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Complex counterpart of variance in quantum measurements for pre- and postselected systems

Kazuhisa Ogawa,"" Natsuki Abe,! Hirokazu Kobayashi®,> and Akihisa Tomita®'
'Graduate School of Information Science and Technology, Hokkaido University, Sapporo 060-0814, Japan
2School of System Engineering, Kochi University of Technology, Tosayamada-cho, Kochi 782-8502, Japan

® (Received 14 March 2021; accepted 28 June 2021; published 21 July 2021)

The variance of an observable in a preselected quantum system, which is always real and non-negative, appears
as an increase in the probe wave packet width in indirect measurements. Extending this framework to pre- and
postselected systems, we formulate a complex-valued counterpart of the variance called “weak variance.” In
our formulation, the real and imaginary parts of the weak variance appear as changes in the probe wave packet
width in the vertical-horizontal and diagonal-antidiagonal directions, respectively, on the quadrature phase plane.
Using an optical system, we experimentally demonstrate these changes in the probe wave packet width caused
by the real negative and purely imaginary weak variances. Furthermore, we show that the weak variance can be
expressed as the variance of the weak-valued probability distribution in pre- and postselected systems. These
operational and statistical interpretations support the rationality of formulating the weak variance as a complex
counterpart of the variance in pre- and postselected systems.
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I. INTRODUCTION

The outcomes of quantum measurements show probabilis-
tic behavior. This characteristic, which is not observed in
classical systems, has been the root of many fundamental ar-
guments in quantum theory [1]. In the quantum measurement
of an observable A, the probabilistic behavior of its mea-
surement outcomes is characterized by measurement statistics
such as expectation value (A) and variance o2(A). These
values are generally measured using an indirect measure-
ment method [2]. In indirect measurements, the target system
to be measured is coupled with an external probe system
through von Neumann interaction. Regardless of the coupling
strength, the expectation value (A) and variance o2(A) in the
target system are obtained from the displacement of the probe
wave packet and the increase in its width, respectively. In
other words, the probe wave packet in an indirect measure-
ment serves as the interface that displays the probabilistic
characteristics of the target system.

Interestingly, when the target system is further postse-
lected, the displacement of the probe wave packet differs
from (A). In particular, when the coupling strength is weak
(weak measurement setup), the probe displacement is given
by Re(A),,, where (A),, := (f|A]i)/(f]i) in the pre- and post-
selected system {|i), |f)} is called weak value [3]. (A)y is
complex in general and can exceed the spectral range of A.
By regarding the weak value as a complex counterpart of the
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expectation value in the pre- and postselected system, new
approaches to fundamental problems in quantum mechanics
involving pre- and postselection have been investigated, such
as various quantum paradoxes [4—10], understanding of the
violation of Bell’s inequality using negative probabilities [11],
the relationship between disturbance and complementarity in
quantum measurements [12—14], verification of the uncer-
tainty relations [15—17], observation of Bohmian trajectories
[18,19], and demonstration of the violation of macrorealism
[20,21].

Similar to the relation between the weak value and expec-
tation value, does there exist a counterpart of the variance in
pre- and postselected systems? To answer this question, we
consider the function of the probe wave packet in indirect
measurement as an interface that displays the characteristics
of the target system. As mentioned earlier, the variance o-2(A)
in a preselected system manifests as an increase in the probe
wave packet width in indirect measurement, and owing to the
non-negativity of the variance, the wave packet width never
decreases. However, for pre- and postselected systems, any
counterparts of the variance cannot be observed in the typical
framework of the weak measurement [3], in which the probe
wave packet width does not change because the second- and
higher order terms of the coupling strength are ignored. Here,
we focus on the recent studies reporting that when considering
the second- and higher order terms of the coupling strength,
the probe wave packet width can not only increase but also
decrease under appropriate pre- and postselection conditions
[22,23]. If these reported phenomena are interpreted to result
from a counterpart of the variance in pre- and postselected sys-
tems, it may be possible to formulate an effective variancelike
quantity that can be negative.

In this study, we investigate the general changes in the
width of the probe wave packet during indirect measure-
ments of pre- and postselected systems. We then formulate a
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counterpart of the variance in these systems. This counterpart,
denoted here as weak variance, can indeed be negative and
manifests as the decrease in the probe wave packet width.
Moreover, the weak variance is generally complex and can
be understood by observing the changes in the probe wave
packet width on the quadrature phase plane. To demonstrate
this phenomenon, we conducted an optical experiment for
observing the changes in the beam packet width in proportion
to the real and imaginary parts of the complex weak variance.
In addition, to clarify the concept of weak variance, we ex-
press the weak variance as the second-order moment of the
weak-valued probability distribution [4-13,24-26], which is a
quasiprobability distribution in pre- and postselected systems.
Based on the agreement between the operational and statis-
tical interpretations, our weak variance can be considered a
more reasonable definition of a complex counterpart of the
variance in pre- and postselected systems than previous for-
mulations [27-39]. Furthermore, we formulate a counterpart
of the higher order moment and investigate its operational and
statistical meanings and applications.

II. WEAK VARIANCE APPEARING IN INDIRECT
MEASUREMENT FOR PRE- AND POSTSELECTED
SYSTEMS

The indirect measurements have been made with a Gaus-
sian probe as shown in Figs. 1(a) and 1(d). After reviewing
these measurements, we explain the appearance of a com-
plex weak variance in the pre- and postselected system. The
target system to be measured and the probe system are pre-
selected in states |i) and |¢), respectively. The initial probe
state |¢) can be expanded as |¢p) = f_oooo dX¢(X)|X), where
the wave function ¢(X) is the Gaussian distribution ¢(X) =
7~ V*exp(—X?/2) and X is a dimensionless variable.! The
observable of the dimensionless position X can be spectrally
decomposed as X = I > dXX|X)(X|. The time evolution by
the interaction Hamiltonian A ® K is represented by the uni-
tary operator U (0) = exp(—ifA @ K), where A = Z a; 1'1
is the observable to be measured in the target system ajis
an eigenvalue of A, IT ; is the projector onto the eigenspace
of A belonging to eigenvalue a > K is the canonical conjugate
observable of X satisfying [X, K] = i1, and 6 is a parameter
with the reciprocal dimension of A. The coupling strength is
characterized by 0||A||, where ||A|| is the largest eigenvalue
of A: if 9]A|| > 1 (« 1), the coupling is considered strong
(weak).

