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Braiding phases among topological excitations are key data for physically characterizing topological orders.
In this paper, we provide a field-theoretical approach toward a complete list of mutually compatible braiding
phases of topological orders in (3+1)D spacetime. More concretely, considering a discrete gauge group as
input data, topological excitations in this paper are bosonic particles carrying gauge charges and loops carrying
gauge fluxes. Among these excitations, there are three classes of root braiding processes: particle-loop braidings
(i.e., the familiar Aharonov-Bohm phase of winding an electric charge around a thin magnetic solenoid),
multiloop braidings [Wang and Levin, Phys. Rev. Lett. 113, 080403 (2014)], and particle-loop-loop braidings
(i.e., Borromean rings braiding in Chan et al. [Phys. Rev. Lett. 121, 061601 (2018)]). A naive way to exhaust
all topological orders is to arbitrarily combine these root braiding processes. Surprisingly, we find that there
exist illegitimate combinations in which certain braiding phases cannot coexist, i.e., are mutually incompatible.
Thus, the resulting topological orders are illegitimate and must be excluded. It is not obvious to identify these
illegitimate combinations. But with the help of the powerful (3+1)D topological quantum field theories (TQFTs),
we find that illegitimate combinations violate gauge invariance. In this way, we are able to obtain all sets of
mutually compatible braiding phases and all legitimate topological orders. To illustrate, we work out all details
when gauge groups are Zy,, Zy, X Zy,, Ly, X Ly, x Ly, and Zy, x Zy, x Ly, X ZLy,. Finally, we concisely

discuss compatible braidings and TQFTs in (4+1)D spacetime.
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I. INTRODUCTION

The order parameter, which is designed for characteriz-
ing orders, is one of fundamental concepts of many-body
physics. Symmetry-breaking orders are characterized by lo-
cal order parameters—Ilocal functions of spacetime. However,
topological orders (e.g., fractional quantum Hall states) [1-4]
in gapped systems are characterized by intrinsically nonlocal
order parameters, such as adiabatic quantum phases accumu-
lated by braiding topological excitations (e.g., anyons) [5]. In
topological orders, topological excitations are usually geomet-
rically compact manifoldlike after taking continuum limits,
such as pointlike particle excitations, stringlike loop exci-
tations, etc.! Braiding phases of topological excitations are
proportional to integer-valued invariants of knots or links
formed by world lines of particles and world sheets of
loops, thereby being quantized and robust against local per-
turbations. In addition to topological orders, braiding phases
have also been applied to characterization of symmetry-
protected topological (SPT) phases [7—11] despite that SPT
bulk excitations are topologically trivial. The core reason is
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'For nonmanifoldlike excitations, Ref. [6] provides some examples
in a class of exotic stabilizer codes that support spatially extended
excitations with restricted mobility and deformability.
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that SPTs can be properly dualized to specific topological
orders [7].

One quantitatively efficient and powerful approach
to braiding phases is topological quantum field theory
(TQFT) [12]. For example, braiding data of two-dimensional
topological orders are encoded in (2 4 1)D Chern-Simons
theory [2,5,13]. In this paper, we focus on deconfined phases
of (34 1)D discrete gauge theories’ [14—18] with Abelian
gauge group G = [['_, Zy,, where n denotes the total num-
ber of cyclic subgroups. Such phases of matter are usually
called []} Zy, topological order. For example, the ground
state of the three-dimensional toric code model [19,20] admits
Z, topological order. By using group representation and a
conjugacy class [21], we may label topological excitations
via gauge charges and gauge fluxes. More specifically, there
are totally []%_, N; distinct bosonic particles carrying gauge
charges and []._, N; distinct loops carrying gauge fluxes.
Without loss of generality, it is enough to consider braid-
ing phases among n distinct elementary particles (denoted
as ey, ey, -+, e, ,e,) carrying the unit gauge charge of
a specific gauge subgroup and n distinct elementary loops
(denoted as my, my, - -- ,my, - - - , m,) carrying the unit gauge

2To reconcile different conventions in condensed-matter physics
and high-energy physics, we take the following convention: gauge
theories and field theories are always associated with spacetime
dimensions but quantum states, Hamiltonian-type lattice models,
or topological phases of matter (topological order, SPTs, etc.) are
associated with spatial dimensions only.
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TABLE 1. Compatible braiding phases and TQFTs when G = Zy, and G = Zy, x Zy,. Each row represents a class of topological order(s).
Thefirst row stands for a topological order whose braiding data is given by {®H} z, Withi=1,2,3. The second row represents topological
1

orders which are characterized by {®¥, any combinations of compatible ®*"’s}. The coefficient of AAdA term is given by g;;; =

NN,
,ne

Zy;;, which is determined by the large gauge invariance. x and V are zero-form and one-form compact U(1) gauge parameters with f dy €

2n 7 andde e2n.

Compatible braiding phases TQFT actions Gauge transformations
A] —)Al +dXI
QH — 2 M gl gal
O) = 2y J5:B'dA B B4 ayt
Al — Al dy!
®H:2l 2 Bl—>Bl+dV1
' i Nipi JAi 9122 A1 A2 742
sran fZ—BdA—F—ZAAdA
O3 = =2 Op = T = e + A CA” = Al
4 9211_A2 1 2 2 2
®11|2 =-2- @2”1 = 7NI‘1§,121 + o A2AYdA B — B2 +4V
- (2{]:312\/2 dy'A*+ (2?)11\12 dy'Al

flux of a specific gauge subgroup. When more than one par-
ticle (loop) are simultaneously involved in the same braiding
process, superscripts will be added properly to e; (m;).

Among these elementary excitations, there exist three
classes of braiding processes that have been studied be-
fore: particle-loop braiding [15,16,22-25], multiloop braid-
ing [26—44], and particle-loop-loop braiding [i.e., Borromean
rings (BR) braiding] [45]. For the purposes of this paper, we
regard these braidings as root braiding processes. Within each
class of root braiding processes, depending on gauge group
assignment, there are still many different braiding phases
among which compatibility is crucial. To proceed further, let
us briefly introduce the three classes of root braidings.

In the first class, within each gauge subgroup, e.g., Zy,,
there is a well-defined particle-loop braiding phase e =
2X mod 27 when the Hopf linking invariant is one.? Here, the
Hopf link is formed by an elementary particle’s trajectory y,,
and an elementary loop m;. This braiding phase always exists
since it physically encodes the cyclic group structure of Zy;.
For the whole gauge group, the root braiding phases of the first
class form a set {@?}G with i =1, ,n. A subscript G is
added for specifying gauge group G. Apparently, all braiding
phases in the set belong to distinct gauge subgroups, thereby
being mutually compatible and linearly independent. In the
language of TQFT, one may compute braiding phases from
gauge-invariant correlation functions of Wilson operators of
the topological BF theories with action Sgr = [ ), 27; B A
dA (abbreviated as BdA) [16,46—49]. Here, the one-form A’
and two-form B’ are compact U (1) gauge fields describing the
loop current (5= * dA’) and particle current (5 * dB) degrees
of freedom, respectively. As a natural higher-dimensional gen-
eralization of the Chern-Simons theory, the BF theory has
been broadly applied to condensed matter systems, such as
superconductors [16], bosonic and fractional topological in-
sulators, and more general 3D SPTs [49-53].

3The superscript H in ®F stands for Hopf. As an angle, the 27
period is important but obvious, so we will not write it explicitly
hereafter. To characterize topological orders, it is sufficient to con-
sider braiding processes in which the linking number is unit.

In the second class, i.e., multiloop (three or four) braidings,
all objects involved in the braidings are loops. More specifi-
cally, a three-loop braiding [26] consists of three elementary
loops and lead to a set of braiding phases {0 ; @3% S}, Where
G=[l- 1ZN with n > 2. As mentioned above, when G is
given, G)l always exists. Here j, k, [ indicate that three ele-
mentary loops (denoted by m;, mg, mj), respectively, carry the
elementary gauge flux of Zy,, Zy,, Zy, gauge subgroups. Ge-
ometrically, the loop mf’ right after the symbol |, which carries
the elementary gauge flux of the Zy, gauge subgroup, is called
base loop [26]. The latter is simultaneously hopfly linked to
the other two loops, i.e., m , m?. Under this geometric setting,
the three-loop braiding can be regarded as an anyonic braiding
process on the Seifert surface bounded by the base loop.
Braiding phases in the set {®; 3% Fiio satisfy a series of
remarkably elegant constraints such that mutually compatible
braiding data sets can be unambiguously determined. The
result was obtained in Ref. [26] by means of general properties
of the discrete gauge group and adiabaticity of braiding pro-
cesses. The same result can also be obtained from TQFTs with
topological terms of BdA + AAdA form [27-34,44]. More-
over, in the second class, if we consider four loops from four
distinct gauge subgroups, the four-loop braiding phases form
a set {O; @‘J‘Lk 1m}c> where G =[]\, Zy,, with n > 4, and
the four loops carry elementary gauge fluxes of four different
gauge subgroups Zy,, Zy,, Zn,, Zn,, respectively. The four-
loop braiding is associated with the quadruple linking number
of surfaces, thereby being quantized [28]. The correspond-
ing TQFTs can be symbolically expressed as BdA + AAAA
[27-34.,44].

In the third class, i.e., the particle-loop-loop braiding
or BR braiding [45], an elementary particle carrying unit
gauge charge of Zy, gauge subgroup moves around two
loops (denoted by mj,m7) that, respectively, carry unit
gauge fluxes of Zy, and Zy,, such that the particle’s
trajectory )., and the two loops together form aBR link,
or general Brunnian link. The corresponding braiding
phase is denoted as ®PF,, which is proportional to the
Milnor’s triple linking number & [45,54,55]. Likewise,
one may define a set of braiding phases: {©]';®F} ¢,

where G =[], Zy, with n>3. The corresponding
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TABLE II. Compatible braiding phases and TQFTs when G = Zy, x Zy, x Zy,. Each row represents a class of topological orders which
are characterized by braiding data {©®!; combinations of compatible braiding phases}. Take the second row as an example: the sets of braiding
phases {©; ©F,}, {OF; 035}, (0] ©35,; ©55 ), {OF; 034, O35, 0355, O3,; O}, etc., respectively, characterize a topological

order. The coefficients are given by g, x = il ,m € Ly,

Nij i

and /;;, = 0 if any of the two indices are the same. The Levi-Civita symbol is defined by €% = ngiqgn sgn(a;

0,or—1ifx >0,x=0,0rx < 0.

and pijx =

1;j kNiNj Ny . .
T Jijr € ZN”A, as aresult of large gauge invariance. [;; x = —/;i«

— a;) where sgn(x) = 1,

Compatible braiding phases TQFT actions Gauge transformations
G)'.":fv—’lf fi&B"dA" Al — Al +dy!
O =-2-0%, = 4;%/ a a1 B -5 —: av! o
o, = 0, = % +Z oA ‘AldA +Z(2r:71d XIAT — L gyiAd)
O, = -0 = 21\]7:2(1716? +(212; AlAZdA® + qm S APAYA! 2mv = (qis€Pd A% + Qz316”1dXJAl)
Al — Al dy!
of =% 3 oo BB (CAY + LxPdx?)
O = —2- 035 = % sz: DA +€ 12772:]\; AT+ 1xPdx?)
Oty = —2- O, = 82 R gy B
—e'ﬂg;—‘,v‘i(xf'Bl — AV 4+ yidvh
Al —> A +dy'
of =% S o "“;f,‘NZ GCA + 3 x3dx")
ol = 2. of, = 4 e FBGIA+ L)
oty = 2.0, = 4 +<3”32A1A AT+ Al BB rav
—e’ﬂg’;—',vj(xim —AIV3 4+ yidv?)
Al — A +dy'
of =% 3 i —eM B (1A% + L x'dx?)
Oy = —2- 05, = 4;1‘171@2 fZﬁBdA —|—e‘12]2%vj XA+ Lx2dy!)
Ol = —2- Ol = 5 B e
o, = A ) — ey A)

—6113%()(/33 — AV + xJav?)

TQFTs can be symbolically expressed as BdA + AAB
[45].

In this paper, we put all root braiding processes, which are
denoted by {©}'; ©3% ;03 , s O ), in arbitrary combi-
nations and try to exhaust all topological orders. We find that
not all possible gauge group assignments (i.e., the subscripts
i, j,k,1,---)arerealizable. Not all braiding phases in a given
set are linearly independent. As we reviewed above, within
each class, compatible braiding phases have been studied
via various approaches. By compatible, we mean that these
braiding processes can be supported in the same system. In
other words, the compatible braiding phases together as a
set of braidings characterize a legitimate topological order.
If there are two mutually incompatible braiding processes
in the set, then both braiding processes must always lead to
two trivial braiding phases, i.e., 0 mod 2r regardless of the
values of linking numbers of the braidings. As we will show,
gauge invariance is broken if any one of two braidings has a
nontrivial braiding phase. Therefore, to exhaust all legitimate
topological orders, it is sufficient to find all sets of braidings
formed by mutually compatible braiding processes. For this

purpose, in this paper, through TQFT approach, we compute
all braiding processes in a unified framework and figure out all
cases of incompatibility that are tightly related to gauge nonin-
variance. Especially, we focus on cases of incompatibility that
occur when two or three distinct classes of root braiding pro-
cesses have nontrivial braiding phases. Compatible braiding
phases for different gauge groups are summarized in Table I
(GZZN and (GZZN] X ZNZ)’ Table 11 (G: ZN] X ZNZX ZN3),
and Table III (G=Zy,x Zy,x Zn,x Zy,). More general cases
with more than four Zy gauge subgroups can be straightfor-
wardly analyzed by applying the results in these four tables,
as shown in Sec. IIID. In addition to braiding phases, in
these tables, we also provide the corresponding TQFTs and
definitions of gauge transformations therein. All other sets
of braiding phases are incompatible and not realizable. Some
typical examples of incompatibility will be analyzed in detail
in this paper.

The remainder of this paper is structured as follows. In
Sec. II, we concretely analyze root braiding processes one
by one to lay the foundation for the forthcoming discussions
on compatibility. In Sec. III, by combining all root braiding
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TABLE III. Compatible braiding phases and TQFTs when G = Zy, x Zy, x Zy, % Zy,. Each row represents a class of topological orders
which are characterized by braiding data {®!; combinations of compatible braiding phases}. Only 3 of 11 (see the main text) legitimate TQFT
actions are listed here. General expressions of legitimate TQFT actions and gauge transformations are given in Table IV. By properly assigning

S . . .. : 4 . . NiN;
the indices in the general expressions, one can obtain all legitimate TQFT actions for G = [[_, Zy,. Coefficients are given by ¢;x = mN’” L,
= z
. __ nNiN;NN, _ lijkNiNjNg . . _ _n:
m € Ly, giju = TN M€ Ly, and pij = T lijx € Ly, as aresult of large gauge invariance. l;;x = —l;;x and [;;, = 0 if any

of the two indices are the same. The Levi-Civita symbol is defined by €12 =TT, _,_._ sgn(a; — a;) where sgn(x) = 1,0, or —1 if x > 0,

x=0,orx <0.

