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The characterization of the set of quantum correlations is a problem of fundamental importance in quantum
information. The question whether every proper (tight) Bell inequality is violated in quantum theory is an
intriguing one in this regard. Here we make significant progress in answering this question, by showing that
every tight Bell inequality is violated by “almost-quantum” correlations, a semidefinite programming relaxation

of the set of quantum correlations. As a consequence, we show that many (classes of) Bell inequalities including
two-party correlation Bell inequalities and multioutcome nonlocal computation games, which do not admit
quantum violations, are not facets of the classical Bell polytope. To do this, we make use of the intriguing
connections between Bell correlations and the graph-theoretic Lovdsz-theta set, discovered by Cabello-Severini-
Winter (CSW). We also exploit connections between the cut polytope of graph theory and the classical correlation
Bell polytope, to show that correlation Bell inequalities that define facets of the lower dimensional correlation

polytope are violated in quantum theory.
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Quantum correlations, i.e., the correlations between quan-
tum systems in a Bell-type experiment, are of central
interest in quantum information theory. Their violation of
Bell inequalities shows, in a device-independent manner, that
quantum theory fundamentally differs from all classical theo-
ries. These quantum “nonlocal” correlations also allow us to
perform tasks that are impossible in classical theory, such as
generation of cryptographic key secure against post-quantum
eavesdroppers [1,2], intrinsic randomness certification and
amplification [3-6], and reduction of communication com-
plexity [7]. For fundamental reasons as well as to develop
these applications, it is of utmost importance to characterize
the set of quantum correlations, and understand how it fits in
between the polytopes of classical and general nonsignaling
correlations [8-10].

The proper (tight) Bell inequalities are those that define
facets of the classical polytope, while not also defining facets
of the no-signaling polytope [8—10]. A problem of fundamen-
tal importance in the characterization of quantum correlations
was raised by Gill in [11], namely whether every tight Bell
inequality is violated in quantum theory. The analogous ques-
tion pertaining to facets of the binary-outcome correlation
polytope (the classical polytope of two-party binary-outcome
correlations, excluding the local marginal terms) was raised
by Avis et al. in [12]. Escold, Calsamiglia, and Winter in a
recent breakthrough result [13] answered the latter question,
showing that the binary-outcome correlation polytope does
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not share any nontrivial facet-defining inequalities (under-
stood as inequalities defining a face of dimension one less than
the set) in common with the set of quantum correlations. The
corresponding question for multiparty tight Bell inequalities
had been previously answered in a fundamental breakthrough
result by Fritz et al. [14] who identified a class of nontrivial
tight Bell inequalities (called local orthogonality inequalities)
that are not violated in quantum theory following results in
[15,16], when three or more parties are involved in the Bell
experiment. The corresponding local orthogonality principle
is a fundamental information-theoretic principle that serves
to delineate the set of correlations realizable in a physical
theory. In the multipartite Bell scenario, it only remains an
open question whether all nontrivial facet Bell inequalities
without quantum violation are of the local orthogonality form.
In the bipartite Bell experiment though, the local orthogonal-
ity constraints reduce to the no-signaling conditions, and do
not provide any nontrivial facet constraints to the quantum
correlation set.

In this paper we study the question of whether there are
tight two-party Bell inequalities with no quantum violation.
We first describe novel classes of two-party Bell inequali-
ties that do not admit quantum violation, including certain
two-party correlation Bell inequalities and their multiout-
come generalization. We then prove our central result that all
two-party Bell inequalities that define facets of the classical
Bell polytope are violated by a natural semidefinite program-
ming relaxation to the set of quantum correlations that has
been dubbed almost-quantum theory. We show how the novel
classes introduced earlier are proven to not describe facets as
a consequence of the result, as well as how it subsumes a re-
cent breakthrough on two-party XOR games with no quantum
advantage. Finally, we also show how connections discovered
by Avis et al. in [12] can be used to show that all correlation
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Bell inequalities that define facets of the lower dimensional
correlation Bell polytope are violated in quantum theory. We
end with a brief discussion and open questions.

I. PRELIMINARIES

Consider a two-party Bell experiment. Suppose one party
Alice chooses to measure one of my inputs iy = 1, ..., my,
and obtains one of d4 ;, outputs o4 € {1, ..., ds;,}. Similarly,
the other party Bob chooses to measure one of mp inputs iy =
1, ..., mp, and obtains one of dp ;, outputs og € {1, ..., dp,,}
outputs. Such a Bell scenario is denoted by the notation
B(2;my, dy;mp, dg), where dy = (d.,, ..., dsm,) and dp =
(dp.1, - ., dp.my)- In some instances, this notation can also be
shortened to B(dy, dg) for simplicity. The joint probability
of obtaining the outcomes (04, 0op) given the measurement
settings (i, ip) is denoted as Po, o4i,.1,(04, 0Blia, ip). We
will view these n = (31"} da.i, )(Q_7'2 | dp.i,) probabilities as
forming the components of a vector Py, o,i,,;, = |P) in R”,
where the inputs and outputs are implicit, and the probabilities
are also described as forming a box P.

dAviA dA.il’q

In the Bell scenario B((2,2), (2,2)) where each party
chooses two dichotomic observables, all the facet inequal-
ities are known: up to permutation of the outcomes they
correspond to the well-known Clauser-Horne-Shimony-Holt
inequality [17]. While it is in principle possible using specific
facet-enumeration algorithms to obtain all the facet inequal-
ities of the classical polytope in any given Bell scenario, in
practice the complexity of the problem grows rapidly and
facet inequalities have been found in cases with a few more
observables and outcomes [18]. In fact, the problem of list-
ing all facet Bell inequalities has been demonstrated to be
NP-complete [19] making this an important but hard-to-solve
problem in the theory of quantum nonlocality.

