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Controlling rotation in the molecular frame with an optical centrifuge

Emil J. Zak ,1,* Andrey Yachmenev ,1,2 and Jochen Küpper 1,2,3,†

1Center for Free-Electron Laser Science, Deutsches Elektronen-Synchrotron DESY, Notkestraße 85, 22607 Hamburg, Germany
2Center for Ultrafast Imaging, Universität Hamburg, Luruper Chaussee 149, 22761 Hamburg, Germany

3Department of Physics, Universität Hamburg, Luruper Chaussee 149, 22761 Hamburg, Germany

(Received 8 September 2020; revised 28 April 2021; accepted 4 May 2021; published 7 June 2021)

We computationally demonstrate a new method for coherently controlling the rotation-axis direction in
asymmetric top molecules with an optical centrifuge. Appropriately chosen electric-field strengths and the
centrifuge’s acceleration rate allow to generate a nearly arbitrary rotational wave packet. For dihydrogen sulfide
(D2S) and 2H-imidazole (C3H4N2), we created wave packets at large values of the rotational quantum number J
with the desired projections of the total angular momentum onto two of the molecules’ principal axes of inertia.
One application of the new method is three-dimensional alignment with a molecular axis aligned along the laser’s
wave vector, which is important for the three-dimensional imaging of molecules yet not accessible in standard
approaches. The simultaneous orientation of the angular momentum in the laboratory frame and in the molecular
frame could also be used in robust control of scattering experiments.

DOI: 10.1103/PhysRevResearch.3.023188

I. INTRODUCTION

Preparing well-defined molecular samples, maximally
fixed in three-dimensional space, has been a long-term goal
in physics, chemistry, and related fields such as quantum
technology [1–4]. Significant progress toward this goal was
made in the gas phase using internally cold molecular samples
and tailored external fields [5–8]. Nowadays, it is possible to
strongly align and orient molecules in the laboratory frame
in one [9–12], two [13–15], and three [16–20] spatial direc-
tions. It is also possible to create unidirectionally rotating
molecules with oriented-in-space angular momentum and a
narrow rotational energy spread [21–24]. Such alignment and
orientation of molecules is critical for imaging molecular
structure and ultrafast dynamics in the molecule-fixed frame
[25–32] as well as in the stereodynamical control of chemical
reactions [33–36].

A highly efficient technique used to generate and control
the molecule’s angular momentum is the optical centrifuge
[37,38], which is a strong nonresonant linearly polarized laser
pulse that performs accelerated rotation of its polarization
about the direction of propagation. It can excite molecules
into rotational states with extremely large angular momen-
tum, creating an ensemble of superrotors [39,40]. Molecules
in superrotor states are aligned in the polarization plane of
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the centrifuge [23] and resist collisional decoherence for mi-
croseconds [39,41–43].

The optical centrifuge can also be utilized as a versatile tool
to fine tune the rotational dynamics of molecules, including
the coherent control of the rotation axis [44], the enantiomer-
specific excitations of chiral molecules [45–47], and even the
creation of chiral samples from achiral molecules [24].

Here, we further explore the possibility of tailoring the
optical field to steer the rotational dynamics of asymmet-
ric top molecules. We computationally demonstrate a new
type of rotational coherent control by exciting the rotation
of an asymmetric top molecule about two different axes of
inertia with simultaneously fully controlled orientation of
the angular momentum in both, the laboratory-fixed and the
molecule-fixed, frames.

We apply our method to asymmetric top molecule
D2S, which exhibits the effects of rotational energy level
clustering and dynamical chirality at high rotational excita-
tions [24,44,48]. To populate the rotational cluster states, D2S
has to be excited along a specific pathway of rotational states.
Previously, we explored the method of pulse shaping, i.e., by
repeatedly turning on and off the field, to make the asym-
metric top molecule H2S rotate about either of its two stable
inertial axes. We demonstrated that only the a-axis rotational
excitation leads to the population of rotational cluster states
in H2S. Here, we propose a more robust approach to create
arbitrary coherences between the two stable molecular ro-
tations, which relies only on the careful selection of the
centrifuge angular acceleration rate. The heavier D2S isotopo-
logue is chosen for the present study due to the lower laser
intensities required for efficient rotational excitation, thus
reducing potential ionization. Along with robust quantum-
mechanical calculations, we derived a simple analytical metric
that allows to predict the orientation of the angular momentum

2643-1564/2021/3(2)/023188(12) 023188-1 Published by the American Physical Society

https://orcid.org/0000-0003-3528-4907
https://orcid.org/0000-0001-8770-6919
https://orcid.org/0000-0003-4395-9345
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevResearch.3.023188&domain=pdf&date_stamp=2021-06-07
https://doi.org/10.1103/PhysRevResearch.3.023188
https://www.controlled-molecule-imaging.org
https://creativecommons.org/licenses/by/4.0/


ZAK, YACHMENEV, AND KÜPPER PHYSICAL REVIEW RESEARCH 3, 023188 (2021)

FIG. 1. (Top) Rotational-energy-levels of the near-oblate asym-
metric top molecule D2S as a function of the rotational quantum
number J . Each level is color-coded depending on its expectation
values 〈Ĵ2

a 〉, 〈Ĵ2
b 〉, and 〈Ĵ2

c 〉 according to the color map shown in
the inset. Arrows schematically mark the two competing excitation
pathways “fast” and “slow.” Three principal rotation states for J =
18 and M = 18 are denoted as |a〉, |b〉, and |c〉; see text for details.
(Bottom) 3D probability-density distributions of the deuterium atoms
for three selected principal rotation states. In the laboratory frame,
the centrifuge pulses propagate along the laboratory Z axis, trap two
of the molecule-fixed axes in the XY plane and unidirectionally spin
the molecules about the third axis, which is aligned along Z .

in the molecule-fixed frame for arbitrary molecules given the
parameters of the optical centrifuge.

