on-site potential [88] by setting
cos(2παn + iγ ) → cos(2παn + iγ + θ/L) in Eq. (26),
where L is the length of lattice. We denote the phase-shifted
effective Hamiltonian by Ĥ2F(θ ), and the number of times that
its quasienergy spectrum winds around a base point E0 on the
complex plane defines a topological invariant of the system,
which is equal to −1 when the spectrum is complex, and zero
otherwise. Therefore, the non-Hermitian Floquet quasicrystal
M1 possesses an extended phase with real spectrum and
winding number w = 0, and a localized phase with complex
spectrum and winding number w = −1. By tuning the ratio
K/ω between the amplitude and frequency of the driving
force, the system could also roam alternately between the
PT -invariant extended phase and the PT -breaking localized
phase. The topological and transport properties of the
non-Hermitian quasicrystal M2 could thus be controlled by
the periodic driving field. We summarize the key results
about the spectrum, phases, and topological features of M2 in
Table III.

To verify our theoretical predictions, we compute the
quasienergy spectrum, IPR, Lyapunov exponent, and wind-
ing number of the non-Hermitian Floquet quasicrystal M2
numerically, with results reported in Fig. 3. In the calcula-
tion, we choose the system parameters (J,V ) = (2, 1) and the
quasiperiodic parameter α =

√
5−1
2 
 p

q , where p, q are two
neighboring elements of the Fibonacci sequence (p < q). The
length of lattice is set as L = 610, and the base quasienergy
is chosen to be E0 = 0. In Fig. 3(a), we show the maximum
of the imaginary parts of Floquet spectrum versus the pa-
rameter of driving force K/ω and imaginary part of phase
shift γ . The red dashed line highlights the boundary of PT
transition, which is determined by Eq. (29). The numerical
results confirm that the Floquet spectrum of the system is in-
deed real when |V |e|γ | < |2JJ0(K/ω)| (below the red dashed
line), and complex in other circumstances. In Fig. 3(b), we
show the minimum of IPRs, which behaves similarly as the
maximum of IPRs versus K/ω and γ at each given set of
system parameters. The results indicate that the IPRs of all
states approach zero when |V |e|γ | < |2JJ0(K/ω)| (below the
red dashed line), and become finite if |V |e|γ | > |2JJ0(K/ω)|.
Therefore, the condition in Eq. (29) defines the boundary
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TABLE III. Summary of the results for the non-Hermitian Floquet quasicrystal M2. J is the nearest-neighbor hopping amplitude, V is
the amplitude of onsite potential, γ is the imaginary part of superlattice phase shift, K is the driving amplitude, ω is the driving frequency,
and J0(K/ω) denotes the Bessel function of first kind. λ denotes the Lyapunov exponent [108]. H2F(θ ) is obtained from H2F after setting
Vn = V cos(2παn + iγ + θ/L), with L being the length of lattice. E0 is the base quasienergy.

Phase Extended Localized

Condition |V |e|γ | < |2JJ0(K/ω)| |V |e|γ | > |2JJ0(K/ω)|
IPR 
0 for all states >0 for all states

Lyapunov exponent λ = ln

∣∣∣∣ Ve|γ |
2JJ0 (K/ω)

∣∣∣∣
{
< 0 Extended
> 0 Localized

Quasienergy Real Complex

Winding number w = ∫ 2π

0
dθ

2π i ∂θ ln det[Ĥ2F(θ ) − E0] =
{

0 Extended
−1 Localized

between the PT -invariant extended phase and the PT -
breaking localized phase of the non-Hermitian Floquet
quasicrystal M2. Finally, we show the signs of Lyapunov ex-
ponent λ and the topological winding numbers w versus K/ω

and γ in Fig. 3(c), in which we observe λ < 0 (λ > 0) for all
states in the extended (localized) phase with w = 0 (w = −1),
as shown by the blue (yellow) regions below (above) the
phase boundary [i.e., the red dashed line satisfying Eq. (29)].
Therefore, the winding number w works as a topological
invariant to distinguish the PT -breaking localized phase and
PT -invariant extended phase of the system. Similar to the
case of M1, the driving force now allows one to change
the system over a series of transitions between localized and
delocalized phases. This further demonstrates the generality
of our Floquet engineering approach to the design and control
of non-Hermitian quasicrystalline phases in different model
systems.

