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A crucial question is how objective and classical behavior arises from a fundamental physical theory. Here we
provide a natural definition of a decoherence process valid in all causal theories and show how its behavior can
be extremely different from the quantum one. Remarkably, despite this, we prove that the so-called spectrum
broadcast structure characterizes all objective states in every fundamental causal theory, exactly as in quantum
mechanics. Our results show a stark contrast between the extraordinarily diverse decoherence behavior and the

universal features of objectivity.
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I. INTRODUCTION

A common experience in our everyday life is that different
observers agree on their observations. This agreement means
that macroscopic physics is objective. Note that this is a gen-
eral feature of classical physics but it contrasts with quantum
theory, where states are generally disturbed by the act of
observation, and sometimes an agreement between observers
is impossible [1,2]. Nevertheless, in quantum mechanics there
are objective states, in the sense that various observers can
determine them without disturbance [3]. It is argued that such
objective states may indeed be responsible for the objectivity
we experience in our everyday life [3,4]. In quantum me-
chanics, the theory of decoherence first [5-8], later quantum
Darwinism [3,9-13], and the presence of the so-called spec-
trum broadcast states (SBSs) [4,14-23] have been proposed as
explanations for the emergence of classicality and objectivity
out of the quantum world.

In this paper, we extend the study of the emergence of ob-
jectivity beyond quantum theory to arbitrary physical theories
[24-30]. First, this enables us to identify which basic part of
quantum mechanics is actually responsible for objectivity, by
looking at it from the outside, in a landscape of conceivable
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alternative theories. Second, this analysis can be used as a test
of physical consistency of postquantum theories in the quest
for quantum gravity [31-33], as every quantum extension
must still account for objective macroscopic physics.

This paper is organized as follows. In Sec. II, we give a
brief overview of the formalism to address arbitrary physical
theories. In Sec. III, we explain how we can identify classical
subtheories of a given physical theory (if they exist). The
notion of decoherence is introduced and examined in Sec. IV,
while objectivity and the universal form of objective states are
studied in Sec. V. Finally, in Sec. VI, we identify two axioms
that guarantee a local behavior in the emergence of classicality
in composite systems. Conclusions and further directions are
discussed in Sec. VII.

II. A GENERAL FRAMEWORK FOR
PHYSICAL THEORIES

Our first challenge is to choose a suitable formalism for the
study of arbitrary physical theories. We do this by adopting the
framework of general probabilistic theories (GPTs). For more
details, we refer the reader to Appendix A.

The state p of a physical system A is associated with a
preparation of it; after that, one can manipulate it by applying
some transformation T, which can possibly transform the
input system into another system B. Finally, one can measure
the final system B by applying an effect e to it: In this case, the
system does not exist anymore, but is destroyed in the process.
By repeating this experiment several times, the experimenter
can estimate the probability of the overall process, denoted by
(e|T1p). Note that here a state is viewed as a particular kind
of transformation: a transformation without an input system.
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Similarly, an effect is a transformation without an output
system. In this setting, one can set up a suitable notion of
sequential and parallel composition; the former is denoted by
AB, where A comes after 13, the latter is denoted by A ® B.

The application of a generic nondeterministic device in
an experiment can be described as a collection of mutually
exclusive processes {7;};cx, where i € X represents the (clas-
sical) outcome read by the experimenter. We will call such
a collection {7;};cx a test (measurement if it is a collection
of effects). If a test is deterministic (i.e., there is a single
outcome), we will call it a channel.

A state is said to be pure if the only way to write it as a sum
of other states is the trivial way: p is pure if p = ), p; implies
pi = pip, with {p;} a probability distribution. A nonpure state
is called mixed.

In our analysis we assume the fundamental axiom of
causality [27], satisfied by both classical and quantum theory:

Axiom I (Causality). The probability that a transformation
occurs is independent of the choice of tests performed on its
output.

Causality is equivalent to the existence of a unique deter-
ministic effect u for every system [27], which can be used as
the analog of the partial trace to discard systems in multipar-
tite settings.

In causal theories, we can restrict ourselves to preparations
p that are performed with certainty, (i.e., those for which
(u]p) = 1) [27]. These are called deterministic states and,
given a measurement {a;};ex, for them we have ), _y(ailp) =
1. In this situation, if all probabilities are allowed, the theory
is convex [27]. In particular, this means that the state space of
a theory is convex, and that all conical combinations of valid
effects that lead to a valid effect are allowed. The latter means
that effects span a convex cone.

III. CLASSICAL SUBTHEORIES

The states of finite-dimensional classical theory are proba-
bility distributions over a finite set, and the effects are all the
linear functionals that yield a number in [0, 1] on states. A
most notable feature of classical theory is that classical pure
states can be jointly perfectly distinguished in a single-shot
measurement.

Therefore, to find classical subtheories of a given phys-
ical theory, we need to find pure states that are perfectly
distinguishable. The states {p;}}_, are said to be perfectly
distinguishable if there exists a measurement {a;}?_, such that
(ailpj) = &;j for all 7, j. In addition, if there is no other state oo
such that the states {p;}_, are perfectly distinguishable, the set
{pi}i_, is said to be maximal. One may wonder why we are in-
terested specifically in perfectly distinguishable pure states as
far as classical subtheories are concerned rather than generic
states. The reason is that it is not restrictive to assume those
perfectly distinguishable states to be pure. Indeed, if {p;}7_,
are mixed and perfectly distinguishable, then it is possible
to find pure states {;}}_, that are perfectly distinguishable:
It is enough to take «; to be any pure state in a convex
decomposition of p; into pure states. More details are provided
in Appendix B.

We are interested in the largest classical theory that can
arise from a given set of perfectly distinguishable pure states

as

251 Q2

FIG. 1. The state space of a restricted trit coincides with that of
a classical trit. oy, orp, a3 are the pure states.

S, therefore we will look for maximal sets of perfectly dis-
tinguishable pure states. Picking one such set S = {ai}flzl, we
define the classical set o of dimension d as e := Conv{c;, i =
1,...,d}. This is the simplex generated by the «;’s and it
represents the states of a particular classical subtheory.

At this point, we restrict the effects of the original theory
to the classical set a, identifying those that give the same
probabilities on all classical states. These will be the classical
effects. In Appendix B 1, we show that, in this way, we get
precisely all effects of the classical theory with a as the state
space. In other words, with this strategy, it is enough to choose
aclassical set « to find a classical subtheory of a causal theory.

All physical theories require a classical interface by which
the observer reads the outcome of an experiment. Every
fundamental theory should be able to describe this classical
interface [34], otherwise we would be forced to accept an in-
surmountable division between the underlying physical world,
and the macroscopic one, in which the observer performs their
experiments. Consequently, a fundamental theory should obey
the following principle:

Condition 1 (Emergence of classical concepts). A funda-
mental physical theory of nature must contain classical states
(or an arbitrarily good approximation thereof).

Not all theories obey Condition 1: In Figs. 1 and 2, we
depict the state and effect spaces of a theory that violates it.
The states of the basic system are the same as in the classical
trit (with pure states o, oz, or3), but not all linear functionals
are allowed, i.e., there is an intrinsic restriction on the effect
space. Indeed, the only pure effects we have are ey, e;3, €23,
with e;; = %(a,' + a;), where q; is the linear functional of the
trit such that (a;|a;) = §;;. This restricted trit theory has no
subsets of pure states that can be distinguished perfectly in
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FIG. 2. A cross section of the effect convex cone of a classical
trit (in orange) and a restricted trit (in blue). a;, a,, a; are linear
functionals such that (a;|e;) = §;;, but they are not allowed effects

of the restricted trit: The only pure effects are ey, €13, ex3. The
restriction on effects is evident.
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a single shot, and therefore no classical states. Even more
s0, such absence persists in all composite systems (details in
Appendix C). The restriction plays a crucial role: We show
that if there is no restriction on the effects, a theory admits at
least the classical bit as a subtheory (Appendix B 2).

In the following, we will always assume that a theory
satisfies Condition 1. Alternatively, the presence of classical
states can be postulated directly [35,36] or enforced by math-
ematical (Appendix B 2) or physical [37,38] principles.

IV. DECOHERENCE

For a complete description of the emergence of classicality,
we need to find a transition toward classical theory among the
transformations of a given theory. This provides a classical
interface that emerges from the physical description of nature
[34].

In analogy to the well-known process of quantum deco-
herence [5-8], a similar mechanism in GPTs was studied in
Refs. [34,39-42]. Our approach to GPT decoherence is differ-
ent, as it focuses on its minimal properties as a process. First,
note that if classicality were reached only probabilistically, it
would be an intrinsically unstable theory, contrary to exper-
imental evidence. This motivates searching for decoherence
among deterministic processes, i.e., among the channels of
the theory. Moreover, a complete decoherence should send
all states to classical states, and preserve classical states
themselves. This motivates the following definition, which
characterizes decoherence as a resource-destroying map [43]:

Definition 1. Given the classical set e, a channel D, is a
complete decoherence if

(1) Dyp € a for every state p;

(2) Dyy = y forevery y € a.

