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Models for strongly interacting fermions in disordered clusters forming an array, with electron hopping
between sites, reproduce the linear dependence on temperature of the resistivity, typical of the strange metal
phase of high temperature superconducting materials [extended Sachdev-Ye-Kitaev (SYK) models]. We identify
the low energy collective excitations as neutral energy excitations, diffusing in the lattice of the thermalized
non-Fermi liquid phase. However, the diffusion is heavily hindered by coupling to the pseudo-Goldstone modes
of the conformal broken symmetry SYK phase, which are local in space. The imaginary time evolution of the
extended model in the strong interaction and 1/N expansion limit is presented in the incoherent nonchaotic
regime. On the other hand, a Fermi electronic liquid at low energy becomes marginal when perturbed by the
SYK dots. A critical temperature for superconductivity is derived, which is not BCS-like, in case the collective
excitations are assumed to mediate an attractive Cooper pairing.
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I. INTRODUCTION

Understanding the physics of copper-oxide materials,
which undergo the superconducting transition at higher tem-
perature, is still an unsettled topic of condensed matter
physics. Recent work suggests the breakdown of the Fermi
liquid (FL) theory at intermediate temperatures in these met-
als, while FL is the conventional starting point for low critical
temperature superconductivity [1,2]. New approaches to study
high-temperature superconductivity are recently investigated,
in particular lattice fermionic models with a strong local inter-
action [3,4].

Recently a (0 + 1)-dimensional model, the Sachdev-Ye-
Kitaev (SYK) [5-7] model, describing random all-to-all 7
interaction between N Majorana fermions, has been exten-
sively studied. In the infrared (IR) limit, when N is large
and the temperature 7 is low, the model has an emergent ap-
proximate conformal symmetry and has become quite popular
for its large-N “melons” diagrammatics, which allows for a
simple representation of the power-law decay in time of the
correlation functions and for the analysis of the thermody-
namic and chaotic properties [7,8], providing a holographic
dual for gravity theories [9,10].

Generalized SYK models have been proposed with ex-
tension to higher space dimensions [11-18] also having in
mind applications to high critical temperature (HT,) super-
conducting materials. Indeed, there seems to be widespread
consensus that inhomogeneity and strong coupling could be
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distinguished factors for the cuprates and their 2 —d CuO
planes. Moreover, universal features emerge in the high tem-
perature “strange metal” phase, which is recognized as a
non-Fermi liquid (NFL) phase [1,2,19-22]. The most striking
of these is the linear increase with temperature of the electrical
conductivity [23-25].

The conformal symmetry of the SYK model is sponta-
neously broken down to the SL(2, R) group symmetry [26]
and Goldstone modes arise which are only approximately gap-
less, when ultraviolet (UV) corrections are taken into account.
The nature and the role of these collective excitations has not
been satisfactorily investigated, to our knowledge, up to now,
in phenomenological approaches for the description of the low
temperature metal phases of extended SYK models [11].

We consider a lattice of (0 + 1) — d SYK clusters (or dots),
each composed of strongly correlated N neutral fermions,
via the SYK interaction. A sketch of the lattice, in two
space dimensions, is depicted in Fig. 1. The first part of
this work discusses the collective bosonic excitations in the
lattice, which arise from the intradot SYK fermionic pseudo-
Goldstone modes (pGm) in the incoherent highly thermalized
phase above some threshold temperature 7. We propose that
these excitations, nicknamed Q excitations, could drive the
transition to superconductivity, when lowering 7 below some
temperature Tion, at which coherence is established in tun-
neling across the lattice but not necessarily in the SYK dots.
To discuss the superconducting critical temperature 7, of the
coherent phase, we adopt, in the second part of this work,
an hydrodynamical picture consisting of a two component
system: the two space dimensional lattice of (0 + 1) —d SYK
clusters and a fermionic low energy liquid, weakly interacting
with it. The electronic, one-band fluid is turned into a marginal
Fermi liquid (MFL) by the perturbation. The SYK dots act as
charge and momentum sinks. By contrast the Q excitations
conserve momentum in the lattice, while the quasiparticles of
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FIG. 1. A cartoon of the SYK model extended to include hopping
between 2 — d square lattice sites. The neutral fermions are depicted
as small blue circles, grouped on the lattice sites (their number is N
on each site). In the right upper part of the picture, a magnification of
four sites with just four Majorana particles at each site, to represent
the all-to-all four fermion interaction J;ji; (red arrows) and the resid-
ual interaction U, between quasiparticles (complex superposition of
intracluster pairs of majoranas) (dashed arrow) hopping between
sites [with hopping matrix element #, (full dark green arrows)].

the MFL are badly defined. In driving the superconductive
instability, the Q excitations could play the same role as the
magnons in the *He superfluidity [27], though via an unknown
mechanism. As argued in Sec. VII, the validity of this hypoth-
esis can be experimentally tested because it could produce
anomalous intervortex interaction in the presence of magnetic
field. However, we are unable to describe the crossover be-
tween the high temperature and the low temperature phase,
which should be further investigated, resorting to the various
extended SYK models which have appeared in the literature
[16,28].

Our approach to the high temperature phase is one of the
possible extensions of the SYK model [13,18], which assumes
the SYK properties of the local critical two-point functions
on the local scale, but introduces the U(1) symmetry for the
(“interdot”) dynamics in the lattice. It is not really a complex
fermion version of the SYK model [12,29-31]. Indeed, charge
is conserved only at low energies, while the (“intradot”) ex-
citations in the SYK clusters are nonconserving and neutral.
In this respect, we ignore the possibility of charging of the
clusters at the sites of the lattice as if their capacity were
infinite.

Disorder is a distinct feature of the SYK model. Disor-
der averages make the SYK and its generalizations solvable.
We assume random hopping in the lattice and we assume
that self-averaging restores space translational invariance. In
our description, the bilocal auxiliary fields G,(t;, 7o) and
3, (11, T2), in imaginary time [11,13], acquire a slowly vary-
ing phase ¢,(7). Here the subscript x denotes the space
coordinate and the wave vector p = ka (a is the lattice pa-
rameter) is used as a quantum number in the continuum

space limit. G, (71, 7o) = G,(112, T+) acts as an order param-
eter which characterizes the SYK phase in the scaling to
strong interaction J — 0o, N — oo with finite 8.7 /N ratio.
Here 1, is the relative time coordinate, which takes care
of the “intradot” dynamics, while 7, is the center of mass
coordinate of the “slow” interdot dynamics. The first task
(Sec. III) is to study the correlations of the pGm’s, when min-
imal coupling to the compact dynamical U (1) gauge boson
¢x(14) is established. Figure 3 displays a “dressed” cor-
relator, (§G,(T12, T4)8G (134, 0)) = (8G (07, 74)8G*%(0, 0))
compared with a zero order, “naked” one, continued to real
time and in the limit k& < 1. The naked correlation can
be derived with a real time approach in Appendix C. Both
correlators decay with real time, but the dressed one decays
by far faster. This confirms that the extended SYK model at
hand describes incoherent dynamics. However, Fig. 3 proves
that, as long as the gauge boson lacks its own dynamics,
correlations cannot be said to be diffusive over the lattice.
Actually, diffusivity on a temperature dependent (and scaling-
dependent) space distance @,(7"), much larger than the lattice
parameter, is expected. In fact, the presence of impurities,
low dimensionality, strong interaction, and disorder usually
makes the collective excitations diffusive at low frequencies
and small momentum [20]. The pGm fermionic excitations of
the SYK dots generate fluctuations of the chemical potential in
the lattice (0 ¢, (7+)d:¢,(0)), driven by quasiparticle hopping
between lattice sites, parametrized by the matrix element #,
and produce the bosonic Q excitations.

Our aim is twofold. On one hand we want to characterize
the quantum diffusion of the Q excitations in the lattice [11].
On the other hand we want to study the response D?(p, ,,) of
these modes to interdot tunneling, a Jy — Jp response, where
Jo is an energy flux density which is somehow canonical
conjugate to d-¢,(74). The latter plays the role of a space
dependent chemical potential across the lattice [32].

The probability of quantum diffusion, involving retarded
and advanced Green’s function in real time, GX and G*, re-
spectively, is written in the form:

P(r,7; Q) x /da) GR(r, r;0)GA(r, r;0 — ), (1)

where overline denotes disorder average. On the other hand
the retarded density response function ng J, involves the re-

tarded G and the Keldysh GX Green’s function. Our approach
will be in imaginary time, but correct time ordering is crucial
to guarantee a correct analytical continuation to real times.
A relevant quantity typical of the diffusion processes is its
Fourier transform in time, denoted as the heat kernel [33],
which is defined as the probability z(¢) to return to the origin,
integrated over the point of departure. In Sec. V we derive a
form of it, z(¢) ~ eDot VZ, after the Q excitations have been
integrated out [Eq. (36)] and we determine how the diffusion
parameter Dy depends on the scaling to strong interaction.

In dealing with the “bad” metal at finite temperature 7T,
we concentrate on two temperature scales involved in the
extended SYK model, Ty and Teon. At T < Toop ~ tg/Nj ,
transport in the lattice is assumed to acquire coherence.
This crossover is out of reach in the present work. We ex-
pect that the Q excitations merge into the particle-hole (p-h)
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continuum of the low energy MFL. A derivation of the Landau
damped acoustic plasmon embedded in the p-h continuum
is reported in Appendix E. At T 2 Ty, thermalization in the
system is very effective and diffusion is incoherent. pGm’s
are the intradot excitations which drive the incoherence. This
is a feature of the SYK model and is attained in the present
extended version of the model. The relaxation time is ~%f
[34]. At later times the system evolves toward the scrambled
phase and the chaotic dynamics as the analysis of the out-of-
time ordered correlator (OTOC) shows. The fate of the chaotic
single dot regime in the extended model deserves specific
concern [21,28,35,36] beyond the present paper.

Usual hydrodynamical approaches to the response function
DR do not involve the role of the pGm’s at energies ~kgTy.
This is highly questionable, because the diffusion constant Dy
is strongly renormalized by the inverse of four point function
of the SYK dots, 7~'. Indeed the first UV correction plays
the role of keeping the pGm propagator F finite. A brief
presentation of this approximation to DR, which does not
go beyond the conformal limit [13] and uses the real time
Keldysh contour, is reported in Appendix C. By contrast, our
approach is quite simple and even naive, but it aims to stress
the parameter renormalization in the scaling process. In fact,
the separation in energy of Ty and Tion allows us to perform
a kind of adiabatic factorization, between the “fast” intradot
pGm’s and the “slow” interdot Q fluctuations. We discuss the
UV local space-time correction and show how it influences
the time correlation of the Q excitations.

Physically, we concentrate in distinguishing the two
regimes T < Tp. The T 2 T regime, being characterized by
strong thermalization, is governed by the order parameter of
the SYK model which, in the UV corrected form, is described
by a complex field ¢ in Sec. IV. The Q excitations, arising
from the minimal coupling with the gauge mode, are inter-
preted as energy excitations induced by the fluctuations of
the chemical potential. Energy density N and energy flux
density N ~ J, are the physical dynamical variables [12].
The corresponding parameters which rule the response are
thermal capacitance Cy and the thermal conductivity «.

The structure of the paper is as follows. In Sec. II the
extended SYK model is presented. In the conformal symmetry
limit of our approach, the SYK clusters acquire a hopping
dependent self energy of the kind ~t§ G.G,., where G (11, 7o)
is the fermionic propagator of the SYK model [13]. A term of
this kind is suggested by a simple derivation of the hopping
between two neighboring SYK sites. The local correlations
arising from the kinetic term are obtained by gaussian integra-
tion of the dg, fluctuations in the presence of a source term,
the chemical potential 9, ¢, (7). They are derived in Sec. III.
In Sec. IV we clarify that the proper dynamics of the chemical
potential fluctuations should be added to account for the UV
corrections which, by giving mass to the pGm’s, make the
partition functional convergent. This implies a renormaliza-
tion of the correlations provided by the pGm propagator F,
in which the first UV correction is included. To this end we
introduce a complex local order parameter ¢ (x, t), which is
promoted to a bosonic coherent field in Sec. IV, by means
of a more conventional model for the Q excitations. The in-
clusion of the dynamics via the local action S,[d,¢(x, T)] of
Egs. (28) and (29) implies that the short range, exponentially

decaying dependence on real time 7, of the correlators turns
into a diffusive dynamics for T 2 Ty, the energy window
in which our approximations are justified (Sec. V A). Sec-
tion V B discusses qualitatively how the transport parameters
evolve with scaling in the incoherent and coherent energy
ranges. They can be used to qualify the diffusion parameter
Dy by means of the Einstein relation. In Sec. VI we show how
a coherent low energy FL, when perturbed by a higher energy
SYK-type environment, becomes marginal. A conventional
Eliashberg [37,38] approach to the gap equation is presented
in Sec. VI, where the Q excitations constitute a bosonic virtual
pairing mechanism but with diffusive dynamics. The self-
consistent equation for the non-BCS critical temperature 7
is derived. Additional remarks and a summary are reported in
the conclusions (Sec. VII). The Appendices give details of the
derivations.

II. THE EXTENDED SYK MODEL

Let the Hamiltonian for the extended model be Ho + Hg.
Hy is the sum of the neutral fermion Hamiltonians of uncou-
pled 0+ 1 —d SYK dots, H,, in a two-dimensional lattice
with intradot random interaction, labeled by the lattice site
a, and Hg adds the kinetic energy of electrons with interdot
random hopping between neighboring dots. Hg [given by
Eq. (6)] is derived in this section. The Hamiltonian H, for
the uncoupled 0 4+ 1 — d SYK dots is:

HO - ZHa - % Z Z jaklmnXa,an,lXa,mXa,nv (2)

a klmn

where x,; are Majorana fermion operators on site a (klmn €
1,..,N).