Let us consider an indirect measurement of the observable
A, as shown in Fig. 1(a). Suppose that measurement X in the
probe system is made to the state after the interaction, |2) :=
exp(—i@A ® K)|i)|¢). The probability distribution P(X) of
obtaining the result X is

P(X) = [(X|2)]* Zp,wx 0aj)P. (1)

'The dimensionless variable X is obtained by dividing the posi-
tion variable x by the standard deviation o of the wave function
7~ Vig=1/2 exp[—x?/(20%)].
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FIG. 1. (a) Quantum circuit of indirect measurements of the pre-
selected system |7). (b) Change in the probe wave packet caused by
interactions in the quantum circuit (a) under the strong coupling con-
dition (8||A|| > 1). The distribution of probe wave packets after the
interaction reproduces the probability distribution of the outcomes
of projective measurements of A in |i). (c) Change in the probe wave
packet under the weak coupling condition (8||A| < 1), where the
horizontal axis has been rescaled from that of (b). The variance of
the probe wave packet after the interaction increases in proportion
to the variance 02(/4) and never decreases. (d) Quantum circuit of
indirect measurements of the pre- and postselected system {|i), |f)}
(weak measurement setup). (¢) Change in the probe wave packet
in the weak measurement circuit (d). The real part of the weak
variance appears in the variance change of the probe wave packet
after the postselection. Unlike the preselected system (c), the pre- and
postselected system admits a narrowed variance of the probe wave
packet when the real part of the weak variance becomes negative.

where p; 1= (i |IT j1i) is the projection probability of |i) onto
I1 ;. If the coupling is strong OlA]] > 1), the wave packet
|p(X — Ba j)|2 for each j is well separated from other wave
packets, and P(X) reproduces the probability distribution
{p;}; [Fig. 1(b)]. However, if the coupling is weak OIA] <«
1), the wave packets overlap and P(X) does not reproduce
{p;}; [Fig. 1(c)]. Nevertheless, regardless of the coupling
strength, the statistics of A in the target system [i), such as
the expectation value (A) and the variance o2(A), can be
acquired from the changes in the probe distribution P(X). The
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expectation value and variance of X in P(X) are respectively
expressed as

X=Xy +04), ofX)=0’X)+6°A), (2
where (X); and of (X) are the expectation value and variance
of X in the initial probe state |¢), respectively. In this case,
(X); = 0 and 0*(X) = 1/2. Therefore the expectation value
(A) and variance o2(A) can be measured under both strong
and weak coupling conditions. Here, we stress that after the
interaction, the variance of the probe wave packet ofz (X) never
decreases because the variance o2(A) is non-negative.

We next consider that the target system is pre- and post-
selected in states |{) and [f), respectively [Fig. 1(d)]. The
non-normalized state of the probe system after the postselec-
tion |¢¢) := (f|Q) is represented as

N n N~ A 6% . N
|pe) = (fli) (1 — i0{A)K — 3<A2>WK2> lp) +0(©*). (3)

The expectation value of X in the non-normalized state |¢) is
(X)r = (@ |X|¢r)/ (r|$r) = Re(A)60 + O(6?). The real part
of the weak value (A),, = (f|Ali)/(f]i) appears in the dis-
placement of the probe wave packet, as previously reported
for weak measurements [3]. The imaginary part of the weak
value is observed in the displacement of the probe wave packet
in the K basis: (K); = Im(A),,0 + 0(6°) [40]. By introduc-
ing the generalized position operator M := X cosa + K sin«
(a € [0, 27)), these relations can be summarized as

(M)¢ = (cosa Re(A)y + sina Im(A) )0 + 00%).  (4)

The real and imaginary parts of the weak value are also ob-
tained by setting the interaction Hamiltonian to A ® M and
measuring the expectation values of X and K for the postse-
lected probe state [41].

Now let us examine the change in the probe wave packet
width. The variance of X for |@) is calculated as

o?f(X) = (X — (X)f
=07 (X) + iRe((A%)y — (A)2)0% + 0(0%).  (5)

The real part of the variancelike quantity appears in the
quadratic term of 6, which is ignored in the conventional weak
measurement context. We define this quantity as the weak
variance Ué(AA) of A:

o) := (A%, — (A)a. ©)

The real part of the weak variance is similar to normal vari-
ance in that it appears as a change in the probe wave packet
width in the X basis [Eq. (2)]. However, unlike the normal
variance, the weak variance can be negative, in which case
the wave packet width then decreases as shown in Fig. 1(e).
The decrease in the probe wave packet width reported in
previous studies [22,23] can be reinterpreted as the effect of
the negative weak variance.

We next consider the appearance of the imaginary part of
the weak variance. The variance of the generalized position
operator M for |¢;) is calculated as (see Appendix A for a
detailed analysis of mixed pre- and postselected states of the

KT_.X 5\/(2

2092 —
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FIG. 2. Wigner functions of the normalized probe states after
postselection, |¢@¢)/|||é) ||, assuming (A),, = 0 and neglecting O(6%)
in Eq. (3). The horizontal and vertical axes represent the observables
X and K, respectively, and the 45° and 135° axes represent the
observables  and &, respectively. (a) When Rea?(4)6? = 0.5 and
Imo?? (A)9% = 0, the wave packet spreads along the X axis and nar-
rows along the K axis. (b) When Res2(A)92 = 0 and Imo2(A)6? =
0.5, the wave packet spreads along the €2 axis and narrows along the
E axis.

target system)
of (M) = % + L[cos2a)Reoy (A) + sin(2e)Imo (A)]6°
+ 0(6). (N

This equation indicates that the real and imaginary parts of the
weak variance appear in the changes in the probe wave packet
width in different measurement bases. For example, when
choosing M = K (a = 7/2), the variance of K in state |¢) is
given as 0 (K) = 0 2(K) — (1/2)Rec2(A)6* + O(63); that i,
Reo? (A) also appears in the width change of the wave packet
in the K basis. To clarify these relations, we plot them on the
quadrature phase plane [Fig. 2(a)]. When Reavzv(ff) > 0, the
wave packet spreads along the X (horizontal) axis, while it
narrows along the K (vertical) axis. This relationship satisfies
the Kennard-Robertson uncertainty relation [42,43] up to the
quadratic of 0: o (X)a(K) = 1/4 + 0(6%).