Additionally, by adjusting the turn-off time we demon-
strate the two types of three-dimensional (3D) alignment of
asymmetric top molecules, with either of the two stable rota-
tion axes pointing along the field’s wave vector, so called k
alignment [13,14,49].

II. PRINCIPAL-ROTATION STATES

Figure 1 displays the rotational energy level structure of
the D2S molecule. For any value of the rotational quantum
number J there is a multiplet of 2J + 1 levels, which are
colored according to the average values of the angular mo-
mentum projection operators onto the principal axes of inertia
〈Ĵ2

a 〉, 〈Ĵ2
b 〉, and 〈Ĵ2

c 〉. The bottom panel in Fig. 1 shows
the calculated 3D probability density for deuterium atoms
for the highest-, middle-, and lowest-energy levels at J =
18 and M = 18. Here, M is the quantum number for the
Z component of the angular momentum operator in the
laboratory-fixed frame. It is evident that the highest-energy
levels within each J multiplet correspond to 〈Ĵ2

a 〉 ≈ J2 (cyan
color), i.e., in these states the molecule rotates about the a
axis and ka = J becomes a near-good quantum number. The

lowest-energy levels correspond to rotation about the c-axis
with kc = J (purple color), while those with energies in the
middle are mixtures of rotations about different axes with
some of them exhibiting classically unstable b-axis rotation
(yellow color).

We refer to principal-rotation states when the rotational
angular momentum is nearly aligned along one of the princi-
pal axis of inertia, i.e., ka = J , kc = J , or kb = J . Controlling
populations of the principal rotation states, allows to create
arbitrary three-dimensional orientation of the total angular
momentum in the molecule-fixed frame. We investigated the
orientation of the angular momentum in the ac plane by
controlling the populations of the lowest- and highest-energy-
state components in the rotational wave packet.

Principal rotation states can be populated through the in-
teraction with the optical centrifuge field, represented by

E(t ) = E0 f (t ) cos(ωt )[eX cos(βt2) + eY sin(βt2)], (1)

with the peak amplitude E0, the pulse envelope f (t ), the ac-
celeration β of angular rotation of the polarization, and the far
off-resonant (λ = 800 nm) carrier frequency ω of the linearly
polarized pulse. A molecule placed in the optical centrifuge
field experiences a series of Raman transitions with �J = 2
and �m = ±2, depending on the sign of β, which defines the
direction of the centrifuge rotation.

Initially in the rotational ground state [8], the molecule
can undergo two main excitation pathways: along the lowest-
energy or along the highest-energy rotational states of the J
multiplets. Excitation rates for these two pathways are gov-
erned by the two specific polarizability-interaction terms in
the molecule-field interaction potential:

V (t ) = 1

4
E2

0 f (t )2 cos2(ωt )

×
[
−�α1

(
D(2)∗

2,0 e−2iβt2 + D(2)∗
−2,0e2iβt2 −

√
2

3
D(2)∗

0,0

)

−�α2

(
S(2)∗

2,2 e−2iβt2 + S(2)∗
−2,2e2iβt2 −

√
2

3
S(2)∗

0,2

)]
. (2)

Here, D(J )∗
M,k denotes the complex-conjugated Wigner D matrix

and S(2)∗
M,k = D(2)∗

M,k + D(2)∗
M,−k . The expressions for �α1 and �α2

depend on the choice of the quantization axis in the molecule-
fixed frame.

A molecule is called (near) prolate if the quantization axis
is along the a axis and (near) oblate if it is along the c axis. The
first term in (2) describes the interaction with the polarizability
anisotropy, �α1 = 1√

6
(2αaa − αbb − αcc) for (near-)prolate

and �α1 = 1√
6
(2αcc − αaa − αbb) for (near-)oblate top. This

term yields �ka = 0 transitions along the lowest-energy path-
way of rotational states for (near-)prolate top molecules and
�kc = 0 transitions along the highest-energy pathway for
(near-)oblate top molecules. The second term in (2), with
�α2 = 1

2 (αbb − αcc) for (near-)prolate and �α2 = 1
2 (αaa −

αbb) for (near-)oblate top, gives |�ka| = 2 and |�kc| = 2 tran-
sitions corresponding to the highest-energy and lowest-energy
pathways for (near-)prolate and (near-)oblate top molecules,
respectively.
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FIG. 2. Scheme of the centrifuge driven transitions from J =
0 to J = 2 states in near-prolate and near-oblate top molecules.
The symbols �α1 and �α2 represent the transition moments
defined in (2).

The ability to control the excitation pathway and ul-
timately the orientation of the angular momentum in the
molecule-fixed ac plane depends on the relationship between
the molecular polarizability anisotropies �α1 and �α2, see
Fig. 2. For a great majority of molecules it applies that
|�α1| > |�α2|, and we assume this in the discussion below.
Hence, for a near-prolate top molecule, the transition mo-
ment into the lowest-energy state is greater than that into
the highest-energy state and vice versa for a near-oblate top
molecule.