FIG. 3. The maximal imaginary parts of Floquet quasienergies
in (a), the minimal values of IPRs in (b), and the signs of Lyapunov
exponents in (c) of the non-Hermitian Floquet quasicrystal M2. Other
system parameters are set as α =

√
5−1
2 , J = 2, V = 1, and the length

of lattice is taken as L = 610. The red dashed line in each figure
panel denotes the boundary between the extended phase (with real
quasienergies for all Floquet eigenstates) and the localized phase
(with complex quasienergies for all states), which satisfies the con-
dition |V |e|γ | = |JJ0(K/ω)| (see Table III). The topological winding
number w of each phase is denoted explicitly in (c).

D. M3: Floquet spectrum, localization transition,
and topological invariant

In the third part of this section, we consider a nonrecip-
rocal variant of the AAH model [90,91], which is subject to
a periodically modulated driving force. The time-dependent
Hamiltonian of the model takes the form

Ĥ3(t ) =
∑

n

J (e−γ ĉ†
nĉn+1 + eγ ĉ†

n+1ĉn)

+
∑

n

[V cos(2παn) − nK cos(ωt )]ĉ†
nĉn, (30)

which is non-Hermitian if γ �= 0. Following the steps of
Sec. II, we obtain the Floquet effective Hamiltonian of this
non-Hermitian quasicrystal M3 under the high-frequency ap-
proximation as

Ĥ3F =
∑

n

J0

(K

ω

)
J (e−γ ĉ†

nĉn+1 + eγ ĉ†
n+1ĉn)

+
∑

n

V cos(2παn)ĉ†
nĉn. (31)

The hopping amplitude is now controlled by the amplitude
K and frequency ω of the driving field. Applying Ĥ3F to the
eigenstate |ψ〉 = ∑

n ψnĉ†
n|0〉, we further obtain the eigen-

value equation in lattice representation

J0

(K

ω

)
J (eγ ψn−1 + e−γ ψn+1) + V cos(2παn)ψn = Eψn.

(32)

That this equation takes the same form as Eq. (28) under the
exchange of system parameters V ↔ 2JJ0(K/ω), which im-
plies that the non-Hermitian Floquet quasicrystals M2 and M3
are dual to each other concerning their spectrum and states.
Furthermore, taking the Fourier transformation of Eq. (32)
with the help of Eq. (20), we obtain

V

2
(ϕn+1 + ϕn−1) + 2JJ0

(K

ω

)
cos(2παn − iγ )ϕn = Eϕn,

(33)

which again shares the same form with Eq. (27). Putting
together, we find that under the PBC, there is indeed a duality
relation between the M2 and M3, in the sense that the local-
ization properties of the M2 in momentum space is consistent
with the localization properties of the M3 in position space
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TABLE IV. Summary of results for the non-Hermitian Floquet quasicrystal M3. J is the symmetric part of nearest-neighbor hopping
amplitude, γ controls the asymmetry between left and right hopping amplitudes, V is the amplitude of on-site quasiperiodic potential, K is the
driving amplitude, ω is the driving frequency, and J0(K/ω) denotes the Bessel function of first kind. λ denotes the Lyapunov exponent [108].
H3F(θ ) is obtained from H3F after taking the periodic boundary condition and setting its top-right (bottom-left) corner matrix element to be
JLJ0(K/ω)e−iθ [JRJ0(K/ω)eiθ ]. E0 is the base quasienergy.