Compatible braiding phases TQFT actions Gauge transformations
Al — Al 4 dy!
fi&BldAl B’—)B’+dV’
ol =2 il gijj iAj qjii JAi
i N, i=1 \ +Z(de.A —deA)
3L _ g i ATATAAT J
L. =—2.0%L = ¥ +2 o0
Jodli ijlj NiN; izy T + > g;’["\; Simdx"Al — 8 ,d x™A")
QL — _2.@L — i + 3 A ATAIGAT men<l
bilj Jili NjNi ~ () Gnml I An naAm
2rars i<j + > (8 ,dx'A" - 8;,dx"A™)
@3.1“ .= —@3]“ L= dijk 4ijk iAj k m<n<l i ' '
Jokli iklj = "NN; + Y. LS AAVdA o
L= (@m) _1 Z 91234 KL AT AR 51
oL — _@L — X =ik 7 2 G, X
i:“ zi;‘f{m o + ) Z (Z:zk)leJAdel +1 Ji 91234 ik A 5k (] o1
O1334 = NiN>N3Ny i<j<k 2 o 2m)*N; X ax

+MA1A2A3A4

@ry

1 91234 ijkl o, j k !
+g ;} et xldxtdx
JoKs

@}{:i]—’f fiN"B"dA" Al Al 4 dyi
b Dab,’ 1

@35” =-2- ®?,Lf|i = 4;%] = B Z,, é”};vz 8ia(x"A” + 3 x“dx")

o o ! 9iji i AT AT a,

3 3 27912 + A'ATdAT ) ) )
®2,L4\1 = _®I.L4|2 = 1jvrlqzi124 i#%;& @y B'— B +dV'

2; ijj i AT jii J AL

O, = —03, = T4 + A2 ATATAY + 25 APANA! + 2 o dx/A = S5 dy AT
@BR _ 2mpna 42123 41423 i#3,j73

123 = NiNyNs @r)? + Y (At e dyTAY)
QBR  _ 27pai3 Pal3 A4 A1p3 £33 i
Ol = Nwns Tanpdd B Z#Z]# Pii3 (L JBY _ ATV 4 yidV?)

2 P43 A4 4213 - N X'DT — A x'av-
O = Vo taA'AB i#s e T
Al > Al 4 dy!

o _ o —(awp8is + Ty 0 (X AP + 5 ¢ d )
i TN P12.i P12,i 241 1,271
®3L ) ®3L _ 4rqin - Ni pi i +(27TNi Si'S + 27N; 51’,4)()( A+ 2X dX )

221 = 72 O = AN, /Z s-B'dA B — Bi 4+ 4V
®?L1|2 =-2- ®3L1|1 = Zn N 142 742 241741 q q
N - N - q122 q211 ijj AT jii i AL
@BR 27 p12.3 e +WA A’dA + WA A'dA —|—j§4(ﬁd}(’A/ - #N,‘dXI/Al)
123 = NN N P12.3 AlAZR3 P12.4 AlA2B* o ) . .
1V21¥3 +(271)2 + 2n)? _Z ;’;72].\]/1&,1()(23/ _AZV/ + XZdvj)

©BR 27p124
1214 = NiNoNy

J
+ 2 Gt dia(x' B/ — AV + ¢ dV?)
J

2 N;

processes together, we study the corresponding TQFTs and
extract all sets of compatible braiding processes. Then, in
Sec. IV, some sets of incompatible braiding processes are
illustrated in some concrete examples. In Sec. V, along the
same line, we concisely discuss compatible braidings and
TQFTs in (4 4+ 1)-dimensional topological orders. Conclu-
sions are made in Sec. VI. Several technical details are
collected in the Appendices.

II. REVIEW ON ROOT BRAIDING PROCESSES
AND GAUGE TRANSFORMATIONS

In this section, we review TQFTs of root braiding pro-
cesses. We emphasize the correspondence between root
braiding processes, topological terms, and braiding phases,

which is illustrated as the following triangle:

Braiding Process

N

Topological Term <——————= Braiding Phase

A braiding process can be identified from a topological term
or a braiding phase, and vice versa. In this manner, we can
study the braiding processes within the framework of TQFT.
More concretely, to extract braiding phases from a TQFT,
one can either add gauge-invariant source terms [30,45] or
study algebra of Wilson operators [34,40], such that the braid-
ing phases of a given braiding process are connected to a
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linking or knot invariant formed by the spacetime trajectories
of particles and loops.

A. Microscopic origins of discrete gauge groups, topological
excitations, and TQFT actions

As our basic goal is to utilize TQFTs and braiding pro-
cesses to characterize and classify topological orders of
underlying quantum many-body systems, it is very important
to identify microscopic origins of input data of TQFTs and
braiding processes.

Hamiltonian realization, especially an exactly solvable
model proposal, is always the most powerful stimulus of the
progress of topological orders. For example, the toric code
model proposed by Kitaev [20] elegantly unveils all key prop-
erties of nonchiral Abelian topological orders in (2 4 1)D.
String-net models constructed by Levin and Wen [56] are
applied to exhaust non-Abelian topological orders in (2 4
1)D.In (3 + 1)D, topological orders that are within Dijkgraaf-
Witten cohomology classification [57] have Hamiltonian
realization in Ref. [38], which uses four-cocycles to cover
all particle-loop and multiloop braidings. However, exactly
solvable models for BR braiding [45] are not known, which
is an interesting future direction. References [58,59] present
strategies for constructing higher-dimensional Abelian and
non-Abelian topological phases via coupling quantum wires,
which may shed light on constructing exactly solvable lattice
model for BR braiding.

While exactly solvable models have Hamiltonian form,
the Hamiltonians often look very intricate and unrealistic
(four-spin, six-spin interactions, and more). Furthermore, it
is unclear for us to rigorously connect the Hamiltonians to
TQFTs. The latter have been proved to be a very powerful
machine to study topological orders since the discovery of
the fractional quantum Hall effect. But, to the best of our
knowledge, it is highly impossible to perform a standard
perturbation theory to renormalize the intricate interacting
electron system of the v = 1/3 Laughlin state to a beau-
tiful Chern-Simons gauge theory [ L%AdA, where A is an

J

1 1
L= — (iYW — il il —iNA i 4 — (2 — 6%,
201 () 10700, —INA; J, + 20 () 0 0pJ,

emergent gauge field. Although there are many effective ways,
e.g., parton construction and hydrodynamical approach, to
handle strongly correlated physics, it is still kind of myste-
rious to derive emergent dynamical gauge fields from the very
beginning.

To identify microscopic origins, below we will provide
an effective way of thinking, following the spirit of previous
works [16,29,34,50,52,60]. From this effective derivation, we
can find how discrete gauge groups, topological terms, and
quantized Wilson integrals arise from a quantum many-body
system. We can also find that particle excitations and loop ex-
citations are gauge charges and gauge fluxes of gauge groups.
Below, we take [ BdA + AAB as an example by means of ex-
otic boson condensate and vortexline condensate. The detailed
derivation is given in Appendix A. Here we just briefly sketch
the key idea.

We start from a multilayer condensate in 3D space in
which one layer is in the vortexline condensation phase (from
disordering a 3D superfluid) while the others are in charge
condensation phases (bosonic superconductors): The former
can be regarded as the Higgs phase of two-form gauge fields
while the latter can be regarded as the usual Higgs phase of
one-form gauge fields,

L= %(a[,@vJ ~NB) + %(auel —NALY
+ %(a,ﬁ2 — NoA2) 4 iR (3,0, — NsB2,)
x (0,0" — N1A}) (0,67 — NLA2), (1)

where 9,0, = 9,0, —0,0,. The vectorlike phase angle
©®, describes the phase field of vortexline condensation [50],
while 8! and 62 are the usual phase angles of boson conden-
sation. The coefficients py, py, p3 represent phase rigidity of
condensates. The last term of the above Lagrangian couple
three condensates together in a gauge-invariant fashion. By
introducing Hubbard-Stratonovich fields Eiv, j', j* and La-

grange multiplier fields £/ and 5, we obtain

. . 1 2, 1
— VAL + —(2)) —i0,0,%,, —i=N3B), T

8p3 2

+ A" [20,0,(NINAA2) + 019, (N A2N3B), ) + 679, (N3B;, ,N1A}) |

1 1
+in) [g—-; — Aghvre. Ea,)ezNngw] +i0' 0, + in) [55 — Aghvre. §8A61N3B}3w} +i0%0,;

+in (&), — A" (20,0'NIAY + 20,0°N1A]) | + i©,,0,&,,, — iNNoNs Ae* P AL A7 B

B + boundary terms. (2)

Integrating out ®,,, 0! and 62 yields constraints in the path-integral measure. These constraints can be solved by introducing
one-form gauge field A3, two-form gauge fields B! and B?, respectively:

w

1
=3 :Z_EWPaAA; + &), — A" X 2NN, AJA2,
T

) 1 1
jl =E&W”apBl§v + & — Agvre (NzAf)Nngw - —nﬁNgBiv - 2nivN2Af]>,

2

R SRS y 1
i :Egpw B, + & — Ae <N333 NA! — §n1N3Bfw — 2;7[3“,N1A§). 3)

iy
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Nl

FIG. 1. Particle-loop braiding described by B'dA! and ®. m; is
an elementary loop that carries unit gauge flux of Zy, gauge group.
Ve, 1s the closed trajectory of an elementary particle e, that carries
unit gauge charge of Zy, gauge group.

The phys1ca1 meamng of Euv is the current of loop while
those of j! and 72 , are the currents of particles of layers 1
and 2, respectively. In this manner, one can figure out the mi-
croscopic origins of particle and loop excitations. Substituting
%), ji»and j2 into Lagrangian Eq. (2) and integrating out the
Lagrange multiplier fields, we end up with

iNy iN
L=—e"B, A, + "By A

+ jjj "B 9, A + iN\NN3 AP AL ACB] . (4)
Finally, we effectively obtain the TQFT action for a BR braid-
ing: § = [ Ldxdt ~ [ Y7 MoBldAT + A'A?B3.

In this theory, the particle excitations are ey, e;, e3, car-
rying gauge charges of Zy,, Zy,, Zy, and minimally couple
to A', A%, A3. The loop excitations are mj, my, ms3, carry-
ing gauge fluxes of Zy,, Zy,, Zy,, and minimally couple to
B',B*, B

B. Particle-loop braiding and BdA term

The particle-loop braiding is essentially a quantized
Aharonov-Bohm effect in a discrete gauge theory where local
interactions are completely screened and long-range statistical
interactions lead to nontrivial braiding phases. Given a Zy,
gauge subgroup, an elementary particle e; is braided around
a static elementary loop m,. The trajectory y,, and m; as a
whole form a Hopf link, as shown in Fig. 1. The corresponding
braiding phase is given by @ = 2” for unit Hopf linking
number. The classification of equlvalent trajectories of e; is
essentially related to the mathematics of fundamental group
and link homotopy, which was preliminarily introduced in the
Supplemental Material of Ref. [45]. The corresponding TQFT
is the following multicomponent BF action* (F = dA, A is
omitted):

N
S:/ZEBdA, )
i=1

where N; are positive integers that specify the discrete gauge
group G. {A'=3" Aldx,} and {B' = 5 ZW Bl dx,dx,)
are one-form and two-form compact U(l) gauge fields,
respectively. Although one may expect a general matrix for-
malism ~K"/B'dAJ, the matrix K can always be sent to a

“In this paper, each summation is indicated by a }_ symbol.

A\
J\J m

FIG. 2. Three-loop braiding process described by A'A2dA? and
©3',- In this case, the base loop m{ carries the Zy, gauge flux; Both
m) and m3 carry the Zy, gauge flux.

diagonal matrix with positive elements via two independent
GL(n, Z) transformations. The two transformations, respec-
tively, act on B fields and A fields (a relevant discussion on
basis transformations can be found in Refs. [30,53]). The
action Eq. (5) keeps invariant up to boundary terms under
gauge transformations

Al A+ dy,
S . (6)
B' —B' +dV',

where {x'} and {V'} are, respectively, zero-form and one-
form compact U(1) gauge parameters with [ dx € 2nZ and
[ dV €2nZ. Once these integrals are nonzero, the corre-
sponding gauge transformations are said to be large. The
coefficient quantization, i.e., N; is integral and is guar-
anteed by the invariance of the partition function Z =

[ 2B2A ] B4 ynder large gauge transformations on any
compact oriented manifold.

C. Multiloop braiding and AAdA, AAAA terms

Next, we consider three-loop and four-loop braiding pro-
cesses introduced in Sec. I. The minimal number of gauge
subgroups is two: G = Zy, X Zy,. For this gauge group, we
consider a three-loop braiding process (Fig. 2) with braiding
phase denoted as @34, . The TQFT action for this three-loop
braiding process is

/ Z—B’dA’ q”; ATAZdA?. %)

S is invariant up to boundary terms under gauge transforma-
tions

Al S A ~|—dxi,
q122 2.2
B! »B' +dVv!' + =i x2A2,
27N,
B> 5B +dv?— 12 4142, 8
N, X (8)
kN1N2

The coefficient g2, is quantized and periodic: g2y = Ny
where k € Zy,, and Ny, is the greatest common divisor (GCD)
of Ny and NV,.

When G = Zy, X Zy, X Zy,, we consider a three-loop
braiding process (Fig. 3) associated with the braiding phase
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FIG. 3. Three-loop braiding process described by A'A2dA3 and
@%,Lﬁ - In this case, the base loop m? carries the Zy, gauge flux, m}
carries the Zy, gauge flux, and m3 carries the Zy, gauge flux.