Electronic quasiparticles hop from site a to a neighboring
site b. cj ¢j(j =a,b) are the complex fermionic spinless
operators for the electrons, which can be represented in terms
of two flavors of the neutral fermions on the same site:

O+ i) &= =0 — i) )
= —7=Wp1 +1Xp2)s ¢ = —=(Xp1 — 1 Xp2)-
V2 "2

The kinetic term describing the hopping can be written as
hx =19 cha + H.c., where 1, is a constant hopping energy.
The time dependence of the operator c;, in the interaction
picture is:
0 ;
__CZ — ef(Hb+Hu)[be’ Hol e~ THyHHL) 4)
ot
The commutator with the Hamiltonian can be performed
by applying the commutation relations for neutral fermions:
XakXal + XaiXak = 81k and Xa kX1 + X1 Xak = 0 for a #
b, exploiting the antisymmetry of Jpi, in the permutation of
the k/mn indices. From Eq. (4) we get:
a . 1 1 4
f : f
—c(t1)=i— —=J, T )¢, (7). 5
Py »(T) 3 Z 5 Ip12mXe. (D) xom(T) € (7). (5)
Im
¢} commutes with H}, so that it can be added afterwards. The
hermitian conjugate term cha gives the same result with b —
a,i — —I.
This allows us to identify the hopping Hamiltonian term in
the interaction representation, from the evolution operator in
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a single hopping process, U (t, 0), to lowest order:

1 1
Hi(r) =i 353 S (Oxjm(D) + He (6)

Im,j

Here J;121, is random interdot hopping for hopping onto site
Jj- Equation (6) shows that, starting from the neutral fermions
of the SYK model, a symmetric description of conserving
and nonconserving charge processes is provided. This feature

J

sets charge (and spin) dynamics free with respect to energy
dynamics, which is the premise for NFL behavior.

The disorder average of the standard SYK model includes
here the gaussian average of Jjjo;,. The next step is the
integration over the Majorana fields x;,;(r), with the help
of Hubbard-Stratonovich fields which become complex due
to an additional U (1) minimal coupling. The final result is
the action in terms of the complex bilocal auxiliary fields
G,(t1, ) and X,(7q, 12), with a phase ¢, introduced in the
next section [13]:

L. J? 12
== Z [_ In Det[d, — Ex]—i—/dr dt’{—ZIGx(r, O +3.(r, )G, ) — 1% Y G, TG, r’)H. @)

The last term of the action is the interdot kinetic term. The ex-
pansion up to quadratic terms of this action in §X,, §G,, 0;¢y
is discussed in Sec. III and in Appendix A. The single dot
0 — 1 —d SYK action can be recovered by dropping § X, the
last term and the sum over sites. The auxiliary fields are now
real and the Det has to be substituted with a Pfaffian. In this
case the IR limit corresponds to the dropping of 9; in the
Pfaffian. On the contrary, d; plays an important role in the
extended model.

III. KINETIC CORRELATIONS OF THE
EXTENDED SYK MODEL

The single particle Green’s function of the SYK model,
in the conformal symmetry limit, is local in space (i.e.,
wave-vector independent) and, assuming particle-hole (p-h)
symmetry and low temperature, it is given by:

sign(w,)
VIV o,

where w, are fermionic frequencies. Our aim is to include
correlations between sites of the lattice, here denoted by
the subscript x. The Green function and the self-energy be-
come complex fields, Gy(¥, ¥2), Z(P, ¥2). They include
space dependent fluctuations of the modulus and of the phase,
close to the saddle point G.(%12), X.(P2):

G.(iw,) =i (8)

G(V1, 92) = [G.(912) + 8G(x, D12, 9] & ), .
(01, 92) = [Zc(012) + 8B (x, 912, 91)] 40+,

where 1, = ¥ — ¥ and ¥ = (V7 + 9»)/2. We have moved
to the center of mass time coordinate ¥, and the relative time
coordinate ¥}, of the incoming particles and of the outgo-
ing ones. Here ¢ = 2w t/f is a dimensionless time and the
Green’s functions and self energy are also dimensionless, ev-
erywhere, except when explicitly stated. Nevertheless we will
most of the time denote the dimensionless time as t, unless
differently specified. To spell out the structure of the kinetic
term, we calculate the correlator of the §G fluctuations be-
tween neighboring sites and Fourier transform it with respect
to space. Ignoring the relevant role of the pGm’s, we neglect,
in the IR limit, the local correction §G(x, T — To, T4.) € (™)
appearing in Eq. (9) and we consider just nearest neighbor

x'enn

(
x, x’ terms in a lattice of spacing a. We get:
8Ge (112, T4)8G) (T34, T,)
= [Gi(11, 12) Gy (13, 1) — Ge(T1 — 1) Ge(13 — )]
~ L Ge(tp) (e7 @V =Bl _ 1) G (134), + coc.,

where we have qualified the lowest order, originating from
the conformal Green’s functions, with the label c¢. Only the
quadratic terms of the exponential are included in the ex-
pansion, to account for the additional complex conjugate
contribution, giving

~ =5 Ge(112)@ - Vilge(ty) — 9 (t)] Ge(t34).  (10)
We now approximate (A9) [¢.(14)— gpx(r;)] ~ (14 —
7} )9:¢x(74) and define
@- V)G (t2)(ts — 4)2GelTsa)@- Vo).
(1)

Owing to the self-averaging established for the SYK model
at large N, translational invariance allows space Fourier trans-
form:

-1 -1 _1
RCAR. =3

1
NFTP[SGC,X(T127 7:Jr)CSGc,)c’(":34v 'L'_?_)]

82 1
- — (3,0, /R AR D
500y (t2) 50y N e Or IR AR e )

12)

(FT, denotes Fourier Transform with respect to the space
coordinate of lattice spacing @, with p = ka).

We now express Eq. (12) in the frequency space. The
matrix elements of the kernel are labeled by m, m’, € indices.
m, m’ indices refer to the intradot fluctuations §g which are
fermionic in the origin, while £ labels bosonic frequencies €2,
corresponding to the spectrum of the Q fluctuations. We get

1
]V FT[SGc,x(IIZv ‘C+)8Gc,x’(‘534a O)]|k9£0

2
ﬂt 5 . — ¢ X .

0 k2a2 2 : 2 etQ@u (RTI A CRT]) ,e’ OmT12 ol Op T34
N c c m,m

L mm

13)
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Restricting ourselves to the IR limit, we plot in Fig. 2 the time
Fourier transform, keeping just the dependence on the relative
coordinate Ty — 134 mod. 21w (w,y = —w,,),

FTk[SGc,x(Tv ‘C+) SGC,X’(Oa O)]

~ 20l B

22

where Eq. (8) has been used. It is denoted as
(8G.(1,0M)8G.(0, 0)); in Fig. 2. This quantity, together with

J

eiQ@u 1

iwmr7 14
@2 mem+) ¢ (14

1 2 s p— s p—
Z[0:9,(t4)] :f(mgt ) ([T8ge,y .z, ) € FLOK —1881) = B0l R0 gylbel) o 5 5 17111 R0yl Acl =i R0y,
12, T4+ ’

the dressed correlator of Eq. (35) (blue curves), is plotted for
7, — 0F. The prefactors k*a* B2 /(27 J ) have been dropped
in the plots. The real part of the continuation of Eq. (14) to
real time 7, when T — 07, Re(8G. (07, £,)8G.(0, 0))y, is
plotted in Fig. 3. Note the difference in the scale of decay
between this correlation derived from the naked kinetic term
and the one of Eq. (35), including UV corrections, which we
are going to discuss in detail in the next section.

Integrating out the §X fluctuations [see (A10)], the func-
tional integral in terms of the fluctuations 6g(7y2, 74 ) is

s)

K (01, D2, 03, 04) = Re(D1, 92)Ge (D1, 93)Gc (D4, 92)Rc (93, U4)

= (BIV (@ = DIG(®1. 2|7 Ge(B1. 93)Ge (s, 9)|Ge(D5, 9)|'7

RI'AR," = FT,[8G, (112, 1) 8G . (T12, T4)].

The forks (...) in Eq. (15) include integration over i,
and 7. Here g(t1, o) = R. (71, 1) G(11, 12) and R.(11, Tp) =
BINB)|G.(11, 1) (with ¢ = 4 in the usual notation). Inte-
grating out 8¢y, -, , 0g7,, . , the generating functional of the
8¢ fluctuations reads:

2
Z[0,9,(r)] = & FTOGIFRPRIARDIi0) (17

where
(18)

F(t, 0,13, 1) =RV K1 — K] 'R
Arg <6G¢ (10")6G,(0,0)>«
\

VR
SR
AR

~N

[SYH

X

b\

Arg <6G(t, 0%) 6G(0,0)>«
)

|
N

-

Abs<6G; (10")6G,(0,0)>

Abs <6G(1,0") 6G(0,0)>
)

00 02 04 0.6 0.8 1
T [21

FIG. 2. The modulus and the phase of {§G(z,07)8G(0, 0)),
(blue curves), obtained in Eq. (35), by averaging with the density ma-
trix of Eq. (32), are plotted vs the dimensionless intradot imaginary
time tj; — T34 = T, in comparison with the naked one from Eq. (14)
(orange curves). The prefactor k*a* Bt3/(2m J ), which contains the
k dependence, has been dropped in the plots.

(16)

(

is the four point function of the 0 + 1 —d SYK model. In-
tegration over intermediate times is intended. Here [39] F is
O(1), with the meaning of (9([%]0). As R;lAcRc’l x G.G,
is O(N/BJ), it appears from Eq. (17) that we can define a
physical parameter Btg /N7 of O(1) to guarantee that the hop-
ping across the lattice is not irrelevant in the scaling. It turns

1.5}
35—
30 s
% b 1=0.2
A25 R 05
< = i L
S S e “__ Re<6Gq (1, t,)6Gc (0,005
220 | x10 g on‘\im\,
~ & < S X 10
s B r=0159 /4).15
by ,
= .
o -05 -~
< 1.0 [ e g ) -y
X 000 0.02 004 006 008 0.10
=1 t,
g k
Re<6G, (0,1, )6G, (0,0)>
0.0 :

00 02 04 06 08 1.0
t

FIG. 3. The real part of the analytic continuation to real
time of the correlator, Re(8G(0T,7,)8G(0,0));, given by
Eq. (34) (blue curves), compared with the naked correlator
Ne(6G.(t,1,:)8G.(0,0)), from Eq. (14) (orange curves), are plotted
vs the dimensionless interdot time 7, . While the intradot time 7, —
734 = T = 0" appears in the main panel, the curves for T = 0.15,
0.159,0.165, 0.2 are plotted in the inset in an expanded scale. The
oscillations of Re(8G(z, 11)8G(0, 0)), in T follow those appearing
in Fig. 2, while the naked correlator (§G.(t,t;)8G.(0,0)); has
negligible dependence on 7. The prefactor k*a* B3 /(2 J), which
contains the k dependence, has been dropped in the plots.
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out, however, that both F and f,i become of O(%) when
the UV correction is included, which is crucially important
to give sense to the functional integration of Eq. (15), as we
explain here below.

Actually, the functional integral of Eq. (15) includes
a divergent contribution due to the Goldstone modes g,
corresponding to eigenvalues of K. — 1, which has to be
regularized resorting to the first UV correction (8g|K ! —
116g) ~ BJ. The Faddeev Popov regularization provides an
integration performed in the orthogonal space with respect to
the pGm, while the smallest eigenvalue of the kernel 1 — K,
is approximated with its UV correction, given by 1 — k.(h =
2,n)~ §—§|n| + ... (ag &~ 3 is a constant) [8]. It follows that
the large but finite contribution to F in Eq. (18) with this UV
correction is not O(1) as stated here above, but O(%) and

the same has to occur for % We will discuss this point in the
next section. The temperature threshold for coherence defined
here, Teoh = 1\%’ is recurrent in the next.

If we ignore this matter for the time being, the gen-
erating functional of Eq. (17) provides the correlator
]lVFT[(ng(rlz, 71)88y (T34, 0)]|k0 in imaginary time, inclu-
sive of the hopping in the lattice:

8 1
531<Pp(1'+) 8ar(pp(f./t,_) N

> In Z[0:y (14)]
,,/

1 1 2 —1 -1
o<§ 1+ NP R AR F | F. (19)
This result adds to the naked correlator F the contribution
coming from Eq. (13), so that the two dynamics are just added
together in this approximation. However, one can envisage the
present one as the lowest order of a ladder resummation which
will appear more clearly in the next section. The operator

J

G.G.F~ appearing in the kernel of Eq. (19) is the inverse
matrix of [8]

_ 60[0,3j el i—ys)
FIGGe) ™ = 72 Z an(fu)fn(fﬂ)v

o
K |n|>2,even

(20)

where y;; = (t; + 7;)/2 in units of /f/2m. The basis func-
tions f,(t12) are defined in Appendix B, together with the
spectral representation of the kernel KC’1 [1 — K.], as well as
with their Fourier transform.

IV. DRESSED CORRELATOR OF pGm MODES

The derivation of the previous section has assumed that
@(t4) is given as an external source. However, continua-
tion to real time requires that ¢,(7,) acquires a dynamics.
Meanwhile, the symmetry breaking induced by the UV pertur-
bation source ~d;, couples to Gg. Gyg is derived from a time
reparametrization under the diffeomorphism e — ¢/ <) of
the conformal Green’s function (A = i):

Gir(D1, 12) = Ge@x(91), 9 (92) ), (91) 0L (32)",  (21)

where ¥ = 27t/8 and ¢’ = 0y ¢.