Phase Extended Localized

Condition |V |e−|γ | < |2JJ0(K/ω)| |V |e−|γ | > |2JJ0(K/ω)|
IPR 
0 for all states >0 for all states

Lyapunov exponent λ = ln

∣∣∣∣ Ve−|γ |
2JJ0 (K/ω)

∣∣∣∣
{
< 0 Extended
> 0 Localized

Quasienergy Complex Real

Winding number w = ∫ 2π

0
dθ

2π i ∂θ ln det[H3F(θ ) − E0] =
{−1 Extended

0 Localized

under the PBC. With the help of this duality relation, we can
immediately write down the phase boundary condition that
determines the PT transition and localization-delocalization
transition in the M3 under the PBC, i.e.,

|V | = |2JJ0(K/ω)|e|γ |. (34)

In parallel with the discussions of Sec. III C, if |V | <

|2JJ0(K/ω)|e|γ |, the M3 is found to be in a PT -breaking
extended phase (dual to the localized phase of M2) with
complex quasienergies and vanishing IPRs for all Floquet
eigenstates. When |V | > |2JJ0(K/ω)|e|γ |, the M3 is in a
PT -invariant localized phase (dual to the extended phase of
M2), where all Floquet eigenstates have real quasienergies,
finite IPRs, and the same positive Lyapunov exponent λ =
− ln |2JJ0(K/ω)e|γ |/V | in the thermodynamic limit L → ∞.
Note that due to the dependence of phase boundary condition
Eq. (34) and Lyapunov exponent on the ratio between the
amplitude and frequency of the driving force K/ω, transitions
between phases with different spectrum and transport features
in the M3 can also be induced by the driving field.

To define a spectral winding number, we take the twist
boundary condition [91] by adding phase factors to the corner
matrix elements of Ĥ3F in the lattice representation, i.e.,

[Ĥ3F]1,L = Je(γ−iθ ), [Ĥ3F]L,1 = Je(iθ−γ ), (35)

where L is the length of lattice and θ ∈ [0, 2π ). The spec-
trum of the phase-dependent Hamiltonian Ĥ3F(θ ) could now
possess a winding number around certain base quasienergy
E0 on the complex plane when θ changes over a cycle from
zero to 2π . Such a winding number could be nonzero only
if the spectrum of Ĥ3F(θ ) is complex. Therefore, we expect
a quantized winding number to appear for the PT -breaking
extended phase, and a vanishing one for the PT -invariant lo-
calized phase of the system. Such a winding number can then
be used as a topological invariant to distinguish the two non-
Hermitian Floquet quasicrystalline phases of M3 with distinct
spectrum and transport nature. We summarize the main results
about the M3 in Table IV for the ease of reference.

To confirm our theoretical predictions, we present the
Floquet spectrum, IPR, Lyapunov exponent, and winding
number of the M3 versus the imaginary part of phase
shift γ and the ratio between the amplitude and frequency
of driving field K/ω in Fig. 4. Other system parameters
are set as J = V = 1 in the calculation. The quasicrystal

parameter α =
√

5−1
2 
 p

q , with p, q being adjacent elements
of the Fibonacci sequence (p < q). The length of lattice is
chosen to be L = 610, and the base quasienergy is set as
E0 = 0. In Figs. 4(a)–4(c), the red dashed lines refer to the
phase boundary satisfying the Eq. (34). We observe that the
maximum of imaginary parts of quasienergy max |ImE | van-
ishes below the red dashed line and taking finite values above
it, as shown in Fig. 4(a). The system thus undergoes a PT
transition when |V |e−|γ | increases from below |2JJ0(K/ω)|
to above it, through which the Floquet spectrum changes
from real to complex. In Fig. 4(b), we show the minimum of
IPRs over all Floquet eigenstates at each given set of system
parameters. The maximum of IPRs versus K/ω and γ are
found to have the same pattern. Therefore, all states of the sys-
tem are extended in the PT -breaking regime (with complex

FIG. 4. The maximal imaginary parts of quasienergies in (a), the
minimal values of IPRs in (b), and the signs of Lyapunov exponents
in (c) of the non-Hermitian Floquet quasicrystal M3. Other system
parameters are set as α =