A molecule in the optical centrifuge climbs the rota-
tional energy level ladder via a series of consecutive �J = 2
excitations between neighboring rotational states with J =
0, 2, 4, . . . Starting from J = 0, the resonance of the cen-
trifuge’s frequency ω(t ) = βt with the lowest-energy state in
the J = 2 multiplet occurs earlier in time than the resonance
with the highest-energy state in the same multiplet. Thus, in
order to steer the excitation along the highest-energy path-
way in the near-prolate case one would suppress the stronger
lower-frequency transitions by applying shaped pulses, i.e., by
repeatedly decreasing and increasing the field intensity f (t )
at the crossing times with unwanted and desired transitions,
respectively [44]. In the near-oblate case the highest-energy
excitation pathway is favorable. However, it is possible to
guide it along the lowest-energy path by only adjusting the
centrifuge peak field strength E0 and acceleration rate β. In
light of recent experiments [50], such an approach seems more
feasible than the pulse-intensity shaping strategy.

We investigate the possibility of controlling the rotational
wave-packet composition in near-oblate top molecules by se-
lectively populating the principal rotation states using the
optical centrifuge with appropriately chosen intensity and ac-
celeration rate β. For small β values and high intensities the
centrifuge’s rotating field will first slowly cross through res-
onance with the ground- to lowest-excited rotational-energy
level transition. If the corresponding transition moment
∼|�α2|2 is not entirely negligible, it will predominantly pop-
ulate the c-axis principal rotation states. On the other hand,
for large β values and low intensities the centrifuge will chirp
through resonance with low-energy c-axis principal rotation
states fast enough to not populate them significantly. As a

result the stronger transition to the a-axis principal rotation
states will dominate, see Fig. 2 and Appendix A for a more
detailed discussion. By choosing intermediate values for β,
an arbitrary coherent rotational wave packet over a- and c-axis
principal rotation states can be tailored.

III. COMPUTATIONAL DETAILS

We computationally demonstrate the proposed technique
for the near-oblate asymmetric top molecules D2S and
2H-imidazole (C3H4N2). The latter has been chosen to exam-
ine the effectiveness of our technique for larger molecules,
i.e., with rotational constants smaller than in D2S and larger
electronic polarizabilities. Our calculations employed a highly
accurate variational approach. The rotational-dynamics cal-
culations of D2S and 2H-imidazole were performed in two
steps. In the first step, the molecular field-free energies and
their transition moments were obtained. For D2S we utilized
the full-dimensional variational procedure TROVE [51–53]
together with a highly-accurate spectroscopically adjusted
potential energy surface [54] and high-level ab initio po-
larizability surface [44] of the H2S molecule within the
Born-Oppenheimer approximation. The field-free basis for
2H-imidazole molecule was produced using the rigid-rotor
approximation with the rotational constants calculated from
the equilibrium geometry, obtained using density functional
theory (DFT) with the B3LYP functional and the def2-QZVPP
basis set [55,56]. In the second step, the time-dependent solu-
tions for the full molecule-field interaction Hamiltonian were
obtained using the computational approach Richmol [57,58].
The wave functions were time-propagated using the split-
operator method with a time step of 10 fs. The time-evolution
operator was evaluated using an iterative approximation based
on the Krylov subspace methods.

IV. RESULTS AND DISCUSSION

The calculated cumulative population-inversion between
|a〉 and |c〉 principal rotation states for D2S and 2H-imidazole
are shown in Fig. 3; see Fig. 7 in Appendix B for the indi-
vidual populations. The cumulative population inversion was
calculated as the difference between the state populations,
in field-free conditions after the 150 ps centrifuge pulse was
turned off, summed along the |a〉 and the |c〉 excitation paths
for J � 10 for D2S and for J � 20 for 2H-imidazole.

As long as the strong ro-vibrational coupling effects do
not break the |a〉 or |c〉 excitation chain, the final distribution
of populations across the states with different J can be con-
trolled by the centrifuge turn-off time. In principle, super-rotor
states can be populated. For rigid-rotor 2H-imidazole, the
rotational excitation proceeds unhindered up to high angular
momentum states. For D2S, the |a〉 rotational-excitation chain
breaks around J = 20 due to the centrifugal distortion effects
characteristic for the molecules with rotational energy level
clustering [59]. Thus, as a measure of the rotational excitation
yield, we use the cumulative populations of states with J � 20
for 2H-imidazole and J � 10 for D2S.

The populations plotted in Fig. 3 are functions of the cen-
trifuge peak field E0 and the rate of acceleration β. In both
molecules, small acceleration rates populate mainly the |c〉
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FIG. 3. Differences in cumulative populations of the |c〉 and |a〉
principal rotation states as functions of the centrifuge’s peak field
strength E0 and acceleration β, plotted in (a) for D2S and in (b) for
2H-imidazole; see also Fig. 7. (c) displays 3D probability distribu-
tions for the molecular-frame rotation axes of D2S, showing a, a/c,
and c rotation generated with three different sets of centrifuge param-
eters, marked in (a) by a triangle, a square, and a circle, respectively.

states. With increasing acceleration rate the optical centrifuge
populates more preferably the |a〉 states. The relation be-
tween the wave-packet composition and the probability of the
rotation-axis orientation in the molecular frame is displayed in
Fig. 3(c) for three selected sets of the centrifuge parameters. A
closer inspection of Fig. 3(a) reveals that at small acceleration
rates β ≈ 50 GHz/ps solely changing the field from weak to
strong switches the created wave packet from |a〉-dominated
to |c〉-dominated. After initial |a〉/|c〉 bifurcation for J = 0 →
2 the rotational excitation proceeds nearly loss-free in D2S
and, due to its higher density of states, with some losses in
2H-imidazole.