The leading correction to the conformal action arising from
this reparametrization (apart for a shift of the ground state
energy) is the Schwarzian [6]:
focar 1 / dy [ 1 (¢ - ((p/)z}

Z[,0] = —2
N 20e¥] TEsE | x| 2 2

(22)

Here ag is a constant [8] and ¢ = 1/8.7 . Hence, the full action
in place of the one appearing in Eq. (17) reads:

1 N _ 0 2pin o .
lip =2 {Ilocala[arwp] iy / drip(—i 3r<ﬂp|(]:+ J%PZRC 'ACR; 1>| —t 3r%>}~ 23)

p

Now the field 9;¢, has its own dynamics and could be
integrated out, possibly after adding a source term to get
a generating functional of (d@dg) correlators. However, the
action of Eq. (23) is essentially a “phase only” model for
hopping of 0.¢, across the lattice. This is so, because we
have neglected §G(x, 112, 74) appearing in Eq. (9). So as
it stands, Ilocalé[afgo,,] ~ O(N/BJ), while the other term is
O(1). Hence, the local action Ilocalé[aﬂp,,] is irrelevant in
the BJ — oo limit and the phase lacks its own dynamics.
Writing down a partition function for the order parameter
given by Eq. (9), with inclusion of its modulus, gives the

J

(

chance of extracting correlation functions which include the
UV correction and can be extended to real time. Let us de-
note the complex order parameter in two space dimension
d(x, T12, T) = +/po + 0p €, for each degree of freedom.
The functional integral, with 7 of the dimension time in the
following, reads:

/Dv’?(x, Ti2. T4 )" D (x, Tip, T4) €197, (24)

The action leading to the one of Eq. (23) can involve also
space derivatives:

p B
S = —fdfl2/d2x/df l[_vzaxar¢*3xar¢+(¢*8t¢ _ ¢at¢*)_ 1 l|¢|4} (25)
: 2mage 2

[an expression for the velocity v appearing here, derived from
a Hamiltonian approach, is presented in Eq. (40) of the next

(

section and in Appendix D]. In fact, expanding to quadratic
order in 6 and §p, we get (we imply [ Fa 712 in the notation in
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what follows)

B
—/dzx/ drz[—pouz(axare)z

1
58p } (26)

2i8p 9.6 —
Rl v

Integrating out the fast field § o in the functional integral,
/ Dsp el [P drlisp 90—k 1%
— pmase [dx [Pde %(319)2’ 27

we obtain
B v? 1
—/dzx/ dr[—poj(axa,e)z+mse§(ar9)2}, (28)

which can be identified with % 1[3.¢] of Eq. (22) pro-
vided we also introduce space nonlocality there, by trading
Ge (TIZ)U dyx, which appears in Eq. (28), for 9;. Identification
requires that

7'[0658

po = l¢ol* = IG(T12)1?,

0:0 = 0.9 (29)
(an extra factor N pops up from the number of flavors in the
first equality). Introducing R, = |G, (r12)| as in Eq. (16) and
substituting —i d; ¢, — e ~it «¢pR', the functional integral
becomes

/D¢(x, T2, L) D (x, T2, T4) € 1479

« o~ T Z,,<¢>pR;'|af<f+§p2R;‘AcR;‘>ai|¢,,R;‘>’ (30)
where § is given by Eq. (25). It is useful to redefine the
é = ¢ R-! in the functional integral. In the change of the
integration field, the action S[¢*, ¢] — S[¢*, ¢] acquires a
factor (G.(t12))?, except for the |¢|* term which acquires
the fourth power. Note, however, that in the UV domain is

712 ~ J 71, so that, with [8] b= = /4n 7,

b2
(Ge(t12))? = — ~ O(1). (31
|T12]

Hence, the last term of the full action from Eq. (30) is O(BJ)
in the large BJ limit, while the first contribution to the full
action, given by 8, is O(1). Actually the |¢|* term in S is also
O(BJ), but we stick to zero order in the anharmonic func-
tional integration. The evolution of Eq. (30) is characterized
by an interplay between the dynamics of the intradot fluc-
tuations and the dynamics of the interdot d,¢, fluctuations,
which is mostly represented by the action S. If § is dropped
altogether, because it becomes irrelevant in the scaling, the
gaussian integration of Eq. (30) can be easily performed,
giving rise to a density matrix ps, of the intradot fluctuations at
each given time t;. When Fourier transformed with respect to
the intradot times 7|3, T34, stripping off the unperturbed evo-
lution F, the result of the functional integration of Eq. (30), in
the absence of § is (again, y; j are center-of-mass times in units

of if/2m and here T = 1, = yj, — y34 in unit of 18/27):
Psg(V12 = Y345 Py

wl{w 5Py (RTAR|F ]A—‘)ai}
N N 2 -
@2
We define
B () = [0[RTAKE ], (33)

which will be used in the following. The correlation func-
tion (FT[8G(t12, T4+)8Gy (T34, 0)])[r20, corresponding to
Eq. (13) but including the ladder resummation, is obtained by
tracing on the density matrix of Eq. (32), after the p = 0 term
has been subtracted. To lowest order, we get:

(FT[8Gx(0", 74)8G (0, 0)])lx20

XY Ge(@n) psg(t; Khmm Gelww).  (34)

mm’

where G.(wy,) is given by Eq. (8). When ka < 1, the con-
tribution of the ladder can be dropped and the unnormalized
correlator (8G(t12, 74)8G(T34, 0)) 20 reads:

(6G(t12, T4)8G (T34, 0))i20
= FTiz0([8Gx(t12, T4 )3Gr (34, 0)])

_ 1 tg 2520 A Y i Wy (T12—T34)

=3 Z S K@ GBGem 4 . (39)
Only the dependence on the relative coordinate 7, —
134 mod. 2w has been retained.

In Fig. 2, the correlator (§G(z, 07)8G(0, 0)); from Eq. (35)
is plotted and compared with the naked (§G.6G, ) correlator
given by Eq. (14). The main panel of Fig. 2 displays the
modulus while the phase appears in the inset of Fig. 2. The
prefactor k>a? ﬂtg /(2w J) has been dropped.

The correlator (§G(t, 07)8G(0, 0)); has been calculated
as reported in Appendix B, using the Fourier transform of
Eq. (20), with the inclusion of F~! in the evolution. We had
to truncate the sum over the (even) indices n up to n = 12,
and consequently the sum over internal (odd) indices just
includes up to m, m’ = 5. Its modulus and phase, compared
to those of the corresponding naked (6G.8G.); correlator,
are plotted in Fig. 2. The modulus of the naked correlator is
exponentially decaying at the intradot time v ~ 0, mod[2r],
while the dressed one is power law, highlighting the criticality
of the phase, when the UV correction is included. The Fourier
transform of the sawtooth phase oscillations of (§G5G); (blue
curves) appearing in Fig. 2 is not simply «1/i w,,, revealing
the “fast” intradot time scale induced by the UV correction,
with respect to the phase of the naked correlator. They could
have acquired further structure, if larger n, m values had been
retained.

The real part of the analytic continuation to real times of
the center of mass coordinate 7z, in (§G(0", 7,)8G(0, 0)) is
plotted in the main panel of Fig. 3 and compared to the corre-
sponding naked correlation of Eq. (14). The same correlators,
but keeping the dependence on the relative imaginary time
coordinate T, — 134, mod[2m] as in Eq. (35), are plotted for
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various values of T = 7y, — 134 in the inset panel. The de-
pendence on t is oscillating and we have chosen values for t
within a single oscillation. The prefactor k2@ Bt3 /(27 J ) has
been dropped again. The (§G(0™, 7, )8G(0, 0));’s appearing
in Fig. 3 are scaled by x 10 with respect to the correlators
arising from the naked kinetic term of Eq. (14). The ¢, de-
pendence in the presence of UV corrections appears very
localized and highly variable with the intradot time, as com-
pared with the naked one. The UV corrections squeeze the
interdot correlations in time, increasing their “local” nature.
This drastic drop in time of the correlations cannot guarantee
quantum diffusion on an extended space scale, much larger
than the lattice spacing, and we have to resort to a better
approximation which retains the dynamics entailed by the
action S, which was lost in this result.

Besides, the strong dependence of the dressed correlations
on the intradot imaginary time, with a relatively stable interdot
real time dependence, confirms that the UV correction intro-
duces a sizable time scale separation between the intradot and
interdot correlations. This is the basis of the factorization of
the two dynamics, which we use to approximate the quantum
diffusion discussed in the next section.

V. QUANTUM DIFFUSION

In this section, we attempt a better approximation for
evaluating the partition function of Eq. (30) to investigate
the quantum diffusion of the Q excitations across the lattice,
induced by the intradot pGm’s. We want to extract a diffusion
coefficient Dy out of the scaling flow to be related to the
thermal conductance x of the “electronic” carriers and to
the thermal “electronic” capacitance C in the lattice. In turn,
they are connected to a relaxation time 7 and to the inverse
lifetime of the Q excitations I".

A. Partition function of the Q excitations

In Sec. IV we have shown that, to improve the ¢, depen-
dence of the correlator Ne(5G(t, 1, )8G(0, 0)); of Eq. (34),
the UV local time corrections should be included more
carefully. In fact, the result of the previous section is un-
satisfactory, because, in the flowing to the fixed point of
the partition function of Eq. (30), we had to drop the order
parameter dynamics entailed by the action § of Eq. (25). A
semiclassical approach to the diffusion process can be still
envisaged, however, in the results of the previous section.
When the trace over the intradot frequencies is performed,
the density matrix of Eq. (32), appropriately continued to real
time, pso(Vi2 — Y343 K)oy — P(r, ', 1), takes the form of a
heat kernel z(¢), typical of a diffusion process [33], defined as
the probability to return to the origin, integrated over the point
of departure. From Eq. (32), in the ka < 1 limit, we have:

2
Py p?

1 A
aty) = fA [F - Pl 1) dPr o ; ;,ﬁsmm,

(36)

where we have restored the free intradot evolution.

Now that we know what the drawback is, we reconsider
the UV correction to the action given by Eq. (22). Its vari-
ation with respect to ¢’ gives a simple equation of motion

82¢' = —¢'. When derived from the action of Eq. (28), this
motion equation is rewritten in the form of lattice space
oscillations. In the following we quantize these space ex-
tended excitations by means of a phenomenological 2 — d
Lagrangian with canonical conjugate variables, introduced in
Appendix B:

(kC\Y G
o= (<€) YTe gy Lvr. a7
T ) kg «CT) T

Here Jj is the thermal energy current density. The correspond-
ing Lagrangian is

1 ke (JoTo\> = h g
£——/d2x ko (JoTo) | 1 (Kgp

2 T kg kC \T

1 hkg .

=_ | d’x|— 6> +T (VO)’|. 38

5 f x [K C (Vo) (38)
The terms in the square brackets have dimension &£/¢2 (€ =
energy, £ = length). This Lagrangian is of course conserv-
ing, but we have introduced the relaxation time 7y, so that
we can reproduce a diffusive motion equation of the form
Jo = —« VT, if we approximate the time derivative of the
energy current fluctuations Jp ~ Jo/7p.

Here x = Ca“ze is the thermal conductivity in 2 — d, where

£ and v are typ{cal mean free path and velocity, respectively,
while szZ ~ DQTQ is the area over which the thermal capaci-
tance C is defined and will be introduced here below.

We quantize the corresponding Hamiltonian, in terms of
the creation and destruction bosonic operators a,t, ag:

12 o
mp=—iT —(ZQk)W'k' (ax —a),
2Q 1/2
g = 7122 T (@ +a'))
|k|
k CT 72
Q=ad| —— k| = v k|, 39
ka[th:|||U|| (39
H(? = ZQ" aZak—i—cnst. 40)

k

2 is the linear dispersion law of these modes with velocity
v defined in Eq. (39). From the damped fluctuations of these
modes, the response function DP(w) is derived in Eq. (D12),
within this Lagrangian approach. On the contrary, here in the
following, we aim to derive the quantum diffusion probability,
stressing the interplay between intradot 8g, modes and the
kinetics of the Q fluctuations in the lattice.

From Eq. (30), we recognize the coupling Hamiltonian A 5o
which, in the interaction representation of I-?éj , takes the form:

~2 2
Hp(r) = —— Zf%zé(wazﬂ(waku). (41)
k

magNe
ST b0

# 5(t4+) of Eq. (41) represents an “effective interaction Hamil-
tonian” for energies in the incoherent phase. We remind that
B(1), defined in Eq. (33), is NO(%) and that the hat denotes

the m x m’ matrix structure. As %(} ~ (’)(%), the additional
factor (ma;Ne)~! in Eq. (41) makes [39] Hj of O(E) and

allows us to define a scaled length &, ~ a (ra,Ne)™"/? > a,
which is the length scale for diffusion in the lattice.
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The partition function of Eq. (30), represented in the
bosonic coherent field ¢ = ¢R;l’ can be expressed as

Tr e P {try (e P T, [ 0 @ drodn )} (42)
and the full quantum dynamics is included (we drop the tilde
on ¢ henceforth). Here tr, denotes the trace of a time ordered
functional integral (T, is time ordering in 7), while we
keep the symbol Tr for the trace of the m x m matrices.
Hp(¢*, ¢, T4 is the matrix element derived from Eq. (41) in
the coherent basis representation. In performing the trace, we
assume 7—2[)(4)*, ¢,, T) to be diagonal in the p label.

As we are dropping the |¢|* term appearing in the original
action S of Eq. (30), our toy model involves noninteracting
bosonic fields only. The partition function can be written down
straightforwardly by slicing the trace tr; into 1% time slices (M
integer) [40]:

Z = lim Tr{eﬁHSYK

M—o0

2
2_a* Pqg

% H[l — {e%k TasNe N B(}j)}M]"}, (43)
k

In Eq. (43) the dynamics of the intradot fluctuations §g,, and
their interdot extension to the lattice are fully entangled. In
view of some simplification, we limit ourselves to the regime
in which the inverse timescale of the Q fluctuations in the
lattice, 7! = —i ’TQ_I, is much smaller than the typical fre-
quency scale of the intradot evolution (which includes the
dominant term of the UV corrections). In this regime we
factorize the (A%) slices of the intradot propagator geieﬂed
by HSy which is F, while B includes the kernel GG, JF~!
of the Q fluctuations. The factorization amounts to a kind
of “noninteracting blip approximation” [41,42] and can be
justified as long as the thermalization is very effective.

With this approximation, the functional integration of the
partition function of Eq. (43) can be cast in the form:

M 71
A}ggo]:[n{ﬁ(ﬁ)[l—(l—%kﬂom)) ] } (44)

where A%kBTO f?(k) is a linearized m x m matrix, for a small

increment % of 7, arising from the correspondence
=2 2
—kzﬁ’% B(g) > Lt fao

The subscript T is to remind that the factorization of the
traces is only justified in a limited temperature range in which
the separation of the time scales holds. We have extracted a
temperature scale 7y from the left hand side of (9(%) and
introduced the function f? of O(1).

(45)

=l

600} |
500 |
a00; |
300} \

"\ AL

0.92

e
0.96 098 1.00

0.90 0.94 To/T
FIG. 4. Plot of the approximate lowest M value which fulfills the
unitarity condition of the partition function in Eq. (46), up to 1075,

vs. Ty/T values, for ka = 1.

As we are on a closed time contour [43], the partition
function should be unity. The intradot propagation should be
periodic in 7., as well: Tr{]:'(ﬂ)} = 1. As both ﬁ(ﬂ) and
f} in Eq. (44) are m x m matrix of rank 7,,, the limit of the
trace is costly from the numerical point of view. It can be
done straightforwardly if we trade 1/7,, for the stripping of
F (B) off the trace. Once this is done, we have checked what
is the minimal M value, M, which fulfills unitarity, at a given
approximation order:

1 1
Zy (k) = —Tr — ¢ ~ 1.
M( ) Fon i B ; (e_%%f?)M

(46)

In Fig. 4, we plot an interpolated smoothed curve of the
(approximate) lowest M value, which satisfies Eq. (46), vs
To/T, for k*a? = 1. Precision is up to >10~. M is practically
constant, when % g 1, but it increases strongly when T takes
values T > Tp. The trend is only meaningful for 7p/T ~ 1,
because T' values larger than 7j require n > 12 in the spectral
representation of Eq. (20) and matrices m x m of rank 7 > 3,
i.e., higher than the ones used here. Figure 4 is the numeri-
cal proof that 7; represents the temperature above which the
thermalization is more efficient and our factorization between
evolutions breaks down. The threshold temperature scale Tj
introduced in Eq. (45) and the space scale a, defined after
Eq. (41) are discussed in subsection C.