√
5−1
2 , J = 1, V = 1, and the length of

lattice is taken as L = 610. The red dashed line in each figure
panel denotes the boundary between the extended phase (with com-
plex quasienergies for all states) and the localized phase (with real
quasienergies), which satisfies the condition |V |e−|γ | = |JJ0(K/ω)|
(see Table IV). The topological winding number w of each phase is
denoted explicitly in (c).
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spectrum), and localized in the PT -invariant regime (with
real spectrum). In Fig. 4(c), we show the signs of Lyapunov
exponent sgn(λ) and winding numbers w of different phases.
We obtain identical and positive (negative) λ for all states
below (above) the phase boundary line, implying a phase with
localized (delocalized) states at all quasienergies. Moreover,
we find the winding number w = 0 and w = −1 in the lo-
calized and delocalized phases, respectively, and a quantized
change of w across the phase boundary (red dashed line). The
driven non-Hermitian quasicrystal M3 thus possesses a PT -
breaking extended phase with topological winding number
w = −1, in which all Floquet eigenstates are delocalized with
complex quasienergies, and a PT -invariant localized phase
with topological winding number w = 0, in which all Floquet
eigenstates are localized with real quasienergies. As the phase
boundary is controlled by the amplitude and frequency of
the driving force, the system can also be tuned dynamically
to go through transitions between different non-Hermitian
quasicrystalline phases following our Floquet engineering
scheme.

E. M4: Floquet spectrum, localization transition,
mobility edge, and topological invariant

To further reveal the usefulness of the Floquet engineering
scheme, we now apply it to a non-Hermitian quasicrystal
that could possess energy-dependent mobility edges. In the
lattice representation, the Hamiltonian of the system describes
a non-Hermitian extension of the Maryland model [82–84]
subjecting to an oscillating force, which takes the form

Ĥ4(t ) =
∑

n

J (ĉ†
nĉn+1 + H.c.)

+
∑

n

[V tan(παn + iγ ) − nK cos(ωt )]ĉ†
nĉn. (36)

Following the theory presented in Sec. II, the Floquet effective
Hamiltonian of this non-Hermitian quasicrystal M4 reads

Ĥ4F =
∑

n

JJ0

(K

ω

)
(ĉ†

nĉn+1 + H.c.)

+
∑

n

V tan(παn + iγ )ĉ†
nĉn, (37)

in which the fast driving field generates a modulation to the
hopping amplitude through the factor J0(K/ω). Expressing
the Floquet eigenstate as |ψ〉 = ∑

n ψnĉ†
n|0〉, we obtain the

eigenvalue equation

JJ0

(K

ω

)
(ψn+1 + ψn−1) + V tan(παn + iγ )ψn = Eψn,

(38)

where E mod 2π refers to the quasienergy of |ψ〉.
Following the mapping between the Maryland model and

an equivalent Floquet problem [82–84], it can be shown that
this non-Hermitian quasicrystal M4 possesses two phase tran-
sitions at γ = γ1 and γ = γ2, with

γ1 = 1
2 arcsinh(V/|JJ0(K/ω)|), (39)

γ2 = 1
2 arccosh

√
� +

√
�2 − 1, (40)

where � ≡ {2 + [V/JJ0(K/ω)]2}/2. When the imaginary
part of phase shift γ < γ1, all eigenstates of the system are
localized with quasienergies

E = ±
√

[2JJ0(K/ω) cos(β + iγ )]2 + V 2 cot2(β + iγ ),
(41)

where β ∈ [0, π ] and ImE > 0. These quasienergies form a
closed loop around E1 = iV on the complex plane, whose
size and shape can be controlled by the ratio between the
amplitude and frequency of the driving force.

At γ = γ1, the system undergoes a transition from a
localized phase to a phase with quasienergy-dependent mo-
bility edges, and stays in this mobility edge phase when
γ ∈ (γ1, γ2). The spectrum of the system in this phase
can be separated into two parts. Within the range of
(−2| cos β0|, 2| cos β0|) on the complex energy plane, where

β0 = arccos

(
cos(2γ )

√
1 − V 2

[JJ0(K/ω) sin(2γ )]2

)
, (42)

the imaginary part of the spectrum is pinned at V , and E takes
the form of

E = 2JJ0(K/ω) cos β + iV, β ∈ [−|β0|, |β0|]. (43)