The preference of an asymmetric top molecule to rotate
about the a- or c- principal axis of inertia is determined by its
polarizability and rotational constants, which define the tran-
sition moments between rotational states, and the properties
of the centrifuge field. All above quantities can be represented
in a vector

Si := Ri(Qji + Qki ) i, j, k = a, b, c, (3)

where i 	= j 	= k 	= i label the principal axes of inertia. Ri

describes the molecule’s ability to rotate about an axis i =
a, b, c and is defined as Ri = Ci(|α j j − αkk|)/(Cj (|αkk −
αii|) + Ck (|α j j − αii|)), where αii are the diagonal compo-
nents of the electronic polarizability and Ci = a, b, c for
i = a, b, c. Qi j describes the quantum-mechanical population
transferability defined as Qi j = Pi/Pj , with the Landau-Zener
populations Pi = 1 − exp(−π�2

i /(4β )) [60] and the Rabi fre-
quency �i = μiE2

0 , which depends on the transition moment

FIG. 4. 3D probability density distributions of the deuterium
nuclei and the a and c axis, ρ(a) and ρ(c), of D2S. The deuterium-
nuclei density plots shown in the upper part of each panel provide
a complementary view to the inertial-axis density plots displayed in
the panels’ bottom part. These distributions are depicted for wave
packets generated with an optical centrifuge at three differ-
ent acceleration rates β = 30, 115, and 230 GHz/ps and field
strength E0 = 2 × 108 V/cm. The different centrifuge-field turn-
off times and the resulting wave-packet compositions |J, a/c〉
are specified below each plot. The colorbar represents val-
ues of the angle φac = arctan(Sa/Sc ), which correlates with
the centrifuge’s acceleration rate; see text for details. [(a)–(c)]
Wave packets showing different types of 3D alignment; [(d)–
(f)] wave packets without 3D alignment. The XY Z coordinate
system in (a) indicates the laboratory frame. Relevant principal
inertial axes are marked in purple. Blurred atoms reflect the proba-
bility density of finding the deuterium and sulfur atoms in 3D space.

from the rotational ground state to one of the |i〉 (i = a, b, c)
principal rotation states and E0 is the electric field strength.

The rotability 
S (3) quantifies the molecule’s preference to
rotate about the different inertial axes. It is composed of the
two quantities: (1) the trapabilityRi measures the molecule’s
capability to form certain pendular bound-states in a cen-
trifuge field, i.e., it provides a measure of how confined the
molecule is in the pendular potential well along each of the
principal axes. (2) The quantum transferability Qi j accounts
for the transition moment differences between the respec-
tive |a〉, |b〉, |c〉 principal rotational excitation branches. It
quantifies the preference of the system to choose one ro-
tational excitation path over the other, as a function of the
optical centrifuge parameters β and E0, see Appendix C for
details. Figure 4 shows the 3D rotational probability den-
sity distributions for the deuterium nuclei in D2S for wave
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packets generated by the optical centrifuge at electric field
strength E0 = 2 × 108 V/cm and three different acceleration
rates: β = 30, 115, and 230 GHz/ps. The acceleration rates
are conveniently encoded in colorbar representing the angle
φac = arctan(Sa/Sc) which relates the a and c elements of
the rotability vector 
S given in (3). wave packets simulated
at φac ≈ 0, Figs. 4(a) and 4(d), φac ≈ π/4, Figs. 4(b) and
4(e), and φac ≈ π/2, Figs. 4(c) and 4(f), display strong char-
acteristics of |c〉, |c〉 + |a〉 and |a〉 states, respectively; cf.
Fig. 1.

At low acceleration rates β, the rotability vector is domi-
nated by the Sc component (φac ≈ 0) and the rotational wave
packet mainly consists of |c〉 states; the deuterium atoms’ 3D
probability forms a ring shown in Fig. 4(d). With increasing β

the ratio Sa/Sc also increases and the wave packet composition
smoothly converts to the |a〉-state dominant (φac ≈ π/2) in
Fig. 4(f). To summarize, for a given set of rotational constants,
electronic polarizabilities, and corresponding transition dipole
moments, the rotability vector depends solely on the accel-
eration rate of the centrifuge β and its electric field strength
E0. Thus this rotability vector is a very useful quantity for
estimating the centrifuge parameters needed to reach a desired
|a〉/|c〉 composition of the wave packet without the need for
costly quantum-mechanical computations.

In addition, depending on centrifuge’s turn-off time shown
below each plot in Fig. 4, the end-product wave packet can
become dominated by principal rotation states (or mixtures of
those) either with a single J value or with J, J + 2 coherences.
In the latter case, the respective probability densities evolve
in time (see Appendix D and Ref. [61]). Snapshots of such
wave packets are displayed in Figs. 4(a)–4(c). A high degree
of 3D alignment is visible in these wave packets. In Ref. [61],
we also show simulated velocity-map images which record
D+ ions after Coulomb exploding the molecules—an exper-
iment which can detect and characterize different principal
rotation states.

The new protocol for controlling populations of the |a〉
and |c〉 rotational states opens an avenue [14,15,62] to 3D
aligning [16,19,63] molecules with either their largest or
smallest polarizability axis pointing along the wave vector of
the alignment laser (centrifuge). Such k alignment [14,49] is
desired in many ultrafast imaging experiments [13,28,64–66])
yet so far has not been realized for asymmetric top molecules.
Here, we show that the centrifuge-field turn-off time can be
used to steer the 3D k alignment of molecules. For exam-
ple, the wave packet shown in Fig. 4(a) is dominated by a
uniform mixture of D2S |J = 12, c〉 and |J = 14, c〉 states, it
exhibits classical-like rotation of 3D-localized nuclear prob-
ability density [67]. The molecular ab plane is confined in
the XY rotation plane of the optical centrifuge and the c
axis aligned along the wave vector Z of the pulse. Ramping
up the centrifuge’s acceleration rate to a high value of β =
230 GHz/ps (φac ≈ π/2) yields, after 66 ps, approximately a
|J = 12, a〉 + |J = 14, a〉 rotational wave packet, depicted in
Fig. 4(c), where this time the a axis points along the light’s
wave vector. Interestingly, for an intermediate acceleration
rate β = 115 GHz/ps (φac ≈ π/4), a superposition of 3D
aligned states in which the a and c axes are simultaneously
pointing along the laboratory Z axis is shown in the middle
plot in Fig. 4(b).