The box P is a valid normalized no-signaling box, sat-
isfying the no-signaling constraints of relativity and the
normalization of probabilities, if it obeys the constraints of

(1) Non-negativity: Po, o41,.1,(04, 0Blia, ig) = 0 for all
04, 0B, 14, B,

(2) Normalization: ZOA'_AI ZZ":BI Po, 05115 (04, 0Blia, i) =
1 for all iy4, ip,

(3) No-signaling:

; o / ./ . . o/ .
E POA,OB\IA,IB(OA,OB“AvlB):E Po,,0511,,1;(04, 0Bliy, ig) forall iy, iy, op,i5,

ox=1 dy=1
dBJB dB,i;?
.. Sy .y .
E Po,.0411,,1, (04, 0Blia, ip) = E Po,.0411,,1; (04, Oglia, i) forall ip,ig, 04,ia. (1)
03:1 0’,;:1

The boxes P that satisfy the above constraints
form the no- 51gna11ng polytope of the Bell scenario
NS[B(12; my4, dA, mg, dB)] A fundamental result in polyhedral
theory, known as the Minkowski-Weyl theorem, states
that a polytope represented as the convex hull of a finite
number of points, such as NS[B(2; my, jA;mB, 33)] can also
be equivalently represented as the intersection of finitely
many half-spaces. One may write the above constraints
in the form of inequalities, with the normalization and
no-signaling equalities being written as two inequalities, and
rewrite the no-signaling polytope in the following canonical
form:

NS[B(2;my4, dy;mp. dg)] = {|P) € R" : A+ |P) < |b)}.

@

Here the matrix A is an m xn matrix, with m =
n + ZmAmB + 2(mA — 1) Zzg 1(dB,ig —_ 1) + 2(mB —_
1)Zl.A=1(dAJA 1). This value for m comes from n
non-negativity constraints, mympg normalization equalities,
and (my — 1) Z;’;’; \(dp i, —1) no-signaling equalities
defining Bob’s marginal probabilities and similarly
(mp — 1) ZIA 1(dai, — 1) no-signaling equalities defining
Alice’s marginal probabilities. The vector |b) is an appropriate
defined m-dimensional vector with entries in {0, 1, —1}.
Crucially, this gives the dimensionality of the no-signaling

(
polytope to be

dim(NS[B(2; ma, ds; mp, dg)])

= (Z(dA,iA - D+ 1)
ir=1
X (Z (dpiy — 1)+ 1) —1=:D. 3)

ip=1

The boxes within the no-signaling polytope that addition-
ally satisfy the integrality constraint given by

@) Integrality POA~,08|1AJB(0A’ oglia, i) € {0, 1} for all
04, OB, A, iB,

are said to be local deterministic boxes (LDBs). The con-
vex hull of these LDBs forms the classical or Bell polytope
denoted by C[B(2;my, JA; mg, 573)]. This is the set of all cor-
relations obtainable from local hidden variable theories.

The set of quantum correlations denoted by
Q[B(2;my, JA; mg, JB)] also lies within the no-signaling
polytope. This set consists of boxes P where each component
Po, 04111, (04, 0Blia, ip) is obtained as

POA,OBUA-,IB(OA’ 03|iA, lB) = TI'[,O( ix,04 ® Ef; OB)] (4)

for some quantum state p € Hy; of some arbitrary di-
mension d, and sets of projection operators {E{:J)A} for
Alice and {EZ_} for Bob. Notably, the measurement

1B,0p
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operators satisfy the requirements of (i) Hermiticity:
(E,, ) = E} . for all iy, 04 and (Ef ) = EP , for all
ig, og; (i1) orthogonahty ElA OAE: g, = = 0, J, SUA for all iy

and EP OBEZB o, = Bon, o EE ,, for all ip; and (iii) complete-
ness: y , Ef =1 for all iy and ), EP =1 for all
ip. The set QB(2,mA,dA,mB,dB)] is convex but not a

J

C[B(2;my, dy;mg, dg)] = {|P) € R" : Bg, - |P)

where {Bg, - |P) < w:.(G;), iel} is a finite set of
inequalities. The inequalities supporting facets of
CI[B(2; my, dy; mp, JB)] provide a minimal set of such
inequalities, and are usually referred to as facet Bell
inequalities, or in some instances in the literature just as
the Bell inequalities. In particular, any valid inequality
for C[B(2; mA,JA;mB,JB)] can be derived from the facet
inequalities.