One can apply the complete decoherence to all effects of
the theory, which naturally produces the set of classical effects
defined through the restriction procedure introduced above
(Appendix D). The question is whether, given a classical
set, a complete decoherence on it always exists. Consider
a measurement {a,~}f’=1 that distinguishes the pure states
{oz,-}?'=1 perfectly. We can construct the measure-and-prepare
test { |ot,')(a,-|}§i=1 (see Definition 8). By coarse graining over
all the outcomes of { |ai)(a,-|}§1=1, we get the channel 5,,, =
YL le)ail. R

Proposition 1. For every classical set a, the channel D, =
ZLI |a;)(a;] is a complete decoherence.

The proof is in Appendix D 1. In the light of this result, we
will call every channel of the form 50, = Z?zl |et;)(a;| a test-
induced decoherence (TID) with respect to the fixed classical
set a.

Proposition 1 implies that in all causal theories there al-
ways exists a complete decoherence on every classical set,
induced by measuring and forgetting the outcome. Despite
this universal form, given a classical set a, such a complete
decoherence can be highly nonunique (Appendix D 1), a fact
that was missed by previous works [39,41]. Furthermore, as
opposed to quantum mechanics, there are GPTs where mixed
states can be decohered to pure ones by the TID, as represented
in Fig. 3 (see Appendix D1 for details). All this shows
how, in general, GPTs differ from quantum even concerning

a1 Do, Qg
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FIG. 3. In this GPT, the state space is a square and the vertical
side in black is the classical set &« = Conv{c, a,}. The action of
the TID D, on the mixed state p is represented by a black arrow.
Notice that p is decohered to the pure state «; so the test-induced
decoherence in GPTs can increase the purity of a state, contrary to
what happens in quantum theory.

decoherence. Nevertheless, as we show below, in general, the
emergence of objectivity is something remarkably different
from decoherence.

V. OBJECTIVITY GAME

The existence of classical states and decoherence processes
is still not enough to reproduce the full classical picture, as
from our everyday experience we know that the results of
measurements are objective [9,11]. To address this issue, we
use the setting of quantum Darwinism [9,11], where a system
is surrounded by several fragments of environment, each of
which is accessible to one observer. In quantum theory, objec-
tive states are SBS states [4,14,16,18,20,21,44,45], i.e., states
of the form p =3, p;lj){jls ® pjE, ® ... ® pjE,, Where,
for every environment fragment Ey, the states {p;g,} have
orthogonal support.

Recall that a state of a system is objective if multiple
observers can find it out without perturbing it [3,9]. More-
over, each observer should always be able to repeat their
measurement, and always obtain the same result. To model
nondisturbance, we extend the so-called Bohr nondisturbance
criterion presented in Refs. [4,45—47] to arbitrary physical
theories (cf. also Ref. [48]):

Definition 2. A test {A;}iex is nondisturbing on p if
D iex Aip = p.

We can recast the concept of objectivity as a multi-
player game, called the objectivity game (OG), inspired by
Ref. [4]. In this game, the goal is to determine the state
of a target system S which decoheres to a classical set «.
We assume that there is a special observer on system S
acting as a referee checking the findings of n players, who
act independently by testing some environment fragment Ey,
correlated with the system. They win if they are able to de-
termine the state of the target system S without disturbing
the joint state psg,. g,. The Bohr nondisturbance criterion is
argued to be the right concept here [4]. We insist that the n
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players should act independently in this game, therefore we
enforce the following condition [4,21,45], which is widely
accepted in quantum research on objectivity:

Condition 2 (Strong independence). The only correlation
between the players is the common information about the
system.

In general, to determine a state, several rounds of tests
are necessary, but the players cannot change their devices
between the various rounds. For this reason, all the observers,
including the referee, want to be able to repeat their tests
several times without affecting the outcome. This is also a
necessary condition for objectivity: If something is objective,
each observer must be able to obtain the same outcome when
they probe a system. These tests are called sharply repeatable
tests (SRTs).

Definition 3. {P;};cx is SRT if

P.P; = §;;P,.

SRTs are an operational characterization of tests that can
be repeated several times, always yielding the same outcome.
This is a highly desirable feature for a test, but do such
tests exist at all? The answer is positive in causal theories
that admit perfectly distinguishable states. Indeed, if {p;}7_,
is a set of perfectly distinguishable states, and {a;}}_, is the
associated measurement, by causality we can consider the
measure-and-prepare test {A;}_,, with A; = |p0;)(a;|. This is
an SRT because

AiA; = |pi)ailpj)a;| = &;jlpi)ail = 8;;A;.

In quantum theory, these measure-and-prepare tests are quan-
tum instruments of the form {M}, where

M;(p) =tr(Ejp)oj,

where the 0;’s have orthogonal supports and E; is the orthog-
onal projector onto the support of o;. In general, however,
not every SRT needs to be of this form: In quantum theory,
a von Neumann measurement with projectors of rank greater
than 1 is obviously an SRT, but it is not of the measure-and-
prepare type. For the scope of the OG, it is not important to
characterize all the SRTs of a theory; it is enough to know
that they exist. Indeed, nondisturbing SRTs were identified as
providing objective information in causal theories in Ref. [48].

The first move of the OG is from the referee who performs
the SRT associated with some classical set o of S (see Ap-
pendix E 1). Since the outcome is not communicated to the
players, the system is decohered to ps = Y ._, p;et;, Where
pi > 0 for every i (recall we know that such a decoherence is
always guaranteed to exist). The players win the game if they
all correctly guess the outcome of the referee. On the other
hand, the players are not restricted to this form of SRT. This is
because in the setting of quantum Darwinism, they represent
fractions of the environment, which have much more degrees
of freedom than the referee’s system.

The operational meaning of objectivity is the agreement of
all the involved observers (including the referee). Therefore,
an objective state is the joint state of the referee and the play-
ers that allow them to win the OG. To this end, we introduce
SBS states for causal theories:

Definition 4. An SBS state is of the form p = >__, pjot; ®
PiE, ® ... ® p;E,, where {a;}/_, are perfectly distinguishable

pure states, and for every k, {p;g}/_, are perfectly distin-
guishable too.

It is not hard to show that states in the SBS form are
objective (Appendix E 2), so every causal theory has objective
states. However, the fundamental question is the characteriza-
tion of all objective states of a theory. Our main result is that
the states of the SBS form are the only objective states in every
fundamental causal theory.

Theorem 1. In any fundamental causal theory (i.e., obey-
ing Condition 1), the players can win the OG if and only if the
joint state is an SBS state.

The proof is in Appendix E 2. This result is exceptionally
general, for it demonstrates that only the principle of causality
is enough to ensure the emergence of objectivity. Furthermore,
the structure of objective states is universal and isomorphic to
the quantum one.

VI. EMERGENCE OF COMPOSITE
CLASSICAL THEORIES

Our results obtained so far have focused only on single
systems, but here we identify the minimal assumptions to
ensure classicality in composite systems. Specifically, it is
enough to impose the following two axioms:

Axiom 2. The product of two pure states is a pure state.

Axiom 3 (Information locality [37]). If {a;};2, is a max-
imal set of perfectly distinguishable pure states of A, and
{B j}?‘;l is a maximal set of perfectly distinguishable pure

states of B, {o; ® :Bj}?il,;lB:l is a maximal set of perfectly
distinguishable pure states of AB.

These axioms represent a locality constraint in the emer-
gence of classicality. Indeed, if these two axioms fail, the
informational content of the classical composite system can-
not be reduced to the informational contents of each classical
subsystem.

If there are no “delocalized” classical systems, we expect
that decohering AB will be the same as decohering A and B
separately, i.e., Deg = Dy ® Dg. Even if the theory satisfies
both Axioms 2 and 3, this property may not be satisfied by
general complete decoherences. However, it is so for TIDs
(Appendix F).

VII. CONCLUSIONS AND DISCUSSION

In summary, causality alone, in conjunction with the prin-
ciple of emergence of classical concepts (Condition 1), is the
backbone of our results. Here we solve the problem of the
emergence of objectivity beyond quantum, identifying SBS
and the process leading to it as its ultimate origin. Our analysis
has striking outcomes: Unlike in quantum mechanics [3,9],
objectivity and decoherence are two distinct phenomena. In-
deed, decoherence behavior can be exceedingly different from
the quantum case, while objectivity and SBS are universal
across causal theories. For instance, in Appendix D 1, we
show that complete decoherences can even increase the purity
of a state in some GPTs; or, in another example, there is an
uncountable number of distinct complete decoherences. This
also demonstrates how GPTs can differ radically from quan-
tum theory, even within the scope of our analysis. In light of
this, our result about the universality of the SBS form is even
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Fundamental causal theories

@
Purity non-

A continuum of
different
decoherences 7

monotonic
decoherence

Unique and
purity-decreasing
decoherence

Objectivity expressed
by SBS states

FIG. 4. Different fundamental causal theories have different and
unusual decoherence behaviors. Unlike in quantum mechanics (QM),
in some theories the decoherence can increase the purity of a state
(see Example 1). In other situations, given one set of classical states,
there is a continuum of different decoherences on it (see Example 2),
which contrasts sharply with quantum theory, where the decoherence
is unique. Despite this, objectivity is universal, and the form of
objective states is the same (SBS) across all theories.

more surprising: It shows that the emergence of objectivity
is, instead, a transversal phenomenon in physics that unifies
physical theories with quite different behaviors, as illustrated
in Fig. 4.

However, we note that causality is not enough to guarantee
the emergence of localized classical composite systems: It is
not always possible to reduce the information of the decohered
system to the information of its subsystems. We showed two
additional axioms that are sufficient to ensure an appropriate
nonholistic classical behavior.