V. SUMMARY

In summary, we demonstrated that appropriate values of
the optical centrifuge’s acceleration rate and intensity gauge
the rotational wave-packet composition. Essentially arbitrary
coherence between the |a〉 and |c〉 principal rotation quantum
states can be achieved. Through elementary use of an optical
centrifuge one can prepare molecular ensembles in the gas
phase in which both the laboratory-fixed angular momentum
as well as the molecule-fixed angular momentum are robustly
controlled. By appropriately choosing the turn-off time of
the centrifuge field one can also create wave packets that
exhibit classical-like rotation and exhibit high degrees of 3D
alignment with the a or c axis pointing along the wave vector
of the driving field.

Natural applications of such tailored wave packets, which
are typically long-lived [39], are stereodynamics studies [68],
e.g., in crossed-molecular-beam or surface-scattering experi-
ments investigating collisional properties, reactive scattering,
or stereodynamical control of chemical reactions.

The presented method for coherent control of the rotation
axis is expected to work best for light asymmetric near-oblate-
top molecules with large electronic polarizability anisotropies
�α1 = 2αzz − αxx − αyy and �α2 = αxx − αyy. In the case of
symmetric-top molecules with �α2 = 0, it is only possible
to populate the lowest-energy rotational excitation path for
prolate tops and the highest-energy path for oblate tops. In
light molecules, the lower density of rotational states signif-
icantly aids the control of the excitation pathway and at the
same time is very well suited for the production of very cold
molecular beams using the deflection techniques [8]. On the
other hand, lighter molecules generally require stronger fields
to efficiently excite the Raman transitions, which can lead to
ionization depletion.

The proposed method has a tolerance for the fluctuation in
the laser intensity of about 20%–25%. We point out that our
simulations utilized experimental parameters that are within
the capabilities of typical present day laser and molecular
beam technology.
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APPENDIX A: SIMPLE MODEL OF THE
ROTATIONAL-STATE-POPULATION BRANCHING

To show how the optical centrifuge’s acceleration rate
and field strength guides the rotational excitation path in
near-oblate asymmetric top molecules we build a sim-
ple model of three rotational energy levels: |Jkakc , m〉 =
|000, 0〉, |220, 2〉, |202, 2〉. The appropriate energy levels
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FIG. 5. A model three-level system representing the lowest-
energy rotational states in a near-oblate asymmetric top molecule.
The levels are denoted as |Jkakc , m〉 = |000, 0〉, |220, 2〉, |202, 2〉 and
the respective Rabi frequencies connecting the levels are shown as
�l ,�u. The dashed horizontal line denotes the instantaneous fre-
quency ω(t ) of the optical centrifuge and appropriate detunings are
given as �l and �u.

together with Rabi frequencies �l ,�u connecting these levels
are displayed in Fig. 5.

Numerical solutions to the time-dependent Schrödinger
equation for this system are shown in Fig. 6 for four dif-
ferent values of the centrifuge’s acceleration rate β; where
ω(t ) = βt . In near-oblate molecules the transition moment
to the upper energy level |220, 2〉 dominates over the transition
moment to the lower energy level |202, 2〉, see Fig. 2. The ratio
of these transition moments depends on the molecule. Here we
adopted the ratio �l/�u = 3.0 observed in 2H-imidazole. The
calculated population time-profiles shown in Fig. 6 clearly
suggest that at high β values the upper energy level is pre-
dominantly populated, whereas low acceleration rates of the
centrifuge field prefer the lower energy level. Intermediate β

values create a coherent mixture of both excited states.

APPENDIX B: CUMULATIVE POPULATIONS

In Fig. 7, we show results of quantum-mechanical cal-
culations of rotational dynamics of D2S and 2H-imidazole

FIG. 6. Calculated population time profiles for the three-level
system defined in Fig. 5 at different values of the centrifuge’s
acceleration rate β = 2.0, 5.0, 10.0, 20.0 (arb. unit).

in the optical centrifuge. The calculated cumulative popula-
tions of the |a〉 and |c〉 principal rotation states are shown
in Figs. 7(a)–7(f). These were calculated for J � 10 for D2S
and J � 20 for 2H-imidazole in field-free conditions after the
150 ps centrifuge pulse was turned off. The populations are
plotted as functions of the centrifuge peak field E0 and the
rate of acceleration β. Figures 7(c) and 7(f) show the popula-
tion inversion between |a〉 and |c〉 states. In both molecules,
small acceleration rates populate mainly the |c〉 states. With
increasing acceleration rate the optical centrifuge populates
more preferably the |a〉 states. The relation between the wave-
packet composition and the probability of the rotation-axis
orientation in the molecular frame is displayed in Fig. 7(g)
for three selected sets of the centrifuge parameters. The lower
overall excitation efficiency in 2H-imidazole than in D2S
is caused by its higher density of states, already at small
J = 2 and 4 values, which results in further bifurcations and
eventually losses from the centrifuge.

APPENDIX C: MOLECULAR ROTABILITY

The purpose for the molecular rotability introduced in (3)
is to qualitatively characterize the relation between the optical
centrifuge field parameters (β, E0) and those of the molecule,
the polarizability tensor αi j , moments of inertia tensor Ii, and
dipole transition moments μkl with the composition of the
rotational wave packet.