It is clear that the two ends of the spectrum along the real axis
are controlled by the driving field, which could merge into
one when K/ω is tuned to the zeros of the Bessel function
J0. Since only the states whose quasienergies satisfy Eq. (43)
have delocalized profiles in the mobility edge phase, the driv-
ing field provides us with a convenient knob to engineer and
control the mobility edges of the non-Hermitian Maryland
model. Beyond the range of (−2| cos β0|, 2| cos β0|), the spec-
trum of the system is still described by Eq. (41), which now
arranges into two loops around E±

2 = ±2JJ0(K/ω) + iV .
At γ = γ2, the system experiences a second transition

from the mobility edge phase to an extended phase, in which
all eigenstates are delocalized and their quasienergies are
described by Eq. (43) for γ > γ2, with β ∈ [−π, π ). The
spectrum now collapses into a line ending at E±

2 , and the loops
described by Eq. (41) all vanish. The ending points of the
spectrum of delocalized states could again be controlled by
the driving field.

Following the Avila’ s global theory [84,109,110], the
system is found to have a quasienergy-dependent Lyapunov
exponent λ(E = Er + iEi ) in the thermodynamic limit, where
Er and Ei are the real and imaginary parts of E [see Table V for
the expression of λ(E )]. In the extended and localized phases,
one has λ(E ) = 0 and λ(E ) > 0 for all states, respectively. In
the mobility edge phase, we have λ(E ) = 0 for eigenstates
with Er ∈ (−2| cos β0|, 2| cos β0|), and λ(E ) > 0 otherwise.
As expected, the Lyapunov exponents, and therefore the lo-
calization nature of the Floquet states can be controlled by the
ratio between the amplitude and frequency of the driving field
K/ω.

Finally, following the routines of Secs. III B–III D, we
could construct a pair of spectral winding numbers (w1,w2)
to characterize the topological nature of transitions between
different phases (see Table V for their definitions). In the
localized phase, both the base energies E1 = iV and E2 =
2JJ0(K/ω) + iV are encircled once by the spectrum of
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TABLE V. Summary of results for the non-Hermitian Floquet quasicrystal M4. J is the nearest-neighbor hopping amplitude, V is the
amplitude of on-site potential, γ is the imaginary part of superlattice phase shift, K is the driving amplitude, ω is the driving frequency,
and J0(K/ω) denotes the Bessel function of first kind. The phase variable β ∈ [−π, π ). H4F(θ ) is obtained from H4F after setting Vn =
V tan(παn + iγ + θ/L), with L being the length of lattice. E1 = iV and E2 = 2JJ0(K/ω) + iV are two base quasienergies with respect to
which the two winding numbers (w1,w2) are defined.

Phase Localized Mobility Edge Extended

Condition γ < γ1 γ1 < γ < γ2 γ2 < γ

IPR >0 for all states >0 & 
0 coexist 
0 for all states

Lyapunov exponent λ(E ) = arccosh

[√
[2JJ0 (K/ω)+Er ]2+(V −Ei )2+

√
[2JJ0 (K/ω)−Er ]2+(V −Ei )2

4|JJ0 (K/ω)|

]{= 0 Extended
> 0 Localized

Quasienergy E = {±
√

[2JJ0(K/ω) cos(β + iγ )]2 + V 2 cot2(β + iγ ) Localized States
2JJ0(K/ω) cos β + iV Extended States

Winding number w1,2 = ∫ π

0
dθ

2π i ∂θ ln det[H4F(θ ) − E1,2] =
{(1, 1) Localized

(0, 1) Mobility Edge
(0, 0) Extended

H4F(θ ) when θ changes over a cycle from zero to π , and
the winding numbers (w1,w2) = (1, 1). In the mobility edge
phase, only E2 = 2JJ0(K/ω) + iV is encircled once by the
spectral of H4F(θ ) for θ ∈ [0, π ], and the winding numbers
(w1,w2) = (0, 1). In the extended phase, none of the base
energies E1,2 are encircled by the spectral and we have
(w1,w2) = (0, 0). Therefore, these winding numbers could
be employed to distinguish phases with different transport
properties in the M4. For the ease of reference, we summarize
the main results of the M4 in Table V.