The introduction of a few notions from polytope theory
is in order here. Boxes Pj,..., P, in R" are said to be
affinely independent if the unique solution to Y - | u;P; = 0,
> i =0isthat u; = Oforalli = 1,..., m. Equivalently,
the boxes are affinely independent if P, — P1, ..., P, — P are
linearly independent. The affine hull of a set of boxes is the set
of all their affine combinations. The affine set has dimension
K, if the maximum number of affinely independent boxes it
contains is K + 1. An inequality Bg, - |P) < w.(G;) satisfied
by all boxes in C[B(2;m4, JA;mB, JB)] is called a valid Bell
inequality. Given a valid inequality Bg, - |P) < w.(G;), the set

G, - IP) = w:(Gi)} 6)

is called a face of the classical polytope and the inequality
is said to support F. The dimension of F is the dimen-
sion of its affine hull. If F # @ (the empty set) and F #
C[B(2;my, dy;mg, dg)], itis a proper face. Proper faces sat-
isfy by definition dim(F) < dim(C[B(2;ma, dx: mg, dg)]) —
1 =D — 1. Proper faces of maximal dimension are called
facets. A Bell inequality Bg, - |P) < w.(G;) thus supports a
facet of the classical polytope if and only if D affinely in-
dependent boxes of C[B(Z;mA,JA;mB,JB)] satisfy it with
equality.

Finding the quantum violation of a Bell inequality is also
a well-known hard problem. In the special instance of two-
party correlation Bell inequalities, also known as XOR games,
the quantum value can be directly determined by means of
a semidefinite program, as shown by Tsirelson [20]. For
more general two-party Bell inequalities, where the parties
observe more than two measurement outcomes, or where the
inequality also includes terms involving marginal probabili-
ties observed by either party, finding the quantum violation is
not as easy. In [21], a hierarchy of semidefinite programs was
formulated for optimization with noncommuting variables,
and this NPA hierarchy is ubiquitously employed to efficiently
determine upper bounds to the quantum violation for general
Bell inequalities. The hierarchy was also shown to converge
to a set QP [B(2;my, JA;mB, 33)], which is the set consisting

F={P)eR":B

polytope. We have the inclusions C[B(2;my, JA;mB, 33)] -
QIB(2:my., dyimg, dg)] S NS[B(2;my, dpsmp, dp)].

By the Minkowski-Weyl  theorem, the  set
C[B(2;my, JA; mg, JB)] can also be equivalently represented
as the intersection of finitely many half-spaces

< w (G VYiell, ()

(

of boxes P where each component Py, o,1,.17,(0a, 0glia, ig) is
obtained as

Po, 04in.1s (04, 08lia, ig) = Te[p(EL , EZ )], (D)

with [Ef: or IB o] = Oforallis, 04, ip, 0p. The above differs
from Eq. (4) in that the strict requirement of tensor product
structure is replaced with the requirement of only commuta-
tion between different parties’ measurements. It is clear that
Q[B(2;my, da;mp, dp)] € QP [B(2;my, dy;mp, dp)].

In the NPA hierarchy, one considers sets consisting
of sequences of product projection operators S| = {1} U
{Ef ,VULEE Y, Sy =81 U(E}  EE ), etc. The convex
sets corresponding to different levels of this hierarchy
Q[B(2; mA,JA;mB,JB)] are constructed by testing for the
existence of a certificate I/ associated to the set of operators
S; by means of a semidefinite program. This certificate I'!
corresponding to level [ of the NPA hierarchy is a |S;| x
|S;| matrix whose rows and columns are indexed by the
operators in the set S;. The certificate T is required to
be a complex Hermitian positive semidefinite matrix sat-
isfying the following constraints on its entries: (i) F%qﬂ =
1 and (ii) Fl R= Fl s if O'R = STT. The latter condi-
FZ En

’A 0A’"ip.op

tion in partlcular imposes that I'!

Fl
A B A B
EAA ‘7AE’B og’ E/A OAEAB op

One of the levels of the NPA hierarchy denoted
Qi148[B(2;my, dy;mp, dp)] or Q[B(2;my, ds;mp, dg)] has
been highlighted as being the almost-quantum set [22]. This
set corresponds to an intermediate level of the hierarchy and
is associated with the set of operators § = {1} U {E{: o Ein. 03}
where the latter set includes measurement operators for every
is, 04, ip, 0p. A more intuitive physical characterization of the
almost-quantum set is also known [22]. A given Py, o,1,.15
belongs to the almost-quantum set if there exists a normalized
quantum state p and projective measurements {EiAA’UA} and
{E£,<)E} such that the correlations arise as usual via the Born
rule:

A B
L, E’A A E‘B °B

- POA,OBUAJB (OA, oBllAa lB)-

Po, . 0piin1s(0a, 0plia, ig) = Tr[p(EL L EE )] (8)

However, crucially here we do not demand that the projec-
tors corresponding to different parties commute. Instead we
impose the following:

A B A T

ElA UAEIB 03 (ElA oA"ip, 03) = H’OH ‘ ’ (9)

Where H is any permutation of E/ EP = (such as
EB ). Notice that this requirement does not ensure that

ip,0B lA 04
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the projectors for the two parties commute, so that the almost-
quantum set is an outer relaxation (a superset) of the quantum
set. Interestingly, the almost-quantum set has been proven to
satisfy many of the information-theoretic principles designed
to pick out quantum theory from among all no-signaling theo-
ries, such as the local orthogonality principle, no advantage
in nonlocal computation, etc. [14,23], also see [24,25] for
interesting recent results in this direction. Moreover, a number
of Bell inequalities achieve their optimal quantum violations
already at this level, including the aforementioned correlation
Bell inequalities.