B. (§GR3GA) diffusion probability
The generating functional to obtain the correlator
of the field ¢,(r) at different times y —y' (" =
27 r/M; r, s integers) can be derived from Eq. (42) by adding
a source term. Its r,s matrix element can be denoted as
Tr([o; + H[)]il)r,s:

| ) . ' . ﬂ r—s 1
A}E)noo Tr([at + HD] l)r’s ~ A}1—I>noo Tr |:F (M>:| 1-— (

T N = A
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1.
0.75
e 05
o To 005
o 025! uT
=,
;, 0.
E —025 To 501
MT
=05} RUIPPN
-0.75

0.2 0.6 1. 14

FIG. 5. Plot of the logarithm of the propagator appearing in
Ty 7
Eq. 48) for y" —y* =1 (i.e., M = 1), ln(Tr[e_WOTfT]‘), vs (kag)?,
T . . . .
for = = 0.005, 0.01, 0.03, displaying an approximately linear be-
havior as a function of (ka)?, for (ka)*> > 0.5.

to be compared with the correlators of Eq. (34) and Eq. (35)
(here the term k£ = 0 has not been subtracted yet).

According to Eq. (36), our aim is to define a scalar diffu-
sion coefficient DQ such that, when moving from euclidean
—iDg K*Ty

o
to real time, Tr[e’TQf?] —> e To accomplish this,

we have to check that Tr[e_%ff] provides an exponential
with a k% factor in the exponent, when the trace has been
performed. In Fig. 5, we plot, vs (ké,)?, the logarithm of the
last term of the propagator on the right hand side of Eq. (47)
fory" —y* =1,

In (Te[e~w/]"), (48)

for % = 0.005, 0.01, 0.03 and we see that it is a linear
function of (kéy)?, for (kdg)> > 0.5. The linear dependence
confirms that not only the single matrix element contributions
of Eq. (45) but also the logarithm of the trace appearing in
Eq. (48) has the linear dependence on (ké,)>. This linear
dependence on (ki) is the signature of the diffusivity of the
Q-excitation modes which sets in at larger values of (k).
The scale kd, > 1 characterizes the virtual Q fluctuations,
which we are investigating, by including the UV corrections.

To sum up, the steps of the logical inference starting from

Eq. (45) are
at Pt s .
e Popgl L P ikl
masNe N T=B/M M M

P E=1 Ty — .
o n (Tr[eé"rfr]M ) SRR SN Yy X/
MT M

As the left hand side is O(% ), the product DTy is O(%) as
well. In fact we will put Do T = a; = @*Ty/T . The diffusion
coefficient Dy and the relaxation time scale of the diffusion
process i Tp = T are discussed in subsection C.

Our simplified approach to the diffusive constant

Do provides an analytical approximate expression for
(8G(0™", t4.)8G(0, 0));. From the left hand side of the second

line of Eq. (47) we write:

’

effk y
(8G(0", )8G(0, 0)) |40 X ————=, (50)
1 — e 27 fx
with fk/ = BDok?/2 7. By Fourier transforming to Matsub-
ara Bose frequencies (n stands here for €2, /2 ) we obtain:

/27‘[ e*fk,)' einy _ 1— 67271 ?,(/+2nin 1
0 yl — e T fk/ —in 1—e 27
so that:

2 1
O( - = A .

B Dok? —i Q,
This result highlights the diffusive pole in the Fourier trans-
form of the Q-fluctuation correlator [11].

Identifications of the threshold temperature 7 and of
the space parameters ay, DQTQ, introduced as scales in the
previous derivation, require a modelization of the damped dy-
namics of the Q excitations, which we derive in subsection C.
While these parameters, in the course of the derivation, have
been recognized as marginal in a renormalization group sense,
as they are O(27) (in the limit 7, N — oo, J/N — cnst),
they should rest on phenomenological fundamental quantities,
like the thermal capacitance C per unit mass and the thermal
conductivity k. These quantities will be related to two param-
eters, i.e., the damping of the neutral Q excitations I" and their
propagation velocity v, given by Eq. (39) in our model. The
velocity v appears in the linear spectrum of the Q excitations
given by Eq. (40), while T is introduced as a broadening of
their spectral peak. Subsection C is devoted to the presentation
and discussion of these relations.

{(8G(0™, 7)8G(0, 0)) M0, (5D

C. Thermalized and coherent energy processes

In the previous sections we have shown how the pGm
within each SYK dot, dg,,, generate energy modes diffusing
in the lattice of the extended SYK model. The validity of
our approach, involving the partial factorization that we have
adopted in our traces, rests on different temporal dependence
scales of the center of mass times y" — y* on one side and
of the intradot fluctuations on the other. The “interdot” dy-
namical time scale is discussed phenomenologically in this
subsection.

The “interdot” time scale is the thermalization time 7,
introduced in Eq. (49). Ty, the threshold temperature scale for
thermalization 7y, and the space scale dg, are connected with
the velocity v, given by Eq. (39), and with the phenomeno-
logical damping I', which is the inverse lifetime of the QO
excitations. In turn, these quantities depend on the thermal
capacitance C per unit mass and the thermal conductivity «,
which are the phenomenological, experimentally measurable
quantities.

When adopting our rough approximations, we cannot
ignore that these parameters depend on temperature. In par-
ticular, the two sets of scales should be considered, (T¢on, 7o)
related to particle transport in the coherent phase and (7 -
(ﬁij), hiB) for a thermalized system in the incoherent phase,

when T 2 Ty > Teon. The parameters Teon, 7o, Tp and Ez% are
O(%). We will discuss the two regimes in this subsection. At
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finite 7 the small gap of the Q excitations can be disregarded.
We assume that both regimes have gapless and chargeless
bosonic excitation modes of energy $2; = hvlk|, given by
Eq. (39). Indeed, we exclude charging effects in transport. In
the incoherent regime the gaussian action of Eq. (28) involves
energy density NV o 3.6 fluctuations and energy flux density
N  Jp fluctuations [12], the Q excitations. In the coherent
phase, bosonic excitations are particle-hole excitations with
fluctuations of the particle number N, and first sound excita-
tions. In Appendix E we show that the sound mode survives
when the interaction with the SYK dots is turned on perturba-
tively, embedded in the p-h continuum. We attribute an inverse
lifetime I o T to these excitations.

We proceed with the incoherent regime first, at 7 ~ Tj.
The thermal conductivity, in the presence of a damping T', is
derived in Eq. (D14) from the Jo — Jg response:

AT 1\'"?

From one of the Einstein relations, the diffusivity DQ is related
to the thermal capacitance C and to the density py, according
to (p-h symmetry is assumed)

K
Cpo’
As the chemical potential p is assumed to vanish, the 2 — d
particle density pp involved in these excitations, given by
Eq. (29), is not well phenomenologically defined. We will
estimate it as py = I'2 / vZ, a choice that will turn out to be
consistent with our results of this subsection.

We proceed now by deriving an estimate of Tj. In this
case, energy diffusion is mainly due to heat transport in a
highly thermalizable environment and we use the first temper-
ature dependent correction to the energy of the SYK model
[8]: 8E = ¢/(2B8%) = CT in Eq. (52), where ¢ = 47%asN/J.
From Eq. (52), we get:

Do = (53

7 1\~
— k) (L) 54
Kk = kp (hB) p—g (54)
which, inserted in Eq. (53), with py = I'?/v? gives:
L BJT 1\ .,
Dy = — s 55
¢ (naSN 2) “ (55)

where Eq. (39) has been used. On the other hand, the last
inference in Eq. (49), together with Eq. (45), suggests that
?? o« k*a?, with Zz% ~ @*Ty/T . We conclude from Eq. (55) that
Do « T a2 and, as DyTy = @2, the relaxation time [34] Ty ~
I'~! ~ hB. Thermalization is better handled in euclidean time.
Putting 7o — 7p in 62% ~ DTy and using Eq. (55), we

conclude that
BT 1
kgTy ~2m h T - ). 56
Bl =n <N7roc52 (56)

This equation qualifies kzTj as a threshold energy for efficient
thermalization and confirms that Tj is CX%%) if just the
zero order for I' is retained. As we have assumed that I
T, both DQ of Eq. (55) and Ty of Eq. (56) are temperature

independent.

Our approximations, which involve some kind of adiabatic
factorization, do not allow us to discuss the coherent carrier
transport regime, T < Q, < Teon < Tp, except for a very
qualitative bird’s eye. Indeed, the convergence of the ‘nor-
malization’ of Eq. (46) in Fig. 4 is misleading, as one should
keep in mind that just the dominant UV contribution of F has
been retained and all the regular contributions (belonging to
the fluctuation domain orthogonal to the pGm’s) have been
neglected. These include low energy contributions and their
evolution cannot be factorized. Anyhow, back to Eq. (53)
for this case, an approximated expression for the specific
heat arising from the gapless modes of the model given by
Egs. (39) and (40) is given by Eq. (D15):

1 (ksT\*

Cv =kps—(——) 6¢3, (57
27 \ hv

where ¢[n] is the Riemann function. When the velocity v

is inserted in this expression, we get an equation for 1/C2,

which can be related to Eq. (52) to give:

il —. (58)

(/{)4 1 1_ 1 1_2_71 h K
(hDY22  CAT22 kg (kT)? 6¢[3]

Inserting this result in Eq. (53), with v given by Eq. (39) and
po = I'?/v?, we obtain:

. kAT | 1\’
Dp=——a*= — a. (59
T T kBT<6;[3]> @ 9

Assuming again I' ~ T, Eq. (59) shows that the diffusion
constant is in this case o7 as in the Einstein -Smoluchowski
formula. At least formally, it can be put in the form of a bound
on the diffusion rate, which has been conjectured for strongly
interacting systems at zero chemical potential [34,44]:

ra?
kgT
In this case the velocity which arises here is not vp but ¥ ~
al'. Equation (60) is nonuniversal.

Now we proceed just by analogy with the previous case

and we assume that, just by replacing Ty with T, we can put
here

Do >

(60)

al ~ DTy = @Toon/T. (61)
From Eq. (59) it follows that:

2o FT? 1
T h kgT

1 1/3
<6dﬂ) T (62

which implies
kpTcon
A2

Given Ty, tg/Nj ~J/N, ’TQC"h o T~2% as in the Fermi
liquid case.

T ~ (6 ¢13D)'° (63)

VI. SUPERCONDUCTIVE COUPLING
AT LOW TEMPERATURE

In this section we present an Eliashberg approach to the
superconducting instability of a quantum electron liquid that
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contains the Q excitations in its energy spectrum. As ex-
plained in the introduction, we consider a model with two
components: a lattice of local 0 + 1 — d SYK dots and an un-
derlying FL which interacts with the dot lattice perturbatively.
Higher dimensional complex SYK models with nonrandom
intersite hopping have been constructed with fascinating NFL
properties [4,35]. We use a perturbative approach [18] in sub-
section A and derive the self energy of the coherent phase of
the quantum liquid, which turns out to be a MFL with short
lived and ill defined quasiparticles. In subsection B we assume
an attractive pairing among the quasiparticles, mediated by the
virtual Q excitations, and we derive the critical temperature T,
which is non BCS-like.

A. Marginal Fermi liquid

The quasiparticles of a low energy 2 — d FL have a quasi-
particle residue Z and a single particle energy €; = Urk in
the continuum limit, with a renormalized physical velocity
vy = Z¥r and a residual local interaction of strength U,
which is dealt with perturbatively. The isotropic self-energy
arising from the interaction, for k& on the Fermi surface, is:

_ ds o .
S(kr, iw) = U, Z EG(G,;W7 — € io+iQT(g,i Q)
g

~U. Z/d—Q ! M(g,i Q)
¢ - 27 iZ Y (w+K) — Vpgcos b % ’

(64)

In Eq. (64), 0 is the angle between g and k = kr and, for lgl <
kr, we have approximated €,—g — €1, ~ Urqcos 0.
I1(q, i 2) is the polarization function

M(q,i Q) =YY Glep, i) Glepig, i 0n+i Q).

P Wn

In the range of frequencies Q < Q* = W2/U,, where W is the
bandwidth, there are two contributions to the polarization, one
(labeled by i = 1) coming from the residual FL interaction
and a second one (i = 2) coming from hybridization with
the incoherent disordered SYK clusters of 0 + 1 — d neutral
fermions, interacting at energy .7, one at each lattice site (see
Fig. 1). While IT'(g, i ) uses the Green’s function which
appears in Eq. (64) with a simple pole, [1?(i Q) is evaluated
from the single particle Green’s of the SYK model, in the
conformally symmetric limit, which is local in space (i.e.,
q independent) and reported in Eq. (8). Approximately, it is
[18]:

M'(q,i Q) ~ Zw [1 _ M], (65)

Q2+ (Zvr )

%3G Q) ~ _4 In <L> — 3 In (Z> (66)
J max[$2, Q%] J w

Here vy = krp/(2mhvp) is the density of states at the Fermi
surface and Zvy ~ U !. In performing the integral over mo-
menta p, we have assumed that, at low temperatures 7T < Q¥,
the difference in occupation numbers ng (Ze; +q) —np(Zey) &
—3(¢€;) Dpqcosb.

Moving to real frequencies we get:

Zipk
Ykp, 0) = —0Z " — i avolw]? In =L sign(w)
- 2?;* lo| In (%) sign(w). (67)

ForT > Q* = ‘Z—z we should put 2 In(J /W) — In(J/T) in
Eq. (67). X(kr, ) changes sign at @ = 0 when the quasipar-
ticle becomes a quasihole. The first term is the real part, while
the second term is the imaginary part, «w? x log |w|, from
the well known instability of the FL in 2 — d. The third term
arises from the coupling to the high energy modes and is be-
yond the Landau Fermi liquid theory. Indeed, the quasiparticle
relaxation rate is:

1
— ~ —Z 3ImX(kp, w)
T

> Zvpk
= [la)l%ln <%>+%%m %} sign(w)  (68)

(o is a parameter of order one), which shows that to the
lowest approximation, the perturbed FL is a marginal Fermi
liquid. The interaction of the electronic quantum liquid (qL)
delocalized over the 2 — d lattice with the SYK clusters makes
the quasiparticles not well defined but still with a well defined
Fermi surface. In Appendix E, we derive the lowest lying
collective excitations in the present perturbative frame. The
hydrodynamic collective excitation, the would-be acoustic
plasmon, is also rather well defined. At strong coupling, in
the limit U, — 7, its dispersion tends to the boundary of the
p-h continuum and the imaginary part, which blurs the mode,
vanishes. The acoustic plasmon is on the verge to emerge as a
bound state at low energies, splitted off the p-h continuum.