To verify our theoretical results, we present numerical
calculations of the IPRs, Lyapunov exponents, and winding
numbers of the non-Hermitian Floquet quasicrystal M4 versus
K/ω and γ in Figs. 5 and 6. We find that states with the

FIG. 5. The minimal (maximal) values of IPRs in (a) [(b)], and
the minimum (maximum) of Lyapunov exponents in (c) [(d)] of the
non-Hermitian Floquet quasicrystal M4. Other system parameters
are set as α =

√
5−1
2 , J = 2, V = 1, and the length of lattice is taken

as L = 610. The red dashed and dotted lines in each figure panel
denote the boundaries between the extended phase, mobility edge
phase, and localized phase, respectively, which satisfy the conditions
in Eqs. (39) and (40).

minimum of IPRs 
0 and Lyapunov exponent λmin 
 0 start
to emerge when γ passes over γ1 from below, as shown in
Figs. 5(a) and 5(c). This means that some states of the system
become delocalized after the first transition at γ = γ1 (red
dashed line). When γ further increases to γ2 (red dotted line),
a second transition happens and all states become extended
with max(IPR) 
0 and λmax 
 0 after the transition (γ > γ2),
as shown in Figs. 5(b) and 5(d). The boundaries between the
three distinct quasicrystal phases are precisely determined by
Eqs. (39) and (40). Besides, the system could also enter and
leave the localized, mobility edge and extended phases alter-
nately with the increase of K/ω, and the regime of mobility
edge is modified at different values of K/ω. Therefore, both
the localization-delocalization transitions and mobility edges
in the non-Hermitian Maryland model M4 could be controlled
by the driving field.

FIG. 6. The topological phase diagram of the non-Hermitian Flo-
quet quasicrystal M4. System parameters are chosen as α =

√
5−1
2 ,

J = 2, V = 1, and the length of lattice is taken as L = 377. Each
region with a uniform color corresponds to a phase, whose winding
numbers (w1, w2) are denoted explicitly therein. The red dashed
and dotted lines are phase boundaries satisfying Eqs. (39) and (40),
respectively.
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In Fig. 6, we compute the winding numbers (w1,w2)
of M4 following their definitions in Table V. We observe
that (w1,w2) = (1, 1) for the localized phase (below the red
dashed line), (w1,w2) = (0, 1) for the mobility edge phase
(between the red dashed and dotted lines), and (w1,w2) =
(0, 0) for the extended phase (above the red dotted line).
These results confirm that the winding numbers (w1,w2)
could be utilized to distinguish quasicrystal phases of the non-
Hermitian Floquet Maryland model with different transport
nature, and characterize the transitions between them. No-
tably, the winding numbers (w1,w2) could also change with
the increase of the ratio between the amplitude and frequency
of the forcing K/ω, which means that the topological proper-
ties of the non-Hermitian Maryland model can be engineered
by the driving field.

F. M5: Floquet spectrum, localization transition,
mobility edge, and topological invariant

To give another transparent view on how the mobility edge
is modified by the driving field, we consider again a variant of
the driven non-Hermitian AAH model, whose Hamiltonian in
lattice representation takes the form

Ĥ5(t ) =
∑

n

J (ĉ†
nĉn+1 + H.c.)

+
∑

n

[V/(1 − ηei2παn) − nK cos(ωt )]ĉ†
nĉn. (44)

Here the parameter η controls the amount of non-Hermiticity,
and the system is quasiperiodic when α is irrational. In the
high-frequency limit, we obtain the Floquet effective Hamil-
tonian of this M5 as

Ĥ5F =
∑

n

JJ0(K/ω)(ĉ†
nĉn+1 + H.c.)

+
∑

n

V/(1 − ηei2παn)ĉ†
nĉn, (45)

where the hopping amplitude is controlled by the ratio be-
tween the amplitude and frequency of the driving force.
Acting Ĥ5F on the state |ψ〉 = ∑

n ψnĉ†
n|0〉, we find the eigen-

value equation

JJ0

(K

ω

)
(ψn+1 + ψn−1) + V

1 − ηei2παn
ψn = Eψn, (46)

whose solutions yield the quasienergy E and Floquet eigen-
states of the system. Note that since the on-site potential
amplitude Vn = V ∗

−n, the system Hamiltonian also possesses
the PT symmetry and its spectrum could be real in certain
parameter regime.