II. BELL INEQUALITIES WITH NO
QUANTUM VIOLATION

In identifying Bell inequalities for which no quantum vi-
olation exists, facet Bell inequalities play a crucial role. On
the one hand, finding a facet Bell inequality with no quantum
violation implies finding the largest dimensional face of the
set of quantum correlations which one can describe analyti-
cally. On the other hand, if we relax the facet requirement, one
can readily construct many Bell inequalities with no quantum
violation by suitably tilting known facet Bell inequalities (that
do admit quantum violation) [26].

(i) For instance, consider the well-studied CHSH Bell
scenario B((2, 2), (2, 2)), where Alice measures one of two
binary observables A, A, and Bob similarly measures binary
observables Bj, B;. The classical polytope in this scenario is a
well-characterized eight-dimensional polytope with the only
nontrivial facet [the trivial facets are the non-negativity con-
straints Po, o,1,.1,(04, 0glia, ip) = 0] known to be the CHSH
inequality (up to local relabelings of inputs and outputs and
an exchange of parties) given as

(A1B1) + (A1By) + (A2B1) — (A2B2) < 2, (10)

where as usual the correlator is (4, B;,) =
Y k0.1 (=1 Po, 04ir.is (04 ® 05 = klia, ip) for ix,ip=1,2.
Tilting the above facet inequality by choosing coefficients
o1, 012, 021, 02p > O normalized as o1 + o012 + a2 + a2 =
1, one gets the following class of inequalities:

ai1{A1By) + a12(A1By) + az1(A2B1) — a2 (AsB;)

< 1 —=2min{o1, @12, 021, @22} (1D

Using the Tsirelson solution for the quantum value of cor-
relation Bell inequalities with binary outcomes, a simple
characterization for the XOR games with no quantum advan-
tage was obtained in [27]. We can use the characterization
to show that (nonfacet) Bell inequalities of the form in (11)
do not admit quantum violation when the following condi-
tion is satisfied by the coefficients (in the case when oy, <
aiy, a2, ap) [28]:

(@021 + ayjo)?
< (o +ap)(an + ax)(op — an)(on; —ax).  (12)

An analogous condition holds when one of the other coef-
ficients is the minimum as well. As an example satisfying

the above condition, one may take {oi, a1z, @21, 000} =
9 1 1 1
{Ea Za §7 E}

(i) A second important consideration in finding Bell in-
equalities with no quantum violation is a recent breakthrough
result [13] showing that any two-player XOR game, for which
the corresponding Bell inequality is tight, has a quantum
advantage. Their result, automatically rules out inequalities
such as (11) under condition (12) and the XOR games with
no quantum advantage derived in [23,27] from being facet
Bell inequalities. However, binary-outcome correlation Bell
inequalities only form a small subset of possible two-party
Bell inequalities, since they restrict to the case 84, = dp.;, =
2 for all iy, i and furthermore to the case that the inequality
only consider terms involving the correlators (A;, B;,). Indeed,
correlation Bell inequalities directly generalize to Bell sce-
narios where the number of outcomes for each party is d > 2
leading to Bell inequalities of the type

my  mp d

YD D aliasin)

iA:l iB:l UA,ngl
X Po,,04lis.iz(04 +0p mod d = f(ia, ip)lia, ip) < Be,
(13)
for some function f from the inputs (i4, ig) to a value in

{1,...,d}. Let the root of unity be ¢ = exp(2mi/d), and
define d — 1 (game) matrices of dimension my X mp as

may Mg

D=y > qlin, i) WP ig) g, (14)
i/\=1 i3=1
for k=1,...,d — 1. Then, a sufficient condition for Bell

inequalities of the form (13) to have no quantum violation was
shown by us in [28,29]. Namely, if the maximum left and right
singular vectors |u;) and |v;) of ®; are composed entirely
of roots of unity entries alone (arbitrary integral powers of
), and simultaneously if the maximum left and right singular
vectors |uy) and |v) of @ are obtainable from |u;) and |v;)
by the substitution { — ¢*, then the corresponding inequality
(13) admits no quantum violation. As an example consider the
inequality corresponding to the game matrix

i 2 =2 i

112 i i =2

“oal-2 i i 2|
i =2 2 i

ie., with f(1,1) = f(2,2) = f(3,3) = f(4,4) = f(1,4) =
f2.3)=f3.2)=f41) =1, fA,2) =72, 1) =
f3.4)=f(4.3)=4, f,3)=f2.4)=f3. 1=
f4,2)=2, and similarly ¢(1,2) =¢q2,1)=¢(3,4) =
q4,3)=q(1,3) =q2.4) = ¢(3,1) =q(4,2) = 5  and
the remaining eight probabilities all equal to 21—4. The
corresponding inequality has classical value B, = 2 and an
optimization to level Q;[B(2;4, (4,4,4,4);4,(4,4,4,4))]
shows that the quantum value is also equal to B, = %.
This is reflected in the maximum singular vectors of @
being composed of powers of i = exp(2wi/4) only, and the
corresponding condition being satisfied by the matrices
®,, d3; as well. The fact that the sufﬁcjent condition
is inherited from the level Q;[B(2;m4, dA;mB,JB)] in
general [20] implies, by our central result, that none of the

D,

IS
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corresponding Bell inequalities with no quantum violation
define facets of the Bell polytope.