However, when o = 7 /4, the measured observable be-
comes M = (X + If’)/ﬁ =: Q, which corresponds to the
45° axis in the quadrature phase plane of Fig. 2. Through
the relation 07 (Q2) = o2($2) + (1/2)Imo2(A)6? + 0(8), the
imaginary part of the weak variance Imo2(A) can be ob-
served as the change in the probe wave packet width in
the § basis. Moreover, when o = 37 /4, the measured ob-
servable becomes M = (—X + K)/+/2 =: &£, which is the
canonical conjugate of Q. This observable satisfies [Q2, £] =
i1 and corresponds to the 135° axis in the quadrature phase
plane of Fig. 2. Through the relation o?(&)=0?(&) —
(1/2)Imo2(A)6? + 0(63), Imo2(A) also appears in the width
change of the wave packet in the &= basis. These relations are
represented on the quadrature phase plane in Fig. 2(b). When
Ima“z, (A) > 0, the wave packet spreads along the €2 (45°) axis,
while it narrows along the & (135°) axis. This relationship
also satisfies the Kennard-Robertson uncertainty relation up
to the quadratic of 8: 0?(Q)02(E) = 1/4 + 0(9?).

We note that our formalism of the weak variance is recon-
ciled with the claim by Vaidman et al. [44] that the weak value
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FIG. 3. Experimental setup for observing weak variances. GTP:
Glan-Thompson prism; HWP: half-wave plate; QWP: quarter-wave
plate; SP: Savart plate; CCD: charge-coupled device. (a) Experi-
mental setup for measuring the probe system in the X basis. In the
preselection, the HWP and two QWPs are used to prepare the weak
variance to be (i) negative real and (ii) positive purely imaginary,
respectively. [(b), (¢), and (d)] Experlmental setups for measuring the
probe system in the €, K, and & bases, respectively. The lens (focal
length f =1 m) and free-space propagation perform a fractional
Fourier transform on the transverse distribution of the beam.

is a robust property of the system and, unlike an expectation
value, is not a statistical property. This can be understood
by considering the changes in the probe wave packet on the
quadrature phase plane. Considering up to the first order of
0, the probe wave packet after the postselection is displaced
by (6Re(A)y, OIm(A),), but its shape is unchanged. The
probe wave packet remains a pure state and can be specified
with one complex parameter, the weak value. In this sense,
the weak value is not statistical and is a robust property of
the system like the eigenvalue. Considering up to the quadra-
ture of 6, the probe wave packet is squeezed/antisqueezed
in the direction specified by the weak variance, as explained
above. The probe wave packet remains a pure state while its
shape changes; therefore, the weak variance does not rep-
resent the statistical nature of the probabilistic mixture of
probe wave packets and hence is consistent with the claim of
Vaidman et al. Considering higher orders of 6, the probe wave
packet undergoes a non-Gaussian transformation specified by
the higher order weak moments (A"),,, as described at the end
of this paper.

III. EXPERIMENTAL DEMONSTRATION
OF WEAK VARIANCES

To verify the effects of the weak variance, we experi-
mentally observed the weak variance in the optical system
shown in Fig. 3. In this setup, the target and probe sys-
tems were the polarization and transverse spatial modes,
respectively, of the laser beam with a central wavelength
of 780 nm (Menlo Systems C-fiber 780). The polarization
mode was a two-state system spanned by (for example)
the horizontal-vertical polarization basis {|H), |V)} or the

diagonal (45°)-antidiagonal (135°) polarization basis {|D) :=
(H) + [V))/~/2, |A) := (JH) — |V))/~/2}. The pre- and post-
selection {|i), |f)} in the polarization mode was prepared
using Glan-Thompson prisms (GTPs), a half-wave plate
(HWP), and quarter-wave plates (QWPs). The initial trans-
verse distribution of the beam’s amplitude was prepared as
a Gaussian distribution ¢(X) = 7w~ /*exp(—X?/2), where
X is the dimensionless position variable normalized by the
standard deviation of this distribution. The weak interac-
tion exp(—i@A ® K) was implemented using a Savart plate
(SP), which comprises two orthogonal birefringent crystals
(B-BaB,0y4, 1-mm thickness). In our setup, A was cho-
sen as A = |D)(D| — |A)(A| and the SP transversely shifted
the diagonally (antidiagonally) polarized beam by a dis-
tance of 6 (—0). The probe system was finally measured
in the X, Q, K, and & bases. In the X basis, the trans-
verse intensity distribution of the beam was measured using
a charge-coupled device (CCD) camera (Teledyne Princeton
Instruments ProEM-HS:512BX3), as shown in Fig. 3(a). The
intensity measurements in the Q. K, and £ bases were imple-
mented by fractional Fourier transforming (see Appendix B
for details) the beam distribution using a lens (focal length
f = 1 m) before X measurement using the CCD camera, as
shown in Figs. 3(b)-3(d).

To independently verify the effects of the real and imag-
inary parts of the weak variance, we chose the pre- and
postselected polarization states {|i), |f)} giving (i) negative
real and (ii) positive purely imaginary weak variances. The
preselected state |i) in case (i) was prepared by rotating the
fast axis of the HWP through angle ¥y from the vertical
direction and passing the vertically polarized beam through
the rotated HWP. The output state became |i) = cos(29y —
7w /4)|D) + sin(2vy — 7w /4)|A). The postselected state was

fixed at |f) = |H). The weak value and weak variance respec-
tively became the following real numbers:
" cos(29y) o cos(49y)
Ay =—"TL, 2h)=—5— @8
sin(2%y) sin“(2Uy)

The preselected state |i) in case (ii) was prepared by rotating
the fast axis of QWP1 through angle o from the vertical
direction and passing the vertically polarized beam through
the rotated QWP1 and QWP2 (whose fast axis was fixed in the
vertical direction). The output state became |i) = cos(dq —
7/4)|D) + e~ sin(¥q — 7 /4)|A). The postselected state
was fixed at |f) = |H), as in case (i). The weak variance
became the following purely imaginary number:

cos(2z‘/‘Q)
s1n2 (219Q)