©3%;- The corresponding TQFT action is

3
N .
- / 3 LBdA LB A2, ©)
L om 2r)

The gauge transformations are defined as

Al AL+ d)(i,
(10
B B +dV + 12 il gyia?,
where € is the Levi-Civita symbol with €'?3 = —¢2!> = 1. The

NN “\where k € ZNm and Njy3 is the

coefficient is g3 = N

GCD of N, N,, and N3. When G = Zn, X Ly, X Ly, X Ly,
four-loop braiding processes are realizable, in which four
loops carry the unit gauge fluxes of Zy,, Zy,, Zn,, Zy, gauge

subgroups, respectively. The corresponding TQFT action is

q1234

4 N o
= [ X g+ 52
— 2m (2m)

The action Eq. (11) is invariant up to boundary terms under
gauge transformations

A'AZASAY, (11)

Al Al 4 d)(i,
B B +dV'
1 q1234

_ ljklAjAk !
Jkl(27r)2N X

1 q1234 ikl A7k i
Z AR kAT kg
«@uyn. Y

q1234 l'kl i k i
+ - xldydyx’, 12
jEk](z )2N x'dx"dx (12)

where € is the Levi-Civita symbol with €!?3* = —¢!3% =
1. The coefficient is g234 = w where k € ZN]234 and
Nj234 is the GCD of Ny, N>, N3, and Ny. Until now, we have
only reviewed gauge transformations in this review section.
It is hard to visualize four-loop braiding in three-dimensional
real space. We recommend Fig. 6 of Ref. [28].

FIG. 4. Borromean rings braiding described by A'A?B* and
©%8 5. m| and mj, respectively, carry unit gauge flux of Zy, and
Zy, gauge subgroup. e3, carrying unit gauge charge of Zy, gauge
subgroup, moves around m} and m3, such that the trajectory of e3
(denoted as y.,) and other two loops form a Borromean ring link.

D. Borromean rings braiding and AAB term

Last, we consider the particle-loop-loop braiding or BR
braiding with its braiding phase denoted as ©F%, [45]. Like-
wise, the input data of BR braiding are Abelian gauge group
G =[], Zy, but with n > 3, such that all particles and
loops can be labeled by gauge charges and gauge fluxes
in a specific gauge subgroup Zy,. This braiding is beyond
Dijkgraaf-Witten gauge theory classification H*(G, U(1)).
The latter only includes braiding phases of particle-loop braid-
ings and multi-loop braidings. By further taking BR braiding
into account, we need to study proper combinations of all
braidings together to exhaust all topological orders.

The corresponding topological term of BR braidings is
AAJB*. For example, consider a BR braiding process shown
in Fig. 4, the corresponding TQFT action is

3
N

- / 3 Zpda+ P2 a0, (3
i 2r)

where P23 = llzslfvvﬂ 112 3 € ZNm, Ni23 is the GCD of Ny,

N, and Ns. Ref. [45] points out that /j53 = —l3and [;;; =0
if any of the two indices are same. The quantization of py 3 is
due to the large gauge invariance. The gauge transformations
for (13) are

Al A +dyt,
A? —>A2+dxz,
A A dy? + X3,
B' B ' +av' 4+ v,
B> >B> +dV*+Y?,
B® B +4v?,

(14)

where

P23 12, 10
X3 = A+ —xld
" 2N (X taxax )
P12,3 241 15
A —x“d ,
N, (X taxiex )
P123 , 2.3
v'=— =2 (x’B
2N, %

D123 (x'B> — A3 + x'av?). (15)
2N,

— A%V3 4 x2dV?),

Y? =
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X3, Y and Y2 are so-called shift terms. The Dirac quantization

of A3, B' and B? requires that zide3 €Z, 5 [dY' e
54 4

Z and % [dY?* € Z. The Zy, cyclic group structures are

encoded in the cyclic Wilson integrals of A!, A?> and B? re-
spectively: fA' € 3 Zy,, § A> € L Ly, and § B® € 3L Ly,

III. COMPATIBLE BRAIDING PROCESSES

Since we have reviewed the correspondence between topo-
logical terms, braiding processes and braiding phases, we may
naively think that we can design a system which can support
arbitrary combinations of braiding processes. However, this
is not true. In other words, there are illegitimate combinations
in which the braiding processes are mutually incompatible.
Such incompatibility reveals that some topological terms are
forbidden to form a legitimate TQFT action.

In this section, we will compute the sets of compatible
braiding phases for different gauge groups, from which the
compatible braiding processes can be read out. For this pur-
pose, we seek for a legitimate TQFT action consisting of as
many topological terms as possible for a given gauge group.

In order to verify a TQFT action is legitimate or not,
we need to take care of the following aspects. First of all,
a legitimate TQFT action should be invariant up to bound-
ary terms under proper gauge transformations. Second, the
gauge transformations are required to preserve the Zy, cyclic
group structure. This requirement means that, if the Z N cyclic
group structure is encoded in f A’ € 3 Zy,(f B' € F L),

A" (B') must have the standard gauge transformatlon A’
Al +dx'(B' — B' 4 dV') such that the Wilson integrals of
A? (B') are gauge-invariant. x’ and V' are zero-form and 1-
form compact U (1) gauge parameters with [ d x' € 2n7Z and
[dV' € 2xZ respectively. From the perspective of micro-
scopic origins (Sec. Il A), if A’ has the above standard gauge
transformation, the i-th layer condensate must be a charge-N;
boson condensate that higgses the Wilson integrals of A’ down
to Zy,, and B’ comes from the duality transformation shown
in Sec. II A and Appendix A; likewise, if B’ has the above
standard gauge transformation, the i-th layer condensate must
be a charge-N; vortexline condensate that higgses the Wilson
integrals of B’ down to Zy,, and A’ comes from the dual-
ity transformation shown in Sec. I A and Appendix A. In
summary, in a legitimate action, at least one of gauge fields
(A" and B'), for a given i, should have the above standard
gauge transformations and thus have the Zy, quantized Wilson
integrals. For example, see Egs. (6), (8), (10), (12), and (14).
Next, the gauge transformation of each gauge field should
respect the Dirac quantization. Last but not least, a legitimate
TQFT action should consist of topological terms with non-
trivial coefficients. If the coefficient of a topological term is
identical to 0, otherwise the action cannot be gauge invariant
under gauge transformations, this topological term is actually
incompatible with others in the action.

A. G = ZNI and G = ZNl X ZN2
When G = Zy,, the elementary particle (loop) is e;(m;)
carrying unit gauge charge (flux) of Zy, gauge group. The
only nontrivial braiding process in this case is the particle-

loop braiding described by

N
- / Lplaal, (16)
2w
The gauge transformations for Eq. (16) are
Al A +dy!,
a7
B' —»B' +dv'.

The braiding phase of this particle-loop braiding is

H_ 2
O =N (18)

When G = Zy, x Zy,, the elementary particles (loops) are
denoted as e; and e, (m; and m,) carrying unit gauge charge
(flux) of Zy, and Zy, gauge subgroups, respectively. Beside
particle-loop braidings, three-loop braidings can be supported.
There are four kinds of three-loop braiding phases in this case,
described by two linearly independent AAdA terms:

(1) ©3%,: my, m}, and my, respectively, carry unit gauge
fluxes of ZN,, Z Nas and Zy, gauge subgroups.

2) @1 L ml , m , and m,% respectively, carry unit gauge
fluxes of ZNZ, ZNI and Zy, gauge subgroups.

(3) O7Y,: my, mj, and my, respectively, carry unit gauge
fluxes of Z N Z Nio and Zy, gauge subgroups.

“) Og i ml , m , and m,%, respectively, carry unit gauge
fluxes of Z Np> Zin, s and Zy, gauge subgroups.

The first two braiding processes are described by A'A2dA?
and the remainder by A>A'dA'. All these three-loop braidings
and particle-loop braidings are compatible, described by a

TQFT action

2
Ni i i
S:/;EBdA

+ 111222
(2m)

kN1 Ny

ATA2dA% (ZZI; A2AldA, (19)
T

where q122 = k € ZN[’)’ and q211 = KNoMy k' e Zle
Nj5 is the GCD 0% N1 and N,. The gauge transtzormatlons for
Eq. (19) are

Al —>Ai+d)(i,
B' 5B 4av' 4 112 g242 BI040
TPt aoN, 2on, %
q122 q211
B> 5>B*+dv? — 1= ay'A?+ I ayx'Al. 0
com N T aop A 20

The phases of particle-loop braidings and three-loop braidings
are

oH == @1
Q3L _47“]122 2
2,2|1 —W, ( )
2w qi2
3
Ol =~ JN, (23)
A gon
o, = (24)
21 a1
O35, = N (25)
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Legitimate TQFT actions for G = Zy, and G = Zy, x Zy,
are summarized in Table I. The sets of compatible braiding
phases for G = Zy, and G = l—[iz:1 Zy; are, respectively,

27
ol = 26
{ M }ZNl @0

and

{01391, O3, O, O34} @n

2
[T ZN; ’

where the underlines denote the linear dependence of two
braiding phases, for example, @35, ©7;, indicates that

L _ 5. @
O35 = 2 O3

B. G=ZN1 X ZNZ X ZN3

When G = Zy, x Zy, x Zy,, the elementary particles
(loops) are ey, e;, and e3 (my, myp, and m3) carrying unit
gauge charges (fluxes) of Zy, , Zy,, and Zy, gauge subgroups,
respectively. In addition to the particle-loop braidings and
three-loop braidings discussed in Sec. III A, BR braidings
described by AAB terms and three-loop braidings described by
A"A"dA° terms (m, n, o are mutually different) are realizable.
For the reason BR braiding is absent when G = ]_[iz=1 Zy;, one
can refer to Sec. [V A.

The compatibility issues of G = ]_[?:1 Zy; are discussed as
follows. First, if we neglect BR braidings, all particle-loop
braidings and three-loop braidings are compatible, we can
write a legitimate TQFT action for all root braiding processes
except BR braidings:

/Z—B dA + L2 A 22047 4 2L p241q4"
2n ) (27 )

D3 13000 4 LU p3p1gA1 4 DB p203003
2m) 2m)? (2m)?
4 B q32 ABA2dA2 + q123 Al 2043 4 q231 AZA dA'
(271) (271) (27'6)
(28)

where g = =, | € ZN/k, Nij (Nij) is the GCD of N,
N; (and Np). Next we consider a BR braiding, say, ©F% 3
described by an A'A2B? term. All particle-loop braidings are
compatible with this BR braiding. However, among three-loop
braiding phases, only ©3%,, ©5,, © ), and ©3 are
compatible with @5 ;. Other ®3Ll s with one index equal
to 3 are not compatible with ©F5 ;. The reasons for this in-
compatibility between three- loop braidings and BR braidings
are discussed in Secs. IV C-IV E. The total TQFT action for
©7%; and its compatible braiding processes is

/ Z —B ‘dAT + A'A2B?
(2 )
92142047 + 2127141 (29)
(2m) n)?

where P123 = INZIVII\ZM l e ZN123’ and qgijj = INNJ l/

Furthermore, if we consider two different BR braldlngs we

find that it is impossible to write a legitimate TQFT ac-
tion which contains two different AAB terms. The reason
is explained in Sec. IV B. Nevertheless, if the gauge group
is G=[]., Zy, with n >4, legitimate TQFT actions for
two different BR braldmgs are possible, which is detailed in
Sec. ITIIC.

By checking all combinations of braiding processes with
the criteria of compatibility, we summarized all legitimate
TQFT actions for G = Zy, x Zy, x Zy, and corresponding
gauge transformations in Table II. The sets of compatible
braiding phases for G = l—[?:1 Zy, can be summarized as

H. 3L 3L
{® ®jj|l’®tj|]’®23|l’®l3\2’®31\2’®21|3}1‘[ ZN

(30)
{®H Q;Lm’ ®%,L3\3v ®;,L2\3v ®§,L2|2§ ®2B,}§|1 }Hle Zy (€20)
{®H ®1 13 ®3 11> ®§,L3\1v i 313> ®§,l}|2}n;:] Zy (32)

and
{®H 831‘2“’ ®?L2|2’ ®?L1\2v ®2 11> ®?,I§|3}H?:| Zy (33)
where the underlines denote the linear dependence be-
tween two compatible braiding phases: ©3'5, = =2 x 0355,

3L _ 3L
@2’3“ = —@1’3‘2, etc.

C. G=ZN1 XZN2 XZN3 XZN“

Similar to the case in Sec. III B, particle-loop braidings and
multiloop braidings are compatible with each other when G =
[T, Zy,. The TQFT action for them is

/ Z —B AT+ Y [ i pipTgAT 4 T pipigA }
~ |y @n)
+3 [ e AAT A + T4 gk g }
@)
i<j<k
+ 24102430, (34)
2n)’
The set of compatible braiding phases for Eq. (34) is

{@H ®3L ®3L ®3L ®3L

JJli gy il

3L 3L 3L 3L 4L
O Orktjr Oty @i Otasaly 2z G

where i < j <kand{z J, k} c{1,2,3,4}.

When G = ]_[ i—1 Z;, if we take BR braidings into account,
we need to treat them carefully. If these BR braidings involve
only one kind of elementary particles, say, e;, corresponding
to AA3B!, A2A*B! and A3A*B' terms, the legitimate TQFT
action is

/ Z—B’dA’ Z q’“ ii_pipidal

lj;ﬁl
+ 42342A2A3dA4 61342 A3A%dA2
(2m)
+ 2Bl g2p5p1 g P papapt y PI0L s papt - (36)
(2m) (2m) (2r)?
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corresponding to the set of compatible braiding phases

H. 3L 3L oL 3L
{G)i ;0 0} 459340 O243,

s,8lr> ~r,s|s?

3L 3L .oBR .oBR . BR
O1 53 932430473 O 41 ®3,4u} (37)

[Tz
with r # 1 and s # 1. In other words, any multiloop braiding
which involves elementary loop m; is incompatible with BR
braidings which involve elementary particle e;.

If we consider BR braidings which involve two kinds of
elementary particles, e.g., e; and e, the legitimate TQFT
action is

4
N .
f ) S BldA+ B4 344044 1 DB 444304
T
i=1

2n)? 2n)?
P34,1 3 4pn1 P342 3,450
A°A"B ——A’A"B-, 38
+(2n)2 +(27T)2 (38)

which excludes multiloop braidings which involve elementary
loops m; and mj,. The compatible braiding phases form a set:

H 3L 3L 3L 3L .oBR . oBR
{®i 501453 O3 440 O3 34, O 333 O3 415 O3,4|2}

]_[?:1 Zy;’

(39)
Notice that when we write down a BR braiding which involves
one kind of elementary particles, we have four choices since
there are four distinct gauge subgroups. If we consider two
BR braidings with two kinds of elementary particles, we have
six different combinations of these two different elementary
particles. Therefore, there are total 1 4+ 4 + 6 = 11 legitimate
TQFT actions, i.e., 11 different sets of compatible braiding
phases, when G = ]_[?=1 Zy;,. Due to the limiting space of
page, Table III only list three examples of TQFT actions and
their gauge transformations. By properly reassigning the in-
dices of the TQFT actions listed in Table III, we can construct
all legitimate TQFT actions and corresponding gauge trans-
formations. One can find details in Appendix B and Table IV
therein.