(iii) Furthermore, the fact that XOR games obey a perfect
parallel repetition theorem [30] implies that from a given
binary-outcome correlation Bell inequality with no quantum
violation, one can construct several Bell inequalities in higher-
dimensional multioutcome Bell scenarios that also do not
allow for quantum violation. Indeed, any parallel repetition
of the nonlocal computation game from [23] yields examples
of 2%-output games without quantum advantage.

(iv) Even considering Bell inequalities with marginal
terms, it is possible to construct inequalities with no quantum
violation. We give an illustrative example here in the simple
B((2, 2), (2, 2)) scenario, more involved scenarios require a
careful construction using the NPA hierarchy. Consider the
inequality parametrized by real 0 < o < 1 and given as

Po,.04ix,i5(0, 010, 0) + aPo, 04is.is(1, 110, 0)
— Po, 040i4.i5(0, 110, 1) — Po, 0,1i,.;,(1, 01, 0)
— P0,.041ir.i(0, 0[1, 1) < «, (15)

where the classical maximum of « is readily obtained by
direct inspection over local deterministic strategies. A well-
known result using Jordan’s lemma [31] states that the
quantum maximum of inequalities in this Bell scenario is ob-

J

V(oa,0plia.ip) ™ V(d,,0pli}.ip) < (ia =

Equivalently, we may consider that each product measure-

ment operator Ef | EF | corresponds to a vertex in the graph

. ; ey

Gy ,.q,) With vertices connected by an edge if iy =i and

E} Eff  =0orig=iyand Ef  E? ~=0. The number
4,041}, 0, ip,0B" iy, 0

of vertices in the graph is [V (Gy; 7)) = n.

Furthermore, given a graph G with vertex set V(G) and
edge set E(G) one can also find a set of unit vectors obeying
the above orthogonality conditions, called an orthonormal
representation of the graph. Formally, an orthonormal repre-
sentation of graph G is a set {|u;) € RN :i € V(G)} where
N is some arbitrary dimension, |||u;)|| =1 for all i € V(G)

TH(G) := {1 IP) = (Y |u))|* : i € V(G)) e RY?

The similarity between the set TH(G) and the set
Q1145[B(2;my, JA; mg, 673)] has been noted in the literature,
here we give a self-contained proof that is more suited to-
wards establishing our main result. First, as shown in [14],
the normalization and no-signaling constraints on a box can
be rewritten in terms of maximum clique equalities in the

tainable by performing projective measurements on two-qubit
states. A direct optimization over two-qubit states reveals that
the inequality has the quantum value B, = « in the parameter
range 0.867 < o < 1. Three affinely independent local deter-
ministic strategies saturate the inequality, showing that the
inequality defines a two-dimensional face of the set of local
correlations. Together with the quantum strategy, at the critical
value of o this saturates the bound of myu + %mA(mA —1)
derived in [13]. The local strategies are explicitly given as
follows: (i) Alice outputs (1,1) for her two inputs iy = 1, 2,
Bob outputs (1,0) for iy = 1, 2, (ii) Alice outputs (1,1), Bob
outputs (1,1), (iii) Alice outputs (1,0), Bob outputs (1,1).

III. FACET BELL INEQUALITIES ARE VIOLATED
IN ALMOST-QUANTUM THEORY

Cabello, Severini, and Winter discovered a relationship
between Bell scenarios (that also extends to more general
contextuality scenarios) and graph theory [32,33]. For a
given two-party Bell scenario B(JA, JB), one constructs an
orthogonality graph Gy ; 7, as follows. Each input-output
combination (04, 0glia, ig) corresponds to a distinct vertex
V(o 05lin,i) Of the graph, and two such vertices are connected
by an edge if the corresponding events are locally orthogonal,
where local orthogonality is the condition that distinct out-
comes are obtained for the same local input. In other words,
we have

iy Noa # 0V (ip = ig A og # 0p). (16)

(

and (u;lu;) = 0 for (i, j) € E(G). It should be noted that in
the graph-theoretic literature, the Lovasz orthogonal repre-
sentation is also defined in a complementary manner, with
nonadjacent vertices being assigned orthogonal vectors. For
a given graph G, the Lovasz theta-body TH(G) (sometimes
also called the Grotschel-Lovasz-Schrijver theta-body) is a
convex set introduced [34-36] as a semidefinite programming
relaxation to the hard graph-theoretic problem of finding a
maximum weight stable set of the graph (a stable set is a set
of mutually nonadjacent vertices). The theta set is defined as
follows:

Definition 1. For a graph G = (V(G), E(G)), define the
convex set TH(G) as

Y = Nlu) | = 1, 17

{|u;)} is an orthonormal representation of G [

(

orthogonality graph, where a clique inequality is an inequality
of the form

> Po,oui,(0a. 08lia. ip) < 1, (18)