Our results support the approach to objectivity presented
in Refs. [4,15-20,44,45] based on SBS states (recently
shown to be stronger than the notion of quantum Darwinism
[21,45,49]). In particular, they identify the validity of the SBS
approach far beyond the limits of quantum mechanics. Our
findings also suggest that other approaches to classicality,
such as quantum Darwinism and the associated broadcasting
of information to the environment [40,50] could be extended
to GPTs, opening a fruitful research field we intend to investi-
gate in subsequent works. On the other hand, the universality
of the shape of objective states suggests that causality is really
a strong assumption and, to find some unique behaviors, one
should weaken it, e.g., by bringing in the structure of rela-
tivistic space-time [51-53]. Last but not least, concerning the
increase of purity by decoherence in some nonquantum GPTs,
one may have an interesting alternative: either we have some
paradoxical process where decoherence increases the infor-
mation about a system (if we follow the standard quantum
intuition) or one must reconsider the concept of information
of the system itself, at least partially decoupling it from the
concept of purity [54-56]. We leave this as an open issue for
further research.
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APPENDIX A: GENERAL PROBABILISTIC THEORIES

GPTs are a framework for a theory-independent descrip-
tion of physical probabilistic processes. They have been used
in several successful reconstructions of quantum theory from
information-theoretic postulates [24,35,37,57-60] and they
are the subject of active research in the quantum information
community [36,61-68]. The essence of this approach is that
any physical theory must describe experiments performed in
a laboratory and predict the probabilities of their outcomes.
These experiments are usually carried out by connecting sev-
eral devices. Each device represents a physical process, and
wires connecting them carry physical systems. Therefore, for
every physical transformation 7 transforming system A into
system B (e.g., a beam splitter, a Stern-Gerlach magnet, etc.),
it is natural to represent it as

AB

Some devices have no input, others have no output. They are
represented, respectively, as

GRS
1o

and

Processes with no input are called states and those with no
output are called effects. If the output system of a transfor-
mation .A matches the input system of another transformation
B, we can apply B after A and get a new transformation, de-
noted B.A. This corresponds to connecting the two associated
devices in sequence:

Similarly, two transformations A and B can be applied inde-
pendently, at the same time, on different systems. In this case,
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the resulting transformation is denoted by .A ® B, and the two
associated devices are composed in parallel:

AB
C:D'

One can build arbitrary circuits by connecting these devices,
such as

This can be read at the same time as an instruction about
how to build an actual experiment and as the way physical
processes are connected in the same experiment. This frame-
work allows one to treat states, effects, and transformations on
equal footing by introducing a special system, trivial system
I, which represents the lack of a system. For this reason, the
composition of system A with the trivial system does not
involve any change: Al = IA = A.

In general, the experimenter does not have full control
over the transformation they can implement; this is because
in nature there are also nondeterministic processes. There-
fore, what we can say is that every device in an experiment
implements a collection of mutually exclusive alternatives.
Only one of them can occur in a run of the experiment, and
the experimenter can read which process actually occurred by
looking at the outcome of the experiment. For this reason, we
can associate a collection of transformations {7;};cx, called
test, with every device, where i is the outcome, and X the
set of outcomes. A special kind of test are measurements (or
observation tests) {a;}iex, which are collections of effects. It
is therefore natural to ask ourselves about the probability that
a particular transformation occurs in an experiment. Probabil-
ities are represented by circuits with no external wires, such
as

A @ A’ Al A" @
Pi .
B Bm B bn >

This circuit represents the joint probability p;jrim, to observe
all these specific transformations in the experiment. If a test is
deterministic, i.e., there is only one transformation associated
with it, it is called channel.

We will often make use of the following short-hand no-
tations, inspired by quantum theory, to mean some common
diagrams occurring in our analysis:

(M
(alp) = A
&)
(alClp) = (PHA-{c}EAD);
3)

o) (a] == 2@ s

In particular, the transformation represented in (3) is called
a measure-and-prepare transformation because first the effect
a (representing a measurement outcome) occurs and then the
state p is prepared.

Now, for any state p and every effect a, (a|p) € [0, 1],
whereby a state of system A becomes a map from the set of
effects Eff(A) of A to the unit interval [0, 1]: p : Eff(A) —
[0, 1]. This leads naturally to the following definition:

Definition 5. Two states p and o on the same system are
tomographically distinct if there exists an effect a such that
(alp) # (alo).

The idea behind this definition is that two states (i.e., the
associated preparations of a system) are indistinguishable if
there is no measurement to witness their difference. In this
case, they must be identified as states.

Similarly, every effect gives rise to a map from the set of
states St(A) to the unit interval, and one identifies effects that
produce the same probabilities on all states.

As states and effects are maps to a subset of real numbers,
they can be summed and one can take their multiple by a real
number. In this way, the set of states and the set of effects
become spanning sets of real vector spaces, denoted Stg(A)
and Effg(A), which we assume to be finite-dimensional. If
one considers only linear combinations with non-negative
coefficients (conical combinations), one obtains the cone of
states St (A) and the cone of effects Eff . (A). In this way, one
can see how the convex geometric approach to GPTs arises
[25,30]. Once the cone of states is defined, one can consider
the dual cone Sti (A): This is the cone of linear functionals
that are non-negative on St (A). Clearly, Eff, (A) C St’, (A),
but we will discuss this inclusion in greater detail in Ap-
pendix B to examine its consequences for the emergence of
classicality.

In this setting, a transformation from A to B is a completely
positive map from Stg (A) to Stg (B). Here a positive map is
a map sending an element of the input cone of states to an
element of the output cone of states. A map T is completely
positive if T ® Zg is a positive map, for any system S, where
Ts is the identity on system S. Complete positivity plays a cru-
cial role in defining tomographically distinct transformations
[27,69].

Definition 6. Two transformations .4 and B from system
A to system B are tomographically distinct if there exists a
system S and a bipartite state p € St(AS) such that

G. #GA@B.

S

If the theory satisfies an axiom called local tomography
[24,27,37,59,70,71], by which product effects are enough to
do tomography on bipartite states, as in quantum theory, then
the ancillary system S is not necessary to distinguish transfor-
mations [27].

The linear structure introduced above allows us to talk
about the coarse graining of tests. Suppose one has the test
{A;}icx. The action of coarse graining means joining together
some of the outcomes of this test to build a different test.
This concept is easily explained by Fig. 5. Formally, a test
{Bj}jev is a coarse graining of the test {A;};cx if there exists
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FIG. 5. The outcome set X of the test {.A;};cx has ten outcomes.
To perform a coarse graining of it, we lump together some of its
outcomes, relabeling them as a new outcome. For example, the
outcomes i1, i, and i3 are relabeled as j,. This gives rise to a partition
{X;}jev of X. We associate a new transformation with each set in the
partition, such that it is the sum of the transformations associated
with the outcomes contained in that set. Thus, B;, = A; + A;, +
A, The new test {53} jey has five outcomes.

a partition {X;} ey of X such that B; = ZieX,- A;. In this case,
we say that {A;};cx is a refinement of {Bj}jeY; We also say that
every transformation A;, with i € Xj, is a refinement of the
transformation B;. Clearly, by performing the coarse-graining
over all the outcomes of a test, we obtain a deterministic test,
i.e,,achannel: A=), A

The natural question at this stage is to understand when
a transformation 7 is of primitive nature or instead arises
from the coarse graining of other transformations in some
experiment.

Definition 7. A transformation 7T is pure if all its re-
finements are of the form p;7, where {p;} is a probability
distribution. A nonpure transformation is called mixed.

1. Causality and its consequences

In our research, the main requirement we impose on a
physical theory is that the propagation of information follows
a temporal order, therefore the result of a process can influ-
ence a future process but never a process in the past. Causal
theories [27] are those that satisfy this requirement, which is
expressed precisely by the following axiom:

Axiom 4 (Causality [27]). For every state p, take two mea-
surements {a;};ex and {b;} ;cy. One has

D (ailp) =) (bjlp).

ieX jeY

Causality is also equivalent to the existence of a unique
deterministic effect u [27]. We can use this deterministic effect
to discard systems when dealing with composite systems. The
marginal of a bipartite state can be defined as

pa = trgpa ‘= (Zo ® u)pas,

where Z, denotes the identity channel on system A. Some-
times we will keep tr as a notation for the unique deterministic
effect when it is applied directly to states.

In causal theories, the set of states St(A) of a system A
has a particular structure: It can be divided in two disjoint
subsets, the set for which (u|p) = 1, and the set for which

, ... » cone of states

normalized states

"* sub-normalized states

FIG. 6. The cone of states of a causal theory. The set of normal-
ized states (in orange) is given by the intersection of the hyperplane
defined by (u|p) = 1 with the cone of states St, (A). Below that
hyperplane are the subnormalized states (in yellow). The colored
part in the cone of states is the set of states St(A). The white
part corresponds to supernormalized elements of St (A), which are
nonphysical.

(u]p) < 1. The former is called the set of normalized states
and corresponds to states that can be prepared deterministi-
cally. States of the latter form are called subnormalized states,
which are equivalent to a state that can be prepared only
probabilistically, where (u|p) gives exactly that probability.
In causal theories, we can always write a subnormalized state
as a probabilistic rescaling of a normalized state, therefore it
is enough for our analysis to consider only state spaces of
normalized states.