First, we observed the weak value in the transverse dis-
placement of the beam’s intensity distribution. Figure 4 plots
the measured displacement of the mean of the beam’s in-
tensity distribution in the X basis, given by AX) = X) —
(X )i, as a function of ¥y in case (i). When ¥y is small,
the pre- and postselected states are nearly orthogonal and
A(X) becomes large. The theoretical curve of A(X) (blue
solid curve in Fig. 4) was fitted to the measured values.
The fitting parameters were the coupling strength 6, visi-
bility V, and the technical error of the rotation angle of
HWP A € [-0.5°,0.5°] (for details, see Appendix C). From

o2(A) = )
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FIG. 4. Measurement results of A(X) in case (i) negative real weak variance. The solid blue curve is the theoretical fitting to the measured
data (blue dots), and the red-dashed curve plots the theoretical weak value Re(A)y0 (6 = 3.62 x 1072) vs 9y. Insets show the intensity
distributions of the beam for several values of . When dy is close to zero, the O(6%) term in Eq. (4) dominates and the distribution differs

from a Gaussian one.

the fitting, we determined 6 = 3.62 X 1072,V = 1.00, A =
(1.57 x 1073)°. The weak value Re(A)0 (6 = 3.62 x 1072)
versus Py is also plotted in Fig. 4 (red-dashed curve). Most
of the measured values were consistent with the theoretical
curve, verifying the measurements of the weak values.

We then observed the weak variance, which manifests as
the changing variance of the beam’s intensity distribution.
Here Ac*(M) := [0?(M) — 0>(M)]/o2(M) denotes the rate
of variance change of the beam’s intensity distribution from
its initial value in the M = X cosa 4 K sin & basis. Figure 5
plots the measured Ac2(M) (M =X, 2, K, £) as functions
of ¥y and ¥q in cases (i) and (ii), respectively. When ¢y and
g were small, the pre- and postselected states were close to
orthogonal and the variance changes were large. The theoreti-
cal curves of Ac?(M) (blue solid curves in Fig. 5) were fitted
to the measured values using 6, V, A, and the intensity of the
background light N as fitting parameters (due to the visibility
V being less than unity and the nonzero background noise N,
Ac*(M) differs slightly from the ideal weak variance even in
the limit of 8 — 0; see Appendix C for details). The theoret-
ical weak variances [cos(2a)Rec2(A) + sin(2a)Imo2(A)]9>
(red-dashed curves) are also plotted as functions of ¥y or ¥
in Fig. 5. Again, most of the measured values were consis-
tent with the theoretical curves. In case (i), Ac2(X) became
negative because the weak variance was a negative real value;
correspondingly, the Ac?(K) increased. However, Ac?(Q2)
and Ao2(Z) remained almost zero because the imaginary part
of the weak variance was zero. In case (ii), where the weak
variance was positive and purely imaginary, Ac2($2) and
Ac2(&) became positive and negative, respectively. How-
ever, Ac2(X) and Ac?(K) remained almost zero. Thus the
real and imaginary parts of the weak variance appeared as

width changes of the wave packet, in accordance with our
theory.

IV. WEAK VARIANCE AS A STATISTIC OF THE
WEAK-VALUED PROBABILITY DISTRIBUTION

In this section, we interpret the weak variance as a statistic
of the weak-valued probability distribution, which is a pseu-
doprobability distribution in the pre- and postselected system.
This relation is similar to that the variance is expressed as
a statistic of the probability distribution in the preselected
system. This statistical interpretation of the weak variance,
together with the operational interpretation described above,
rationalizes the definition of the weak variance as a counter-
part of the variance in pre- and postselected systems.

We define the weak-valued probability py,; := (1 jlw as
the weak value of each element of the set of projection opera-
tors {17 }; that satisfy the completeness condition Z 1'[ =1
[Fig. 6]. Weak-valued probabilities can be any complex num-
ber outside [0,1], but their sum for all j is unity: )_ i Pwj =
1. By regarding the weak-valued probability as a quantity
corresponding to the probability of finding a pre- and post-
selected particle in the eigenspace IT ; between the pre- and
postselection, researchers have found a probabilistic approach
to fundamental problems in quantum mechanics [4-10].
Because of their negativity and nonreality, weak-valued prob-
abilities have played an essential role in studies such as
the investigation of the relationship between disturbance and
complementarity in quantum measurements [12,13], the ex-
planation of the violation of Bell inequality using negative
probabilities [11], quantum enhancement of the phase esti-
mation sensitivity via postselection [24], and understanding
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FIG. 5. Measurement results of Acg2(M) in the cases of (i) neg-
ative real weak variance and (ii) purely imaginary weak variance. In
(), (b), (c), and (d), the measurement bases were X, &, K, and &,
respectively. The solid blue lines are the theoretical fittings to the
measured data (blue dots), and the red-dashed curves plot the theo-
retical weak variance [cos(2a)Rea2(A) 4 sin(2a)Ima2(A)]6% vs Oy
or Yq (the s were obtained by fitting the blue solid lines to the data).
When ¥ and 9 approach zero, the O(6*) term in Eq. (7) dominates
and the measured data notably deviate from the red-dashed lines.

out-of-time-order correlators as witnesses of quantum scram-
bling [25,26].

(a) Pre-selected system Pre- and post-selected system

z

T o

Probability p;

aip az az a4 as
Observable's eigenvalue

Weak-valued probability Py

FIG. 6. (a) Probability distribution of the projective measure-
ment of A in a preselected system, with an expectation value and
variance of (A) and 62(A), respectlvely (b) Weak-valued probability
distribution of the observable A in pre- and postselected systems.
The weak-valued probabilities p,,; are complex and expressed on
the complex plane. (A),, and ol (A) are also complex but cannot be
depicted on this graph.