A linear molecule in the optical centrifuge field follows
the classical equation of motion I θ̈ = −βI − U0 sin 2θ , where
U0 = 1

4 E0(α|| − α⊥) is the pendular potential depth. Here α||
is the electronic polarizability along the long molecular axis
and α⊥ is the perpendicular component of the polarizabiilty. I
is the moment of inertia and θ denotes the angle between the
molecular long axis and the electric field vector of length E0.

In order to capture the likelihood of trapping the molecule
in the pendular potential well created by the centrifuge field
one needs to compare the angular acceleration of the cen-
trifuge field with the angular acceleration of the molecule
caused by this field, as shown below:

β <
K‖,max

I
= −∇θV (θ )|max

I
≈ U0

I
, (C1)

where V (θ ) is the pendular potential and K‖,max is the maxi-
mum torque applied to the molecule. The trapping condition
given in (C1) can be also directly inferred from the classical
equation of motion: θ̈+β

β
= −U0

Iβ sin 2θ . Minding the condition
in (C1), a single parameter which quantifies the trapability of
a linear molecule in the centrifuge field can be written as

S(1D) := E2
0

β

α‖ − α⊥
I

. (C2)

If the acceleration β of the field is lower than the acceleration
(response) of the molecule in this field, the molecule is ef-
fectively trapped in the pendular potential well and becomes
centrifuged, i.e., rotationally excited. Thus, for S(1D) � 1, the
rotational excitation should be efficient.

What distinguishes asymmetric-top molecules from linear
molecules is that in the former there is more than one pos-
sible rotational excitation pathway. In linear molecules, the
angular momentum is always perpendicular to the molecule’s
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FIG. 7. Cumulative populations of the |c〉 and |a〉 principal rotation states as functions of the centrifuge’s peak field strength E0 and
acceleration β, plotted for D2S in (a) and (b), respectively, and for 2H-imidazole in (d) and (e). Corresponding cumulative population
differences between |c〉 and |a〉 states are plotted in (c) and (f). For clarity, these populations were only plotted for J � 10 for D2S and
for J � 20 for 2H-imidazole. (g) 3D probability distributions for the molecular-frame rotation axes of D2S are showing a, a/c, and c rotation
generated with three different sets of centrifuge parameters, marked in panel (c) by a triangle, a square, and a circle, respectively.

long axis. In asymmetric-top molecules the excitation can
be accompanied by a change in the molecular-frame angular
momentum along the a, b, or c principal axis. Therefore the
3D-rotability measure must distinguish rotational excitations

along the different principal inertia axes. For this reason,
a generalization of (C2) to asymmetric-top molecules must
capture the details of the full 3D molecule-field-interaction
potential given by

V (θ, φ, χ, t ) = 1

4
ε2

0 cos2(ωt )

[
−2

3
(αxx + αyy + αzz )D(0)∗

00 − e2iβt2
(αxz − iαyz )D(2)∗

−2,−1 − e−2iβt2
(αxz − iαyz )D(2)∗

2,−1 +

+ e2iβt2
(αxz + iαyz )D(2)∗

−2,1 + e−2iβt2
(αxz + iαyz )D(2)∗

2,1 +
√

2

3
(αxz − iαyz )D(2)∗

0,−1 −
√

2

3
(αxz + iαyz )D(2)∗

0,1 +

+ 1√
6

e2iβt2
(αxx + αyy − 2αzz )D(2)∗

−2,0 + 1√
6

e−2iβt2
(αxx + αyy − 2αzz )D(2)∗

2,0 − 1

3
(αxx + αyy − 2αzz )D(2)∗

0,0

− 1

2
e2iβt2

(αxx − 2iαxy − αyy)D(2)∗
−2,−2 − 1

2
e2iβt2

(αxx + 2iαxy − αyy)D(2)∗
−2,2 + 1√

6
(αxx − 2iαxy − αyy)D(2)∗

0,−2 +

+ 1√
6

(αxx + 2iαxy − αyy)D(2)∗
0,2 − 1

2
e−2iβt2

(αxx − 2iαxy − αyy)D(2)∗
2,−2 −1

2
e−2iβt2

(αxx + 2iαxy − αyy)D(2)∗
2,2

]
,

(C3)

where D(J )∗
�M,�k is the complex-conjugated Wigner D

matrix and θ, φ, χ are the Euler angles. The elements of
static polarizability tensor αxx, αxy, αxz, αyy, αyz, and αzz

refer to the molecule-fixed principal-axis-of-inertia frame.
Accordingly, the 3D molecular rotability must be a vector
with its three components denoting the net affinity of the
molecule to rotate about the three-respective principal axes
as a function of the centrifuge field parameters. In order
to heuristically derive the components of the 3D molecu-
lar rotability, we follow the condition given in (C1) and

calculate the torques created along the respective principal
inertia axes.