This gives rise naturally to the notion of a cone of states,
denoted by St.(A). A geometric picture of this is given in
Fig. 6.

Itis possible to show that in a causal theory where probabil-
ities in the whole range [0, 1] are allowed, the state space is a
compact convex set [27,60,69]. Note that given a measurement
{ai}iex, we have ) .y a; = u, because the sum means a coarse
graining over all the effects of the measurement, and therefore
it must be the unique deterministic effect. Hence when we
apply that measurement on a state p, it yields a probability
distribution {p;};cx, where p; := (a;|p). This shows that ev-
ery state is a probabilistic assignment to any measurement,
therefore recovering the usual picture of states in the convex
approach to GPTs [25,26,30]. Similarly, it is easy to prove
that channels preserve the deterministic effect: uC = u. This
is the generalization of the quantum property that channels
are trace-preserving. In particular, if we have a test {A;};ex,
one has ),y uA; = u [27].

If in theory information flows from the past to the future,
like in causal theories, it is possible to choose what experiment
to perform now based on the outcome of a previous one
[27,69]. This fact is so strongly linked to causality that the
ability to perform all classically controlled experiments (i.e.,
chosen according to the outcome of a previous experiment) is
equivalent to causality itself [60,69]. A particular example of
a classically controlled test is a measure-and-prepare test.

Definition 8. A test {A;};ex is measure and prepare if
A; = |pi)(a;| for some measurement {a;};cx. The channel
A =Y ".cx |pi)(a;] is said to be measure and prepare as well.

A measure-and-prepare test is a classically controlled test,
because the state p; is prepared if the effect a; happens before.
Note that the channel A is the complete coarse-graining over
the outcomes of the measure-and-prepare test {A;};cx.

033148-7



SCANDOLO, SALAZAR, KORBICZ, AND HORODECKI

PHYSICAL REVIEW RESEARCH 3, 033148 (2021)

a3

(€3] Qa2 (€3] Qg

FIG. 7. Simplices up to dimension 3. The vertices are the pure
states, namely, pointlike probability distributions «;. Every other
state can be obtained as a convex combination of the vertices.

APPENDIX B: CLASSICALITY

In this Appendix, we collect interesting and useful facts
about classicality in GPTs. We start from some of the fun-
damental properties of classical states. Geometrically, the
state space is a simplex, with all pointlike probability dis-
tributions ((1 0 0)” and permutations) as vertices
(Fig. 7), and the unique deterministic effect is the row-vector
u=(1 1). Now, we explain how classical theory can
be singled out among all other causal theories. It turns out
that its key feature is that all pure states are jointly perfectly
distinguishable. This means that there exists a measurement
that distinguishes them perfectly in a single shot, as explained
in Sec. III.

Proposition 2. If all pure states of a causal theory are per-
fectly distinguishable, the theory is classical.

Proof. Suppose we have n pure states {y;}’_, of some
system A. Requiring that they be perfectly distinguishable im-
plies that they are linearly independent as vectors in Stg (A).
To see it, let {a;}]_, be the associated measurement. Then,
if we consider > ;_, A;¢; = 0, where A; € R, and we apply
a; to both sides, we get A; =0 for all j =1, ..., n. Being
n linearly independent vectors, they span an n-dimensional
vector space. This means that the state space is a simplex.
Now, let us examine the set of effects. By a similar argument,
the effects {a;}?_, are linearly independent. Let us also show
that these effects are pure. Suppose by contradiction that a
generic a; is not pure, i.e., a; = ), e ;. Taking j # i, the fact
that (a;|v;) = 0 implies that (e ;[y/;) = 0. Since effects are
completely defined by their action on a basis of the vector
space of states, ex; = A ;a;, where A;; is a non-negative
number. The condition a; = ), e, ; for every i implies that
{\c.i} is a probability distribution. This shows that every a; is
a pure effect. Hence the cone spanned by the {a;}}_,, which
coincides with the dual cone Sti(A), is the whole effect cone
Eff, (A). In this case, all allowed mathematical effects are

physical too, so there is no restriction on the effects. This is
therefore classical theory. ]
This motivates the choice of classical states as the convex
hull of a maximal set of perfectly distinguishable pure states.
Considering only pure states is not restrictive. Indeed, suppose
a causal theory has n perfectly distinguishable mixed states
{pi}i_,, which are distinguished perfectly by the measurement
{a;}7_,. Then, for every mixed state p;, we can find a pure
state «; such that p; = p;a; + (1 — p;)o;, where p; € (0, 1)
and o; is another state, for every i = 1,...,n. Then, for
J # i, the fact that (a;|p;) = 0 implies that p;(a;|o;) + (1 —
pi)ajlo;) = 0. Since all terms are non-negative, the only
possibility is that (a;le;) =0 (and (aj|o;) = 0). Addition-
ally, since (a;|p;) = 1, we have p;(a;|o;) + (1 — pi)(ailo;) =
1. This convex combination of non-negative real numbers less
than or equal to 1 can attain its maximum 1 if and only if
(aila;) = 1[and (g;]0;) = 1]. Therefore, the pure states{o;}7_,
are perfectly distinguished by the same measurement {a;}}_,
that distinguishes the mixed states {p;}’_;, as (a;|o;) = §;;.
This shows us that in any physical theory with perfectly
distinguishable states, it is always possible to pick perfectly
distinguishable pure states to construct classical subtheories.

1. Effects for a classical subtheory

Once we pick a classical set ¢, which is the state space of
a classical subtheory of a given theory, we must find what ef-
fects to consider. Indeed, the counterexample of the restricted
trit in Appendix C will show that the choice of effects can
have dramatic consequences for the structure of a theory. Even
if the state space looks classical, as for the restricted trit, the
theory can be very different from classical theory.

Given a classical set «, the natural way to assign effects
to this classical subtheory is to restrict the effects of the
original theory to the set a, identifying those that are not
tomographically distinct on a. More precisely, let us introduce
the following equivalence relation on the original set of effects
Eff(A): e ~4 f if (e]y) = (f|y) for every classical state y in
a. The set of effects of the classical subtheory is the set of
equivalence classes Eff(A)/a := Eff(A)/ ~.

We need to show that this restricted set of effects Eff(A)/a
is actually the set of effects of some classical theory. Recall
that in classical theory, every element in the cone of effects
arises as a conical combination of the effects that distinguish
the pure states perfectly. In our setting, this means checking
that every element of Eff (A)/a arises as a conical com-
bination of the equivalence classes [a;] of the effects that
distinguish the pure states «; in «. Note that it is not hard
to see that Eff, (A)/a is still a cone, with the sum and the
multiplication by a scalar inherited from Eff  (A). Consider a
generic element & in Eff, (A), and let us show that it is in the
same equivalence class as &' = Z?zl Mia;, where A; = (§|a;),
for all i. By linearity, to check the equivalence of two elements
of Eff, (A), it is enough to check that they produce the same
numbers when applied to all pure states «;. Now,

d
')y =Y rilaile;) = x; = Ela)).
i=1
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This shows that the effect cone Eff  (A)/a of the subtheory is
actually a classical effect cone, generated by the effects that
perfectly distinguish the pure states in o.

2. Classical subtheories from the no-restriction hypothesis

In Appendix A, we saw how one can define the cone of
states St (A) and its dual St’ (A), given by linear function-
als that are non-negative on St (A). We also saw that one
can define the cone of effects Eff | (A), generated by conical
combinations of effects. Clearly, all the elements of Eff  (A)
are linear functionals that yield a non-negative number when
applied to elements of St (A). Therefore, one has Eff  (A) C
St’ (A). It is interesting to study when one has the equality in
this inclusion.

Condition 3 (No-restriction hypothesis [27]). We say that
a theory is nonrestricted, or that it satisfies the no-restriction
hypothesis, if Eff . (A) = St’, (A) for every system.

While this may look like just a statement of mathemat-
ical interest, it has some important physical implications.
Consider the subset of Sti(A) made of linear functionals f
such that (f|p) € [0, 1] for all states p. In a nonrestricted
theory, these elements f are also valid effects. In other
words, the no-restriction hypothesis states that every math-
ematically allowed effect is also a physical effect. Clearly,
the no-restriction hypothesis concerns more the mathematical
structure of the theory than its operational one. Indeed, it is
the duty of the physical theory to specify what objects are
to be considered physical effects, even if they are admissi-
ble in principle, based on their mathematical properties. For
this reason, the no-restriction hypothesis has been questioned
various times on the basis of its lack of operational moti-
vation [27,72,73]. Moreover, recently it has been show that
theories with almost quantum correlations [74] violate the
no-restriction hypothesis [75].

Examples of theories that satisfy the no-restriction hypoth-
esis are classical and quantum theory. The theory of restricted
trits in Appendix C, instead, explicitly violates it. This theory
also has no classical states (see Appendix C); this is not a
coincidence, for one of the most important consequences of
the no-restriction hypothesis is that a nonrestricted theory
always admits at least the classical bit as a subtheory.

Proposition 3. In a nonrestricted theory, for every pure
state v, there exists another pure state i/, such that {y;, ¥»}
are perfectly distinguishable.