D. Results for general gauge groups

In fact, our previous discussions can be easily generalized
to the case where the number of Zy, subgroups are arbitrary.
As we can see in the previous text, compatibility is always
guaranteed for particle-loop braidings and multiloop braidings
or particle-loop braidings and BR braidings. The general rule
of incompatibility is that if two braiding processes (multiloop
braiding and BR braiding, or two different BR braidings)
involve particles and loops that carry gauge charge and gauge
fluxes of the same Zy, gauge subgroup, these two braiding
processes are incompatible with each other. In the language of
TQFT, a Zy, gauge subgroup is associated with a topological
term B'dA’. In a legitimate TQFT action, given the BF term
BidA!, only A’ or B!, not both, can appear in the twisted terms
(i.e., AAdA, AAAA, and AAB). Otherwise, the TQFT action
would be illegitimate, e.g., violating the gauge invariance.

Viewed from the microscopic origin of topological terms,
the rule of incompatibility is natural. Each layer of conden-
sate (corresponding to each Zy, gauge subgroup) is either in
the charge condensation or in the vortexline condensation,
never both. The Zy, charge condensation implies particles
that carry gauge charge e; (corresponding to A’), while the

Zy, string condensation results in loops that carry gauge
flux m; (corresponding to B). If a multiloop braiding or BR
braiding involves the Zy, particle, it is incompatible with
other braiding process that involves the Zy, loop, and vice
versa.

IV. INCOMPATIBLE BRAIDING PROCESSES

In Sec. III, we discuss the compatible braiding processes in
different cases. We find that, when the gauge group is given,
the set of compatible braiding processes is only a subset of
{all possible root braiding processes}. This means that some
braiding processes are mutually incompatible. For example,
when G = ]_[?=1 Z; (see Sec. 111 B), a set of compatible braid-
ing phases is {©}'; @35 |, ©%,, O ), O35 @‘13!‘;‘3}1_[’371 z,"

We can see that, among all possible root braiding phases,
®;", with one index equal to 3, ©3%; and O, are excluded
from this set, because they are not compatible with Q?.%B' In
this section, we will demonstrate several examples of such
incompatibility between braiding processes via the TQFT per-
spective. The basic idea is if an action consists of topological
terms corresponding to incompatible braiding processes, it
would never be a legitimate TQFT theory.

A. Absence of BR braidings when G = ]'[,.2=1 Z;

In Sec. IID, we review the BR braiding in which a parti-
cle carrying unit Zy, gauge charge moves around two loops
which carry unit Zy, and Zy, gauge fluxes, respectively.
Such a braiding process is only possible when there are three
distinct Zy, gauge subgroups. It is natural to ask: Why it is
impossible when there are only two Zy, gauge subgroups, i.e.,
G= H,'z=1 Zy;,? Without loss of generality, we can consider
the following braiding process: a particle e, carrying unit
Zy, gauge charge moves around two loops m; and m; which
carry unit Zy, and Zy, gauge fluxes, respectively, such that
the trajectory of e; and two loops form a BR link. One may
naively think that this braiding process, along with its braiding
phase ®PY,, is described by the topological term A'A?B?,
analogous to the case in Sec. II D. The corresponding TQFT
action should be

2
Ni pi 14 P a142p2
S = —LBdA A'A’B%. 40
f;zn + m)? “0)

However, the action Eq. (40) is not a legitimate TQFT action
because we cannot find gauge transformations which respects
gauge invariance and Zy cyclic group structure simultane-
ously. We are going to illustrate this in details.

In the action Eq. (40), B' serves as a Lagrange multi-
plier imposing a local constraint dA! = 0. This means that
the gauge transformation of A' is A" — A! +dx!. Thus, the
Zy, cyclic group structure is encoded in f A’ € %ZM. The
Zy, cyclic group structure requires that at least one of A? —
A% +dx? and B> — B? + dV? holds.

First, we assume that the gauge transformations are

Al SATFdyl,
o S (41)
B' B +dV'+Y',

023132-10



COMPATIBLE BRAIDINGS WITH HOPF LINKS, ...

PHYSICAL REVIEW RESEARCH 3, 023132 (2021)

TABLE IV. General expressions of compatible braiding phases,

TQFT actions, and gauge transformations when G = ]_[?:1 Zy,. The

definitions of coefficients and the Levi-Civita symbol are the same as those in Table III. By properly assigning (i, j, k, /), one can
obtain all legitimate TQFT actions for G = ]—I?=1 Zy, First row: Since no AAB terms in the TQFT action, no assignment for (i, j, k,[) is
needed.Second row: For actions with (A’A/B! + A’/A*B' + AJA*B') terms, the assignments for (i, j, k, [) are (1,2, 3, 4), (2,3,4,1),(3,4, 1,2),
and (4, 1, 2, 3). For example, by taking (i, j, k, ) = (4, 1, 2, 3), we reobtain the second TQFT action in Table III.Third row: For actions with
(A’A’B* + A'AJB') terms, there are six assignments for (i, j, k, [): (3,4,1,2), (2,4, 1,3),(2,3,1,4), (4,1,2,3),(3,1,2,4),and (1, 2, 3, 4).
By taking (i, j, k, 1) = (1, 2, 3, 4), we reobtain the third TQFT action in Table III.

Compatible braiding phases TQFT actions Gauge transformations
Ar > Ar+er
B"— B"+dV”
o' =% - + 0 G d A — e d AT
3L _ 3L _ 4mgrss SLB"dA" §
®S‘S|' - _2 ’ ®r.s\s - NNy f I; 2 + Z %(sr,adeAc - Br,banAc)
@:I; =-2.0% = 4o + Z [ﬂArASdAS + MASArdA’] a<b<c
\rls s,rlr N¢Ny 2 2 bac
®3L — _®3L — 27 Grst r<s @ @ + Z qu[tN, (5r,bdXCAb - 5r,chbAa)
s,t|r rtls Ny Ng + Z [ (IrvrzArAsdAr + q.ytrzASAIdAr] a<b<c
3L _@3L _ 2nqur res<t (27) Q) _1 MGUMASA,XLI
®r,r|x - ®x,r|t — NN, 2 4 (Zn)er
+ 91234 A1A2A3A4 S,
6?1324 = ains @ry’ _'_l Z 91238 IStUAS o1 ] ol
12,3, NN, N3Ny 2z @r)N, xax
1 91234 t t
+() ”Zu (zﬂ)ZNr er: uX:dX dxu
H 2; 4
0, —VT. fzg—’B’dA" A" — A" +dy”"
AL _ AL Angrs o al
®s‘s|r =-2. ®r.s\s - ﬁ r=! - Z ;nil)\’: Sr,l(XaAb + %Xade)
QL — _@L — Xk ab
Jkli = iklj = "NiN; + Z (Z;’;zArASdAS B — B +dV’
@3]‘1 .= —@““ = 27“”“ rls Md SA.Y _ Md sAr
k.ilj Jiilk = NN Gijk i j g Ak 1 Diki A j Ak g A + > [z TR 2an 4 X ]
©BR _ 27 ’ +(27>2A_A _dA T GapAATdA rlsAl ” i o A
ijll NiNj‘NI +(12’;[/«)12A1AJBI + Z (%emkdstk 4 %6”1d)(514l)
@BII}“ — 27 pi.i + Pik.L Ai Ak Bl r#ls#l
L, NiNeN; pa) _ Prsi o spl _ Asyl s g1
©BR 27k, (p;.)[ AiARB ,;HZ#, 2N, (x*B' — A*V' 4+ x*dV")
Jkll T NjNgN; + on)? 2
Ar — Ar +er
@H =2 — (35 8rk + 58X AT + S xd )
9L 3L _ 4maijj 4 4 (Lir g 4 Piir g JAT 4 Lyidyi
o, =-2- 6, = T I3 Spran (- Ok & v 0 (X sx7dx")
0L — _2.@% — ‘Tt e B = B +dV
w e g AN + G AN Y GEAXA — i d A
BR _ 27Dijk I S £k, " "
Ok = T, + Lk AATBE 4 i AIATB! s i e e i
@BR _ 27Pijl i i - zﬂ&rar,i(XjB — AV 4 x7dV?®)
Lill = NiNiN; . ) ) .
+ 30 28, (X'B° — AV + xdV?)
s

where Y’ is a shift term with § Y' ¢ 2XZy hence the Zy,
cyclic group structure is encoded in fAz € ?V—”ZNZ. Under
the gauge transformations Eqs. (41), the variation of action
Eq. (40) (boundary terms are neglected) is

N N,
Lylaal 4+ 2
2 2
_r_
@n)’
+ (A'A%dV? + dx 'A%V + Ald x*dV?)

T+ A'A2Y? 4 dy A2V AN YR 4 dy d2Y )],
(42)

AS = Y2dA?

+ [(dX1A2B2 +AldXZBZ+XmdXZBZ)

which should be an integral of total derivative terms in order to
be gauge invariant. Focus on the d x 'd x>B? term which is not

a total derivative term: we want to eliminate it by subtraction
or by absorbing it into a total derivative term. If we want to
eliminate d x 'd x 2B? by subtraction, the only way is to require

p p
Qn)? Qn)?

XmdX2B2+ XmdX2y2

_ P
Q)

dx'dx* (B> —B*+--), (43)

since dy'dy?Y? is the only term containing dy'dy? in
Eq. (42). However, Eq. (43) means that Y 2=_B?>+...,thus
the gauge transformation of B is

B —dVi+---, (44)

which is not a proper gauge transformation for B. If we want
to absorb d x 'd x>B? to a total derivative term, we could make

023132-11



ZHI-FENG ZHANG AND PENG YE

PHYSICAL REVIEW RESEARCH 3, 023132 (2021)

use of
d(x'dx*B*) =dx'dx*B*> — x'dx*dB>. (45)

However, this attempt fails since there is no —x'dx2dB>
term in AS. Therefore, Eqs. (41) are not the proper gauge
transformations for S.

Next, we assume that gauge transformations are

Al Al —l—dxl,
A A +dy 4+ X7, (46)
B' >B' +av'+v',
B> B> +dV?,
where X? and Y! are shift terms with § X? ¢ ?V—’ZZNZ and

fyl¢ fv—’]rZNl. The Zy, cyclic group structure is encoded in
9§ B? e i,—’;ZNz. Under (46), the variation of action (40) is
N

AS = | —Y'dA' +
27

M p2ax?
27

+— (2 7 ——(dx'A’B* + A'dx*B* + dx'dx*B?)
+

A'X?B* +dx'X*B
(2 )2( X )
(2 7 —= _(A'A%AV? + d 'A%V + Ald *dV?)
A'X2dV? +dyx'X?dv? 47
+ o )2( +dx ) @7
which should be an integral of total derivative terms. Focus
on the d x 'A’dV? term: we want to eliminate it by subtraction
or by absorbing it into a total derivative term. If we want
to eliminate dx'A?dV? by subtraction, the only way is to
require,

P 4

dy'A?dv? + 'x2qv?
™t anp*
P 1,42 2 2
= dx' (A2 —A* +..)av?, 48
) x ( ) (48)
which means that X2 = —A2 + - .- hence
A2 > dx*+ -, (49)

an ill-defined gauge transformation for A2, If we want to
absorb dx'A%dV? into a total derivative term, we need a
x'dA%*dV? term since

d(x'A%dv?) = dx'A’dV? + x'dA%*dv?, (50)
but there is no a y'dA2dV? term in AS, so this attempt fails.
Therefore, Eq. (46) is not the proper gauge transformations
for the action (40) either.

Since neither (41) nor (46) serves as proper gauge transfor-
mations, it is impossible to construct gauge transformations
respecting Zy, cyclic group structure for the action (40). This
means that the action (40) is not a legitimate TQFT action.
Therefore, ®F, is not even a well-defined braiding phase,
not to mention its compatibility with other braiding phases.
In other words, when G = ]_[f=1 Zy;,, BR braidings cannot be
realized.

B. Incompatibility: ©}% ; and @55,

In previous sections, we have known that the A'A?B? term
describes the BR braiding with a phase denoted as O} ;.
One may expect that, in the same system, there could exist
another BR braiding process described by an A2A’B' term
and its braiding phase ©Ff 3)1- Assuming that these two BR
braidings could be supported in the same system, the TQFT
action should be

/ Z —B dAT +
(51

In the action Eq. (51), B is a Lagrange multiplier impos-
ing dA> =0, ie., A2 — A% +d x> Therefore the Zy, cyclic
group structure is encoded in § A’ e ZN2 To preserve the

3 AlA2B3 ZA3B!,

(2 )2 (2 )

Zy, and Zy, cyclic group structure, at least one of A’ —
A+ dx" and B' — B'+dV' (i = 1, 3) is required. We find
that, if the gauge transformations preserve Zy, and Zy, cyclic
group structure, the action Eq. (51) would never be gauge
invariant, i.e., the braiding processes it describes are gauge
dependent. The reason is that no matter how we modify the
gauge transformations, there are stubborn terms in AS which
cannot be eliminated by subtraction nor be absorbed into a
total derivative term, meaning AS could never be 0 mod 2.
The details of the calculation can be found in Appendix C 1.
Therefore, A'A2B? and is incompatible with AZA3B!, ie.,
5% 3)1 1s incompatible with Cle) 23

In the same manner, we can derive that any two of
(@2 31 @?l}‘z, ®]132I3) are mutually incompatible.

C. Incompatibility: ©3', and @75,

In this and following subsections, we investigate the in-
compatibility between three-loop braidings and BR braidings.
As the first example, we consider these two braiding pro-
cesses: a three-loop braiding with phase @gfg‘ |» corresponding

to an A'A’dA? term, and a BR braiding with phase O},
corresponding to an A'A?B3 term. If theses two braiding pro-
cesses are compatible, the total TQFT action should b

/Z i tdAl 9133 Al 3d _'_plz%AlAZ 3
21y (2m)*

(52)
In the action Eq. (52), B! and B? serve as Lagrange multipli-
ers, imposing dA' = dA? =0, i.e., A"? — A2 + dg"?. The
Zy, and Zy, cyclic group structures are encoded in f A! €
Zr FrLy, and § A? €2 ZNZ, respectively. For the Zy, cyclic
group structure, we have two choices: we can encoded it in
¢ Al e ?V—ZZNS, corresponding to gauge transformations
A" >A +dy’,

AT, (53)

Bl —)Bl +dvl +Yl,

or § B’ e 2 ZN3, corresponding to gauge transformations
Al,2 _)AI,Z +Xm.2
AP A dx 4+ X3,
B2 pl2 4 gyl yyl2
B —B +adv’. (54)
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However, similar to the case in Sec. IVA and Sec. IV B,
neither Egs. (53) nor Egs. (54) could make the action Eq. (52)
gauge invariant up to boundary terms, due to the existence
of stubborn terms. Details of derivations can be found in
Appendix C2. If the action is forced to be gauge invariant
up to boundary terms, the Zy, cyclic group structure would be
violated. This dilemma reveals that Eq. (52) is not a legitimate
TQFT action. So we conclude that A'A3dA3 is incompatible
with A'A’B%, i.e., ©'y 5 is incompatible with ©FF ;.