Here we note that rather than deriving a condition for the
molecule to stay in the centrifuge potential energy trap, we
aim at providing a measure, which weighs the relative affinity
of the principal polarisability axes to the polarization plane of
the centrifuge, i.e., which of the principal rotation axes is the
most likely. Without referring to complex classical dynamics
of the rigid 3D molecule in rotating electric field we give
below a simplified justification for molecular rotability.
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First note that for each of three possible axes of rotation
there is an effective torque caused by the interaction with the
cenitrfuge field. The relative magnitude of the torque K (λ)

|| cre-

ated along the λ axis (aligned with Z axis) to the torque K (λ)
⊥

along an axis perpendicular to Z (in the XY plane) informs
about the affinity of the molecule to stay aligned along the
given rotation axis. We imagine three arrangements, in which
the molecule rotates about the a, b, or c axis aligned along the
laboratory Z axis and calculate the ratio of the aforementioned
torques:

ξλ = K (λ)
||

K (λ)
⊥

, λ = a, b, c (C4)

with

K (λ)
|| =

∣∣∣∣∂V (t )

∂φ

∣∣∣∣,
K (λ)

⊥ =
∣∣∣∣∂V (t )

∂θ

∣∣∣∣,
(C5)

where Vi(t ) denotes the potential given in (C3) and θ, φ are
the azimuthal and polar Euler angles, respectively. With (C3)
the parallel and perpendicular torque components are given as

K (λ)
|| = ε2

0

8

∣∣(αxx − αyy)d (2)
−2,2(θ )

∣∣,
K (λ)

⊥ = ε2
0

4
√

6

∣∣∣∣∣((αxx − αzz ) + (αyy − αzz ))
∂d (2)

−2,0(θ )

∂θ

∣∣∣∣∣, (C6)

where d (J )
�m,�k are elements of the real-valued Wigner small-d

matrix. We dropped any contributions from the off-diagonal
elements of the electronic polarizability tensor. In major-
ity of small molecules the principal inertia axes frame and
the frame in which the electronic polarizability is diagonal
nearly overlap, which means that the off-diagonal elements
of the electronic polarizability in the principal inertia axes
frame are very small compared to the diagonal elements. We

note that d (2)
−2,0(θ ) =

√
3
8 sin2 θ and d (2)

−2,−2(θ ) = cos4 θ/2 and

are bound from above by 1 and
√

3
8 , respectively. Therefore

the ratio of maximum torques is approximately given as

ξλ ≈ |αxx − αyy|
|(αxx − αzz ) + (αyy − αzz )| , (C7)

where λ = a, b, c. Based on (C7) we propose a definition for
the generalized trapability (trapping ability), which accounts
for these maximum torques, in the following form:

Ri = Ci|α j j − αkk|
Cj |αkk − αii| + Ck|α j j − αii| , i = a, b, c. (C8)

This definition comprises the relative pendular potential
depths projected along different principal inertia axes. Here,
αii are the diagonal components of the electronic polariz-
ability and Ci = a, b, c for i = a, b, c are the rotational
constants. In simple terms the, 3D trapability is constructed
from 1D trapabilities and reflects the molecule’s affinity to
rotate about a given inertial axis as compared to the other two
axes. We assume that the principal axes of inertia system is
parallel to the electronic polarizability axis system, which is a
very good approximation for D2S and 2H-imidazole.

Another factor that contributes to the final populations of
rotational states upon rotational excitation with the optical
centrifuge are the transition-dipole moments to the upper
and the lower rotational excitation branches. The interac-
tion of molecules with nonresonant chirped fields such as
the optical centrifuge can be qualitatively described with the
Landau-Zener model [60]. The branching ratio for the ro-
tational excitation along the upper or lower excitation path,
see Fig. 1, can be estimated as the ratio of the Landau-Zener
populations:

Qi j = Pi/Pj, (C9)

where Pi = 1 − exp(−π�2
i /(4β )) [60] and the Rabi

frequency �i = μiE2
0 , which depends on the transition mo-

ment μi from the rotational ground state to one of the |i〉 (i =
a, b, c) principal rotation states and E0 is the electric field
strength. The quantum-mechanical population transferability
Qi j relates the centrifuge field parameters to the anticipated
branching ratio for the population transfer to respective
rotational states.

Putting together the molecular trapability and transferabil-
ity we can assume that the molecular trapability given in
(C8) serves as a scaling factor for the rotational excitation
probability to the upper-energy-level branch (|a〉 states) versus
the lower-energy-levels branch (|c〉 states), quantified by the
trasferability Qi j .

Finally the 3D molecular rotability can be written as

Si := Ri(Qji + Qki ) i, j, k = a, b, c. (C10)

In the prolate (A > B = C) and oblate (A = B > C)
symmetric-top limits, the rotability vector becomes


Sprolate →
⎛
⎝0

Q
Q

⎞
⎠, (C11)


Soblate →
⎛
⎝Q

Q
0

⎞
⎠, (C12)

where Q = Qba + Qca. Thus, in prolate (oblate) symmetric
tops there is no possibility for creating torque in the bc (ab)
molecular plane, i.e., the probability for rotational excitation
about the a (c) axis through the electronic polarizability is
0. In Fig. 8, we show an example of the molecular rota-
bility components Sa − Sc for the molecular parameters of
2H-imidazole as a function of the centrifuge electric field
strength E0 and acceleration rate β. We see that at low
acceleration rates the Sc component dominates over the Sa

component, which suggests that the molecule will most likely
follow the c axis rotational excitation branch. The rotability
measure covers all wave packets, thus the rotational wave
packet can be expressed in terms of the rotability vector
components:

|ψ〉 = 2

π

(
arctan2

(
Sa

Sc

)
|a〉 +

√
1 − arctan2

(
Sa

Sc

)
|c〉

)

(C13)

Geometrically, (C13) represents a map between the combined
molecular parameters and the parameters of the centrifuge
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FIG. 8. (a) Graphical representation of the relation between the
molecular rotability components Sa and Sc in the form of the angle:
φac = arctan( Sa

Sc
). β is the centrifuge acceleration rate and � is the

Rabi frequency for a unit transition dipole moment. (b) Molec-
ular rotability map with predicted population inversion between
the a and c rotational-excitation branch. The plotted function is
arctan( Sa

Sc
− Sc

Sa
).

onto a line connecting |a〉 and |c〉 states. Rotational states can
be classified according to the respective average values of the
molecule-fixed angular momentum, and can be represented
on a triangle, as shown in the inset of Fig. 1. Vertices of the
triangle denote essentially pure |a〉, |b〉, |c〉 states. In principle,
the composition of the final rotational wave packet created
by the interaction with external fields can be mapped onto
this triangle. However, because the rotational excitation about
the intermediate b axis is very improbable, due to low values
of appropriate transition moments, the molecular rotability
practically maps the space of centrifuge’s parameters E0 and
β onto the edge of the rotational states triangle connecting the
|a〉 and |c〉 vertices. For this reason, the image of the molecular
rotability map for the optical centrifuge is approximately one-
dimensional.