The Wﬁia.k value <AA>W and weak variance UVZV(A) of ob-
servable A =) ja;I1; can be expressed in terms of the
weak-valued probabilities {p,,;}; as follows:

@A)y =" ajpu;. (10)
J
ﬁ@zZ@—
= ij

where the second equation in Eq. (11) holds when A
is Hermitian. These expressions are similar to those of
the expectation value (A) = Z ajp; and variance oA =

Z (aj — A)p; j» respectively, obtained using probability
d1str1but10n {p;};. In this sense, the weak value and weak
variance can be regarded as the expectation value and vari-
ance of a weak-valued probability distribution, respectively.
In addition, as the weak-valued probability represents the con-
ditional pseudoprobability of the Kirkwood-Dirac distribution
[45,46], the weak value and weak variance are also regarded as
the conditional pseudoexpectation value and conditional pseu-
dovariance of the Kirkwood-Dirac distribution, respectively
(see Appendix D for details). Furthermore, the weak value and
weak variance satisfy the equations similar to the laws of total
expectation and total variance, respectively:

MhﬂMM=2}ﬂ”Aw, (12)

2m—ZHM%MH§]m

(A)w)* Pw;

(A)wl?pujs an

- &)’
13)
where (A)y,; := (f;|A]i)/(f;i) and 0} [(A) := (A%)y; — ()},
Thus far, several definitions of the quantity corresponding
to the variance in pre- and postselected systems have been
considered. Examples are the weak variance expressed by
Eq. (6) [27-31], its absolute value [32,33], its real part [34,39],
and other forms [35-38]. The measurement method (indirect
measurement) and statistical expression (a weak-valued prob-
ability distribution) of our proposed weak variance are similar
to those of the conventional variance. Therefore the weak
variance defined by Eq. (6) can be regarded as a reasonable
counterpart of the variance in pre- and postselection systems.

V. CONCLUSION

We introduced the weak variance a“z,(AA) as a complex
counterpart of the variance in pre- and postselected systems.
We theoretically showed that the weak variance appears as
the changing width of the probe wave packet during indirect
measurements of pre- and postselected systems and experi-
mentally demonstrated the weak variance in an optical setup.
We also expressed the weak value (A)y and weak variance
o2(A) as statistics of the weak-valued probability distribution
{pwj};. These operational and statistical interpretations are
similar to the expectation value (A) and variance o2(A) in
preselected systems. Therefore our formulation of the weak
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variance can be considered a reasonable definition of a coun-
terpart of the variance in pre- and postselected systems.
Extending the concept of the weak variance, we then de-
fined the nth order weak moment of the observable A as
(A"). The set of weak moments {(Ak)w}zzl fully charac-
terizes the weak-valued probability distribution {py;};_;. A

similar relation exists between the set of moments {(A* Wiz
and the probability distribution {p;};_,. The nth order weak

moment (A"),, can be experimentally observed in the indirect
measurement setup by including terms up to the n-th order
of 6 in Eq. (3). Although the physical meanings of the weak
moment is as elusive as the weak value, the weak moment
may provide a new perspective on fundamental problems in
quantum mechanics. For example, Scully ef al.’s claim that
the momentum disturbance associated with which-way mea-
surement in Young’s double-slit experiment can be avoided
[47] has been justified by the negativity of the weak-valued
probabilities corresponding to the momentum disturbance,
which consequently have zero variance [12,13]. These studies
are implicitly based on the weak variance (second-order weak
moment) concept. Similarly, the weak moment is expected
to play an important role in other problems of this type. In
addition, measurement methods other than weak measure-
ments with Gaussian probes—such as weak measurements

J

using a qubit probe [48] and methods without a probe [49]—
may find new implications for the weak moments.

Finally, as an application of the weak moments (A"),,,
we propose controlling the probe wave packet by pre- and
postselection of the target system. In several studies, the
probe wave packet was narrowed by appropriate pre- and
postselection of the target system in the weak measurement
setup [22,23,50]. If the higher order weak moments in
the O(6?) term of Eq. (3) are properly controlled, we can
configure any waveform of the probe (see Appendix E for
details). For example, our method may represent a new
construction method for the realization of the non-Gaussian
states in the quadrature amplitude of light, such as the cat
state [51,52] and the Gottesman-Kitaev-Preskill state [53],
which play important roles in quantum optics.
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APPENDIX A: CHANGE OF PROBE WAVE PACKET IN INDIRECT MEASUREMENTS OF MIXED PRE- AND
POSTSELECTED SYSTEMS

We calculate the expectation value (M

1); and variance of (M) of the probe wave packet in indirect measurements, when the
pre- and postselected states are mixed states represented by density operators p; and pr, respectively. p; = i) (i| and pf =

IF) (£l

corresponds to the case of the pure pre- and postselected states, and pr = 1/d the case of the preselection alone. The time

evolution of the entire state is calculated as

Interaction

pi ® 1) (9]

Post-selection

= tr(pep)[19) (@] + (—
=: Dy,

i0(A)K|$)(p| —

exp(—i0A ® K)(p; ® |¢)(¢]) exp(ifA ® K)

tr,[ ¢ exp(—i0A ® K)(0; ® |¢)($]) exp(i0A ® K)]
162(A%) K1) (8]) + Hec. + 624K |$) ($IK] + 0(6%)

(AD)

where tr; denotes the partial trace in the target system and H.c. represents the Hermitian conjugate of the preceding term.
(A)w = tr(peAp;)/tr(Pe0;) is the weak value of A in the pre- and postselected systems represented by density operators p; and pr,

respectively. We now define A= tr(,?)fA,?)iA)/tr(,i)f,?)i). When p; and pr are pure, A= |(A)W

mixed state), A = tr(p;A%) = (A?).

2, and when p¢ = 1/d (a completely

The expectation value of M for the non-normalized probe state f)d) is expressed as (M); = tr(f)q;M ) /tr(,5¢). The numerator

tr(ppM) is calculated as

w(psM) = te(pep)[(M) + (= i0(A) (MK) —

10%(A%)(MR?)) + c.c. + 02A(RMEK)] + 0(6?),

(A2)

where c.c. represents the complex conjugate of the precedmg term. Because the expectation value of the product of odd numbers
of X or K in our Gaussian probe state becomes zero, for M = X cos « + K sin «, the above equation can be reduced to

tr(PeM) = tr(pe pi)[ (—i6 (A)w (MK

By a similar calculation, the denominator tr(f),,g) is obtained as

tr(pg) = tr(pepi)[1 + (—
M); is expressed as

. tr(pgM)
M) = s —
M= o)

Therefore the expectation value (

102 (A% (K?