B. Superconductive critical temperature

We outline here the derivation of the superconducting
critical temperature 7, of a 2 — d qL in interaction with the
SYK lattice, using the Eliashberg approach [37,45]. Although
we are unable to discuss the nature of the microscopic low
temperature electron-electron interactions driven by the vir-
tual Q fluctuations, we assume that Cooper pairing is induced
in a gL of bandwidth W, by virtual coupling with the diffusive
energy O modes in the lattice, which, in turn, are generated
by the pGm of the SYK clusters, as discussed in the previous
sections. Three energy scales come into play in this context.
The energy scale 15/ J ~ W?/7, associated with the temper-
ature threshold 7., below which coupling between the SYK
clusters and the qL is perturbative. Two more energies associ-
ated to the coupling between the qL and the Q excitations, the
coupling strength g and the energy cutoff of the interaction U,,
which also appears in the minimal frequency for the attractive
interaction Q* = tg JU. ~W?2/U, (in this subsection is
B = 1). This assumption immediately implies an electronic
energy scale, as the reference scale for the superconducting
transition. Our standard approach to the superconducting
transition within the Eliashberg theory [38] gives rise to
a non-BCS-like phase transition. The non BCS critical
temperature is a direct consequence of the quantum liquid to
be marginal and of the excitation modes to be diffusive.
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In a mean field superconducting Hamiltonian, in the Nambu representation, the one electron Green’s function and the
electronic self-energy X(p, i w,) are 2 x 2 matrices defined by the Dyson equation

[G(p, i )] =[Go(p.iw)]' — Z(p,iw,), (69)

where Go(p, i w,) is the one-electron Green’s function for the noninteracting system ([Go(p, i w, N =iw, — &,03) and the
approximation used for the self energy is (see Appendix F):

11

B(piw) = g3 YN oG iwn) o3 lgp P Dig.i 0y — i wy)
a7y v
1 1 a? 1 1 1 1
=—— G, iwy dQ—N—{/dQ (Q)*B(Q2,, Q) { = - )
ﬂ;O'S P iw )0'3/ e Dy q|gp,p( q)l (€24, ©2) Dioy—iwy—Q 2imy—ioy+Q

(70)

Here § = p — p’ is the transferred momentum and 2, = DQq2 is the energy of the collective excitations. An isotropic coupling
density g(p p’) is assumed and, in place of the sum over p’ vectors, we integrate over £2,, with the energy density of the ¢

=2
momenta ﬁ g_;' The imaginary part of the retarded energy flux density response function is

1 R 1 Q, Q
B(Qq, Q) = —;xﬁm{p (947 Q)} = —; [m] 7-Q. (71)
Note the difference, due to diffusivity, with respect to the usual Eliashberg approach, in which B(g, 2) ~ % We take
q

DoT§™ = a; = a*Teon/T, as in Eq. (61) (we drop the label " from 75" in the following).
Using Eq. (67), Eq. (69), we write [G(p,i w,)]™' =i Z 'w — (é,, — i ImX(kp, w))os — E o1, in which the mean pairing field
E has to be self-consistently determined:

G ' =Z"wl - {ép —iz! [le % In <Z) + 2 blof n Zorkr

W Z o] :| sign(w)}og — E(w)oy. (72)

The final result for Eq. (70) is:

|gkr o ()P B(2,, Q)

© [(Z7'e'l - B(w) o o fl% dQ,
S(kr, w) = vy do' Ne dQ
0

e [P()]'? D) 4n
y f(—o) f(w) N(2) N(2)
w—w —-—Q+i0t o—0+Q24+i0F wo—0 —-—Q4+i0t wo—0+Q24+i0t
Zipkr 1
Pw)=Z 2 +272 |:|a)| ;—F In (%) + % volo|? In TZ)'F] — 2(w)
1
NQ) = —, - 73
@ = S5 F@ = (73)

where N(2) and f(w) are the Bose and Fermi occupation probabilities. The term in curly brackets arises from
Smfvg fjoooo d&, 03G(p', w) o3} which turns into a real part by working out the inverse of Eq. (72). A limited region contributes
to the integral [ d&,, but we can extend the integration limits to infinity with no big error.

Following McMillan [46], we want to find an approximate solution to the gap equation [A(w) = Z(w)E(w)]. At the critical
temperature, A ~ 0 and can be dropped in the denominator, but the gap equation has to be satisfied. From Egs. (72), the term
multiplied by o} gives

o0 do’ o0 a2 a2
A@) = Zvp / i (AW [ aq = / 81y QB )
0 [w’2+( 1 ) ] 0 0 g4

(')

1 1
+
o+ +Q  —w+o +Q

1 1
X{[N(Q)+f(—w')][ }— [N(Q)+f(w’)][w + “ (74)

-0 +Q  —o—-—o+Q

7(w") is the lifetime of the quasiparticles from Eq. (68).
In the rest of the calculation we neglect the thermal excitations and drop N (£2). Two energy ranges contribute to A(w):

Ay O<w<QF
A(w)—{ Mo Gros® (75)
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The first, A,(w), arises from integration over 0 < o’ < Q* and the second, A,(w), from the integration over Q* < o’ < U, (U,
is the cutoff energy). Hence A(w) = A, + Ap.

While Ag can be assumed as the usual order parameter in the lattice, it is unclear what A, is when w > Q* and incoherence
is established at these energies. In the mean field approach, A, can be thought of as some kind of intradot field induced by
the ordering of the low energy system. Of course we concentrate on the ordering transition for @ < %, but both A’s should be

nonvanishing.

Observing that the integration variable €2, has the meaning of the diffusive energy [see Eq. (71)], it is clear that it cannot

be integrated at energies above 2. We also use the parameter equality Zvy = U,

([g]™! ~ time (i =1 here)):

A( ) a2 /oo do'
w ~ — _—
Do Jo o' & In(37)

/ Q, Q
X_

In the case of A,(w'), the range of @’ values cannot be larger
than Q*, as well. However, Fermi functions select o’ ~ 0
and we neglect @’ in the denominators of the curly bracket,
obtaining [47]:

El% & / AO
0 Jo o & In(y)
|g|21n2/U‘ dQ , /
X AU, )y 22 Tolf(—") — f(o")}
~ ST, gfn2 A, In B.Q". (77)
DQ 87 & In (W)

Now the contribution that is coming from A,(w’). We neglect
2 in the denominator in the curly bracket and we keep the FL
contribution to the lifetime for large '

~2 2
a; 1g"In2
Ap(0) = ==
DQ 47‘[
Ue A 1 [
x/ do’ i —/ dQQ,
. g volo'? iln Jl U Jy

Zopkr

N 2 1g)* In2 Aoo< U, )2 1
In

DQ 8 e E \10"V2 Zv; k,L ’
Summing the two contributions together, Ay = A,(0) +
Ap(0), we have:
87 [)Q 1 Q*
— — ——— InB.Q*
[Iglzln2 a; To e In(Z) P ]
A U. \> 1
= 2% Gowe) e 78)
o Vo Zvrke

Using the definition of 7y = 722“’*‘ given by Eq. (63), the
pairing parameter takes the form:

Dy 1 1 r Al 1 :
10272 272 = | Tol 7zl 79
82275 1sP78  Llsl ksTean (6213])
As Tg, Teon ~ A 557 ’3‘7 —), it follows that |g| ~ O(N/g%), so that

|glTeon ~ O(1). Assumlng both Ay and A, to be nonzero,

NRe{A(w)) /

o2l

1 and we take |gi, . (Q,)|* = g constant

|8k ()1
1
! a— o } (76)
[
Eq. (78) gives:
W\ 20+ 1;F 2 % (Vn#)z - (\g\”rz{)z In2
kpT. = (JU> e - (80)

Eq. (80) provides the value of 7, on a scale of 2, which
is a power of JW/U,, which is difficult to determine, be-
cause it requires the full quantitative characterization of the
model. However, qualitatively, the non-BCS behavior is fully
apparent. Indeed, 7y itself is a function of the temperature,
because the energy width of the mode relaxation I', appearing
in Eq. (79), is expected to be ~7. In this case, Eq. (80)
defines 7, only implicitly. Writing the exponent as u*/A where
u= kBT , the zeros of the function Flu] =u — ® exp(u“/k)
give the T value. In the prefactor ®, all the unknown features
of the pairing interaction are lumped. ® strongly depends
on the cutoff energy U./W and on J /W, as well as on the
lifetime of the quasiparticles in 2 — d at higher energy ~W
[see Eq. (72)]. F[u] is plotted in Fig. 6 vs u, at ® = 0.1,

ku*
S a=02
w0
=5
_1 \‘ /‘ L " L
00 05 1.0 15 20
ks T
a.*

FIG. 6. Plot of the function F[u] = u — © exp(u*/1) of Eq. (80),
VS U= k‘gz;, for various values of the exponent u*/A, where A o
w IgIZ'TQ/U (=5,0.5,0.2) is defined in the text. We have put
0= AA—°O°[¢91(1)(,W)2 In2voW]~! = 0.1. The zeros of F[u] provide the
critical temperature 7.
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for A =5,0.5,0.2. Increasing the pairing strength oc|g|?, A
increases, and so does T..

VII. CONCLUSIONS

Hopefully, the intriguing high temperature “strange metal”
phase of materials undergoing a HTc superconducting tran-
sition is at a turning point, since attention was drawn to the
“universal” linear dependence on T of the resistivity and to
features like the possible violation of the Wiedemann and
Franz law [1,48]. The Wiedemann and Franz universal ratio
unambiguously rests on the coexistence of heat and charge
transport typical of weakly interacting electronic Fermi lig-
uids. It is accepted that interactions in these systems are
strong and play a nonperturbative role. This gives credit to
a non-Fermi-liquid (NFL) perspective for the high temper-
ature normal “bad metal” phase. Consensus in the physics
community increases on the use of the doped Mott insulator
paradigm as an interpretation ground for the copper oxide HTc
materials [49]. On the other hand, strong crystal anisotropy
and doping tend to privilege the role of copper-oxide planes
and the role of collective fluctuations. Even when clean single
crystals are available [50], the doping and the chemistry of the
charge reservoir layers separating the CuO2 plane(s) from one
another could induce inhomogeneities.

It was really a twist to discover that the Su-Ye-Kitaev
model, in the limit of strong interactions and strong disorder,
can be solved exactly in 041 dimension displaying a NFL
incoherent toy system, with nontrivial properties as a zero
temperature finite entropy and a chaotic behavior at long
times. Moreover, hydrodynamical extensions to higher space
dimensions provides the linear dependence of the resistivity
which has attracted a flurry of interest from the condensed
matter community. By contrast, a conventional Eliashberg
approach, typical of FL systems, has not been seriously ques-
tioned [38].

On one side we inquire on the influence of a hopping
term between neighboring SYK clusters organized ina 2 — d
lattice. Hopping is assumed to be marginal in a 1/N expansion
and strong coupling J limit, with 87 /N kept finite. On the
other side we study the perturbative effect that the SYK lattice
exerts on a FLL with delocalized electrons (in the continuum
hydrodynamical limit), displaying a well defined Fermi sur-
face and a large Fermi energy. The aim is to characterize the
collective excitations of the SYK system in view of identify-
ing the latter as responsible for the superconducting instability
via an unidentified mechanism.

There are various ways to extend the SYK model to a
lattice, and we use one of them [11,13,18]. All of them rest
on a disorder average, and we assume that self averaging al-
lows for a translationally invariant approach with wave vector
ka < 1, where a is the lattice spacing. We focus on the role
of the collective fermionic excitations of a SYK dot &g, of
Matsubara frequency w,,. Among these, there are also incip-
ient Goldstone modes, which originate from the spontaneous
breaking of the conformal symmetry. However, they acquire
mass when the first UV correction NO(%) is included. They
are denoted as pseudo-Goldstone modes (pGm’s) in the text
[6,8]. The UV correction forces locality in space and time. The
real fermionic propagator g, of the IR limit acquires a com-

plex local phase in the extended SYK action, due to minimal
compact U (1) coupling. The energy fluctuations driven by
these dressed excitations across the lattice can be monitored
by investigating the correlations of a local space-time UV
“order parameter” of the incoherent phase, an extension of the
bilocal two-point propagator G. of the conformal symmetric
limit. In a NFL system they can be interpreted as energy den-
sity excitations, better than chemical potential fluctuations.
In this work our focus was on the nature of these dressed
bosonic fluctuations which we nickname as “Q excitations”
and on the response D? of the lattice system to perturbations
which excite them. In the recent past, the scaling of U(1) RVB
models with a gap to both charge and spin excitations has been
studied [51].

We take advantage of the fact that two time (or temper-
ature) scales come into play: the “fast” intradot fermionic
8gn modes and the “slow” interdot bosonic energy den-
sity fluctuations originating from the @ excitations. This
allows us to characterize the dynamics in a range of ener-
gies ~Ty, where Tj is a threshold temperature for efficient
thermalization. In this temperature range the Q excitations
are proved to be diffusive when the dynamics induced by
the UV correction is appropriately accounted for. Diffusivity
arises from the combination of disorder in the SYK dots
and hopping in the superlattice. We find the mode-mode
correlations in imaginary time «G.G.F~! where F is the
bilocal four-point propagator, which diverges in the conformal
limit but is made finite when the UV dominant correction is
included.

The presence of F~! in the diffusion parameter is the
signature of the presence of the pGm and is the main result
of this work. The corresponding retarded response function
in real time can be derived from the correlations, by analytic
continuation to real frequencies i w,, — w + i0". A similar
result was derived directly in real time [13] but without in-
cluding the role of the pGm and is reproduced in Appendix C.
In the real time approach, the factor 7~' does not appear
as part of the diffusive pole. The scaling renormalizes the
thermalization temperature Ty and the diffusion constant Dy,
by introducing a lattice length @, ~ @ Tp/T and a diffusion
time 7T, such that DyTp ~ &. A simple quantum approach
to the dynamics of the energy fluctuations in the presence of
damping I allows for their explicit determination. I' ~ T is
the energy broadening of the QO-fluctuation excitation due to
relaxation in the lattice. If we resort to the Einstein relations
which connect the diffusion coefficient Dy to the transport
coefficients [34], we derive the temperature dependence of
these quantities and obtain Eq. (60) which refers to v ~ alI’
as a physical (nonuniversal) diffusion velocity. Equation (60)
has to be contrasted with a bound for incoherent systems that
has been conjectured [44].