D. Incompatibility: @3, and O},

In this subsection, we consider these two braiding pro-
cesses: a three-loop braiding corresponding to ®3 3“ and an

_ kiNiNy
Niz

, ko € Zy,,,, determined by the large gauge

where the coefficients are g3 =

kN1 N2 N3
P23 = N,

invariance. In Eq (55), B! and B? serve as Lagrange multipli-
ers, imposing dA' = dA?> =0, i.e., A"? — A2 +dx!2. We
can find a set of gauge transformations that seems to respect
both Zy, cyclic group structure and gauge invariance (see
Appendix C 3 for derivation):

, ki € Zy,,, and

Al —A! —l—dxl,
A? S AT +dy?,
AP A +dy + X0,

A'A%dA? term, and a BR braiding corresponding to ®1’2‘3 and B' 5B +av! 47! (56)
an A'A’B’ term. If ©3Y | is compatible with ©F5 ;, the total . 5 2’
TQFT action should be B" =B +dV-+Y~,
3 3 3
/Z—BdA’ N5 A 2440 4+ L1235 g1p283, s
27)? @2n)?
(55) where
|
P123 12 Voo D123 2 oo
X3 =— A+ —x'd =2 2AN 4 —dy ),
2N (X Taxx >+ @N; (X X )
q123
Yl =27TN d 243 (2 )N (XZB3 A2V3+X2dV3)
1 1
q123 pns 2@
(2;)2 : W DA = AT AldC - dx AT+ dx O,
3 N
q123 143 D123 13 17,3 1 v/3
Y:=— dx'A’ + ——_(x'B* —A'V dv
2N AT oo ¢ +xdve)
q P12, 2
oon G N AN @A Al A ) (57)
3 M

Nevertheless, the action Eq. (55) is still not a legitimate
TQFT theory: the coefficient of A'A2dA> in Eq. (55) is ac-
tually identical to 0. To see this, we first integrate out A* in
S, i.e., sum over all possible nontrivial compactness contribu-
tions from dA3, leading to a constraint

q123 2 N
(271)2A A+ B e L. (58)

Since the Zy, cyclic group structure is encoded in ¢ év—;B3 €
Z, Eq. (58) requires that

(;’1222 f AN ez, (59)
T

i.e., (consider a two-manifold M? = S! x §')

kiN|N.
(I1232/ Alg2 = NN, / /Az
Q2m)” Jae (27 )*Np2 Jst S!

k1N1N2 27Tm1 27T}’I12
= X X
(27 )*Ni2 N, N,
k
=g, (60)
Nio

(

where k) € Zy,,,, mi € Z, my € Z. Since m; and my
can be arbitrary integers, the sufficient condition for

Eq. (60) is
ki =INp,l € Z. 61)
On the other hand, N, is the integral multiple of N,,3, thus
ki = IN12 = l(nN123) = (In)N123, (62)
where n = % Notice that k; € Zy,,,, which means
that

ki = (In)Nya3 =~ 0. (63)

Therefore, the coefficient of A'A?dA3 term is required to be
identical to O:
klN 1N
q123 = ~0. (64)
Niz

So far, we have argued that to preserve the Zy, fusion struc-
ture with arbitrary values of Ny, N,, and Ns, the coefficient
of A'A%2dA3 term in Eq. (55) is required to be trivial. If
the coefficient of A'A%?dA3 is nontrivial, the action Eq. (55)
cannot be gauge invariant up to boundary terms while the
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Zy; cyclic group structure is preserved. The restriction on the
coefficient of A'A%2dA? indicates the incompatibility between
A'A?dA® and A'A%B, i.e., the incompatibility between ©7% ;
and @’1353.

E. Incompatibility: ©3'; , and @5,

As the last example of the incompatibility between three-
loop braidings and BR braidings, we consider a three-loop
braiding corresponding to ©31 , as well as an A’A*dA’ term,

and a BR braiding corresponding to 81132I3 as well as an
A'A%B3 term. The total action should be

/Z i pigal + 423‘ I p2p3g40 4 L2341 023,
27 ) Qr)?

(65)

where the coefficients are ¢31 = kll\\']iivﬂ k € Zy,,, and pip3 =

IN;N; N3
Nix

In the action Eq. (65), B' and B? serve as Lagrange multipli-
ers, imposing dA' = dA?> = 0,i.e., A2 — A2 4 dgl2.

If the Zy, cyclic group structure is encoded in ¢ Al e
?V_ZZNP ie, A3 —> A3+ dx3, we cannot find a set of

, | € Zy,,, determined by the large gauge invariance.

gauge transformations with A’ — A’ +dx’ (i = 1, 2, 3) under
which the action Eq. (65) is invariant up to boundary terms.
The reason is the same as those in Secs. IV A and IV C.

If we encode the Zy, cyclic group structure in § B’ e
—ZN} i.e., B’ — B? 4+ dV?3, we can find a set of gauge trans-
formatlons under which Eq. (65) is invariant up to boundary
terms

B' B +av! — P23 (2 22y 4 2qy3
+ 0N, (x +x )
q231 243 2.3 2y3 2v3
- dy2A% + A2dy® + X3 + dy2X?),
(271)N1( XAT+AdY + +dx°X")
B B +dv?+ 2 (B AW 4 ylav?),
2N,
B® =B +4dVv3. (66)

At first glance, one may think that Egs. (66) are a proper set of
gauge transformations for Eq. (65); thus the action Eq. (65) is
a legitimate TQFT action. However, we argue that this is not
true. We provide the following two arguments.

In the first argument, we consider the gauge transforma-
tions at limiting cases. Let us set pj» 3 = 0, i.e., turn off the
A'A?B3 term, the action Eq. (65) becomes

3
SV
- / > LBdA + q2—312A2A3dA1 (67)
= 2 2m)

and the corresponding gauge transformations should be

Al A+ dy,

B' B! +dv',

B> B> +dV? + ﬂd)(3A',
7TN2

B =B +avi — B4 (68)
JTN3

According to Ref. [34], gauge transformations Egs. (68) is
motivated by a microscopic derivation of the action Eq. (67).
However, if we set pi2.3 = 0 in Egs. (66), we cannot correctly
recover the gauge transformations to Eqs. (68). Therefore, we
claim that Egs. (66) are not proper gauge transformations for
the action Eq. (65).

1 1 1
AT —A +dg, In fact, if we expect that by setting g23; = 0 or p123 =0
A? 5A? +dg, the gauge transformations for the action Eq. (65) would re-
Pira cover to Eq. (15) or Eq. (68), the gauge transformations for
AP SA4dyd+ 20N, 22 (—x A A — xldyP), the action Eq. (65) should take the form of
|
Al A +dy!,
A? A%+ dxz,
P12,3
AP A +dy + (2n)? F(_ XA+ A = XX + [ (piass qon)
P123 69
B' »B'+dv' - W(X B — AV + x2dV) + f3(p1as. qo1) (69)
1
B2 B 4 dv:+ 9231 RESRREIY P123 183 _ ply? 1gy3 2 ,
+ N, + N, X +x )+ f5(P12.3, g231)
B* B +avi— qzidszl + f3 (123, @231)s

27TN3

where the gauge parameters f3 (p12.3, g231) and fi(p12.3, q231)
with i = 1, 2, 3 are identical to 0 once pj»3 = 0 or ¢33 = 0.
We can see that the Zy, cyclic group structure is no longer
preserved under gauge transformation Egs. (69).
The second argument exploits the identity
APAYdA! — AAlaA?

=d(A'A’A%) —A'A%dA®. (70)

[
Using Eq. (70) we can rewrite the action Eq. (65) as

/Z—B dA" +

q231
2r)?

+ [d(A'A’A%) — APA1dA? — A'A%dAP). (7))
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Similar to the case in Sec. IV D, we can integrate out A3 and
obtain a constraint
Ny B
27 Qn)?
Since in the gauge transformations Eqs. (56) the Zy, cyclic
group structure is encoded in ¢ B® = fv—ZZ N,» We require that

AlA’ e Z. (72)

q231 1,2
A'A” e 7. 73
2n ) (73)
In other words, we require that (consider M? =S x§h
kN> N
Q2312 / Algz — KNaNs / / A2
(27m) 2 (27 )* Ny Jst S
_ kN2N3 27Tm1 271'm2
 @n)PNys N N,
kN
_ KVsmma e, (74)
NN

where k € Zy,,,. Since m; and m; can be arbitrary integers,
we need

N g (75)
NNy
Slnce € Z, the sufficient condition for Eq. (74) to hold is
k=mN,,me Z. (76)
Notice that ]% € Z and k € Zy,,,, therefore
k = mN; = mnNy; >~ 0, (77)

where n = % € Z. We see that the coefficient of A2A3dA! is
required to be identical to 0,
kN, N3

No3
to ensure that the Zy, cyclic group structure is preserved no
matter what the values of N;, N,, and N3 are. This restriction
on the coefficient of A2A3dA' reveals that A2A3dA! is in-

compatible with A'A>B?, hence ®3, and OF; are mutually
incompatible.

g1 = ~0, (78)

F. Incompatibility: ©1"; , , and ©}%

Since we have demonstrated the incompatibility between
BR braidings and three-loop braidings, one may wonder
whether BR braiding is compatible with four-loop braiding or
not. The conclusion is that, when G = ]_[?= | Zn,,no BR braid-
ing is compatible with four-loop braiding, i.e., each O, is
incompatible with ®1 3.3.4- The proof of this claim, which fol-
lows the same idea discussed in previous sections, is detailed
in Appendix C4. Notice that, if G = H?:l Zy;, @‘1‘5’3’4 is
compatible with ©PX, aslongasi # 5, j # 5and i # j. Such
compatibility due to an extra gauge subgroup can be checked
by applying the criteria for legitimacy of TQFT actions.

V. COMPATIBLE BRAIDINGS IN (4+1)D SPACETIME

In the above discussions, we have obtained compati-
ble braidings in (3 4+ 1)D spacetime. In the following, we
concisely discuss compatible braidings in (4+1)D space-
time. More systematic and quantitative studies will appear in
Ref. [61] separately.

A. Excitations and braiding processes in (4+1)D

We limit the gauge group to be G = [['_, Zy, where n is
the total number of cyclic subgroups. In (4 + 1)D spacetime,
besides particles and loops, there is a kind exotic topolog-
ical excitations, dubbed membranes, which are closed 2D
surface objects in the continuum limit. The membrane ex-
citations in three-dimensional space is topologically trivial
because they are impenetrable hence identified as particle
excitations. However, in four-dimensional space, the interior
of a membrane excitation becomes accessible due to the extra
dimension. Therefore, nontrivial braiding processes involv-
ing particles, loops, and membranes are possible in (4 4+ 1)D
spacetime.

In field theory, a Zy, gauge theory is realized by a BF
term in the continuum limit. In (3 4- 1)D spacetime, the Zy,
cyclic group structure is encoded in the B'dA’ term, the only
possible BF term in (3 4 1)D spacetime which corresponds
to the particle-loop braiding (see Sec. IIB). In (4 + 1)D
spacetime, there are two kinds of BF terms with distinct
physical meanings: C ’dA’ and B'dB', where the three-form C',
one-form A/, two-form B', and two-form B' are, respectively,
compact U(1) gauge fields. Therefore, we can encode the
Zy; cyclic group structure either in C! ‘dA!, corresponding to
a particle-membrane braiding; or in BidB', corresponding to
a loop-loop braiding. If we consider a []_, Zy, topological
order in (4 4+ 1)D spacetlme we can even encode some Zy,
gauge subgroups in C'dA’ terms while the others in BidB'
terms, which would lead to a more complicated situation in
which different gauge fields can couple together resulting in
many nontrivial braiding processes.

Since there are three kinds of topological excitations
in (4 4+ 1)D spacetime, we can classify the braiding pro-
cesses and identify the corresponding topological terms: (1)
particle-membrane braiding, CdA; (2) particle-membrane-
membrane braiding: CAA; (3) loop-loop braiding, BdB; (4)
loop-membrane braidings, BBA, BAdA, AAAB, and AAdB;
and(5) multimembrane braidings, AAAAA, AAAdA and
AdAdA.

B. An overview of compatible braiding processes in (4+1)D

Following the discussions in (3 + 1)D spacetime, we
can investigate the compatibility of braiding processes in
(4 4+ 1)D spacetime. In other words, we check the legiti-
macy of TQFT actions consisting of topological terms, then
distinguish compatible/incompatible braiding processes in
(4 + 1)D spacetime.