) +c.c.] + 0@?). (A3)
)) + c.c. + O2A(K?)] + 0(8). (A4)
= (—i0(A) (MK)) + c.c. + 0(6°), (AS)
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where we have used the following formula:

ap + (119 + (1292 + 0(93) _ a_o a1b0 —2 a0b1 0+ azb(z) — aob()b2 —3 a1b0b1 + a()b% 92 n 0(93) (A6)
bo + b19 + b292 + 0(93) b() bO bO

Because (MK) = (i cosa + sin«)/2 in our Gaussian probe state, we obtain a concrete form of (M); as follows:
(M) = 10(A)y(cosar — isina) + c.c. + O(07) = O(Re(A),, cos o + Im(A),, sine) + O(6?), (A7)

which matches Eq. (4) in the main text. 5
The variance of M for the non-normalized probe state py is expressed as afz M) = (M*¢ — (M )%. The first term is calculated
as

(M?) = M
tr(pg)
(M%) + (—36%(A%) (MPR?)) + c.c. + 02AKM?K) + 0(6*)

~

1+ (—1602(42)(R2)) + c.c. + 02A(R?) + 0(63)

= (M%) + <—%92<A2>W<M21€2>> +c.c. + O2A(RM*K) + (M?) (%92(A2>W<1€2> +cc. — 9%(1%%) +0(6%). (A8)

Because the following equations hold for our Gaussian probe state:

M?*) = (K*) =1, (M°K) =} — Leos2w) —isin(2a)], and (KM’K) =3, (A9)
we obtain the following expression:
. tr(pyM? 1 1 . 1 . 1.
(M2 = M = — + =02 cos(2a)Re(A?)y, + =02 sin(2a)Im(A2)y, + =624 + 0(6). (A10)
tr(0g) 2 2 2 2
The second term (M )% is calculated using Eq. (A7) as
(M)} = 30°[(Re(A)y,)* — (Im(A)y,)*] cos(2a) + 6°Re(A) Im(A),, sin(e) + 36°|(A)y [ + O(0°). (A11)
Therefore we obtain the concrete form of ofz (M) as
of (M) = (M*); — (M)}
=} + 307 cos(Qa)[Re(A%)y — (Re(d)y)* + (Im(A)y)’]
+ 367 sinQa)[Im(A%),, — 2Re(A)yIm(A)y] + 36°(A — [(A)w]*) + 0(6?)
= 1 + 167 cos(2a)Reo (A) + 107 sinRa)Imoy (A) + 16°(A — |(A)w[*) + 0(6?), (A12)
where we have used the following formulas:
Reoy (A) = Re(A%)y, — (Re(d)y)” + (Im(A)y ), (A13)
Imo2(A) = Im(A?),, — 2Re(A),, Im(A),,. (A14)

In particular, when p; and py are pure, A = [(A)y |2, so Eq. (A12) matches Eq. (7) in the main text. However, when p¢ = 1/d
(preselection only), A = (A?), (A)y = (A), and 62(A) = 0*(A) € R; therefore, we have

of (M) = 1 + 167 cosQa)o*(A) + 16°0*(A) + 0(0?). (A15)

When a = 0, we obtain
ol (M) = of(X) = 1 +0%0*(A) + 0(8), (A16)
which equals Ufz X) in Eq. (2) of the main text but without the O(#?) term (which vanishes in the full-order expansion in this

case). Note that if the probe state is not a Gaussian wave packet, the expectation value and variance of M for the probe wave
packet after the postselection will differ from Eqgs. (A7) and (A12), respectively.
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APPENDIX B: FRACTIONAL FOURIER TRANSFORM AND ITS OPTICAL REALIZATION

1. Definition of fractional Fourier transform

For any real number «, the «-angle fractional Fourier transform of a function ¢ is defined as

_ s oo 2 _ 2
F6l@) = /1 zzcnot(oz)/ dxd(x)exp |:l_<cot(o()a) 2csc;a)a)x+cot(oe)x >]’ B1)

where x and w are dimensionless variables, cot(o) = 1/tan(«), and csc(«) = 1/ sin(«). After transforming function ¢y by F,
we obtain a new function ¢,. When o = /2, F, reduces to the standard Fourier transform F

1 o .
o f_ N dxgo(x)e”" " = Flgol(w). (B2)

The fractional Fourier transforms with ¢« = £ /4 and @« = +37 /4 are respectively expressed as

1 . [ee) 2_2 2 2
fin/4[¢o](w)=¢ﬁ/4(w>=,/$ / dxdo(x) exp [ﬂ:i(‘“ fz‘“’“” )] (B3)

1+i [ 2122 2
Fuan tlol(@) = fasja(@) = || —— / dxbo(x) exp [:Fi(“’ ki ‘g‘”x“ )} (B4)

We call Fiir/4 and Fizy 4 the £1/2- and £3/2-Fourier transform, respectively.

Frpldol(@) = prpp(w) =

2. Relationship between observables X, K, fl, and £

The canonical conjugate of an observable X, denoted by K, satisfies the canonical commutation relation [}? K =i 1.X and
K are spectrally decomposed as follows:

X:/Oo dXX|X)(X|, 1%:/00 dKK|K)(K]|. (B5)

o]

Their eigenvectors |X) and |K) are interrelated through the Fourier transform:

IK) = F_z plIX)1(K) = / dX|x)e™*. (B6)
N
Observables 2 and & are defined as
g=2th p_TAER (B7)
2 V2

They satisfy the canonical commutation relation [€2, £] = i1. Observables 2 and & are spectrally decomposed as follows:

fz:/ dQQQ) (R, E:f dEE|EVE). (B8)
—00 —00

The eigenvectors |2) and | &) of & and &, respectively, are related to |X) by the —1/2- and —3/2-Fourier transforms,

respectively:
2 2
Q) = FaplIXOIQ) =/ +’/ dx|X) exp[—z(Q ZIQX” )] (B9)
=2 2
1) = FoanalIKNE) = || / dX|X) exp[( ”I XX )] (B10)

When state |¢) is expanded in each basis as |¢) = [*o dX¢o(X)IX) = [* dQp/a(Q)IQ) = [°2 dK¢rp(K)IK) =
/ fooo dE ¢37/4(5)|E), the relation between each wave function and basis vector is summarized as

BoX) T b 1s() T p(K) T s a(E), (B11)
F_n/a F_n/4 Foag |y
1X) ) IK) ). (B12)

3. Optical realization of measurement of observables X, K, &2,and £

This Appendix describes the optical system for measuring the observables X, K, €, and & for a photon beam with a
transverse distribution state |¢). To measure the dimensionless transverse-position observable X, we measure the photon’s
transverse position using a photon detector with suitable spatial resolution. To measure K, we optically Fourier-transform
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the photon’s wavefunction ¢o(X) = (X|¢) and measure the transverse position of the resulting function ¢, />(K). The optical
Fourier transform is realized by combining a lens passage with free-space propagation. Similarly, € and £ can be measured by
optically 1/2- and 3/2-Fourier-transforming ¢ (X ) and measuring the transverse positions of the resulting functions ¢, 4(2)
and ¢35 /4(E'), respectively. In what follows, we derive the optical 1/2- and 3/2-Fourier transform by combining the lens passage
and free-space propagation.