In the study of the correlations, it emerges clearly (see
Fig. 4) that our approach to the partition function and to
the generating functional is only valid for T ~ T, an energy
range which we conclude to be well separated with respect
to the one ~T.o,, the temperature which marks the prevail
of the low energy Fermi liquid. For T < Tj, entanglement
of the dynamics of the pGm’s in the SYK dots with the
dynamics of the energy fluctuations across the lattice require
more sophisticated methods than the factorization used here in
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the calculation of the thermodynamic functionals. Still, some
qualitative hint is presented in Sec. V B.

In Sec. VIB we assume that the Q excitations have a role
in the superconductive instability at low temperature. A dis-
persive self energy for an electronic quantum liquid perturbed
by a SYK dot with a local interaction [ turns the FL into a
marginal FL [52] with inverse lifetime of the quasiparticles
close to the Fermi surface ocw. The quasiparticle lifetime
influences the mean field superconductive order parameter
A at energies above Q* ~ w? /U., where U, is the cutoff
energy for the pairing interaction. The topic, whether the Q
excitations could really play the role of virtual excitations
inducing pairing, provided an appropriate attractive coupling
is active [3,53,54], is beyond the present state of the art. It is
an old idea that an incipient Goldstone mode of an ordered
phase can accomplish this task. This possibility was exam-
ined in the past and it was concluded that the fluctuations
involved would lead to a depression of 7. [55]. We think
that this pattern may not work here for various reasons. Here,
indeed, the vertex corrections vanish to lowest approximation
order. However, the fluctuations driving the transition do not
arise from an incipient order but are nonlocal in time in a
fully disordered system. What we call “order parameter” here
is energy relaxational modes which are effectively nonlocal
in space and non-number conserving in nature, as phonons
would be. We have also omitted the influence of long-range
Coulomb interactions, which certainly modifies the spectrum
of boson density fluctuations [49].

Of course, if the Q modes play a role, the temperature
scale of the superconducting 7, is of electronic origin, ~7,
defined in Eq. (80). T, as derived using the Eliashberg [45]
and McMillan [46] approaches, is not BCS-like and appears

as the zeros of a function F [kgz['], which is plotted in Fig. 6.
It also depends on the “low” energy scale ~7'Q°°h71, on the

J

lifetime at higher energies of the Cooper-pairing electron
charges, and on the diffusion length of the Q excitations.
Indeed, the correlation length of the pairs & depends on the
effective mean square length @ ~ D7y which identifies the
2 — d range of the pairing attractive potential. In our model,
its temperature dependence is Fz% ~ Teon/T. This suggests a
possible experimental check for the surmise that the super-
conductive instability is driven by the Q modes in the CuO2
planes. Two possibilities arise: (a) Multiple order parameters
could provide different intervortex interactions for different
magnetic field strengths in lowering the temperature. However
this possibility is beyond the Ginzburg-Landau formalism,
which is considered solid only close to T.. (b) A second
superconducting phase transition to type I superconductivity
takes place, a rather unlikely possibility. A discussion of this
sort arose in connection with superconductivity in the two
band MgB, [56,57].
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APPENDIX A: EXPANSION OF THE ACTION
UP TO SECOND ORDER

We expand Eq. (7) of the main text (MT),

I, 1 2
= Z [—lnDez(Go‘ ~ 20+ f d&d@(zx(el, 6,) G2(61, 60,) — @wel, 92)|4>
2
+(ﬂ]’\‘])) Z / 46,d6, G,(61, 6,) G (61, @)] (A1)

to second order in § X, Gy, 0;¢y:

G (01, 62) = (Ge(61 — 62) + 8G(x, 01 — 62, 6,)) & # ),
(01, 02) = (Ze(0) — 62) + 8Z(x, 6 — 65, 0,)) ).

where 0, = (0 + 6,)/2. Gauge invariance is exploited, transforming X, (7}, 1) in such a way that the time derivative 9, ¢,(7)

appears in the Det, so that the variation of the Det term reads:

Lin Det[G;' — =] = 1e([G;" = 2] i degy + 621)

— 1In Det[G,! — =] — Tr[2 Re{G. i 3:0.G. 8} — (G.d:0:)” + (GSE)*]

(A2)

Integrals in time are intended in the second term. Close to the conformal symmetry point (using the saddle point equality

.= J? Gg) the second term in the action of Eq. (A1) gives:

j2

(T, +8%)(G, + 8G) — T(Gc +8G)* ~

Only second order terms will be retained.

37°
2

3 2
%G;‘ +8%8G — G*5G>. (A3)
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We introduce a dimensionless approach: @ = 2wt/ with the substitutions proposed by Kitaev [6] and define
K (01, 02, 03, 04):

g1, 0) =R(11, ) G(r1, 1),  f(r1, ) =R (71, ) T(11, 12)

~ -2 ~ ~
Rc(61,60:) = BJ/(q — DIGe(61,6)1T . Ko = Ro(61,0:)G (61, 65)Ge(64, 0)R.(63, 6u) (A4)
For g = 4, the saddle point bilocal field is:
112
Got) = b| —"— | sign(z), B = —1 (AS)
¢ B sin ’ 2Jml/2
Excluding for the time being the hopping term, the action I, of Eq. (A1), expanded up to second order, reads:
iz 1 1 cp—1 -1 -1 1
N = —l8f108) - Z[<5f|Kcl<3f> + 2 Re{ (SfIK1i R, r0) | + (R 0o |Ke R 0:0)] — 708188 (A6)
We integrate out §f' = 8 f + i R, 9, ¢,:
~ve s T [O7 K207 15920 K. deguiog] =3 0808 ~ T IR denfog) N iaik 115001 (A7)

X

The second variation of the hopping term [third term in Eq. (A1)] to lowest order can be expanded as follows:
8G.x (112, T)8G) (T34, Ty) = [Gi(T1, 1) Gy (13, Ty) — Ge(T) — T2) Ge(T3 — 14)]
N % G.(112) (efiﬁ-Vx[%(n)fwx(fi)] _ 1) G.(t34) + c.c.
— —1 Go(112)@- Vilge(t1) — 0T Gel(T34), (A8)
where only quadratic terms of the exponential have been included, to account for the additional complex conjugate contribution.

We apprOXimate [Qox(f-k) - ‘Px("f.:.)] = (t-‘r - T./;_)ath(f-k—) and define RZIACRC_I = %(Zl : Vx)Gc(tIZ)(T-&- - T.;_)ZGC(TM)([J : Vx/),
so that, with relative time integrals traced out,

/dr/dr/ 3o (DR At — )R 3,00 (T)). (A9)

Fourier transform of the time dependences gives A.(w,, @, ; 2¢). Fourier transforming the hopping term w.r. to x we obtain
the kinetic term added to the action of Eq. (A6) so that the full functional integral is:

X | | /(I 8 * )(] I’ ,5 ,) el;/<iR('] 31%\58) eﬁ’[(‘Sglel 1|58>] e [;/T»Zkzﬁzﬂ iRcla'r(Uphlzl iR(‘18T¢]1>] (A H))
m gm n g‘”
4

where the forks (...) denote integration over (t(12); — t(34)).
In the conformal limit i w,, can be dropped in G/ Uin Eq. (A1) and the functional integral of Eq. (A10) is just a gaussian form,
so that integrating out the §g’s we have:

2
~ H e TR B IKT =1 =i R Begy) T K PR Dyl Acl—i R D 0,)]
)4
s p—1 - 2 — s pD— . rz — — — P,
~ He—%—z&‘wpul—’%pzA(-[l—K[-])Kc[l—Kt-] N=iR 0egp) L T o5 (Cidewpl(l= § PRI AR F ) F|~idegy) (A11)
p P

Here we have defined F = RC’1 KK, — 177! R;l, and in the kernel of Eq. (A11) we write:
12 12
RI'K[1 —KJ 'R — I%R;‘Ac[l —KJK'K[1 - K]'R = (1 - ]%szc‘lAcR;'}'">}'. (A12)
The numerical evaluation of this kernel is discussed in Appendix B.

APPENDIX B: NUMERICAL EVALUATION OF THE KERNEL OF EQ. (A12)

The correlator F = RC_' KJ[K. — 117! RC" has been defined after Eq. (A11). It diverges in the conformal limit because
[K. — 1] has zero eigenvalues due to the spontaneous symmetry breaking. We will keep just the series of these eigenvalues (usu-
ally denoted by & = 2), which make the largest contribution to the correlator functions. The spectral representation in imaginary
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time of the regularized form of the kernel, obtained by shifting the zero eigenvalues, k(h =2,n) ~ 1 — g‘—§|n| + ...(ag = 3),
thus including the UV correction at O(N/B8.7) is [8]

_ k(h, n)
K[l —K]'= —R (t12) F(t12, T34) Re(t34) = hZ W, n(m)mwhn(m)
The basis functions for h = 2 are
Uan5y) =t £, f) = SR g ) B1)
n(X, = VYn7— JnlX), n(X) = —n Ccos —, =
2L Y=Y 2sin 5 tan 3 20 72n|(n? —1)

withxp =11 — 1, ynp= % We Fourier transform the variables t;, and t34. In full generality:

Omm = Y _ "D, (0,)(2, n|O12, 1) B (@),

n=2

where w,,, w,, are the fermionic Matsubara frequencies. We redefine variables in such a way that w,, — m with m integer. The
basis functions are:

7 dro 1 ime
q)n(m)=[0 — fa(T) e (B2)

o sm L

It can be shown that the Fourier transforms @, (m) have a factor —4(1 + /™) or —4(1 — ¢?'™™), depending on n being even
or odd, respectively. It follows that odd m imply even n as expected because the t, time dependence has to be with » even, i.e.,
bosoniclike. ®,,(m) have a maximum at increasing values of m when 7 increases and eventually g0 to zero.

The largest contribution O(8.7 /N) of [1 — K,]~! appearing in Eq. (A11) gives R7'K.[1 — K.]7'R-! ~ O(1) and, as G G, ~
1/BJ, the kinetic term 7, ~ O([BJ /N1'/?) to have the same order in O(1). In the ‘definition of the matrix function R7IAR!

from Eq. (11), the matrix G.G.F~" appears, which is the inverse of %
The dominant expression for %(rl ...T4) in imaginary times, on the subspace orthogonal to the pGm fluctuations is [8]:

el yi—ysu)

f
Gch(ﬁ---M) = ,BJZ ey fn(le)fn(T34)- (B3)

Its Fourier transform requires the transformed basis functions:

2 dl’ i
¢n<m>=/ & e,
0 T

All of them have a factor sin mm which vanishes for m odd integer. However, this zero can be compensated by a zero in the
denominator. Consider the case n = 2 for example:

_y _ sin mm i
P =2 m) = DD

We give a finite expression to this vector element using the limit:

. sin xm _ 1( ) (B4)
e D+ 27

However, all m > 1 give zero for n = 2, because there is no other factor of the kind (m — 3), (m —5), ...(only odd m are

considered) in the denominator. We get ¢,,(m) = sign(m)x:
1 imm
n=2 = m=1 2m? ¢ ’

m=3,57,.. 0

n=4 = (m— 2)(m+2) 2m2 e (BS)
m=3,57,... 0
_ _ (36—119m?+35m*) 1 imm
m=1 =3 =212y m13) 2m €
n=6 = _ (36—119m2+35m*) 1
m=3 T m=2)(m—D(m+1)(m+2) 2m? e
m=15,7,9
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m=1 __ 2(—288+1068m>—462m*+42m°) 1 gimm
- (m—4)(m—3)(m—2)(m+2)(m+3)(m+4) 2m?
n=8 =1{,=3 _ 2(—288+1068m>—462m*+42m°) L pimm
- (m—4)(m—2)(m—1)(m+1)(m+2)(m+4) 2 m?
m=5,7,9,... 0
m=1 __3(—4800+18964m>—9735m*+1386m°+55m®) L imm
- (m—5)(m—4)(m—3)(m—2)(m+2)(m+3)(m+4)(m+5) 2 m?
m=73 __3(—4800+18964m>—9735m* +1386m°+55m®) 1 gimm
n=10 = - (m—5)(m—4)(m—2)(m—1)(m~+1)(m+2)(m+4)(m+5) 2m?
m=>5 __ 3(—4800+18964m>—9735m*+1386m°+55m®) 1 gimm
- (m—4)(m=3)(m=2)(m—1)(m+1)(m+2)(m+3)(m+4) 2m?
m=17,9,11,... O
m=1 _ _ 2(=259200+1066104m*—603746m" +105963m° —6864m*+143m'") 1 imn
(m—35)(m—4)(m—3)(m—2)(m~+2)(m+3)(m-+4)(m+5) 2 m?
m=73 _ 2(=259200+1066104m> —603746m" +105963m°® —6864m® +143m'%) 1 oimT
n=12 = (m—=5)(m—4)(m—2)(m—1)(m+1)(m=+2)(m+4)(m+5) 2 m? (B6)
m=5 _ 2(=259200+1066104m> —603746m* +105963m°® —6864m® +143m'%) | oim
(m—4)(m—3)(m—2)(m—1)(m+1)(m+2)(m+3)(m+4) 2 m?
m=717,9,11, 0

Also the polynomials in the numerator could have been factor-
ized but the roots are noninteger. We normalize each n vector
of the basis but we do not orthogonalize these basis vectors.
We define matrices W, |, by multiplying column x row each
n vector. To the elements with m, m’ = 1, all vectors n =
2.4,6,8, 10, 12 contribute. To the elements with m, m’ = 3,
vectors with n =4, 6, 8, 10, 12 contribute. To the elements
with m, m’ = 5 only vector with n = 10, 12 contributes. The
final result for n < 12 is a 3 x 3 matrix. Each 3 x 3 matrix
W" has eigenvalues 1,0,0. Computations leading to Figs. 2—
4 of the MT have been performed with 3 x 3 matrices up to
n = 12. The starting point is Eq. (20) of the text:

60, 10
0
DD

n>2,even

cosn(yi2—y34) .,
nz(nz_ 1) m,m’?

Or—yu)| =

m,m’

GG

where y are center-of-mass times: y = y1» — y4.

In Fig. 4 of the MT we plot an interpolated smoothed curve
of the (approximate) lowest M value which fulfills unitarity of
the partition function of Eq. (46) of MT vs Ty /T, for ka = 1.
Precision is up to >1073. The trend is only meaningful for
To/T ~ 1, because larger values require n > 12 in the spectral
representation of Eq. (B3) and matrices m x m of rank 7 > 3,
i.e., higher than the ones used here.

APPENDIX C: REAL TIME APPROACH TO
THE CORRELATION FUNCTIONS

The response function in real time is derived from ex-
tension of the imaginary time along the Keldysh contour.
The present approach [13] is only semiclassical. In setting
up the functional we disregard the ¢ — ¢ term and neglect
variation with respect to the saddle point solutions for the G
and X of the SYK dots. This means that, in going back to
the action in Eq. (A6), terms with §g and §f are disregarded,
so that only an extra term is added here, taken from the
imaginary time action, that is —% (R7'0, ¢ K:|R'0; ¢,) =
—% (0:90:|G.G.|0:¢,), which we denote as the kinetic energy
term.