Following the method outlined in Ref. [87], the non-
Hermitian Floquet quasicrystal M5 is found to have a
quasienergy-dependent mobility edge at E = Ec, where

Ec = |JJ0(K/ω)(η + 1/η)|. (47)

Let us denote Emax
r and Emin

r as the maximum and minimum
of the real parts of quasienergies over all states at a fixed
set of system parameters. Then if Emax

r < Ec, all eigenstates
of the system are delocalized and the system sits in an ex-
tended phase. When Emin

r < Ec < Emax
r , we find the states

FIG. 7. The real part of quasienergies and IPRs of the non-
Hermitian Floquet quasicrystal M5. Other system parameters are set
as α =

√
5−1
2 , J = 2.5, V = 1, and the length of lattice is taken as

L = 610. The color bars in (a), (c), and (d) are taken from zero to
one. In (a), the real part of quasienergies ReE of all states are plotted
with respect to K/ω at η = 0.5, and the color of each state represents
its IPR. The red dashed and magenta dotted lines show the mobility
edge Ec and winding number w versus K/ω. The phase diagram
in (b) is obtained by evaluating sign(Ec − Emax

r ) + sign(Ec − Emin
r ),

which is equal to 2 (yellow regions), 0 (green regions), and −2
(blue regions) for the extended, mobility edge, and localized phases,
respectively. The winding number is w = 1 for the mobility edge
phase and w = 0 otherwise. The maximum and minimum of IPRs
over all states are shown in (c) and (d), respectively. The mobility
edge phase (localized phase) sets in when the maximum (minimum)
of IPRs starts to deviate from zero.

with ReE < Ec (ReE > Ec) to be extended (localized). A
mobility edge thus emerges at E = Ec, and the system resides
in the mobility edge phase under the condition Emin

r < Ec <

Emax
r . When Ec < Emin

r , the system enters a phase in which all
eigenstates are localized, and the mobility edge vanishes. By
tuning the driving field parameters K and ω, the system could
undergo alternate transitions among the extended, mobility
edge and localized phases. The Floquet engineering scheme
can again be utilized to dynamically control the mobility
edges and transport nature of the non-Hermitian Floquet qua-
sicrystal M5. We summarize our key results about this model
in Table VI.

To demonstrate our theoretical findings, we compute the
spectrum and IPRs of M5, as presented in Fig. 7. Note
that in Fig. 7(b), we evaluated a winding number w of the
quasienergy with respect to the mobility edge Ec (see Table VI
for its definition), and find that w = 1 for the mobility edge
phase and w = 0 otherwise. This winding number can thus be
used as a topological order parameter to distinguish the mobil-
ity edge phase and other phases of the system, and to signify
the transitions between them. The numerical results shown in
Fig. 7 are all consistent with our theoretical predictions about
the non-Hermitian Floquet quasicrystal M5. Combining these
observations with the results obtained in Secs. III B–III E, we
conclude that the Floquet engineering strategy could indeed
be exploited as a useful means to control and modulate the
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TABLE VI. Summary of results for the non-Hermitian Floquet quasicrystal M5. J is the nearest-neighbor hopping amplitude, η controls
the non-Hermiticity, K is the driving amplitude, ω is the driving frequency, and J0(K/ω) denotes the Bessel function of first kind. H5F(θ )
is obtained from H5F after setting Vn = V/[1 − ηei(2παn+θ/L)], with V being the amplitude of on-site potential and L the length of lattice.
E+

c = Ec + i0+ is the base quasienergy with respect to which the winding number w is defined.

Phase Extended Mobility Edge Localized

Condition Emax
r < Ec Emin

r < Ec < Emax
r Ec < Emin

r

IPR 
0 for all states >0 & 
0 coexist >0 for all states
Mobility edge Ec = |JJ0(K/ω)(η + 1/η)|
Quasienergy Real Complex

Winding number w = ∫ 2π

0
dθ

2π i ∂θ ln det[H5F (θ ) − E+
c ] = {1 Mobility edge

0 Otherwise

spectrum, topological, and transport properties in a broad
class of non-Hermitian quasicrystals.