We assume that the beam is propagating in the z direction and define x, k, and k, as the transverse position, total wave number,
and x component of the wave vector, respectively. We apply the paraxial approximation and assume that k does not depend on k,
because k, < k. We then define the dimensionless variables X := xk and K, := k,/k. Free-space propagation through distance
d is represented in wave-number space by the following transfer function:

free DKXZ
Hp*™(K,) ocexp | —i > ) (B13)

where D := dk is the dimensionless distance. In position space, free-space propagation is represented by a convolution with the
following function:

00 ) XZ
he(X) o / dK Hp* (K)e™™ o exp (i—). (B14)
0 2D
Meanwhile, passage through a lens with focal length f is represented in the position space by the following transfer function:
1 X
he™ (X —i— ), B15
Fo( )0<€Xp< lZF> (B15)

where F := fk is the dimensionless focal length. In wave-vector space, passage through this lens is represented by a convolution
with the following function:

o0 , FK?
HE™(K,) o / dXhE™ (X )e ®X o exp <i > ) (B16)

—00

If a photon with a transverse wave function ¢(X) sequentially passes through a lens with focal length f, propagates in free
space through distance d, and passes through another lens with focal length f, the resultant wave function is calculated as

lens f X2
$o(X) —> ¢o(X)exp (—iﬁ> (B17)
. . 00 X/Z X — X/ 2
free-space propagation d /;oo dX/(pO(X,)eXp <—i§) exp |:l( = ) j| (B18)

ns /"" - % (X X' X2
€X —l— | €X I— | €X —l—
ae PAT'2F )P "D P\™"2F

o F —D)X* —2FXX' 4 (F — D)X"
:/ dX'¢o(X") exp |:i( ) 5FD +( ) i| (B19)
—00
If we choose D = F, we obtain the standard Fourier transform of ¢y:
e, , —XX’ X X
Eq. (B19) = | dX'go(x)exp (i—— ) & Frplenl(%) = 62 (5)- (B20)
—00

After the Fourier transform, the scale of the wave function can be adjusted by adjusting the focal length F. If we choose
D = (1 —1/+/2)F, then

[,X2 — 22X X' + X“}
l

Eq. (B19) = dX'go(X’
q. (B19) / SoXexp | iI——

—00
2 2

o i X X X’ X’
= [ dxX'¢poXNexp{-|| ——=-—=1] -2v2 +

* 2I\Jwvz-vF Joz—vrJ\Joz-vr) \Jwz-vr

o Frja| 0.5 \/ﬁ [%—,F(X) = o (X\/ V2 - l)F)]

~ X
(B21)

= ¢n/4,F ’
V&2 - DF
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where ¢, - (X) is a scaled wave function of ¢o(X). In this manner, we obtain the 1/2-Fourier transform of ¢r,o(X). Similarly, if
we choose D = (1 + 1/+/2)F, the 3/2-Fourier transform is obtained as follows:

[e%s) XZ 2 XX/ X/2
Eq. (319):/ dXx ¢0(X)exp[ +2V/2XX + ]
s 2+ V2)F
2 2
o0 j X X X' X'
:/ dX'poXyexp = | | —==—=| +2v2 +

2\JasnF Joz+0r ) w2+ 1F VW2+DF

X
& Fnpa[dgp ]| —= [%*,F(X) = ¢0<X\/<«/§ +1)F>}
VW2 + DF

X

:¢3_7r/4,F T |>
V2+ DF

where ¢o+, (X)) is a scaled wave function of ¢ (X).

Note that the second lens, which causes phase modulation in the position space, does not affect the measured intensity
(projection) in the position basis. Therefore, in the experiment (see main text), the intensities of the beam’s transverse distribution
in the X, &, K and & bases were measured by inserting only one lens followed by free-space propagation.

(B22)

APPENDIX C: THEORETICAL DERIVATIONS OF THE EXPECTATION VALUE AND VARIANCE
IN OUR EXPERIMENTAL PROBE SYSTEM

First, we derive the exact formulas of the weak value and weak variance in our experimental setup. In the experiment, we
assumed the preselected state |i), postselected state |f), and the observable A as

i 7 1 A
|i)=cosEI0)+e"”fsm3|1), |f>=ﬁ(|0>+|l))’ A =10)(0] — |T1){1]. (CnH
The weak value and weak variance are calculated as
N cos 1¥; — i sin ¥; sin ¢;
Ay = , (C2)

1 + sin ¥; cos ¢;
A 2 sin ¥;(sin ¥; + cos ¢;) + i sin(29;) sin go,

2
A) =
ow(d) = (1 + sin ©%; cos @; )

(C3)

In our experiment, we used the following values:

)40y —m /2 [case ()] o 0 [case (i)]
vi = {219Q /2 [ease G)T T { 20q  [case (i)]" (€4

Substituting these terms into Egs. (C2) and (C3), we obtain Egs. (8) and (9), respectively.
Next, we derive the theoretical curves of the expectation value and variance of the probe wave packet demonstrated in our
experiment. The state of the entire system after the interaction is

exp(—ifA ® K)|i)|¢) = cos %|0> exp(—ifK)|¢) + ¢ sin %u) exp(i0K)|¢). (C5)

For notational simplicity, we denote the first and second terms on the right-hand side of Eq. (C5) by |®) and |®,), respectively.
Considering the decrease in visibility V' € [0, 1], the state of the entire system after the interaction is expressed by the following
density operator:

= |@o)(Po| + |P1)(P1| + V(IPo)(P1| + [P1){Po). (Co)

After postselecting the target system onto |f), the non-normalized probe state becomes pr := (f|p|f). The initial probe
state is assumed as a Gaussian distribution (X|¢) = ¢(X) = w~'/*exp(—X?/2). The expectation value of the observable
M = X cosa + K sin « for py is calculated as

N tr(f)fM) cos o cos ¥; + V sin « sin ¥; sin (p,-e“92
Wy = —" =0 . i . 7
tr(of) 1 + V sin 9; cos g;e
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TABLE I. Results of fitting 6, V, A, and N to afz (M) (- denotes a fixed parameter).