As for the nonlocal phase fluctuations, Fourier transform-
ing with respect to time the nonlocal fluctuation part of the
action [i.e., the “hopping” term of Eq. (A9)] is of a similar

(

form:

fdpﬁ p2 Z / dw ¢y(w) ss’ Gy (0) Gyy(—w) gy (—w).

(ChH

With respect to the Fourier transform of the kinetic energy
term, the present one has a factor w? lacking, so that we merge
the two together, by defining a function
Dp*h
[”—2(‘“) - 1] G.G, =¢ GG, €
1)
which defines the function ¢(w). h(w) excludes the w = 0

term. Its retarded form is defined as

oo
D hR(a)) GS)GIE(U = D / dt GR(I)GK(_I) [eiwz o 1]
~ - o0
~iD o f dt G*(6)G* (=1)

—0o0
~iD o G{Gj.

When writing h(w), we will not specify the label R/A for the
retarded or advanced form, in the following, as long as no am-
biguity arises. Transforming from the branches s, s’ = +, —
to the combined «, 8 = cl, g [43,58], we get:

] 1
@) = —2(§0+(fj) (1)),

.
a0 )= (er &)

1/1 1 Gyt
>\t —1) 6y
(C3)

The ¢l — ¢l component is zero in the matrices on the right.
It reflects the fact that for a pure classical field configuration
(¢? = 0), the action is zero. Indeed, in this case ¢, = ¢_ and
the action on the forward part of the contour is canceled by
that on the backward part (safe for the boundary terms that
may be omitted in the continuum limit), because the circuit is
closed [43].
The integrand of Eq. (C1) becomes [13]:

(0  ¢d) (GLG*, G,GX, o,
GKG®, GRGM,+GEGX,)\¢?,)
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The resulting matrix can be rewritten as matrix of the self energies % due to the D coupling, which shows the same causality
structure:

GAGR,~ GAGK, GGk, =}
GkGt, GRGA, +GEGK,)  \ =R K

We neglect the gq term and write the functional:

—i[do (¢, @) ( GAGE, ¢ G/;wa) (wwzw>
R K R q
/D(p;'D(PZ) e 6,62, 0 wpZ, ) (C4)

where we have also added the kinetic energy term of the semiclassical approach.
The field MV (x, t) is the source of d,¢(x, t). We want the response written along the Keldysh contour:

Dynr(x, 1) = i 0(t) ([N (x, 1), N (0, 0)])

5({N‘(x,t)/\f"(0, 0) + N¥(x, HN*(0, 0)}). (C5)
To get the generating functional of the ¢ — ¢ fluctuations we invert the kernel of Eq. (C4), obtaining the matrix:

( 0 (gRG’afGRw)1>.

(*G6%) " —(656k,)”

The [G~'1X component for the free field is only a regularization factor, originating from the (time) boundary terms. It is,
in general, nonlocal in x and x’, however, being a pure boundary term, it is frequently omitted [43]. In our case this should
apply because [G™'1X(t,t') =[G 'R o F —F o [G'1" = [GR]7' o F — F o [G*]7! = [GX]~". Integrating out the ¢ fields and
ignoring again the g — g term, we get:

. . 0 (CRGEGE )™\ (N¢(—w)
aexp{—%fdw N¢(w) Nq(w))<(§AGAGK )_1 0 ) (N‘K—a)))}' (C6)

w T —w

Functional derivation with respect to the sources provides the cross contributions (we keep just the lowest order in w). Using
the definition of Eq. (C2):

w2

No? (o () p(—w)) ~ (GKGR - _
(0 () p¥( ) ( 0 0) iD pPo—o?
0)2

No?(9(0) ¢ (—w)) ~ (GAGK) T ——
(@) ¢ 0N ~ (GoGh) 55—

Now, the retarded energy flux density response of Eq. (C5) can be estimated, considering that 6¢“? and N<lt are conjugate

variables N/¢/4 )= i.ffq , so that, keeping just the ? term in Eq. (C4),

NYw) = —N G’gGgwgpq(—w), Ni(w)=—N GgGgwgpcl(—a))

we get
2
. . w
N(@) N(—w)) = =N> GyGf G§ G o (97 (—w)¢® (@) = —N* ———— GG,
ltyp-w —w
2
. . w
(N9 (w) N (—w)) = —N? GEGE o* (¢®(—w)p?(w)) GAGE = —N? GXGR.

i 122 2
—lypw —w

The symmetrized correlation is:

L ' ' ‘el 2 0 w? kerl o2 PO kg
This result can be rewritten as
. ~ ~ K ~R
51gn(a)) Jm{ l[nga) Jm[GO GO] }
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Subtracting the p = 0 term, we recognize Im{D (p, )}, the imaginary part of the density response function [59]

Sm{Dﬁ-fN(p, cu)} = —sign(w) Tsm{(

2

Dp ~ K R
m) Asm[GO GO] } . (C8)

This result should be compared with Eq. (51) of the MT. Apart for the matrix structure of the function in Eq. (47) of the MT, the
important point is that 7! is absent here in the definition of the diffusion parameter.
We add here the important consequence on the electrical conductivity. In the conformal limit, the electrical conductivity

is [13]:
Refo) = —L})iir}) é m{D* (w)} oc — 2 N /da) sechz'Bz (3m{G* ()})*
B r(t—ix)\1° [ BT 1
= 27[3/2 N /dx SCCh (7T)C) [%e{m}] X <7[0[SN 5) (Cg)

Resistivity is «T in this approach.

APPENDIX D: QUANTIZATION OF GAPLESS
DIFFUSIVE EXCITATION MODE

Jo = —« VT is a classical diffusion equation of a non-
conserving system. We now construct a Hamiltonian of the
excitation modes which is conserving but we ask that, in-
troducing a relaxation time 7o = /i/I" for these modes, the
equation of motion reproduces Jo = —«VT. We will quan-
tize this Hamiltonian and derive the response function from
the fluctuations of these modes. The canonical conjugate vari-
ables and the corresponding Lagrangian (in 2 — d) are:

. kC 1/2.1910 o\
0=|— , Vo= —VT.
T kg kCT) T

Here C is the thermal capacitance, « is the thermal conduc-
tance, and Jy is the thermal energy current. The corresponding
Lagrangian is

1 kg (JoTo 2 h K 2
L=- | d* —(=vT
2/ |: ( kg ) +’<C (T )

= %/dzx [A 6%+ B (V)]

D)

(D2)

with A = % and B = T. These choices provide terms in the
square brackets which have dimension £/ 02 (€ = energy).
With the approximation 79Jg = Jg, the equation of mo-

tion,
d (oL oL = A6 + BVH =0, (D3)
dt\a0) oave B
boils down to the diffusion equation:
h h
— Jg=——«kVT.
kC kC

Although 7 is already in the Lagrangian, we proceed with
quantization of the theory [59]. Fourier transforming, the
canonical momentum for 6, is
aL .
= — = A6y,
06

The Hamiltonian

1 1
H——Z[ T kTL'k+Bk erk]

[0k, i ] =@ g (D4)

2

(

is second quantized according to d; = ux6y + i vy T_k, with

1 1
U = E(AB)I/Zla v = ﬁ(AB)_l/{
[Bi> [« CTTV?
= —_— k| = v |k|, D5
€k e |:k3 7 ] k| = v || (D5)
= —iT"? e )1/2 k| (a_r — &),
2
o = 7122 7’]‘3' (@ +a’,) (D6)
H= Zek a;{&k ~+ cnst. D7)

k

In Eq. (D5) we have defined the velocity v of these modes.
The approach is similar to the one for phonons. 7 (x) plays the
role of the space displacement d(x, ¢), while V8 plays the role
of the phonon impulse I1(x, ¢). The thermal conductance used
in the text is given by

1. (1
svte{x(w)}_—— { ({78 (~w), JQ(w)})} (D8)
« 2 (0,k=0)
where
1 1 kCT

The symmetrized correlation on the right hand side, D? (w) =
({m—k» Tk })w k=0, apart from the prefactor 7', can be evaluated
at zero temperature in a standard way [59]. Equation (DS8)
gives:

Relc(@)} = 7° ks
v 'L'O

If RNe{x (w)} ~ k 79 we get, from Eq. (DS),

, ., Kkt CT kg (i 1\'?
VT = — —— = k= —— . (D11)
kg h/"—'o T0 CTZ

(D10)

However, introducing the damping of the mode in D?, by
adding an energy broadening I", we get

7rT oo 9 g€l ¢

2

D (w) =
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and

21T w? r?2 ri
Sm{D(w)} = — T {(1 - aT) arctan ~3

r r2
+—In(1+— )t
w w

which, in the limit I'/w < 1 gives:

2nT

Im{D? ()} = ——— w.

= (D13)

Posing again fe{x (w)} ~ k 19, in place of Eq. (D11) we have:

hT 1\"?
V'Ty = 5 — — =K = kBF(C‘_T§> . (D14)

Using the « = C vpt = C vi 1, the gapless bosonic exci-
tations of energy /iv k generate a specific heat at fixed 2 — d

volume:
Cy d 1 [(kgT 371 f*“’ 2dz
_= — | — v
a>  dT2m \ hv o e —1

1 (kT \?
=kg—|—) 6¢[3 D15
271( . ) ¢[3] (DI15)
and the thermal conductivity
ks ( ksT\*
K = —B(B—) 3¢[3]v L. (D16)
T\ hv

Here ¢[n] is the Riemann function [60]. This is the Stefan-
Boltzmann relation in two dimensions [61].

In the case of the SYK model, based on the saddle point
contribution to energy [8]:

c ¢ 27%agN
InZ=-BEy+So+—+---, with — = ———
n BEy + o+2'3+ with 7

the first energy correction in temperature is E = ¢/(28%) (¢ ~
0.396N/.J), so that, by taking CT ~ ¢/(28%)in Eq. (D14), we
get:

AT 1\'? ; 281\"?
_ - 3/2 1/2 -
K—kBF<—CT2> — kg I'/“(hB) <2n—c 2)
BT 1)‘/2

=k F3/2 i 1/2 -
s I"(hB) 2asN 2

(D17)

(dimensions are [C/t] as always). The thermal conduction re-
sponse in the conformal limit [13] requires the energy current
response function GCR’3 (w)

Nefr}
NT o—0 wNT

In the Fermi liquid case, 7o ~ 72 and C ~ T, so that
Kk ~T7L

APPENDIX E: THE ACOUSTIC PLASMA MODE
IN THE MARGINAL FERMI LIQUID

To characterize the MFL phase, it is important to check the
nature of the collective excitations, in particular the particle-
hole continuum, under the action of the increasing coupling
to the high energy localized modes. We will show that, within
our approximations, the real part of the w(g) dispersion of
the density excitations is linear, but with a small reduction of
the physical velocity dw/dg at small ¢, and, most of all, a
peculiar imaginary part. We also find that, at large couplings,
the interaction pulls a linearly dispersed, well defined acoustic
plasmon mode out of the particle-hole continuum.

When the residual interaction is turned on, the vertex func-
tion I'(p, p — g; q, i 2) satisfies the Bethe-Salpeter equation
[62],

o
Fp.p+qiq.@)= ng+igles; Y Dy (@)
~

x T, p+4, o).
Dy g(i Q)= Glep_g.iwy) Glep, i @y +i Q)

Wy

1
iZ N w+ Q) — €5

G(Gﬁ,iQ): (El)

The functions Dy ,(w) are related to the polarization functions
of Egs. (65) and (66) of the MT, when frequency is continued
to real values and p’ ~ pr. We define

f1'2(q, w) = =i voDy* (@) T 2(pF. pr — ¢:¢. ®) (E2)

where, in place of the » appearing in Eq. (E1), we multiply
by vy after having put | 13’ | = pr. The resulting functions D}I’Z

of Eq. (E2) are redefined as (Z%Fq <1
1)

~ 2 ’
2o 1= Gaygp

do
vng(a)) = vo/ T (1 —cos G)Dg,q(‘”)

voDy (@) =Zv | 1 —i

(E3)

k=pr

In fact, following [[18]], we consider two ranges of energy

values: a low energy one (v < 2¥), (i = 1), and a high energy

one (w < Q), (i = 2), with voD};F,q(q, w) =TT (q, ®).
Limiting ourselves to the FL energy range, i = 1, for the

moment, Eq. (E2) becomes

iM'(q, ) = —ivD,, ()T (pr. pr — ¢:q, ®), (E4)

A 1 kp A

Uo.A:—ZJT F

where an?

hvi  w hvp

Vo is the 2 — d density of states at € per unit volume 4. Here
we are assuming that, in this energy range, I'(p, p — ¢; ¢, i 2)
does not depend on the angle 6, , = p’q except for an average
of sin?6/2 ~ (q/(2kr))*> ~ 1/2. We have also put |p|, |p| =
kr, so that the only I" dependence is I'(q, i €2). This choice,
together with that of the onsite interaction U,, provides the
reference result we are looking for.
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We expect a collective mode of compressibility type em-
bedded in the particle-hole excitation continuum. In the low
temperature Fermi liquid limit, the p-h continuum has a
boundary of the kind min{e;, — €t} = Zvrg. We find a col-
lective mode w = Z zUrq with z complex and Re{z} < 1 and
negative imaginary part which is related to the lifetime of the
mode.

Here

(g, w)=2Zvy | 1 —i ;

- o7
Zor q\[1 = 7 03

so that
{[vDy, 4(@)]

This provides the equation for the FL collective excitation
mode (Zvy = U'):

= igUMiTl(g, )] = —in_g. (ES)

= 0 ®
—ig=0, z= <
8 ZVr q

z
1—1
[ J1-22

Sl—ig=g (E6)

z
NI
The homogeneous equation can be cast in the form: 1/ © —
U=0if

ivDy, (q.0)=i1'"V(q w)=—ix?. (E7)

The contribution to the polarization function from high-
energy excitations IT?(q,i2) has a completely local ¢-

J

independent form and is given by
8
%3 Q) ~ -Z In (%) (> Q> 0).