First, if all Zy, cyclic group structures are encoded in
particle-membrane braidings, i.e., C'dA’ terms, the compat-
ible braiding processes are multimembrane braidings and
particle-membrane-membrane braiding. Here are some exam-
ples. When G = ]_[?:1 Zy:, one of the legitimate TQFT actions
is

5
]Vi i i 1 A2 43 4445
SN/;ECCIA +A'A2A%A%A
5

5
+ ) AlAIARQAT+ ) AldATdAF, (79)

ijki=1 ijk=1
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where the quantized coefficients of topological terms are
neglected. The action Eq. (79) indicates the compatibility
of particle-membrane braidings and multimembrane braid-
ings when G = ]_[f=1 Zy;. We believe that the TQFT action
Eq. (79) describes braiding processes within the Dijkgraaf-
Witten model. There are also braiding processes beyond the
Dijkgraaf-Witten model. Consider G = ]_[?:, Zy;, one of the
legitimate TQFT actions (coefficients neglected) is

3
]Vi i i 34142
SN/ZECdA +CA'A (80)
i=1

as an analog of the BR braiding in (34 1)D, Sgr ~
[ BidA' + A'A’B3. We have known that, in (3 + 1)D,
a BR braiding is incompatible with some of the multiloop
braidings (Secs. IV C-IV E). Similar incompatibility occurs in
(44 1)D. When G = ]_[?zl Zy;,, a multi-membrane braiding
described by the A'A’A°dA' term is incompatible with the
loop-membrane-membrane braiding described by the C3A'A?
term. Using the language of TQFT, we claim that a legitimate
TQFT action in (4 4+ 1)D can only include one of the C3A'A?
term and A'A?A3dA" term. When G = [],_, Zy,, two of the
legitimate TQFT actions are

/Z “LCldA + ZAdAJdA" +C3A'A2 8D

i,j,k=1

and

S ~ / Z —c ‘dAT + ZA AZAdAT + Z AldATdAF.
i,j,k=1
(82)

Next, we consider the case in which all Zy, cyclic group
structures are encoded in B'dB' terms, i.c., loop-loop braid-
ings. In this case, the only topological excitations are loops,
thus only loop-loop braidings can be supported. We can sim-
ply write down the legitimate TQFT action:

"N~
= / > —BdB" (83)
= 2

Last, we tackle the more complicated yet more interesting
situation: some Zy cyclic group structures (e.g., Zy, gauge
subgroups) are encoded in S:C'dA’ terms while the others
(e.g., Zg, gauge subgroups) in %EidBi terms. Different as-
signments for N;’s and K;’s correspond to different topological
orders in (4 + 1)D. In this case, there are particle, loop, and
membrane excitations in the system. All nontrivial braiding
processes in (4 4+ 1)D should be taken into consideration.
In the following, we will demonstrate several examples of
legitimate TQFT actions from which we can directly read out
compatible braiding processes in (4 + 1)D.

Consider a ]—[3 Zy; case in which the Zy,and Zy, cyclic
group structures are encoded in CdA while the Zg, cyclic
group structure in BdB, i.., the gauge group is G = Zy, X

Zy, x Lk, the legitimate TQFT actions is

2
N,
S ~/ Leladal +
2

2 2 2
+Y B'B'A'+ Y B'AldA* + > A'AIdB'.  (84)
i=1 jok=1 i, j=1

2
K~ i i 1 A7 Ak
—B'dB A'dA’dA
LBldBE )

N
2—2€sz2 +
T i,j k=1

Consider again a ]_[?z1 Zy, case but this time G = Zy, x
Zk, x ZLg,, the corresponding legitimate TQFT action is

N, 1 741
S~ | —CdA +
2

2 2
+ Z B'B/A' + Z B'A'dA". (85)
i=1 i=1

K ~ K> ~
ZLBUUB! + 22 B2dB? + AldA'dA!
27 T

Consider a ]_[?21 Zy, case in which G = Zy, x Zy, X
Zy, x Zk,, the legitimate TQFT action is

/Z —LCldA" +

’;
B 'dB'+ ) AldATdA*
i,j,k=1

2 2
+CAA% + ) B'BAT+ Y BlAdAL. (86)

i=1 ij=1

Consider a []_, Zy, case in which G = Zy, x Zy, X
Zy, x Lk, x Lg,, the legitimate TQFT action is

S ~/Z C‘dA‘—i—Z B‘dB’+ Z AldAT dAF

i,j,k=1

2 3 2 2
+ Y D BBAY+Y ) BAAA* + CA'A%. (87)

i,j=1 k=1 i=1 jk=1

‘We should point out that the BC term is also a topological
term in (4 4 1)D spacetime, but we do not regard that it
corresponds to any braiding process in the discussion above.
Naively, because the two-form B is related to the loop current
Y via ¥ = % *dB and the three-form C is related to the

particle current J via J = % % dC, one may think that BC
is related to the particle-loop braiding in (4 + 1)D. But we
argue that particle-loop braiding is actually trivial in (4 4 1)D
spacetime, thus the BC term does not describe the particle-
loop braiding. To show the triviality of particle-loop braiding
in (4 + 1)D spacetime, we can first consider the particle-
loop braiding in (3 + 1)D spacetime in which the Hopf link
formed by trajectory y, of the particle e and the loop m (e.g.,
Fig. 1) cannot be unlinked in 3D space. However, in 4D
space, due to an extra dimension, we can smoothly deform
¥, such that it is unlinked with the loop m. This argument is
analog to the fact that the nontrivial particle-particle braiding
in (2 + 1)D spacetime becomes trivial in (3 4+ 1)D spacetime.
In this manner, we claim that the particle-loop braiding in
(4 4 1)D spacetime is trivial.

A question naturally arises: What is the physical effect
of the BC term? We noticed that there are topological terms
which can generate trivial fermions from a bosonic model:
ﬁAdA with an odd integer k in (2 + 1)D and BB in (3 4 1)D.
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We conjecture that the effect of BC term is similar: The
emergence of trivial fermions is possible in a bosonic model
described by the action S ~ [ CdA + BdB + BC.

VI. CONCLUSION

In this paper, when a gauge group is given, we investigate
the compatibility between all three classes of root braiding
processes in (3 4+ 1)D spacetime, i.e., particle-loop braidings,
multiloop braidings, and BR braidings. We find that not all
root braiding processes are mutually compatible, which is
not so obvious on a superficial level. By incompatibility we
mean that two braiding processes cannot be supported in the
same system, i.e., there is no legitimate topological order in
(3 + 1)-dimensional spacetime characterized by incompatible
braiding phases. In the language of TQFT, a TQFT action
describing incompatible braiding processes is not gauge in-
variant while preserving the cyclic group structure of each
gauge subgroup. Our conclusions are drawn as follows.

When the gauge group is G = Zy,, only one class of root
braiding processes, i.e., particle-loop braiding, is realizable.
Therefore, there is no incompatibility when G = Zy, . The set
of compatible braiding phase is simply {@I,'I}ZNI. The corre-

sponding TQFT action and gauge transformations are listed
in Table I.

When G = ]_[1.2:1 Zy;, besides particle-loop braidings,
three-loop braidings are realizable. In this case, all braiding
processes are compatible with each other. The set of compat-
ible braiding phase is the collection of all possible braiding
phases: {©]; 035, 0%, ©,, (*3%{“1‘1}1_[2 . Table I lists

1

i=1 i

the TQFT action corresponding to compatible braiding phases
along with its gauge transformations.

As for G = ]_[?=1 Zy;, the possible braiding processes are
particle-loop braidings, three-loop braidings, and BR braid-
ings. We find that particle-loop braidings are compatible with
three-loop braidings or BR braidings, respectively. However,
incompatibility occurs between three-loop braidings and BR
braidings, even between different BR braidings. In general

notations, a BR braiding phase 9??',( is incompatible with

3L

three-loop braiding phases ® in which one of the indices

n,olm
{m, n, o} is equal to k. Moreover, in the case of G = ]_[?=1 Zy;,
(-3?}”( is incompatible with @Eﬁt (k#£t)yifk=rork=s.
From the viewpoint of TQFT, such incompatibility can be
explained by that there are no proper gauge transformations
for the TQFT action, which consists of topological terms
corresponding to incompatible braiding processes. Compati-
ble braiding phases and corresponding TQFT actions of G =
]_[?=1 Zy, are summarized in Table II.

For the case of G = ]_[?=1 Zy;, besides the braidings men-
tioned above, four-loop braiding is realizable, classified as one
of multiloop braidings. Similar to the case of G = ]_[?=1 Zy,,
when G = H?:l Zy., particle-loop braidings are compatible
with multiloop braidings or BR braidings, respectively. How-
ever, the incompatibility between BR braidings and multiloop
braidings still exists. ®PX is only compatible with those

ijl
®3,I;Ir in which none of the indices {s, ¢, r} is equal to k. No

©P%, is compatible with ©f5 5 ,. Different from the case of

G =TI, Zy,, when G =[]\, Zy,, different BR braidings
may be compatible: For example, {075, ©FF,, ©3%,} and
{@?53, ®113’§‘4} is, respectively, a subset of the sets of com-
patible braiding phases. Tables III and IV list all possible
sets of compatible braiding phases, legitimate TQFT actions,
and corresponding gauge transformations in the case of G =
I—[?:l ZNi‘

Motivated by the compatibility of braiding processes in
(3+ 1)D spacetime, we initiate an attempt to the physics
of braiding processes in (4 + 1)D spacetime and their
compatibility. Several results are given in Sec. V. A compre-
hensive understanding of compatible braiding processes and
TQFTs in (4 + 1)D topological orders will be discussed in
Ref. [61].

There could be several interesting future investigations
based on the compatibility analysis of braiding phases. For ex-
ample, it would be interesting to study the connection between
incompatibility and quantum anomaly [32]. Meanwhile, we
have not considered the BB term [47,50,62—65], which can
switch self-statistics (either bosonic or fermionic) of parti-
cles. In this sense, adding a BB term may be useful when
considering compatible braiding phases of either fermionic
systems or bosonic systems with fermionic particle excitations
that carry nontrivial gauge charges. Our work focuses only
on topological orders where all particles are bosonic, so it is
unnecessary to consider BB. In addition, BB can drastically
change the gauge group. In other words, the gauge group G
is simultaneously determined by the coefficients of the BF
term and BB term. Nevertheless, this complexity leads to a
superfluous difficulty in determining gauge group and does
not provide new braidings among topological excitations. In
addition, from experiences in two-dimensional topological or-
ders, exhausting all non-Abelian braidings with non-Abelian
gauge groups is very challenging if still applying the present
field theory method. Algebraic tools from mathematics may
be a much better way. It is definitely interesting to explore how
to exhaust all legitimate topological orders with a non-Abelian

gauge group.
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APPENDIX A: MICROSCOPIC DERIVATION OF THE
TQFT ACTION S ~ [ 7 BidA' + A'A*B>

We can derive the [ BdA + AAB action from a three-
layer 3D superfluid where layera 1 and 2 are in charge-N,
and charge-N, particle condensations while layer 3 is in
charge-N; vortexline condensation. To illustrate the vortexline
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condensation picture, we start with a normal superfluid state:

Ly= %(3,&3)2. (A1)
Separating the phase angle into a smooth part and singular
part 6% =63 + 63 and introducing a Hubbard-Stratonovich
auxiliary vector field J 3, the above L3 can be expressed as

1 73 3 3
L3 = o —(; ) +iJ; (3,6, + 9,6,
Integrating out the smooth part 93 leads to a constraint 9,/ 3 =

0, which can be solved by 1ntr0ducmg atwo-form noncompact
U(1) gauge field B}, :

(A2)

Iy = %gﬂ““’avsfw. (A3)
|
L= %(am@v] ~NB) + %(a,ﬁ‘ —MAL + %(aue2
+ iAe"M (0,0,) — N3B), ) (0:60" — N1A;) (9,67
=2 (0,0, — NiB},)” + 5 (,0" = MiAL)’ + 2 (3,67

+iNe"M9,0,,8,0'0,60% —

=2 (00,00 = MaB2,) + 51 (8,6" = Miay)” + 2 (3,67

iINEM3,0,0,0 N, A? —

Thus, L3 is dualed to the following gauge theory:

1 /1 S|
L3 =—-—¢e"*0,B), | +i—e""*"3,B) 3,0,
2p3 \ 4w 47

_ (A — e Po,B) + Ip 1 — e 9,0,07.
203 \ 47 27m og v
(A4)
The string current operator is defined by
1
3 v 3
), = E‘SM 0 8,8,0;. (A5)

Now consider a three-layer 3D superfluid where layers 1
and 2 are in particle condensation while layer 3 is in string
condensation. The Lagrangian is

212
— NAY)
- NZAf;) + £Maxwell
2
— N2A%)" 4 Ltaxwel

INEM01,0,10,0° N1 A} + iAe" 3,0, N1 A} NA?
— iNe"™N3B) 0,600,607 + iAe"*N3B, 0,0' N, A7 + iAe"" " N3B 0,0°N,A]

— iNe" N\ AL N,ASN;B) |

— NzAi)2 4 Luaxwell + boundary terms

+iAe"*[20,,0,(0,0'NAZ)| + iA""*[20,,0,(3,0°NiA}) | +inete ) [9 3,(3,0°NsB.,,)) + 620, (,0'N3B;,) ]

— iAe""[20,0, (NiNAJAY) | + iAe*™ [ =00, (N2AZN3 B, ) | +iAsWP[—9 3, (N:B3 N1A}) ]

— iAe"" P A]AN;B,,

nyo

where B[MG)V] = BMG)V

£=—(2 D +z =, (3,0, — N3B),)

1 .1N\2 . .] 1
— 3,0
+ 2 (') +ij; (01

(A6)

— 8,0,,. Introducing Hubbard-Stratonovich fields X7, j' and j?:

1
— NiA}) + —(]‘2)2 +ij3(3,0° — N2A2)

+iAe"*[20,,0,(0,0' A2 )| + iAe""*[20,,0,(3,0°NiA}) | 4 inerviel [9 3:(9,0°NsB.,,)) + 620, (,0'N3B;,,) ]

— iAe"P[20,0, (NiNAJAY) | + iAe* ™ [ =00, (NLASN3 B, ) | +iAs’”“’[ 0%3,(NsB. ,NiA} )]

— iN\N,N3 Ae"" P A AB),,

+ LMaxwell + boundary terms.

v

(A7)

Further introduce Lagrange multiplier fields £/ and ' to decouple terms like iAe**?[—6! E)A(8092N33iv)]:

L=(z)

-1 3 3
8,0 v l_N3B/4vE/w

— 10,93, — iz

+iAe"[20,0,(NiN2AA) 4 019, (NADN3B, ) + 670, (N3B), N1A; )| —

1
+5-0" =
2p1

i0'9, 1 — iNA} j} + —(]2)2 — 1928,,]5 — lNzAf)]f)

zN1N2N3AsWPA A’B?

oy

1 1
+ ”]}1\ I:S)} _ ASMU)»P . 58p92N3Bivi| + ZQIB)LS; + lﬂ,(z) |:$3 — ASN’UAP . EaAQINSBzw] 4 leZap%-pZ

+in, &), — A" (28,\91N2A2 +29 92N1A1)] +i0,0,&,, + Lytaxwen + boundary terms

1
——(23)+ 2,0 2L SNsBLL B,

803
—i0,0,[

1
—(‘1)2+
2p1 /

— iNJALji — IN,AS 2

=yt As“”“’ 2NINAJAZ] + il 62
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. : 1 .
—i0'9; [ Jr =&+ Aetvre <N2A§N3B;V - 5n§N3B;V - ZnZVNzAf)ﬂ +inl &)

. . y 1 .
— 6%, [ Jo— &+ AetH (NgB;leA; — En;NgB;v — 2n/§vN1A;>] +inyk,

— iN; N2N3As’”“A,1\AiBZU 4+ LMaxwell + boundary terms. (A8)