Proof. Let | be a pure state. The proof will consist of
some steps. In the first step, let us prove that there exists
a nontrivial element f of the dual cone Sti(A) such that
(f1¥r1) = 0. Note that being pure, ¥ lies in some supporting
hyperplane through the origin of the cone St (A) [76]. Such a
hyperplane must have equation (f|x) = 0 for all x € Stg(A),
where f is some nontrivial linear functional on Stg (A), other-
wise it would not pass through the origin (i.e., the zero vector).
Being a supporting hyperplane, we can choose f to be in the
dual cone St’, (A) [76]. Thus we have found f € St (A) such
that (f]y) = 0.

Let us consider the maximum of f on the state space. Since
f is continuous and the state space is compact, it achieves its
maximum A* on some state p*. Note that A* > 0, otherwise f
would be the zero functional. Let us show that the maximum

is attained on some pure state. If p* is already a pure state,
there is nothing to prove. If it is not, consider a refinement
of p* in terms of pure states, p* = Y. p;v;, where {p;} is a
probability distribution. Apply f to p*:

2= (f1p") =) pilf ).

Clearly A* < max(f|y;), but being A* the maximum of f, in
fact A* = max(f|y;). This means that there is a pure state v/,
chosen among these v;’s, on which f attains its maximum.

Now consider the functional a, := Af—*, which takes val-
ues in the interval [0, 1] when applied to states. Specifically,
(az|¥») = 1 and (az|¥) = 0. By the no-restriction hypothe-
sis, it is a valid effect, so we can construct the measurement
{ai, a»}, where a; := u — a, which perfectly distinguishes
between vy and . ]

The essence of this proposition is that in every non-
restricted physical theory, there are at least two perfectly
distinguishable pure states. By possibly adding other pure
states, the overall set becomes perfectly distinguishable, and
one can find a maximal set of perfectly distinguishable pure
states. In this way, one can always construct a classical set for
every system, of dimension at least 2.

Even though the no-restriction hypothesis guarantees the
existence of classical sets, we do not wish to assume it for its
lack of operational motivation, preferring to stick to Condition
1, which is agnostic about the reason why classical states arise
in a theory.

APPENDIX C: A THEORY WITH NO CLASSICAL STATES

In this Appendix, we present a theory from which classical
theory cannot emerge in any way, neither through decoherence
nor by taking arbitrarily large systems. This is the theory
of restricted trits, which describes a classical trit (and its
composites) when we fundamentally restrict its possible mea-
surements. Remarkably, the effect of this restriction is that the
theory contains no classical states nor effective approxima-
tions of them.

To construct this theory, we start from the state space of
the classical trit, represented in Fig. 1, with pure states «;,
ay, as. Let {a;, ay, az} be the measurement that perfectly
distinguishes them in a single shot: (a;la;) = §;;. Instead of
allowing the full set of effects of classical theory, suppose that,
for some reason, the most fine-grained effects that are allowed
are e;; = 3(a; +a;), with i < j. A section of the dual cone
(the same as the effect cone of classical theory), and of the
effect cone of the restricted trit is represented in Fig. 2 in the
main text.

Since we have a smaller set of effects than the original
classical trit, we must check what happens to the state space.
Indeed it may happen that two states become tomographi-
cally indistinguishable because there are not enough effects
to witness their difference (cf. Definition 5). However, this
is not the case for the restricted trit because the effects e;;
are linearly independent. As such, they span exactly the same
effect vector space as the effects a;, which is what determines
the tomographic power of a theory. Therefore, the state space
of the restricted trit coincides with that of the classical trit (cf.
Fig. 1 in the main text).
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Nevertheless, the restriction on the allowed effects has a
dramatic consequence: There are no perfectly distinguish-
able pure states, therefore no classical states even when
composing an arbitrary large number of restricted trits.
To this end, first, let us show that {«y, «y, 3} are no
longer perfectly distinguishable. Consider a generic effect e =
Azein + Azers + Aozens, where A;; > 0. This effect could
yleld 0 on (0% and [0 %] if and Ol’lly if )\,]2 = )»13 = )\23 = O,
but this would be the zero effect, which cannot yield 1
on «;. This means that the «;’s cannot be jointly perfectly
distinguishable.

Maybe we can still find a pair of «;’s that are perfectly
distinguishable? The answer is again negative. To see it, take,
e.g., the pair {¢, oy} (for the others, the argument is the
same). The only element in the effect cone that yields 1
on o and O on o, is 2e;3, but this is not a physical ef-
fect because u — 2e¢;3 = ap, which is not an effect. In other
words, 2ey3 cannot exist in a measurement of the form
{2e13, u — 2ey3}, but all effects must be part of some mea-
surement! In conclusion, the restricted trit has no classical
states.

What about the other systems of this theory? They are
generated by composing restricted trits using the minimal ten-
sor product [30,77]: The normalized states of the composite
system AB are given by the convex hull of product states of A
and B:

St (AB) = Conv{pa ® pg : pa € Sti(A), pg € St;(B)},

where the subscript 1 means that we are only considering
normalized states. This is how ordinary classical systems
compose. Similarly, the effect cones (generated by the ex-
treme effects e;;) are composed using the minimal tensor
product of cones, whereby

Eff,(AB) = Con{e;; ® ¢}, (C1)
where Con denotes the conical hull. The generic composite
system is obtained by composing N restricted trits. There-
fore, it has 3" pure states and 3" extreme effects, given
by ¢, ®...®e,;,, where for each k € {l,...,N} one
has iy < ji, with i, jx € {1,2,3}, and e, = 1(a; +aj).
Given that the {e; ;} are linearly independent for every k €
{1,..., N}, the effects {e;; ® ... ® e;,;,} are still linearly
independent, therefore they span the same vector space as the
effects {a;, ® ... ® a;,}. This means that all states will stay
tomographically distinct and the state space of a composite of
N restricted trits will look like the composite of N classical
trits, namely, like a simplex with 3N vertices.

Let us show that, even in composites, we still have a re-
striction on the mathematically allowed effects, represented
by the dual cone. To this end, let us show that, for instance,
we cannot obtain the effect a®" out of conical combinations
of the extreme effects ¢;; ®...®e¢;,j, (for other prod-
ucts of the g;’s the argument is the same). Our goal is
to determine the non-negative coefficients A; ;, such
that

SN N

i1 iN, JN

Recalling the definition of e; ; , we have

1
a1®...®a1:2—NZ...ZA;m ..... ,-NjN(ail+ajl)

i1 IN,JN
®... ®(a,-N +(1jN).

Unfolding the above expression, we get

1 3 I /
RN __ . . ,®N o L
a = Z_N § : Ajidjndy + z : .- E : Aijreesin
Jtseein=

AAAAA =2 i1, J1 iN,JN
X (a;, +a;,)®...Q (ay, +aj,),

where primed summations indicate the other summation terms
in Eq. (C2). Clearly, primed summations must vanish, but
since A j,...ivjy = 0, all coefficients A;; _; ; in primed
summations must vanish. Note that the coefficients A1;, . 1y
arise among the coefficients in the primed summations, which
are all zero. This means that a?N = 0, which contradicts the
hypothesis. It follows that it is not possible to obtain products
of the a@;’s from conical combination of the extreme effects
e j, ®...® e, j,. In other words, we are still in the presence
of a restriction on the set of mathematically allowed effects.

Let us show that even in composites of the restricted trit
there are no perfectly distinguishable pure states. To this end,
it is enough to show that there are no pairs of perfectly
distinguishable pure states. Indeed, if the states {p;}_,, with
d > 2, are distinguished by the measurement {a;}<_,, any pair
{p1, p2} C {,o,-}ﬁ’=1 is also a set of perfectly distinguishable
states: They are perfectly distinguished by the measurement
{ai, u — a;}. Therefore, no pairs of perfectly distinguishable
pure states implies no sets of perfectly distinguishable pure
states. Note that, in all composites, pure states are only of the
product form; specifically they are the states o, ® ... ®
for the composition of N restricted trits. Now we will show
by induction on N that there are no pairs of perfectly dis-
tinguishable pure states in any composite in the theory of
restricted trits. For N = 1, we have already proved it. Now
suppose this is true for N, and let us show that it is valid
also for N + 1. Take system A to be the composition of N
restricted trits and let B be a single restricted trit. Suppose
by contradiction that system AB, given by the composition of
N + 1 restricted trits has two perfectly distinguishable pure
states. They must be of the form {o; ® 81, x ® B>}, where
{orr, p} are pure states of A, and {8, B,} are pure states of B.
Since {o; ® B1, a, ® B} are perfectly distinguishable, there
exists a measurement {E7, E>} on AB such that

(Erilog ® B1) =1
(Etlaa ® B2) =0

and
(Exlor ® B1) =0
(Exlon ® Bo) = 1.

Now, by Eq. (C1), E; is a conical combination of products
of the extreme effects: £y = ) ; A;1a;1 @ b; 1, with ;1 > 0,
where a;; and b;; are extreme effects of A and B, respec-
tively. Then we have

(Eiloa ® B2) = Y hia(airlon)(bialBa) = 0.
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Note that not all ;| can be zero, otherwise E; would be the
zero vector. Therefore, we have two possibilities, which can
be both true at the same time:

(1) (ai1laz) =0 for every i. In this case, consider the
effect e; of A defined as e; := ), A;1(b;1|B1)a; 1, or in di-

agrams
A
A = FEq.
. j
We have

(erlo) =Y Aia(aitle)BinlBr) = (Erley ® Br) = 1

and

(erlon) =Y Aia(ailea)(binlBr) =0

because (a; |oz) = 0 for every i. This means that the pure
states {«, ay} are perfectly distinguished by the measurement
{e1, u — e;}. This contradicts the induction hypothesis that for
the composite of N restricted trits (system A) there are no
perfectly distinguishable pure states.