U(oy,0plig.ip) €C
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for some clique c¢ in the graph. Here a clique denotes a set
of mutually adjacent vertices. Now, since by definition, each
normalization constraint only considers events corresponding
to different outcomes for the same measurement setting, it

clique inequality that is saturated. To see that the no-signaling
condition also corresponds to such a constraint, note that using
the normalization constraint, the no-signaling conditions can
be rewritten in the form

is clear that the normalization constraint corresponds to a

J

daiy dgig 9,
. P . .
E Po,.0411,,1, (04, 0Blia, ip) + E E Po,.0411,.1,(04, Ogliy, ip) =1 forall iy, iy, op, i,
ox=1 02} — 1 %=1
/
O 7 0B
dg.ip daiy by
: : / A o . o .
E Po,,051,,1;(04, 0Blia, i) + E E Po,.04114,1,(04, 0glia, ig) = 1 for all i, iy, 04, ia. (19)
op=1 0;1 =1 dB=1
/
Oy 7 04

Each no-signaling condition expressed in the above form considers events that are locally orthogonal, and thus corresponds
to a saturated clique inequality. Furthermore, the normalization and no-signaling conditions correspond to maximum clique
inequalities, i.e., no other measurement event (o4, 0plia, ip) exists that is locally orthogonal to every event in these equations.
Interestingly, it was shown in [14] that in any two-party Bell scenario B(d,, dp), the normalization and no-signaling conditions
encompass all the maximum clique inequalities, i.e., every maximum clique inequality corresponds to a normalization or a
no-signaling constraint. On the other hand, when one considers Bell scenarios involving three or more parties, other maximum
clique inequalities exist, and these are the constraints identified by the local orthogonality principle.

In a formal sense, Q; 4p[B(2;m4, JA;mB, JB)] is equivalent to the set TH(G) defined for an appropriate orthogonality
graph Gy, iy with the additional constraint that the maximum clique inequalities corresponding to the normalization and
the no-signaling conditions be set to equalities. In other words, define C, s as the set of maximum cliques in the orthgonality
graph Gy ; 5, that correspond to the normalization and no-signaling constraints in the Bell scenario. Define the convex set
THn,ns(GB(JA’jR)) as

Y1l = Nu) |l = 1Vi
TH”’"‘V(GB(JA,JB)) =P = [[(Wlu)|* :i e V(GB(JA,JB))] € R” |{lu;)} is an orth. repn. of Gy 5 5 _ (20)
Yo W lu) 2 =1, forall ¢ € Cp g

Theorem 3. In bipartite Bell scenarios, irrespective of the
number of inputs and outputs for each party, the only full-
dimensional linear facets of the almost-quantum set are also
facets of the no-signaling polytope. In other words, for a facet
Bell inequality of the form

Z q(ia, ip)V (04, 0B, ia, ip)P(04, 0Blis, ip) < w, (21)

04,0B,iA,ip

The set Qiap[B(2; mA,c?A;mB,JB)] is then equivalent to
THn,ns(GB(jA’JB)):

Theorem 2 (see [32,37,38]). For any two-party Bell
scenario B(JA, 33), it holds that QHAB[B(JA, JB)] =
THn,ns(GB(jAjB))~

At this point it is important to note the dimension mis-
match between the sets Qiap[B(2;my, c?A;mB, JB)] and
TH(G). Namely, while TH(G) is a full-dimensional con-
vex set (of dimension n), Qiag[B(2;ma, JA;mB,JB)] is of
much smaller dimension (being of dimension D). Therefore,
one may wonder whether any statements about the facets
of TH(G) hold true for the smaller dimensional set, since
facets of Q4 ap[B(2;ma, JA; mg, 473)] would be faces of much
smaller dimension in TH(G). Nevertheless, we use techniques
used in the study of the facets of TH(G) to show the fol-
lowing statement about the facets of the almost-quantum
set.

where w, denotes the classical value of the inequality, the
almost-quantum value wj is strictly larger than w,, i.e., wz >
We.

Proof. The proof follows analogously to that of an analo-
gous claim made for the general Lovasz theta set TH(G). It is
noteworthy that the set TH(G) has been characterized in mul-
tiple ways in the literature. We begin with a complementary
characterization of the set THn,m(GB(JA. 33)) inherited from a
characterization of TH(G) [39,40] that is particularly suited
to our problem:

2 .
ZiEV(GB(JAJB)) [(@|w;)] |7Dlz <1
" {|w;)} is an orth. repn. 'of Gy,an b 22)
@) = lw) |l =1Vi
|P); =1, forallc € Cpyy

TH”v”S(GB(JA,JB)) = |7)) eR
iec
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Here G denotes the graph complement of G, i.e., the graph with the same vertex set as G and the complementary edge set (u ~ v
in G & u 7 v in G). This representation of TH,ns(Gyg, 4y) = Qu+as[B(2;my, da;mg, dg)] is useful since it characterizes

the facets of the set, in particular every facet is of the form ), V(Gyg 1) [{(¢|w;)|?|P); = 1 for some unit vector |¢) € RV
(dy.dp)

and orthonormal representation {|w;) € RV} of G. It is also worth noting that the normalization and no-signaling constraints
Y ice IP)i = 1 also fall in this category, if we choose |w;) = |¢) for every vertex i € ¢ and |w;) = |¢)+, for some arbitrary unit

vector |¢) and an orthogonal unit vector )t L |@).