Integrating out ©,,, 0!, and 02 yields constraints

W[Z), — &, + A 2NINLAAZ] =0, (A9)
0 [ji — & 4+ Agir <N2Af)N3Bfw — %nﬁmB;v — 2;73VN2A§>] =0, (A10)
and
3, [ Jo— &+ Ae (N3B;VN1A; - %n;Nﬁiv - ZnileA}\)] = 0. (A11)
These constraints can be solved by
= %s“waﬂaz +&), — A" ONINAAY, (A12)
J'xl _ %s“’“”apB}w + &1 _ Aghvie (NzAﬁN3BZu — %T’I,ZDMBZV — ZUiVNzA2), (A13)
2= ﬁgmw 0, B2, +E2 — At <N3BzuNlA; - %nt;U - 2173UN1A;). (Al14)
Then we obtain
L=— i%N3Bfw [%ywam; TR G 2N1N2AiA,20j|

1 1
- iNlAi[Es’\p’wapB}w +& — A <N2A§N3Biv = 5MNB,, — ZniszAi)]

1
— iN,A? [Esf’wamiu +E — At (N3BZVN1A,{ -3

1
LB, znnglA;)]

171 2

+ 5 ngmakAfn + S;iv — Aghvre . 2N1N2A1Ai]
3L

+L-i oy Bl gl Agtvre [ Ny A2N;B? LB — 03 noa? ’

201 47T‘E By + &5 € 203uv_§np3uv_ MutV28y

111 PALY 2 2 UYL 3 1 1 1 3 3 1 ?
+ 2—,02 Eé‘ 8)‘~B[l,l) + ép — Asg N3B,U,UN1AA — En)»N3BMV — znqulAk
+ingE +inEl +inE,, — INNNaN3 A" P AJAZBS |+ Lytaxwen + boundary terms. (A15)

Letus write L = L4 + L2 + L — iN1N2N3A£““ApA}\AIZOBiV + Laxwell, Where

iN 1 171 S >
Lp =— —e""" B 3,A% +i—Ae"*N3B> . 2N\NLALA?2 + — | — e, A3 — A" . 2N|N,Al A2 — (&3
B 4n8 v 92 p+12 € 3B 1V24), p+8p3 2ﬂ8 A € V22580 +8p3(é’”)

1 1
+ mé:v |:l'2,03 (277?“; - N3Bfw) + EEMMJBAAEJ _ Aghvio ZNINZAiAf,]

iN 1
Ly =— 4711 SAWVAiapB;Iw + iASWApN]Ai (NzAiN3Bi” N §n§N3B’3” a ZniszAi)
n L ig}upuva B! _ Aghvie N2A2N';B3 _ lnzNzB3 —27]3 N2A2 2+ —1 (fl)z
201 | 4 2y P v A Ut Py wy 4 201 A

1 1 1
bl =l + G, = s (o, - S, - 2 )|
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iNy o 1
Lp=— Esu MJAiB,\BiV +iAeH MJNzAf) <N3Bwa1A/1\ - zniN3Bfw - 2nwa1A;>

1 L 2 VA 3 1 1 3 3 1 1 2\2
+ Tm[E e 0, B), — A (N3BLLNAL = SniNB), =2 NiAL ) | + z—pz(sp)

1 . 1 ; 1
+ Eé&j |:li02(77/2; _ NzAi) + Egpw 3)\3/2“) — Aghvrp <N3BZUN1A/1\ — zn}{N3B?w — 217,3“)N1A,1\)i|. (A16)

Integrate out £, :

iNy a1 1rr o, ) :
Ly ==~ B, 0,A) + isAs" YN3B),, - 2N1NLALAY + Tm[ﬂgﬂ MHAD — NetH .2N1N2A;Ai]

1 . 3 3 1 LVA, 3 VA 1 42 ?
_ 8_,03[12/)3(2””” — N3B,w) + Esl v 03AN3AP — Aghvre . 2N1N2A1Ap

iN3 .
= — LB 4] + iNINN A B AL

o 2 1 [ v
+ 33(2% —NsB,,)" — zz(mﬁw - N3Biv)<ge" A — At 2N1N2A;A§)
P3 2 i v . v
=7(2nfw —NsB),)" — 7" Mo A+ INEM  ONINLALAT. (A17)
Integrate out Ekl:
iN| Ao 41 1 S A VAP 1 2 3 1 2 3 3 2
»CAI = — E&‘ AxapBw +iAe NlA)\ NzApN3BIw — EnPN3BlLV — 27714VN2AP

2

1 1 1
+ % |:4_7T€}»PMU8pBLv — AS”’UAp <N2A‘2)N3Bfw — Enfz)N3Bfw — ZniUNzA%)}
1

1T, 1 1 2
sy =L+ o, = he e (e, i, - 2|

iN) A 1 1 . Py 1 2 3 1 2 3 3 2
= — E&‘ W”AkapBW + iAe” pN]AA NZApN3B;/.U — EnpN3Bp.v — ZanNzAp

1 N2 .1 1 1 1 2 3 1, 3 3 2
+ —(r]x — NlA)\) — l(n)\ — NIA’\)I:EEMWBPBM — Aghvhe (NzApNBBW _ 5”pN3B;w _ 277#”N2Ap)i|

i .
- Es“}*‘“n;apB}w + A"y (N2A2N3B;U -

1
znﬁNﬂﬁw - ZnZUNzAf)) (A18)

Integrate out &
iN, UVAD A2 2 LA VAP 2 3 1 1 1 3 3 1
ﬁAz = — EE ApaxBMu + iAe NzAp N3B;WN1AA — 57’];\]\’33’“} — 277;wN1AA

1 1 1
+ 2_102 |:E80Mw8)hB/2w — ASMVAp <N3BivN1Ai — En)l»N3BIS/-V — 2niVN1A)l~>i|

1

, 1 1 :
— 2_,02 |:1p2(nf) — NzAf)) + ESMMUaABiV — Aghvie <N3B?L\)N1A)1» _ EU}I\NSB?W _ 2'7;3wN1A)1L>i|

iN> . {
=_ Eguuprf)aABiv +iAEHN,A (NngleAi — 57711\733;” — 213Ny A;)

P2 2. 1 v ’ 1
#2008 - MDY =i}~ M) e B, — e (ML ML = e, 2,1 )|
P2 2 i v N 1
:7(7;; —NAY) - ESW m 0B, + iAe" Py’ <N3BZVN1A; — En,{N3Bfw - 2n;VN1A1). (A19)
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We end up with

2 l . L1 2 i
(2 = NaBp,)" = 6", 1A% + N, DNNGALA + =2 (1, — NiA; )" — = 0,8,

_»

L
2

. 1 02 2 i
+ iNe"" ) (NzAf)Nngw - 57,21\733;“ - 2;7;UN2A§> + ?(nﬁ —NA2)" — Ee”‘““nﬁ&Biv

. 1 .
+iNe"Hy? <N3B;VN1A1 - zn,{%BZV - 2nwalA1) — iN{NaN; A" PAJAYB) | + Laaswell

[ uvip, 3 3 i v 1 i v 2o p2 P35 3 332, P 1\2
=— e o, A — an n,0,B),, — ES'M“ 0B, + 7(2% —NsB;,)" + E(ni — NiA;)
P2 2 1
+ ?(Tli — NA2)" + iAetH [2(171 —NA}) (n, — N2A2) (7},3“, 3 3B,3w> - 2N1N2N377117,2)77iv] + Lnaxwen-  (A20)

Since we consider the vortexline condensation for p; and particle condensation for p; and py, i.e., p3 — 00, p; — 0o and
p2 — 00 are taken. These limit conditions enforce that n} = NiA}, n> = N,A2 and ), = $N3B’,,. So we obtain

i 1 i i _
L =— Egﬂvkp EN3B;31118/\A?) _ EgAp#leA;LaﬂBllw _ ESPMLDNZA/ZJ&LB;%,V _ lN1N2N3A8MV)"'0A)lLA3)BiU + Laxwell
iN iN iN
S 4_38’”“3,3”3%; + 4—1&/’””3,1”3,3& + TzepA”“BivaAAf, — iNiINoN3 A" P AL AT B | + Latawell
T T TT
iN iN iN
=— Tgs"”A”Bivafo) - 4—n‘gﬂvkﬂijakA}) - T;S/vapgivmi — iN\NaN; A" P AL ABS |+ Lataxween- (A21)

The Maxwell kinetic term Lyuwen can be neglected since its scaling dimension is more irrelevant than the other topological
terms. Finally, we can drop the overall minus sign by relabeling indices and then obtain

iN iN, iN.
L= T;e“”APBLVSAAL + T;eﬂvkﬂBiuafo, + 4—;8’”’\"BzUBAAZ + iN\NoNs Ae*"*P A} ATB3 . (A22)

APPENDIX B: ALL LEGITIMATE TQFT ACTIONS WHEN G = ]_[:;1 Zy,

The general expression of legitimate TQFT actions and corresponding gauge transformations are listed in Table IV. By
properly reassigning the indices {i, j, k, [} (see the captions in Table IV), we can obtain all possible legitimate TQFT actions.
As discussed in Sec. I C, when G = ]_[?:, Zy;, the legitimate TQFT actions can be classified by the properties of BR braidings
they describe:

(1) S with no AAB terms. The set of compatible braiding phases is

H. 53L 3L 3L 3L 3L 3L 3L 3L . 4L
{®r > ®s,x|r’ ®r,s|s’ ®r,r|s’ ®x,r\r’ ®s,t|r’ ®r,t|s’ ®t,r|x’ ®s,r|z’ ®l,2,3,4}1‘[‘r‘:l Zy,’ (Bl)

where r < s <t and {r,s,t} C {1, 2, 3,4}. The underlines denote the linear dependence between braiding phases: %L =

0.0% @@L — _@L s.slr

r,sls? s tlr rt|s?

(2) S with AAB terms which involve one flavor of B'. The set of compatible braiding phases is

etc.

H. o3L 3L @il 3L 3L 3L . oBR @BR BR
{G)r s 0551 Orglsr Ok Oiklj» Okit» Ofiies @it Oikirs @j,ku}nf:] z, (B2)
where r # s, r # [, s # 1, and the assignments for (i, j, k, [yare (1,2,3,4),(2,3,4,1),(3,4,1,2),and (4, 1, 2, 3).
(3) S with AAB terms which involve two flavors of B'. The set of compatible braiding phases is
H. 3L 3L 3L 3L . oBR QBR
{07503 O11 O O3 O O by 2, (B3)
where the assignments for (i, j, k, [) are (3,4,1,2),(2,4,1,3),(2,3,1,4),(4,1,2,3), (3, 1,2,4),and (1, 2, 3, 4).
APPENDIX C: SOME TECHNICAL DETAILS
1. Derivation for the incompatibility of A'A?B* and A243B!
We try to find proper gauge transformations for this action:
2N p p
L pi gpi 123 4142p3 23,1 4243pl
S = —B'dA' + A'A"B° + —=AA’B . Cl1
/ ; 2 Q) @) D
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TABLE V. Test gauge transformations with A' — A' +dx' for S = [ Y
are terms which cannot be eliminated by subtraction nor be absorbed into a total derivative term, making AS # 0 mod 2.

i=1 27

Nopigai + ("'73')32A'AZB3 + %A2A3Bl. The stubborn terms

Test gauge transformations

AS

Stubborn terms

3
/Z%’[Y’dAl—{- P123 (dXIAZB3 +A1dXZB3 +dX]dX2B3)

Al > Al 4+ dy! @n)?
A2 > A2 4 dy? +E2SAAAVE +dx ' APV + AldxPdV? + dydPdV?)

3 3 3 1 2n3
AT Ay dy 2 (ATAPYS 4 dy AP + AN 4 d Y dx dx’B",
1 1 1 1 2 3pl
B — B +dV' +Y I’T&lz(dXZASBl A2dX3Bl+dX2dXSBl) dX dX B

B> > B> +dV? +Y? ")
+ 225 (APA3V! + d)PA3dV! + A% XAV +dx*dxdV?)
B = B 4+dV?+Y? Tan X 3 rex
(1;21)12(A2A3Y1+dX2A3yl A2dX3Y1+dX2dX3yl)
Al S Al 4+ dy! fZ%Y"dA'A—g—;(dv3dA3+B3dX3+dV3dX3)
A2—>A2+dx2 (gli);(dxlAzBS +A XmBS+XmdXZBS)
3 3 3 3
AT AT dxe X FRLALAV 4 dy A4V + Ald'dV? + dxdxPdV?) dx2dy B!
B' - B' 44V +1!
2—> 2—i— 2—i— . (p;;)'z(dszzB] Ade3B'+dx2dx3B)
B = B +dV +Y F LAV + dx2ARAV! + AYd X3V + dx2dyPdvY
B — B +dV> +ony X X xax
(1’223)12(A2A3yl+dX2A3y1 AZdX3yl+dX2dX3y)

We list all four possible test gauge transformations respecting the Zy, and Zy, cyclic group structure and corresponding

AS’s in Tables V and VI. We point out that there always exist stubborn terms which cannot be eliminated by subtraction nor
be absorbed into a total derivative term, making AS nonvanishing. If we impose that AS = 0 mod 2, the Zy, and Zy, cyclic
group structures are no longer respected. Such a dilemma indicates that Eq. (C1) is not a legitimate TQFT action, thus A'A%B?
and A>A3B! are incompatible.
For the second column of Table VI, it may not be so straightforward to see that AS is nonvanishing. Below we make some

illustration. The gauge transformations are

A" >A'+dy' + X1,

A? AT +dy?,

A A pd + X3,

B' >B'+av',

B> >B*+dV’+7Y?,

B —B +dV°. (€2)

TABLE VI. Test gauge transformations with B' — B' +dV' forS = [ Y7 | LpldAT + (p ‘7:')32A1A233 + %AZNB'. The stubborn terms

are terms which cannot be eliminated by subtraction nor be absorbed into a total derivative term, making AS # 0 mod 27.

Test gauge transformations AS Stubborn terms

3
[ dV'dA' + S Blax! + Savidx' + Z LYdA’

Al > Al 4+ dy' + X!