In the case of voDL,’ @ it was enough to put p’ — pp, but

in the case of l:IZ(a)) it is important to keep a dependence

on the scattering angle 6; i= =k, g explicitly and to integrate
over it. In fact, we cannot neglect the dependence of the
vertex I' appearing in the Bethe-Salpeter Eq. (E1) on the

scattering angle 6 3= =k, g. As it is usual when calculating
the dc conduct1v1ty in metals [63], we assume that this an-
gular dependence is ~(1 —cos@) in Eq. (E3). The factor
(1 —cos6; q2) expresses the growing predominance of for-
ward scattermg with declining temperature, which contributes
less than wide angle scattering to the effective “collision
rates.” A g dependence has been added in D2 (a)) of Eq. (E3)

by including a k-dependent correction to the conformal local
SYK Green function G,:
Here we use G.(i w,), extended to include a k dependence

1 4 E];
o) 20w,

G (k, iwy) ~ — (E8)

Here 2%(i w,) = [G%(i w,)]"! is the self energy correspond-
ing to the zero order approximation.

Equation (E8) can be viewed as an expansion of the high
energy total Green function to lowest order in € [18], or can
be obtained, by assuming random hopping between sites. so
that, according to Eq. (E2), the propagator is:

2o (L ! !
VD7, (i Q) = (V Z) ; (i w) Z0( w +iQ) |:1 + <

k

€h— €k €h— €k
0¥ i ) q
T lw)

i| . (E9)

+
20w + i) 0% w) 0" (i w + i)

The w, sum can be transformed into an integral. A lengthy but straightforward calculation provides a function of k, g, k- q=

k gcos6 and i Q:

UC €k €k—gq

— 2 In=

fk,q,cos0;iQ2) =

2 Q 21 g — _ Q Q
Z arctanh— + 22 ] _ (€k—q — &) + (g t &) S5 arctanh—
N W W Ve Qr

u. WU Q Q

We neglect the second and the fourth term (for a p-h pair in a p-h symmetric system is €;_, + € = 0), obtaining

8

k,q, 0; D~ —— In—+=—1{—
o= w20

Ue
We finally get:
wD? (@) =

We now rewrite Eq. (E1) for the vertex as follows (i = 1, 2):

—voW — In — |1 +i — .
U [ SIm% W

2i (equ — &) }

w

A (E10)
W

T(pr. pr — 4:q. ®) = n_z + Ue [gi1 voD', (@) + g2 voD? (@) |T(pr. pr — 43 q. ®).

By posing
ﬁl,z(q, C()) —

—ivwD () T(pr, pr — 4:q. ©)

(E11)

we get a system, which, using Zv,U, = 1 and z = w/(Z¥F q), takes the form:

[1—i\/1+7]_1—l.g11 ig]z

. 7 .
L8 sﬂln%[l_‘_lsln%

(E12)

) if'(q, ) — in (1)
v‘fV—'q]_l—igzz if%(q, 0)) 1\
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The results are given in Figs. 1 and 2 for the real and imaginary part of w/(Zvrq) vs g = U/U.,.
When g increases there is a monotonic flattening of Im{w,} with ZTrg/W with a saturation at large g, as can be seen by
plotting dw,/dq vs q. As Re{w} is strictly linear with ¢ in a large range of values of g, the plot of Fig. 10 shows the behavior of

this derivative.

The polarization function of the coupled system, given by Eq. (E2), satisfies the equation:

-1, .
<[v0D;(w)] —ignU. ignU

ingUC

Given a transferred momentum ¢, the energy of the corre-
sponding collective excitation makes the determinant of the
matrix on the left hand side of Eq. (E14) vanish. Here, g,U.
is assumed to be the residual interaction within the low en-
ergy FL due to the SYK cluster, g»U, ~ J parametrizes the
interaction within the SYK cluster, while g;,U, provides the
coupling between the two.
To zero order in perturbation, x @ = vOD}I (w),

-1
. < .
[1 i m] ig=0, (E14)
in the limit g — O the solution is z — 1, giving a strictly linear
dispersion, w o< vyg. When the couplings are nonvanishing,
the mode dispersion keeps being substantially linear, but the
physical velocity is renormalized and an imaginary part arises.
The real and imaginary parts of the function z = w/(vyq)
are plotted in Figs. 7 and 8 as a function of g;; and g, for
vrq/W = 0.1. Plots are reported for U./W = 10and Z = 0.1.
The limitation z = v,i:)q < 1 implies that we track the collec-
tive excitation mode inside the p-h continuum only. In Fig. 7
we plot the real part Re{z} vs g1, choosing g = 2, when the
ratio of the couplings between the two systems b = g12/g11 is
b=0,04,0.6,0.8.
The effective velocity of the excitation mode, Ne{z}, de-
creases with respect to the unperturbed value vj. and saturates
to about 90% of the unperturbed value when g;, increases. As

Re[wl(vr*q)]

/'b=0.4

g11

FIG. 7. Renormalization of the velocity of the linear dispersion
vy in the presence of coupling to high energy correlations. Here we
plot the real part of w/(vyq) versus g;; at g» = 1.8 and vjq/W =
0.1. Here g1, = b gy, is the coupling strength to the high energy SYK
fluctuations (b = 0, 0.4, 0.6, 0.8, respectively, with U./W = 10 and
Z =0.1).

i) -
[vD2(@)] ™" =i g U, \i P(q. )]

(E13)

(1)
—ingl )
(

shown in the inset, the saturation is even faster, when gq; is
kept fixed (in our case at the value g;; = 1) and g2, > g; is
increased.

The imaginary part of the energy of the mode Jm{—>

o
zero at g;; = 0 and increases mildly, in absolute Valuef %vith
increasing of g;;, as reported in Fig. 8 vs gj; at g»» = 1.8. It
is remarkable that, when g; > g2, Im{z} vanishes. Simul-
taneously the slope of the mode increases up to value one,
for b — 1. This appears in Fig. 8 and, more explicitly, in
Fig. 9, which is a plot vs b with g;; = gy for various values
gi =0.8,1.2,1, 8 and vjg/W = 0.8. When g, increases in
Eq. (E14), a real term —gz12 grows in the determinant, which
reduces Imfz}. In these conditions, the dispersion tends to
the boundary of the particle-hole continuum (Re{z} — 1),
while the corresponding imaginary part in Fig. 8 vanishes.
This feature appears clearly in Figs. 9(a) and 9(b) and is the
signature of the splitting of a bound state out of the particle-
hole continuum with linear dispersion and velocity >vj.. We
interpret this as an acoustic plasmon which, however, requires
strong coupling of the MFL to the SYK cluster, to be tackled
even further, far beyond the present perturbative approach.
When g increases, there is a monotonic increase of JIm{w,}
with vyq/W and a saturation at large g, as can be seen by
plotting dw,/dq vs q (see Fig. 10).

To sum up the results of this Appendix, we can conclude
that the low energy FL on the lattice appears quite robust with
respect to interaction with incoherent local disordered SYK
clusters, when only the lowest perturbative order is included
and no disorder, in the continuum, k& — 0, limit. The Fermi
surface is still well defined, but the liquid becomes a MFL.
The hydrodynamic collective excitation, the would-be acous-
tic plasmon, is also rather well defined. At strong coupling, in
the limit U, — 7, its dispersion tends to the boundary of the

}is

0.r

= _0-1
= _912=0.8 g11
>-03 e :
s 912=0.6 g11
— g12=0
E -05

~0%. 1. 2 3

g11

FIG. 8. Imaginary part of w/(v}q) versus g;; corresponding to
the real part of Fig. 7 (g1, = bgii, with b=0,0.6,0.8, respec-
tively), at g»» = 1.8 and vyq/W = 0.1. Note the flattening at zero
for g;; > 3.0, when b — 1.
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Re[w/(vF*q)]
1.00 (a)
098 gi=1.8

0.96 gi=0.8

0.94

b

0.2 04 0.6 08 1.0

Im[w/(vr*q)]

02 04 06 08

gii=0.8;/ e g

gi=1.2

(b)

FIG. 9. Real (a) and imaginary (b) part of w/(vyq) versus b = gi,/gi for various values of g; = gi1 = g2, with g; = 0.8,1.2, 1.8,

respectively, at vig/W = 0.8.

p-h continuum and the imaginary part, which blurs the mode,
vanishes. We expect that a well defined acoustic plasmon is
on the verge to emerge as a bound state at low energies,
split off the p-h continuum. However, other excitations are
present in the system, the pGm of the SYK system, which
are investigated in the next section.

APPENDIX F: THE SUPERCONDUCTING CRITICAL
TEMPERATURE AT LOW TEMPERATURE

In this Appendix we use an Eliashberg [45] approach to
the superconducting critical temperature 7, assuming that
pairing is driven by the diffusive excitation modes introduced
in Appendix D. As explained in the MT, Q is the energy scale
of T, and the dependence on the coupling strength turns out to
be non BCS-like. We report here the derivation.

In the mean field Hamiltonian, in the Nambu [64] repre-
sentation,

H(k) =Y [hij & ¢j+ Ayjelcl + Hel
ij

0.0 VF* q
w
3/922=3-8

S E -2.10
E| &
31 —4.1073) g=20

g22=1.8

-6.1073
01 03 0.6
w

FIG. 10. Plot of 3\;"2((21) vs vrq/W. As Ne{w} is strictly linear
with ¢ in a large range of values of ¢, the derivative with respect to
Ne{w} can be interpreted as a derivative with respect to g. Here g;; =

g»n =18and g, =0.8 x g1 (Z=0.1, U.,/W = 10, as always).

_ (CzTC;)(ék A )(Ck ) Fl
; a o)) (F1)

the one electron Green’s function G(p, i w, ) and the electronic
self-energy X(p, i w,) are 2 x 2 matrix defined by the Dyson
equation

[Go(p,iw)] ™" — Z(p,iw,), (F2)
=iZ 'o, —E03— d(p.iw) o1, (F3)

[G(p, i)™

where Gy(p, i w,) is the one-electron Green’s function for the
noninteracting system, o; are Pauli matrices, and §; = ¢; — u.
The €;’s are single particle electron energies and u is the
chemical potential. We do not include Coulomb electron-
electron interaction, so that the self-energy X o o is just off
diagonal. The approximation used in self energy [65]:

. 1 . 2
S(piw)=—=Y 03G(p.iwy)oslgp. p)l
P
xD(p—p,iw, —iwy), (F4)
where g(p, p’) is the coupling with the bosonic modes and
D(p—p,iQ,) is the response function in imaginary fre-
quency to the bosonic modes. The latter can be represented in
terms of its imaginary part, B(g, i 2,) = —%S‘m{D(q, i 2.},
as

. . o 1 1
D(,iw, —iwy) = dQ B(q, Q)] =——
0 20w, —iwy —Q

1 1
20w, —iwy + Q2
where (2, = l~)Qq2) and, in our case

Q,Q

m] To- &)

1
B(q,iQ)z_;[
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To make matches with the usual Eliashberg theory, the isotropic gap model which we consider here provides the dimensionless
coupling function:

1 /
CFQ) = ) 32~ szq)v<0>/ do|gkr, o' q)I} (F6)
74
as an integral over the transferred momentum ¢. We have to integrate over all ¢'s:
d a1
—Z /q—quqza——~/qu,
(2 )2 a2, 2w 2Dy

where @ is the average diffusion area. We obtain

1 1 & 1 1 1 1
S(piwy) = —— ' iy dQ— — [ dS (QIPB(Q,, @
(p,iwy) ﬂ;mg(lj la)u)03/ . DQ/ q|gp~p( q)| ( ){2 o) — iy — O Ziwv—ia)vr+9}
with
rk
G(p, o) =2 wl — {sp - iZ_1|:|a)| ;—F In <%) + % volw* In o F} sign(a))}o3 — E(w)oy (F7)

The mean field A(w) = Z(w)E(w) has to be determined in the following. In Eq. (F7) the inverse lifetime of the quasiparticles
of Eq. (68) of MT appears. Here « is a numerical factor of order one. Note the difference with the usual approach: diffusivity
implies Eq. (F5) here, while usually is B(g, 2) ~ % in the Eliashberg approach.

On the other hand, from Eq. (F2): The final form of the self energy is:

o Z7'w'l — B(o) 0y o a2
=(p, w):vof do' me{ } / dsz/—"|g L (Q2)*B(R,, Q)
o [P()]"? 0 g SMPH !
o« f(=a) n f (@) n N(2) n N(2)
w—0 —Q+i0t  w—+Q+i0t w—0 —-Q+i0" w— +Q+i0t ]

~ 2
Pw)=Z2*+27272 [|w| o n (Z) + 2 wlof? In —} - 2X(w), (E8)
Q* w w
where N(Q) = [ef$ — 1]" and f(w) = [e#® + 1]7! are the Bose and Fermi occupation probabilities. The term in curly brackets
arises from Im{vy f d&, 03G(p', w) o3}, which turns into a real part from the inverse of [G(p/, w)]~ ! given in Eq. (F7). The
critical temperature is the one at which A ~ 0 and can be dropped in the denominator, but the gap equation has to be satisfied.
In all the further calculations we neglect the thermal excitations and drop N(£2). Observing that the integration variable €2,
has the meaning of the diffusive energy [see Eq. (F5)] it is clear that it cannot be integrated at energies above 2. We also use the
parameter equality Zvy = U! and we take |g, . w (824 )|> = g% constant ([g]~! ~ time (i =1 here)). We get:

c

Alw) = DQ/ o1 %% n ( )%e{A(a) )} —/ de —— |8kr 0 (82 ( [m] TQ)

, 1
o } (F9)

x2{f(—a)/)9+

We concentrate on w = 0 and we deal with two contributions to A(w'’) separately, A(w') = A, + A, where the first arises from
integration over 0 < o’ < Q* ~ W?/U.. and the second from integration over Q* < ' < U..

In the first case, observing that the range of @’ cannot be larger than Q*, but the Fermi function selects o’ ~ 0, we neglect o’
in the denominators of the curly bracket obtaining [47]:

_a_,gfﬂ" , A, |g|21n2f s _
A,,(O)_D i dw o E (D) 40 Jo Tolf(—o') — f(o")}

(Y]
2n2 A  do / 2In2 A
A =—To gl In “ / 9 anh P2 az 7}2 g In “—~ In Q.
Dy 87 &L In(y) Jo o 2 87 & In(37)

Now the A, contribution. We neglect €2 in the denominator in the curly bracket of Eq. (F9) and we include the w'* term of the

inverse lifetime, only.
az (Y A 1 [ 2 4Q
A0 = ?_/ do _/ m/ T 8t (@I
DQ * Z Uo|a)| IHW U Jo 0 4n
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1[ 29 o o
(z v el as s

a* |gl*In2

:D_Q 472

s
c

T /Urd’ = X /Urzszdsz—l
@ ? ’
0 o %v0|w/|2 In ZvFllcF U. Jo Q+ o

|’

where we have disregarded the terms oce #* in the last integral. The rest of the derivation can be found in the main text.
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