Let F ={IP)| Xicv(cy, ;) |($1wi)PIP)i = 1} be a facet
of Q1as[B(2;ma, da;mp, dp)]. Let |P*) € int(F). We have
the following:

ST 1@lw) PP < (gle)

iEV(GB(JAAd‘B))

= (¢l >

ieV(GB(JA,EB))

Saturation of the above inequality implies that |¢p) is a
maximum eigenvector of (Zie\/(GBJ o [PP)ilwi) (wil) corre-
(dy.dp)

IP)ilwi) (wil [lo) < 1. (23)

sponding to eigenvalue 1. In other words

Do PYiwwil |16) = I¢).
ieV(GB(JA,JB>)
<| D0 1Puwile) |lwi);
iEV(GB(JA,JB))

= > IPilwilg)l” |16); forj=1,...,N,
i€V (G, ip)

(24)
where in obtaining the last equation we have used the first
inequality of (23). Now as F is a facet, it is not a convex
combination of other facet-defining inequalities in Eq. (22),
so that the above equality implies

(wil)wi) = [(wilp)P|¢) Vi€ V(Gyg g, (25
This gives that for each i € V(GB(JA,JB))’ either (w;|¢) = 0 or

lwi) = (wil¢)|$)
= |w;) = £|9), (26)

without loss of generality we may take |w;) = |¢). Therefore,
for every i € V(GB(JA,JB))’ either (w;|¢) =0 or |w;) = |¢P).

Defining the set Z as Z := {i € V(GB(JA,JB)N |lw;) = |p)}, we
obtain that {|w;)} is an orthonormal representation of G where
|w;) takes value |¢) for every i € Z, while |w;) belongs to the
subspace of R" that is orthogonal to |¢) when i ¢ Z. This
therefore implies that all the vertices in Z are mutually nonad-
jacentin G, i.e., that 7 is a stable set of G or in other words 7 is
a clique of G. The inequality ",y ¢ JH@lw) PP = 1

supporting facet F of Qap[B(2;ma, JA;mB, c_fB)] thus con-
stitutes the saturation of a clique inequality of the form

B(dy.dp)

(

Y iz |P)i = 1. Now from [14,41] we know that in any two-
party Bell scenario, the clique inequalities are exhausted by
the no-signaling and normalization constraints. Therefore,
no other proper facet-defining Bell inequality exists that is
also a facet of Qi 14p[B(2;my, JA;mB, 33)], i.e., every two-
party facet Bell inequality is violated in almost-quantum
theory.

Thm. (3) thus shows that every two-party facet Bell in-
equality, irrespective of the number of inputs and outputs for
each party, admits a violation in almost-quantum theory. It is
worth noting that an alternative route to deriving the result in
Thm. (3) is to parametrize box |P) in terms of D parameters,
being probabilities Po, o,1,.1, (04, 08lia, i), from which other
probabilities that define the box can be obtained via normal-
ization and no-signaling conditions, as done for example in
[21]. The result on facets of TH(G) from [39,40,42] applied
to the theta-set of the orthogonality graph of this subset of
events in the Bell experiment, can then be used to derive Thm.
(3).

Corollary 4. Any two-party facet Bell inequality, irre-
spective of the number of inputs and outputs for each
party, for which the quantum value is achieved at level
14+ AB of the NPA hierarchy, admits a violation in quan-
tum theory. In particular, two-party XOR games that
define facet Bell inequalities always admit a quantum
advantage.

Proof. Two-party XOR games form a class of Bell inequal-
ities for which the quantum value is achieved at level 1 4+ AB,
in fact already at level 1 of the NPA hierarchy, by the results
of Tsirelson [20]. Therefore, binary-outcome correlation Bell
inequalities that do not admit quantum violation, do not define
facets of the classical Bell polytope.

This Corollary neatly recovers the result by Escold er al.
[13]. Besides, as we have seen it also recovers a central result
of [28], namely that d-outcome nonlocal computation games
do not define facets of the Bell polytope. Finally, other unique
games with no quantum advantage considered in [28] are also
shown to not correspond to facet-defining Bell inequalities.
An important question remains.

Open Can the method be extended to other levels of the
NPA hierarchy, to identify whether any two-party facet Bell
inequality also defines a facet of the set of quantum correla-
tions?

Such a facet, if it exists, could provide the crucial insight
towards identifying a fundamental information-theoretic prin-
ciple that explains why nature chose quantum theory over
almost-quantum theory [22]. The result shown here does not
indicate the answer to the question in either direction, since
it is at present unknown how rare are the linear inequali-
ties which admit almost-quantum violation but no quantum
violation.
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IV. ALL TWO-PARTY FACET-DEFINING INEQUALITIES
OF THE BELL CORRELATION POLYTOPE ARE
VIOLATED IN QUANTUM THEORY

Avis et al. [12] posed the question whether there are
any facets of the binary-outcome correlation polytope (the
classical polytope of two-party binary-outcome correlations
(A;,Bi,) € {+1, —1}, excluding the local marginal terms) that
are not violated in quantum theory. In other words, is there
any nontrivial facet of the set of classical bipartite two-point
correlation vectors (expectation values of the form (A;, B;,) €
{+1, —1}) that is not violated in quantum theory? Note that
these sets are of smaller dimension than the sets considered
in the previous sections, since they only involve the two-point
correlation terms and not the local marginal terms (A;,) and
(By,).