Case (i) Case (ii)
Measurement basis 0 % A N (% \%4 A N
b'¢ - - - 2.11 x 107 5.56 x 1072 1.00 0.482° 8.21 x 1077
Q 5.96 x 1072 1.00 0.185° 0.00 5.41 x 1072 1.00 —0.161° 0.00
K 4.92 x 1072 1.00 0.500° 0.00 2.34 x 1072 0.999 —0.456° 0.00
o) 5.24 x 1072 0.999 —0.108° 0.00 5.39 x 1072 0.999 0.407° 2.49 x 107

To obtain the theoretical curve of the expectation value of X in case (i), we substitute Eq. (C4) and @ = O into Eq. (C7) as
sin(49y)
1 — V cos(40y)e=?"

Here we assume a technical error in the rotation angle of the HWP 9y A € [—0.5°,0.5°] that occurs in the experiment;
accordingly, the fitting function is given as

(X)r =6

(C3)

sin[4(Py + A)]

= 0T cosiaom & A)le

(€9

Fitting this function to the measured data with 8, V and A as the fitting parameters, we obtained # = 3.62 x 1072, V = 1.00,
and A = 1.57 x 1073.

Meanwhile, the theoretical variance curve of the observable M for f)f, Ufz(]l;l ), is calculated as follows. The non-normalized
probability density distribution of the signal / in the measurement basis M = [°° dMM|M)(M| is given by ILjgna(M) =
(M|p|M). We now consider the effect of background light on the measured variances. The background light is modeled as
the following rectangular function with intensity N and width 2L:

N WMel[-L,L])

Ibackground M) = {O (otherwise), (C10)

where L = 5.6 in our experimental setup. The normalized probability density distribution of the summed background and signal
intensities is given by

Isignal (M) + Ibackground (M)
ffooo dM [Isignal (M) + Ibackground (M)]

Using ot (M), the theoretical curve of afz (M ) is calculated as follows:

Itotal (M) = (Cl 1)

%) o0 2
ol (M) =/ M Lo (M) — [ / Mlml(m}

1 ,sind; { (cos2 a — V2sin? ae’z"z) sin ¥; + Vet [cos(2ar) cos ¢; + sin(2a) cos ¥ sin <pi]}

2 (1 4V sin ®; cos g;e=% + 4LN)2

) cos? a — Ve~ sin? a sin vicosgp; 2 207 -3
+ 4LN6 + =-LN - > . (C12)
(1+Vsind;cosge® +4LN)* 3 14 Vsind;cosgpe +4LN

The fitting functions in cases (i) and (ii) are derived by substituting Eq. (C4) into Eq. (C12) and replacing ¥y and ¥ with
Uy + A and 99 + A (A € [-0.5°, 0.5°]), respectively. These functions were fitted to the measured data with 6, V, A, and N
as the fitting parameters. The fitting results are summarized in Table I. When fitting the X measurement in case (i), N was the
only fitting parameter. The other parameters were fixed at 6 = 3.62 x 1072, V = 1.00, and A = (1.57 x 1073)° because the
experimental settings were unchanged from those of the (X ); measurements.

APPENDIX D: WEAK VARIANCE AS A CONDITIONAL PSEUDOVARIANCE OF THE KIRKWOOD-DIRAC DISTRIBUTION

We show that the weak values and weak variances can be interpreted as conditional pseudoexpectation values and conditional
pseudovariances of the Kirkwood-Dirac (KD) distribution [45,46], respectively. The (j, k) component of the KD distribution of
state |i) can be expanded in two orthonormal bases {|a;)}; and {|a; )} as

D(aj, aili) := tr(la;)a;lap){ag i) (i) (DD

The KD distribution is a joint pseudoprobability distribution representing the quantum state |i{) and is generally a complex
number. The KD distributions of states with indices j, k sum to unity: ) i D(aj, a;|i) = 1. The marginal distribution of the KD
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distribution summed over one index becomes the projection probability distribution of |i) in the other basis:

ZD(a], apli) = |{a,li)*

When we choose |a;) =

ZD(a,, aili) = Ia;li)]. (D2)

), the conditional pseudoprobability D(a,|i, f) of the KD distribution becomes
D(f, a,|i)

_ (flagdlai i)

D(a,i, f) :=

> DA, akll)

A (D3)

where {p/,, }« is the weak-valued probability distribution of the pre- and postselection system {|i), |f)} in the orthonormal basis

{la;)}r. Therefore the weak value (A"

and weak variance GV%(A’) of observable A’ :=

Y v a;la,)(a,| are represented as the

conditional pseudoexpectation values and conditional pseudovariance of the KD distribution, respectively, as follows:

Za;D(aui, f) =

k

Z(ak Ay

Y’D(a;li, f) =

D aiply = A, (D4)
k

> (@~
k

Y P = o (A)). (D5)

APPENDIX E: CONTROL OF THE PROBE WAVEFUNCTION BY PRE- AND POSTSELECTING THE TARGET SYSTEM

In indirect measurements of pre- and postselected systems, the probe state after the postselection can be controlled by
appropriately choosing the pre- and postselected target system. The wave function ¢(K) in the K basis of the probe state after
the postselection |¢) [Eq. (3) in the main text] is expressed for all orders of 6 as

B . 00 N A 0o —9 .
$(K) = (KI§) = <K|[<f|i>2( ;!) <A">WK"|¢} iy > ’.)

n=0

JwK"¢(K). (ED)
n=0

Let ¢,(K) be the wave function in the K basis of the desired probe state. To realize ¢.(K) (except for a constant multiple), we

can choose the weak moments {(A")y}, so that

G

n=0

YwK" o

¢.(K)

. E2
¢ (K) 2

When the target system is d-dimensional and A has full rank, we can independently choose the values of d weak moments (A"),,.

Therefore, by appropriately fixing the weak-moment values of the low-order terms of 6 (n =1, - - -

, d), which considerably

affect the waveform, we can approximate the desired wave function.
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