(2) (bi1]1B2) = 0 for every i. The proof is essentially the
same as in the previous case. Consider the effect f; of B,
defined as f; := Z[ Ai1(aiq|ay)b;y, or in diagrams

=

One has
(AilBD =D hia(aitle)BirlBr) = (Erley ® pr) = 1

and

(filB) =D hia(aitle)(BinlBa) =0

because (b;|B2) =0 for every i. Hence the pure states
{B1, B2} are perfectly distinguished by the measurement
{fi,u — fi1}. This contradicts the fact that there are no
perfectly distinguishable pure states in the restricted trit
(system B).

In conclusion, we have proved that, in all composite sys-
tems in the theory of restricted trits, there are no perfectly
distinguishable pure states. This means that no suitable clas-
sical limit can exist for this theory, not even considering an
extremely large system.

APPENDIX D: COMPLETE DECOHERENCE

From the definition of complete decoherence on a classical
set o (Definition 1 in the main article), it is immediate to see
that applying the same decoherence twice on a single system
is like applying it once. In other words, Dip = Dy p for every
state p. Indeed, by definition, Dy p is a classical state y, and
applying the complete decoherence again, this classical state
stays the same.

From a physical point of view, the fact that D2p = Dyp
means that once a (single) system is decohered, classicality

is reached, and there is nothing left to decohere. Note that
Di p = Dyp for every p is not enough to conclude that Dﬁ =
D,, unless the theory satisfies local tomography [27], because,
in general, transformations are defined by their action on half
of a bipartite state, not on a state of a single system (see
Appendix A).

After understanding the behavior of complete decoherence
on states, we need to look at what happens if we apply it to
the effects of the theory. As it maps every state to a classical
state, we expect that it does the same with effects: every effect
becomes classical. This is indeed the case, as shown by the
following:

Proposition 4. The set {eD,} of decohered effects, where
e € Eff(A) is an effect of the original theory, coincides with
the set of classical effects of a.

Proof. To show that the two sets coincide, we will ac-
tually show that there is a canonical bijection between the
set of decohered effects {eD,} and the set Eff(A)/a. This
bijection associates the equivalence class [eD,] in Eff(A)/«
with every decohered effect eD,. Let us prove that this
is indeed a bijection. To this end, first observe that two
decohered effects eD, and fD, are equal if and only
if e ~y f. Indeed, eDy = fD, if and only if (e|Dy|p) =
(f1Dg|p), for every state p. Now, define y := Dyp, which
is a classical state. Therefore, eD, = fD, if and only if
(ely) = (f|y) for every classical state y € a, which means
e~y f.

Let us prove that the mapping eD,, — [eD,] is injective.
Assume [eDy] = [fDgy] and let us show that eDy = fD,. If
[eDg] = [fDg], then eDy ~ fDy, which means (e|Dy|y) =
(f|Dgly) for every classical state y € a. Now, D,y =y, so
we have (e|y) = (f|y) for every y € a. This means e ~4 f,
which allows us to conclude that eDy, = fDy.

Now, let us prove that the mapping eD, +> [eD,] is surjec-
tive too. Take any equivalence class [e] in Eff(A)/«, and let
us show that [e] = [eD], so the equivalence class [e] is asso-
ciated with the decohered effect eD,. Now, for every classical
state y € «, (e|Dy|y) = (e|y) because D,y = y. This shows
that e ~4 eDy, so [e] = [eDyg].

Finally, let us show that the mapping eD, > [eDy] re-
spects the sums defined in the respective sets. Suppose e + f
is a valid effect of the theory, where e and f are two valid
effects, then eDy + fDy = (e + f)D, is a valid decohered
effect. With this effect, we associate the equivalence class
[(e + f)Dy] = [eDy] + [fDyl, which shows that the mapping
eD, — [eD,] respects the sums. This allows us to conclude
that all classical effects can be regarded as decohered effects
and vice versa. |

Thus, complete decoherence maps all effects to classical
effects, but it is not obvious if it leaves classical effects in-
variant: In general, it just sends them to an equivalent effect
on o. From this point of view, the most general definition
of complete decoherence (definition 1 in the main text) is
asymmetric since classical states are left invariant, but not
classical effects in general.

Definition 1 in the main text is so general that, in principle,
given classical set o, there may be more than one channel that
is a complete decoherence on a. There are essentially two
possible ways in which a complete decoherence on o might
be nonunique.
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(1) We can have two complete decoherences on o, D 4
and D, ,, that decohere some state p to different classical
states: Dy 4p # D2 .op.

(2) More subtly, if the theory does not satisfy local to-
mography, two complete decoherences D; , and D, , on o
can be indistinguishable at the level of single systems, namely
D p = Dy 4p for every p, but they can differ when applied
only to part of a bipartite state:

A-A#[A-A
P .
!B S

B

For quantum theory, however, Definition 1 in the main
text is enough to pick a unique decoherence for every fixed
orthonormal basis, which is clearly the TID on that basis. The
proof is not included here since is not relevant for the present
paper. In Appendix D 1, we present an example of a GPT in
which the decoherence on a classical set is highly nonunique
(cf. Example 2), in clear contrast with the quantum behavior.

1. Test-induced decoherence and its properties

The next relevant question we investigate is whether a com-
plete decoherence actually exists in every fundamental causal
theory. In quantum theory, the decoherence on a classical set
o, described by an orthonormal basis {|« j)} %=1, is obtained
from the von Neumann measurement on that orthonormal ba-
sis. Indeed, if we sum over all outcomes, we get the complete
decoherence.

In Appendix A 1, we noted that in causal theories one can
always construct measure-and-prepare tests. Now we build
one out of the pure states {o;}¢, of a classical set and
their associated distinguishing measurement {a;}?_,: the test
{|o; )(a,|}l 1> Which can be viewed as a nondemolition mea-
surement on the classical set a. Taking the coarse graining
over all d outcomes yields a measure-and-prepare channel
5,x = Zl | lai)(a;]. It is straightforward to show that D,x is
a complete decoherence, which we term the fest-induced de-
coherence (TID).

__ Proof of Proposition I in the main text. We must check if
D, satisfies the two properties defining a complete decoher-
ence (cf. definition 1 in the main text).

(1) For any state p,

d d
Dop =Y _ lei)ailp) =: Y pict,
i=1 i=1

where we have set p; := (a;|p). Note that p; € [0, 1] and that
Z?:l pi = 1 because {a;}°_, is a measurement. Therefore,
Dy p is a classical state, lying in the simplex generated by the
O{i,S.

(2) For any «;, we have

Docti = Zla,)(ajla,) = q;.

j=1

This means that ﬁx preserves all pure states in «, and by
linearity it preserves all classical states in a. |

This shows that a complete decoherence always exists in
causal theories. The TID enjoys some remarkable properties
that make it a physically motivated form of decoherence.

Proposition 5. Let {a,}l , be the measurement associated
with the classical set .. The TID Dy satisfies the following
propertles

(1) D = Dy.

2) a,Du = q; for every i.

Proof. Let us prove the two properties.

(1) Let us compose the TID with itself:

=D, Z i) (a;| = Z Z lotj )@ leti) ail

i=1 j=1

d
=Y lei)(a;] = Dy
i=1

(2) Itis a straightforward calculation. Indeed,

d
aiDy =Y _ (aile;)a;| = a;. u

J=1

Note that property 1 means that the TID satisfies a stronger
idempotence property than a generic complete decoherence:
not only is this property valid on single systems, but also when
the TID is applied to a part of a bipartite state. Again, this
means that to decohere a system completely, it is enough to
apply the TID just once: further applications of the TID will
not change anything. Property 2 states that the TID preserves
the effects that perfectly distinguish the pure states in a. Since
all classical effects arise as suitable conical combinations of
these effects, it means that the TID preserves each classical
effect. This property removes the asymmetry we observed
in the behavior of complete decoherences, which, in gen-
eral, preserve only classical states, but not classical effects.
The TID, instead, treats classical states and effects on equal
footing, doing nothing to both of them. This makes it more
physically appealing.

Recall that in quantum theory, decoherence is always asso-
ciated with the presence of an environment where information
is leaked [7,8,40]. Instead, in definition 1 in the main text, as
well as in some other proposals in the GPT literature [39,41],
the environment does not seem to play any explicit role in the
process. However, in the TID, the environment and external
observers are again present, albeit implicitly. Indeed, the fact
that the TID arises as the coarse graining of a test means
that, at least in principle, an external observer is present in
the process of decoherence.

Previous contributions on decoherence in GPTs [39,41]
required the complete decoherence to be strictly purity de-
creasing [39] or, alternatively, that if a decohered state is
pure, the original state was pure too [41]. In the following
counterexample, we show that the TID does not satisfy these
desiderata in general: In some theories, mixed states can be
decohered to pure states. This behavior sharply contrasts with
the one observed in quantum theory.

Example 1. Let us consider the square bit [25]. Here the
state space is a square and the pure states are its vertices. This
theory satisfies the no-restriction hypothesis, so all mathemat-
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a1 (071

a2 a3

FIG. 8. The state space of the square bit. Here o, o, o3, and oy
are pure states. The classical set ¢ = Conv{«;, v, } is shown in black.

ically allowed effects are valid effects. The pure states are the
vertices of the square. Figure 8 shows the state space. The pure
states are the vectors

-1 -1
o) = 1 s Oy = -1 s

1 1

1 1
az=|—-1], au=1|1],

1 1

where the third component represents the fact that these states
are normalized. Now consider the effects

ar=30 1 1D,

! aa=30 -1 1.