Figure 8(b) reflects the magnitude of population inversion
in the rotational a or c branches. It shows a qualitative agree-
ment with the full quantum-mechanical optical centrifuge
calculations for 2H-imidazole, shown in Fig. 3.

APPENDIX D: ANALYSIS OF ROTATIONAL WAVE
PACKETS FOR D2S: PROBABILITY DENSITIES AND

ALIGNMENT COSINES

The approximate wave packets generated with an
optical centrifuge at three different acceleration rates

FIG. 9. Calculated 2D alignment-cosine time-profiles for wave
packets generated with an optical centrifuge with field strength
E0 = 2 × 108 V/cm and three different acceleration rates [(a)–(c)]
β = 30, 115, and 230 GHz/ps, respectively. The centrifuge-field
release times were 228, 133, and 66 ps, respectively, see Fig. 4. The
alignment cosines measure the degree of alignment of the principal
axes of inertia of D2S with respect to the laboratory axes defined by
the centrifuge field. For instance, a − ZY is the 2D alignment cosine
calculated with respect to the laboratory Z axis of the projection of
the molecular a axis onto the ZY detector plane.

β = 30, 115, and 230 GHz/ps and field strength E0 = 2 ×
108 V/cm, shown in Fig. 4, are given as

|ψ〉β=30 ∼ 0.55e−iω12at |12, a〉 + 0.55e−iω14at |14, a〉, (D1)
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|ψ〉β=115 ∼ 0.32e−iω28ct |28, c〉 + 0.32e−iω30ct |30, c〉
+ 0.32e−iω2ct |2, c〉 + 0.61e−iω14at |14, a〉, (D2)

|ψ〉β=230 ∼ 0.36e−iω12ct |12, c〉 + 0.36e−iω14ct |14, c〉, (D3)

where |J, a/c〉 are the asymmetric top wavefunctions with
total angular momentum J and the molecular-frame angular
momentum nearly aligned with a or c axis, respectively. All
states have M = J , i.e., the laboratory-frame angular momen-
tum is aligned along the Z axis.

Time-evolution of the rotation-axis 3D probability
(1 − e−1 cutoff) in the above wave packets is displayed in
the animated movie files attached [61]: D2S-β-a-axis.mov,
D2S-β-b-axis.mov, D2S-β-c-axis.mov for the a,
b and c principal inertia axes, respectively. Joint 3D
probability plots for the deuterium nuclei are given in files
D2S-β-D-atoms.mov. In these movie files, a classical-like
rotation of the probability is visible for all three wave packets
given in (D1)–(D3).

These rotational wave packets can be straightforwardly
detected with the use of velocity-map imaging (VMI) of
fragments produced through multiple ionization by ultra-
short laser pulses followed by Coulomb explosion [69,70].
Files named D2S-β-vmixz.mov, D2S-β-vmiyz.mov and
D2S-β-vmixy.mov (see Ref. [61]) present time-evolution of
the VMI images simulated for the deuterium ion fragments,
assuming axial recoil. The detector is placed in the laboratory-
fixed XZ , Y Z , and XY planes, respectively, where Z is the
laser propagation direction. Only the first two setups (XZ ,
Y Z) are routinely implemented in the experiment. The VMI
images can be quantitatively characterized by calculating the
degree of alignment of selected atoms or principal axes of

inertia with respect to the laboratory X, Y, Z axes. The
alignment cosine values, which reconstruct the experimental
VMI images, can be calculated from the positions of se-
lected atoms or molecular axes x, y, z in the laboratory-frame
X,Y, Z using

〈cos2 θ2D〉 = 〈ψ | Z2

X 2 + Z2
|ψ〉, (D4)

where θ2D is an angle in the detector plane XZ between the
detector’s Z axis and the D-S bond in D2S at the time of
the Coulomb explosion. In this work, the alignment cosine
values were calculated with Monte Carlo sampling, using
106 sampling points, of the rotational wavefunction |ψ〉 at a
given time. Figure 9 displays values of 〈cos2 θ2D〉 calculated
for the vectors pointing along the molecular a and c axis,
respectively, relative to the laboratory-fixed planes: XY , XZ,

and Y Z .
Figure 9 shows a high (>0.9) degree of permanent

alignment of the c axis along the laboratory fixed Z axis for the
wave packet given in (D1) generated with β = 30 GHz/ps and
field strength E0 = 2 × 108 V/cm, see Fig. 4. The classical-
like rotational motion of the ab molecular plane about the c
axis is reflected in the oscillations of the blue line (a-XY ) in
Fig. 9(a). Small amplitude oscillations of the red and green
a-ZY and a-ZX lines near 〈cos2 θ2D〉 = 0.2 suggest slight
nutation of the a axis out of the XY plane in the laboratory
frame. Wave packets shown in (D1)–(D3) exhibit persistent
3D alignment of the molecule in the frame rotating with the
frequency of the coherent classical-like rotation of the whole
wave packet. Period of this uniform rotation is in the order of
few picoseconds, which is long enough for most of imaging
ultrafast dynamics experiments.
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