IV. SUMMARY AND DISCUSSION

In this work, we apply Floquet driving fields to engineer
PT breaking, localization-to-delocalization, topological tran-
sitions, and mobility edges in non-Hermitian quasicrystals.
Following the well-known scheme of dynamical localiza-
tion, we utilize high-frequency shaking forces to control
the hopping amplitudes of non-Hermitian quasiperiodic lat-
tices, and observing alternate transitions between extended,
localized, and mobility edge phases with the change of
driving field parameters. We implement our scheme in five
prototypical models of non-Hermitian quasicrystal, and ob-
tain the conditions of their driving-assisted PT transitions,
localization-delocalization transitions, and mobility edges.
We further introduced winding numbers of the quasienergy
to distinguish non-Hermitian Floquet quasicrystals with dif-
ferent spectrum and localization features, and establishing the
topological phase diagrams of these intriguing phases. Our
results thus extend the study of non-Hermitian quasicrystals
to periodically driven systems, and further uncover the use-
fulness of the Floquet engineering approach in the design
and control of non-Hermitian quasicrystals with distinctive
topological and transport properties.

In theory, the critical exponent of localization length
(inverse Lyapunov exponent) could characterize the critical
nature of delocalization-localization transitions [111]. For the
original AAH model [see Eq. (15)] we have λ = ln(V/2J ),
and λ−1 ∝ |V − Vc|−1 around the critical point Vc = 2J of
the transition. The critical exponent is thus ν = 1. Refer-
ring to the Tables II–IV, we find that close to the critical
points of models M1–M3, the localization length scales
as λ−1 ∝ |V − Vc|−1, λ−1 ∝ |γ − γc|−1 and λ−1 ∝ |(K/ω) −
(K/ω)c|−1. Therefore, the critical exponent of these models is
also ν = 1. In Ref. [111], it was found that for 1D systems
with independent bond or site disorder, the critical exponent
satisfies the Chayes’ inequality ν � 2. For 1D quasicrystals,
since the disorder introduced by the quasiperiodic potential
can be viewed as long-range correlated, the Chayes’ inequal-
ity may not hold. Our results thus provide examples for the
violation of the Chayes’ inequality in 1D non-Hermitian Flo-
quet quasicrystals.

Besides discrete lattices, localization transitions in qua-
sicrystals have also been explored in continuum models

[112–114]. A generic observation for continuum models is
that mobility edges will emerge beyond the tight-binding
limit. Since we focused on the high-frequency region of the
driving field in our study, the resulting systems are described
by effective Floquet Hamiltonians with modified hopping am-
plitudes. Therefore, we expect that with long-range hoppings
or in continuum versions of the models M1–M3, mobility
edges may also appear, and the physical mechanism is similar
to that discovered in Refs. [112–114]. In the meantime, the
transition of the spectrum from real to complex in continuum
versions of M1–M3 would be related to the transition from
an extended or a localized phase to a mobility edge phase.
Due to the possible presence of mobility edges, the energy-
independent Lyapunov exponents shown in Tables II–IV may
not be valid for continuum models, and should be reconsid-
ered case by case.

In future work, it would be interesting to apply our scheme
to the engineering of non-Hermitian quasicrystals with other
types of mobility edges, long-range hoppings, many-body
effects, and in higher spatial dimensions. In the present study,
the experimentally established high-frequency approach [19]
is applied to control the tunneling amplitudes, and we ex-
pect it to be valid under the condition listed below Eq. (9).
Interestingly, our initial results (in preparation) suggest that
driving fields could induce transitions among extended, lo-
calized, and mobility edge phases at generic frequencies.
The results presented in Figs. 2–7 indicate that this gen-
eral feature has already been captured qualitatively under
the high-frequency approximation. Under moderate driving
frequencies, quasicrystalline phases that are unique to non-
Hermitian Floquet systems may also emerge, which certainly
deserve more thorough explorations.
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