They make up a measurement {a;, a,} that perfectly distin-
guishes the pure states {«j, «rp} in a single shot. Therefore,
we can consider the classical set « = Conv{wa, oz}, which is
simply the segment connecting o and s (see Fig. 8). Now
consider the TID Dy = |a1)(a1]| + |o2)(azl.

Note that D, decoheres the mixed state %(al + ay) to
the pure state «;. This TID definitely increases purity! Is
%(al + «4) the only state with this unexpected behavior? To
get a better understanding let us find out what 50, does to all
states of the square bit. To this end, a particularly useful way to
parametrize a generic state of this theory is suggested in Fig. 9.
In this parametrization p = Ax + (1 — A)x’, with A € [0, 1].
Here x = pa; + (1 — p)ay, and x’ = pay + (1 — p)as, where
p € [0, 1]. In summary,

p =Aipa; + A1l — plaz + (1 — 1)1 = p)az + p(1 — Vay.
(D)
From this expression, it is immediate to see that

~

Dyp = poy + (1 — play = x;

in other words, the TID horizontally projects all states to the
x component of their above parametrization, which belongs to
the set a. This is illustrated in Fig. 10 . From this geometric
picture, it is clear that D, decoheres all the mixed states of the
form poy + (1 — p)ay, and po, + (1 — p)as, with p € (0, 1),
to pure states («; and oy, respectively).

aq Oy
1-p
T
p

(%) Q3

FIG. 9. A particularly useful parametrization of a generic state p
of the square bit.

The natural question is when this counterintuitive, purity-
increasing behavior of the TID can be observed in a physical
theory. In general, it is enough that one of the distinguishing
effects {a;}_,, say aj, gives 1 on another pure state ¥ not in
the classical set . To show it, first note that since {a,‘};’l=1 isa
measurement, if (a;|y¥) = 1, then (a;|yy) = 0 for i > 1. Now
take any mixed state of the form po; + (1 — p)y, with p €
(0, 1); the TID Dy = 3%, |a;)(a;| decoheres it to the pure
state ;. In Example 1, a; gave 1 also on oy, which was not in
the classical set. Similarly, a, yielded 1 on o3 too, again not
in the classical set.

Finally, using the toy model of the square bit, we can
study the uniqueness of complete decoherence on some clas-
sical sets, showing that, for some of them, the decoherence
is unique (and therefore TID), while in others it is highly
nonunique. This is another important illustration of how dif-
ferent GPTs can be from the quantum case.

Example 2. Consider the classical set &« = Conv{a;, oz} in
Example 1 again. Now we prove that the TID D, = |o;)(a;1] +
|aa)(az| is the only complete decoherence for that classical
set. To this end, let us consider a generic transformation D on
the square bit, which can be represented as a square matrix of

(65) as

FIG. 10. The action of 5,, on a state p of the square bit is
represented as an arrow. The tip of the arrow indicates the decohered
state.
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order 3:
dy dp dp
D= |dy dn dxs
dy1  dyn  diy

We want this matrix to represent a complete decoherence D,
on «. The first condition is to require it to be a channel;
therefore uD = u, where u = (0 0 1) is the deterministic
effect (it yields 1 on all the pure states presented in Example
1). This condition implies

du do dis
Dy=\|dy dn dn (D2)
0 0 1

D, being a complete decoherence on «, we have Dy =
o1, Dyoty = ap, and Dya3 = pay + (1 — p)a, for p € [0, 1],
and Dyoy = gay + (1 — g)an, for g € [0, 1]. Recalling the
expression of the pure states in Example 1, the conditions
Dyoy = oy, Dyay = ap, and Dyos = pay + (1 — p)ay yield
the linear systems

—dy +dip+diz=-1

—dy —dpp+diz=-1
dyi —dip+diz =—1,

—dy +dyp +diz =1
—dy) —dy +dy =—1
dyy —dyp +dyz=2p—1,

with p € [0, 1]. Solving them, we find that

0 0 -1
Dy = 14 1 p
0 0 1

for p € [0, 1]. Let us see if this matrix is compatible with the
condition Doy = go; + (1 — @) for g € [0, 1]. We have

-1 —1 —1
gu+0—-—qa=q| 1 |+0-g)|-1]=|2¢-1
1 1 1
On the other hand,
0o 0 -1 1 -1
Dyoay=|p 1 p 1|=1(2p+1
0 0 1 1 1

This means that 2¢ — 1 = 2p 4 1, which means ¢ = p + 1.
The only case in which ¢ € [0, 1], when p € [0, 1], is when
p = 0. This means that we have a unique complete decoher-
ence on «, which is

This coincides with the TID ﬁu = |ay)(a1] + loz)(az], as it
is easy to check. This means that on the classical set a =
Conv{w, ay} there is only one complete decoherence, which
is exactly the TID. By a symmetry argument, we have the
same situation whenever we take a classical set corresponding
to a side of the square.

Something completely different, instead, happens when we
take the classical set to be a diagonal of the square. Take,
e.g., o = Conv{wy, 3} (Fig. 11). Now we show that in this
case we can find an uncountable number of TIDs! To see
it, let us characterize all the distinguishing measurements for

a1 (071

a2 a3

FIG. 11. Another classical set &' = Conv{e;, o3} in the square
bit, shown in black.

{1, a3}. Consider a generic effecte = (e e2  e3); to be part
of a distinguishing measurement, without loss of generality,
we can assume (e|o;) = 1 and (e|az) = 0. These conditions
imply that e must be of the form

e = (62 — %, e, %)

This is not enough to guarantee that this is indeed an effect
because it must give a valid probability on o, and oy as
well. In other words, we must impose that (e|cz) € [0, 1] and
(elaa) € [0, 1]. This gives the following system of inequali-
ties:

—2e,+1>20

—2e+1<1

262 2 0

2e; < 1,
where the solution is e, € [0, %]. For these values of e;, e is
both a mathematically and a physically allowed effect, be-
cause the no-restriction hypothesis is assumed for the square
bit [25]. Similarly, the effect

e’:u—e:(—ez—l—%, —ea, %)

is also a mathematically allowed effect. Therefore {e, ¢’} is a
distinguishing measurement for {«;, o3} for any e, € [0, %].
This gives rise to a family of TIDs on the classical set &' =
{1, a3} parameterized by a continuous parameter in [0, %],

Dy = lan)(e;| + la3)(é]l, (D3)

where we have set r := e, for simplicity of notation, and
t € [0, %]. Using the parametrization of a generic state in
Eq. (D1), as depicted in Fig. 12, we can exemplify the be-
havior of the family of TIDs with the two extreme cases of
t=0andt = %:

o~

Do{’,Op = )\.Oll + (1 — )\)(13 5 ’

o

1P =pay+ (1 = pas.

This is illustrated in Fig. 13. This means that 5‘,,’,0 projects
every state onto the diagonal along the vertical sides, whereas
D, ! projects every state onto the diagonal along the hori-

zontal sides. Even in this case, there are no other complete
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aq Qg

1-p

a9 1-—A A as

FIG. 12. Using the intercept theorem, we can map the coeffi-
cients of convex combinations from the sides of the square to its
diagonal. The blue segment is 1 — p times the diagonal, while the
magenta segment is A times the diagonal.

decoherences besides the TIDs. Indeed, the generic ma-
trix is like in Eq. (D2). This time we require Dy = oy,
Dyos = a3, and Dyay = pay + (1 — p)as, for p € [0, 1],

—dy +dip+diz=-—1
dy—dp+diz=1
—dy —dp+di=-2p+1,

for p € [0, 1]. Solving them, we find that
D

4
0

Dy =

a1 (071

a2 a3

FIG. 13. The action of the two extreme TIDs 5‘,/,0 and 5‘1,’ yona
generic state of the square bit. Again, the tip of the arrow represents
the decohered state.
and Dy s = qoy + (1 — g)as, for g € [0, 1]. From the condi-
tions Dy = o0y, Dy = a3, and Dy oy = poy + (1 — p)as,
for p € [0, 1], we obtain the two linear systems

—dy +dyp +diz =1
dyy —dy +dyy =—1
—dyy —dy +dpn=2p—1,

p—1 0
—p+1 0 (D4)
0 1

for p € [0, 1]. Let us check if this matrix is compatible with the condition Dyos = gy + (1 — g)as for g € [0, 1]. We have

—1
goay + (1 —qlaz =¢q| 1
1

On the other hand,
p p—1 0\ /1 2p—1
Dyay=|—-p —-p+1 0O]|1]=|-2p+1
0 0 1 1 1

This implies that 2p — 1 = —2g + 1, whence g =1 — p. If
p € [0, 1], this guarantees that g € [0, 1] too. There are no
other constraints, so the most general complete decoherence
on o is given by the matrix Eq. (D4), with p € [0, 1]. A
straightforward check shows that the TIDs in Eq. (D3) with
t €10, %] cover all the complete decoherences in Eq. (D4)
once we set p := —2¢ + 1. This means that there are no com-
plete decoherences on o other than the TIDs.