The question raised by Avis et al. [12] was recently an-
swered in the negative by Escold et al. [13], making use of
the simple characterization of XOR games with no quantum
advantage given in [27]. Here we provide an alternative proof,
making use of a connection between the correlation polytope
and the cut polytope of graph theory [12]. In particular, this
connection links the set of binary-outcome quantum correla-
tions and the well-studied elliptope in graph theory, this latter
body being the semidefinite programming relaxation of the cut
polytope.

First, we introduce the cut polytope of complete graph
following [43]. The graph is denoted by I';, has ¢ vertices,
and has an edge between each pair of vertices. A cut S is an
assignment of {0, 1} to each vertex in the graph. The cut vector
8(S) for some cut S is given by §, ,(S) = 1 if vertices u, v are
assigned different values, and O if the vertices are assigned
the same values. The set of all convex combinations of cut
vectors Cut(ly) = {D ¢y PSS D g Ps = 1, ps = 0} is
called the cut polytope of the complete graph. The vectors
of correlation functions which are possible in classical corre-
lation experiments form the cut polytope Cut(I',,, ,,,) of the
complete bipartite graph I';,, ,,,,. Tight correlation inequalities
are exactly the facet-inducing inequalities of the polytope
Cut(Ly, g )-

The semidefinite relaxation of the cut polytope of the com-
plete graph I is the elliptope £(I';) also sometimes denoted
as & ;. Formally, &, denotes the set of ¢ x t correlation
matrices (positive semidefinite matrices with diagonal entries
equal to 1)

Eixe =M eR™M >=0,M;; =1foralli=1,...,t}.
27

In general, the elliptope £(G) of a graph G = (V, E) with
|V | vertices is the convex body consisting of vectors ¥ € RE
such that there exist a unit vector |u;) € RV for each vertex
i € V satisfying X; ; = (u;|u;). In particular, the elliptope of
the complete bipartite graph £(I'y,, m,) is the set of vectors
% € RETmams) satisfying the conditions of Tsirelson’s theo-
rem, so that £(I',, ,) is the set of bipartite binary-outcome
quantum correlations [12]. The dimensionalities of these sets
is dim(& /) = (5), and &im[E(T,,m,)] = mamp. Moreover,
E ', .my) 1s a projection of &, onto the lower-dimensional
space for t = my + mg.

We now show that every two-party facet-defining correla-
tion Bell inequality, irrespective of the number of inputs and
outputs for each party, admits a violation in quantum theory.
In other words, for a facet-defining correlation Bell inequality
of the form

> iy (AiBi) < e, (28)

iasip

where B, denotes the classical value of the inequality, the
quantum value B, is strictly larger than 8. Formally, we show
the following.

Theorem 5. All faces of the set of quantum bipartite two-
point correlation vectors are of strictly lower dimension than
that of the facets of the set of classical bipartite two-point
correlation vectors.

The proof of Thm. (5) follows from the discussion above,
mapping the cut polytope and the correlation Bell polytope,
along with the corresponding mapping between the elliptope
and the set of two-party binary-outcome quantum correlations
[12]. Laurent and Poljak in [44], building upon the results
of [45], show that the largest dimension of a polyhedral face
(formed by the convex hull of cut vectors) of &, is equal
to the largest integer d, such that (d’; 1) <t—1,1ie,d =
L@J. They further show that the largest dimension of
any face of &, is (’;l). A facet-defining correlation Bell in-
equality is, by definition, of dimension dim[E(Ty, m,]) — 1 =
mymp — 1. For t := my + mg, it is readily seen that for all
values of my, mp > 2,

mymp — 1 > d;, (29)

so that the set of quantum bipartite two-point correlation
vectors shares no facets with the set of classical bipartite
two-point correlation vectors. It follows that all bipartite Bell
inequalities which are facets of the classical correlation poly-
tope must admit quantum violation.

V. CONCLUSIONS

In this paper we have shown that that all two-party Bell
inequalities that define facets of the classical Bell polytope,
are violated in a natural semidefinite programming relaxation
to the set of quantum correlations, termed almost-quantum
theory. We have also seen that all correlation Bell inequalities
that define facets of the lower dimensional correlation Bell
polytope, are violated in quantum theory.

We reiterate the important open question that still remains.

Open s every facet-defining bipartite Bell inequality (of
the classical two-party Bell polytope) violated in quantum
theory?

A positive answer for the question could provide a promis-
ing route to identifying a fundamental principle singling out
the set of quantum correlations among other nonsignaling
ones. It would be interesting to see if the methods discussed
here can be extended to further levels of the convergent hierar-
chy of semidefinite programming relaxations of the quantum
set. It would also be interesting to find tight bounds on the
dimension of the faces of the quantum set, and information-
theoretic explanations behind these.
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