APPENDIX E: OBJECTIVITY IN GENERAL
PHYSICAL THEORIES

In this Appendix, we study the necessary ingredients to
prove our main result: The universality of the form of objec-
tive states across all causal theories with classical states.

+(1-q)

1 —2qg+1
—-1]=12¢-1
1 1

1. Properties of sharply repeatable tests

A useful property for our research is that SRTs are stable
under parallel composition: If {F;} and {Q;} are SRTs, then
{P ® Q;} is also still an SRT. Another important fact is that
SRTs generate perfectly distinguishable states.

Lemma 1. Let {P;};cx be an SRT and p be a generic state,
possibly not normalized. Then if the subset of nonvanish-
ing states of {P;p};cx contains more than one element, these
elements can be renormalized so they are perfectly distin-
guishable.

Proof. Let | be the subset of X of the indices labeling the
nonvanishing elements in {P;p};cx. First, let us show that | is
always nonempty. Suppose by contradiction that it is empty,
then P;p = 0 for every i. By causality, u = ),y uP;, so

(ulp) =Y wlPlp) =0,
ieX
which is impossible on a physical state. Suppose now |l| >

1. Let us first renormalize the states {P;p};c| by considering

#-II)M' Let us prove that they are perfectly distinguished by
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the measurement {a;};c|, where

a; = ubi

T uPl'n + Zi¢| ub;

for some arbitrary choice of iy € |. For i # iy,
@lPjlp) _ WIPPlp) &

(u|P;lp) (u|Pj|p) (u IPIp)

where we have used the definition of SRT. Finally, for i = iy,

(aiy|Pi|p) _ (u|P;, Pilp) Z (u|PP;|p)

i # iy

i=1p

(ulPilp) = bij.

WPlo) — WlPilp) wlP;10)
(u|P|p)
_810 81
’+Z I @lPyip)

but the second term always vanishes because P;p =0 for
ié¢l |

2. The general form of objective states in causal theories

It is not hard to show that if the joint state in the OG is
SBS, the players can win the game. Indeed, suppose the joint
state is

.
psE =Y pictis ® PiE, ® ... ® Pik,, (ED)
i=1

with p; > 0, where E denotes the joint environment composed
of all the fragments controlled by the players E =E;...E,.
Note that this state respects the strong independence condi-
tion: The states of the various players are only correlated by
index i labeling the outcome found by the referee on S. In
this game, the referee applies the SRT containing the trans-
formations |a;)(a;|. If {e;}/_; is a maximal set of perfectly
distinguishable pure states, {|o;)(a;|};_, will be a test, other-
wise it is enough to add other pure states to {o;}7_; until it
becomes maximal {oz,-}?:l, with d > r. In this latter case, the
SRT performed by the referee will be {|e;)(a;[}L;.

What about the other players? What is their strategy to
win the game? Since the states {p; g, }/_, are perfectly distin-
guishable for every k, each player just needs to perform the
SRT associated with them, namely, {P; g, = |p;g )(aig |}'—;>
where {a; g, }/_, is the measurement that distinguishes them.
Note that P, g, 05, = 8ijpiE, 0 this SRT does not disturb the
state Eq. (E1) in a strong sense. This shows that every causal
theory has objective states.

The nontrivial part is to show that these are the only objec-
tive states. The key step is the following lemma:

Lemma 2. Let psg be a state such that trgpsg = Y ;_; picti,
where p; > 0 for all i, and the ¢;’s are the pure states of a
d-dimensional classical set o, withd > r. If

d
> lei)ail ® P)p = p. (E2)

i=1

where the P;’s are transformations in an SRT on E, then psg
must be of the form

,
o= ZP:’%‘ Q Pis
i=1

where {p;}!_, are perfectly distinguishable states of E.
Proof. Let us rewrite Eq. (E2) in diagrams:

—S{ai) CL
= |p _
- (E3)

d
Z P E [p]
i=1 [

-—E

s,
&

The left-hand side can be rewritten as

d

d
E —
where we have set

N C

i

E

:
E E ’
(E4)

so p; is normalized, and A; € [0, 1]. Now Eq. (E3) becomes
R

e w—y
— = (ES)

To conclude the proof, we must show that the nonvanish-
ing A;’s are the coefficients p;’s, and that the states p;’s are
perfectly distinguishable. Since trgpsg = Y ,_, pict;, we have
thatfori=1,...,r

3

|
=)
o] wn
S [¢]

(E6)

= Di

&

I
)
les] 19}
&[]

fori=1,...,r, and A; =0 for i > r. This means we can
replace the summation from 1 to d with a summation from
ltor.

Now we must prove that the states p; are perfectly distin-
guishable. Now rewrite Eq. (E4) fori =1,...,r as

pipi = wiPoi,
where

S a
w G = (o,

o; is normalized and y; € [0, 1]. A quick comparison with
Eq. (E6) shows that u; = p; >0 for all i =1,...,r, thus
pi = P,o;. Lemma 1 ensures that the states p; are perfectly
distinguishable (and in this case without even renormalizing
them). [ |

Now we can give the proof of our main result (cf. Theorem
1 in the main text).

Proof of theorem 1 in the main article. In the setting of
the OG, if the referee checks the findings with the SRT
{|ot,-)(a,<|}§.’l=1 on S, and the other players apply some SRTs
{Pj.g,} on each Ej, the probability of a joint outcome
(i’ jl’ ""jn) is

Piji...j, = tr[(lai)(a;| ® Pj, g, ® ... ® Pj, g,)psEl
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Imposing the agreement condition, we must have p;;,.; =0
unless i = j; = ... = j, [4]. This means that, if we forget the
outcome, the state after the measurement is

d
= (o) (@| @ Pig, ® ... ® Pk, )pse.

i=1

Now, let us define P; := P,g, ® ... ® P;,, which is an SRT
on E. Imposing the Bohr nondisturbance condition (cf. Defi-
nition 2 in main text) to the test {|o;)(a;| ® P}, we find

d
> (lai)(ail ® Pig)pse = ps.

i=1

Now we are in the situation of Lemma 2, so we know that
psg must be of the form p = Z;zl pic; @ p;, where the p;’s
are perfectly distinguishable states of E. Imposing the strong
independence condition, p; must be a product state, with the
only correlations given by the index i,

Pi = Pig @ ... Q& PiE,,

where for every k, the states {p; g, }/_, are perfectly distin-
guishable. This concludes the proof. |

APPENDIX F: EMERGENCE OF COMPOSITE
CLASSICAL SYSTEMS

In this Appendix, we elaborate more on the issue of com-
position of classical sub-theories of a given causal theory. For
simplicity, we focus on bipartite systems; the generalization
to more than two parties will be straightforward.

Consider now a bipartite system AB of a generic causal
theory and suppose system A has the classical set o and
system B the classical set . If « is to represent an actual
classical subtheory for system A, and f an actual classical
subtheory for system B, it is natural to expect that the classical
set for the composite system should mirror the composition
of classical theory. Consequently, we would like to define the
composite classical set as

of = Conv{ya ® v5 : ya € &, ¥ € B}. (F1)

In particular, this definition implies that the pure states of the
classical set for AB should all be of the form o; ® B;, where «;
is a pure state of &, and §; a pure state of . However, here
we face two problems. The first is that the product of two pure

states may not be pure, in general, as shown in Ref. [78], and
the second is that the set {o; ® 8;} may not be maximal for
the composite system AB as shown in Ref. [79], which means
that there are extra pure states to add.

Now, in this setting, Axioms 2 and 3 in the main text are
introduced to rule out this pathological holistic behavior. In-
deed, if the first axiom fails and the product of two pure states
is not pure, the idea that the classical states of a composite
system be reducible to the classical states of its components
faces a considerable difficulty. In this case, since the product
states are mixed, the theory is so holistic that, to construct
the classical set for the composite system, we have to look
for completely different states. If, instead, the theory satisfies
Axiom 2 in the main text but fails Axiom 3 in the main text, we
can construct the classical set for AB partially out of & and S,
but we need some extra pure states of AB to make it maximal.
Even in this case, the theory shows a holistic behavior and
does not support the emergence of proper classical composite
systems. If both axioms are satisfied, we have that the classical
set for the composite system AB is given by Eq. (F1).

In a similar spirit, in the presence of Axioms 2 and 3 in the
main text, it is natural to expect that the decoherence process
on a bipartite system is reducible to the decoherence of the
two components [34,39,40,42]. In formula,

Dygpas = (Dy ® Dg)pan (F2)

for every bipartite state pag. However, using the most general
definition of complete decoherence (Definition 1 in the main
text) we cannot compare the action of D, ® Dg to the action
of Dqg, as there is no specific recipe for decohering states.

Let us see, instead, what happens when we consider TIDs.
Let {a;}* and {b j}‘;‘il be the measurements associated with &
and B, respectively; the measurement associated with af will
be {a; ® b j}dA 4 Therefore, the TID Dy is the channel

i=1, j=1"
dA dB

Dag =Y Y " l)|B))ail (b1.
i=1 j=I

An easy rewriting shows that
dA dB
Dop =) _ lai)ail ® Y 18;)(bj| = Do ® Dy,
i=1 j=1

which is one of the desiderata of Ref. [39]. This means that
for TIDs the behavior on composite systems is fully reducible
to the behavior on the components. Note that this result is
stronger than Eq. (F2) in the absence of local tomography [27]
(see Appendix A).
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