PIZZ(AldXZB?_l_dXIAZB? +XmdXZBS +X1A233 +X dXZB3)

A? - A2 +dyx? Ty
A3 > AP 4 dy? (212;2 (A'A2dV3 + Aldx2dV3 +dx'A2dV3 +dx'dx2dV3 + X'A2dV3 + X'd x2dV?) o
B' — B' +dV! L2 (AIAY + ANV +dy AV +dx XY + X APY + X d YY) dy dx°B
BZ — Bz+dV2+Y2 (Zi)lz(AzAS—'—dXZABBI +A2dX3Bl +dX2dX3B )
B — B3+dv3+y3 (};2?)12(A2A3dvl +dX2A3dV1 +Ade3dVl +dX2dX2dV )
([;2?)12 (AZA Yl +dX2A3Yl Azdx3yl +dX2dX3Y )
A;—>A;+d)(;+xl fN]B Xm Nldvldxl NZYZdAZ NsB3dx3 Nsdv3dx3
A — A +dX P1232(A dX2B'S+dX1A2B'§ +dXIdX2B3 +X AZB3 -‘r‘X dXsz)
A At dyd + X o A'A2V?
S dél 23 (AIA2AV? 4 AldxPdVE + d) 'A%V + dx'ddV + X A%V + X d g dV?) gyt
N
5 B21dv2 Ly +22 (dx°A’B' + A%d B + dxdx°B' + AX°B' + dx°X°B")
B > B 4 v LAV + dxPAAV + A2 xPdV + dxPd V! + APV + dxPXPdVY)
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The variation of action (boundary terms neglected) is

N.
+ 22y2A% + B2 glaxd +

5 5 (A B 4+ dy'A2B® +dx'dx B} + X'A%B® + X'dy2B?)
J T

N 1 1
AS=[ —BdX 3
2 (2 )

+ (P212,)32 (AIAZdVS +A1dX2dv3 +dX1A2dv3 +X1A2dv3 +deX2dV3)
b
n (‘1323,)12 (dx2A3B' + A2y B' + dx2dx B' + A2X3B' + dx2X3B")
b
+ ([;3’)12 AAYAV! +dy)*A%dV' + Ad ) dV' + APXPdV! + dy*XPavh. (C3)
b
If we want to eliminate the A'A2dV3 term by subtraction, we can only require that
Ny (2r)?
dV dx® + P23 g1 2qys — P23 [dV3< 2 BT x4t )]
(27)? 2r) 2 P12,3
Ny (2n)?
= ’”2’32 [dV3<—3 G (—A'A* + --)+A1A2>]
2n) 2 p1s
N3 3
=—dV3(--), (C4)
2
which requires
dx’ = —-A'A’+ ... . (C5)

However, Eq. (C5) is impossible since A' A is not exact in general. If we want to absorb A'A2dV3 into a total derivative term, we
would need a (dA'A?V3 — A'dA?V?) term since d(A'A%V3) = dA'A?V3 — A'dA?V3 + A'A%dV3. We may have a —A'dA?V?
term contributed by 32 X ¥24A?, but we do not have a dA'A%V? term since no term containing dA' in AS. Therefore, action

S=[Y7, LBldAT + (’;‘Z;ZA A’B3 + 221 A2A3B! is not gauge invariant under Egs. (C2).

@)

2. Derivation of the incompatibility between A'A3dA3
and A'A’B3
The TQFT action is assumed to be

3
N
- / 3 Lpiaa 4 15 qia3an3 4 L2341 4080
pariz ()

(2m)
(Co)
First, we assume that the gauge transformations are
AT AT+ dy,

o o (C7)

B' —>B +dV'+Y',

i.e., the Zy, cyclic group structure is encoded in
2

Ae =7 C8
fate Ty, (8)

Under the gauge transformations, the variation of action
(boundary terms neglected) is

N N, N-
AS = / ‘YdA+2 y2dA? + 22

Y 3dA3
q133
(2m)?

+ P23 1ANd)°B + dx ' APBY + dy dxBY)
(2m)?

+ (A'A%dV3 + A'dx2dV3 4+ dx'A%av?)

+ (AA%Y3 + AYdy?Y? +dy A%Y? +dyd Y.
(C9)

+ (dx'A3dA> + A'dy3dA®)

(

AS is expected to be boundary terms. However, we are going
to prove that this is impossible: The d x 'd x >B> term cannot be
eliminated by subtraction nor be absorbed into a total deriva-
tive term. If d x 'd x>B> can be eliminated by subtraction, it is
required that

dx'dy’B +dx'dy’Y =dx'd (B - B + ),
(C10)

ie.,

Yi=-B+..., (C11)
but this is not allowed—otherwise the gauge transformation
of B is ill-defined. If dx'dx’B? can be absorb into a total
derivative term, AS should (but in fact does not) contain a
—x'dx*dB? term since
d(x'dx*’B>) =dx'dx’B® — x'dx*dB>. (C12)
Therefore, the action Eq. (C6) is impossible to be gauge in-
variant under gauge transformation Eqs. (C7), hence it is not
a legitimate TQFT action.
Next, we assume that the gauge transformations are

A1,2 —>A1’2+d)(1’2
A A +dy + X5,
Bl,2 —>Bl’2—|—dV1’2+Y1’2

B® =B 4+ 4dVv?3. (C13)
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The Zy, cyclic group structure is encoded in
27
Be =7
f Ny T

Under the gauge transformation, the variation of action is
(boundary terms neglected) is

AS = / —vylga' +

q133
(2m)?
q133
2m)?
+ (;“3;2 A'AYX? + dy ' A3dX3 + AldyPdX?)
q133
2m)?
P123
Q2m)?

+ (’;12;2 (A'A2V? + dy ' A2V + Aldy2dv?).
(C15)

Similarly, AS is impossible to be boundary terms since the
term d x'A3dA3 cannot be eliminated by subtraction nor be
absorbed into a total derivative term. The only way to elimi-
nate d x 'A3dA3 by subtraction is to require that

(Cl14)
Myrgaz 1 N piaxs
27

+ (dX1A3dA3 +Al'dx3dA?)

+ (A'X3dA® + dx'X3dA%)

+ (A'X3dXx3® + dx'Xx3dx?)

+ (dx'A’B* + A'dy’B’ + dy'dx*B’)

dx'A%dA® + dx'X3dA’ =0, (C16)
which means that
X3=-A ... (C17)
If so, the gauge transformation of A3 is
A s dyi 4+, (C18)

which is not well-defined. If d x 'A3dA3 can be absorbed into a
total derivative term, AS should (but, in fact, does not) contain
a x'dA3dA? term since

d(x'A%dA%) = dx'A3dA3 + x'dA3dA3, (C19)

Therefore, Eqs. (C13) cannot be the proper gauge transforma-
tions for Eq. (52).

So far, we have seen that if the Zy, cyclic group structure
is respected, we cannot find a proper set of gauge transfor-
mations under which the action Eq. (52) is invariant up to
boundary terms. If the action is imposed to be gauge invariant
up to boundary terms, the Zy, cyclic group structure would be

J

N, N.
AS = /—Y dA' + 2y204% + B Bax® +
2 27

q123
(2m)?

violated. This dilemma reveals that the action Eq. (52) is not
a legitimate TQFT theory. In other words, A'A3dA3 is incom-
patible with A'A*B?, i.e., ®3% , is incompatible with ©FS ;.

3. Derivation of gauge transformations for

S=[ Y EBdAT+ U5 A'A%A° + P25 AP
The action is
/ Z—B dAT + qm ALAZdAS + AIAB,
21 )?
(C20)

First, we assume A®> — A3 4 dx3. The test gauge transfor-
mations are
Al A+ dy,
B =B +dV'+Y' (C21)

Under Eqgs. (C21), the variation of action is (boundary terms
neglected)

3 N
AS = —YidA
/ ; 2
q123
(2 )?
P12,3
(27 )?
+ (A'A%dV3 + dx'A%dV3 + Aldx2av?)
+ A'AY +dx' AV + A'd Y +dydx Y.
(C22)

+ (A'dx%dA + dx'A%dA® + dx'd x*dA?)

+ [(XmAng +AldX2B3+XmdXZB3)

Notice that the term d x 'd x>B> cannot be eliminated by sub-
traction nor absorbed into a total derivative term. Therefore,
action Eq. (55) is not gauge invariant under transformation
Egs. (C21).

Second, we assume B3 — B* + dV3. The test gauge trans-
formations are

Al,2 —>A1’2+d)(]’2
AP A rd 4+ X3,
Bl,2 _)Bl,2+dvl,2+yl,2
B B +dv?3. (C23)

Under Egs. (C23), the variation of action is (boundary terms
neglected)

Aldx2dA® + dx'A%dA> + dx'dx?dA?
M

4 (312;2 (A1A20X3 + A'd2d X3 + dx ' A2dX3 + dy'dx2dX?)
T
N
P23 1423 1;.2p3 1;.2p3 D123 142 11/3 142 11/3 17,2 31,3
 anyp dy'A’B® + A'dy?B® +dx'dx’B oy ALA2qV3 4 dx'A2dV3 + Aldx2dv (C24)
T b1

o

P
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We expect that AS is an integral of total derivative terms. For

this purpose, we need to properly construct the shift terms, i.e.,

X3, Y, and Y2, such that AS is zero up to boundary terms.
For the M term, notice that

However, we cannot find a X satisfying Eq. (C29). Alterna-
tively, we can add terms containing dA' or dA?. We can let

pi23 21w

= 5 (—x'A2 4+ A2 — x'dx?), (C30)
Aldx2dA + dy'A2dA® + dxPAPdA" — dx'APdA> (2m)” N3
— dx2d(A'A%) + dx'd(A3A?), (C2s)  Dhenee )
P12,3 &0 142 1542 1,2
dx* = dx'A? — x'dA? + dA
thus we can let (27)? N; A tadx
2 —Aldx* —dy'dx?). C31
Yl=p I8 T gyags gy (©26) x* —dy'dx®) (C31)
(2m)" Ny Then we notice that
and 0 —2 S Bdx + (‘;”)32 (dx'A’B + A'dx*B* +dx'dx’B)
q123 143
Yi=... —(—dx A C27 P123
(27r)2 N ( )+ (C27) (2 )2( X BYdA? — x2B3dA"). (C32)
to construct the total derivative terms in Eq. (C25). Therefore, we can let
For the O term, it cannot be absorbed into a total derivative 27
term since there is no term containing dB* in AS. Therefore, y! = P 12’32 (=B +--- (C33)
we have to eliminate the O term by subtraction. To do this, (27)” N
one can assume that and
2
M gax® + 223 4y 0B + A'dy B + dy dx’BY) Y2=... 4 p]232 FA B+ (C34)
2 Qn)? (2m)" N.
=0, (C28) to contribute the (”21%;2()(183L1A2 — x%?B3dA") term in
. Eq. (C32).
which leads to The N term, with dX* known in Eq. (C31), is (the under-
lines and underbraces are used to identify terms between equal
3 _ P 2m 142 17,2 17,2 :
dX° = 5 (—dyx A" —Ady  —dx dx”). (C29) signs)
CQn) N
|
N=TZ AA 4 A'dy® + dy A+ dy'dyPdx’
(2m)
_ 423 P32 A2 4 AYd ) +dx A2 +dx'dx? | (—A'dx? — dx'A> — x'dA* + x2dA' —dx'dx?)
(27‘[)2 (27‘[)2 N3 . ———— —— ———
Ist 2nd 3rd 4th
2
= PR3 ZT | A2 A2 4 ATA2 G 2dA — ATy d x| + [ Al A=A dy x A + ANd A A
A N — ——
B st 2nd
+| —dx'AA'dyP—dx Ay dA’ +d APy PdA" | + | —dx'dxPx'dA® +dx'dx* x*dA!
3rd 4th
q123 P23 2w 17,2 71,2 1422 17,22 1422 17,2 2\ 341
=——-—"= —|-Adydy A"+ (A'A"x"+A'd +dx A“x“+dyx'd dA
(271)2(2”)2]\,3[ x’dx (A'A%y XoxP+dx Ay +dxdxP )
+ (—A'A* ' —Aldx*x' —dx'A*x" —dx'dx*x")dA?]. (C35)
Notice that
—Aldy’dyx'A? = A'A%dx\dx? (C36)
and
AIAZdXIdXZ + XIAZdXZdAl _d(AIXl)XZdAZ — _AlXmAZdXZ +dA1X1A2dX2 _d(AlXI)XZdAZ
=d(A'YHA’dy* — d(A' x")x*dA?
=—d(A'x"HdA*x?), (C37)
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we could have ;V—;YldAl + ;V—;deAz + term N = total derivative terms, if

I q123 pro3 27 21w

T G e M N, [x'A%dx* — (A'A’ x> + Aldy P )7 +d) ' AP +dx d X )]+ - - (C38)
and
q123 P23 2w 2w
ri=-.. 2n) 2 2 EE[—d(Alxl)xz + @A+ A+ dx A+ dx A+ (C39)
For the P term, notice that
d(A'A’V3) +d(x'A%dV?) — d(A' x2dV?)
= dA'A?V? — AYdAPV? + x'dA%dV? — dA x2dV3 + A'A%AVE + dx'A2dVE + Ald x2dV3, (C40)
P
thus we can let
P23 2m
... (27.[)2F1(A2V3_X2dv3)+”. (C41)
and
2 P 2m 1y,3 1 1/3
=... (271)272(_AV +x'dvi)+--- (C42)

to provide the (dA'A?V3 — A'dA?V3 + x'dA%dV?3 — dA' x2dV?) term in Eq. (C40).
According to Egs. (C26), (C27), (C33), (C34), (C38), (C39), (C41) and (C42), AS = f(total derivative terms) or S is

invariant up to total derivative terms under transformation

Al A Fdy!,
A? —>A2+d)(2,

A A rdy® + X5,

1 1 1 1 (C43)
B —-B +dV' +Y',
B> >B*+dV?+7Y?,
B >B 4+ 4av?
where
D123 TS S D123 2, Lo
(271)N3<X Tardx )+<2n)N3<X T2 X)
q123 2.3 P12,3 213 2173 2 v/3
y! = dxA° — ———(x"B° — A°V dv
27N, 2, X +x7dV)
9123 pi23 2w
on? Gows WA~ WA R AR+ dX A ) ),
q123 143 P123 153 1y,3 1 v/3
Y2 =_— 212 4414 ——(x B AV + xdV
2N, 2N, % X dv?)
2
9123  P123 -—n-[—d(Alxl)X2+(A1A2X1+A1dX2X1+dX1A2X1+dX1dX2X1)]- (C44)

4. Derivation of incompatibility between A'A%43A* and A'A2B*

If we assume that A'A2A3A* are compatible with A'A2B*,
the TQFT action should be

4
N .
S = f 3 LBdAT ¢ T2 p 2000 P2 p1 a2,
— 2m (2m) Q2m)
(C45)
In the action Eq. (C45), B', B2, and B® serve as Lagrange

multipliers, imposing dA! = dA? = dA® = 0, i.e., the gauge

(

transformations of A', A%, and A3 are A'23 — Al23 4
dy'%3. The Zy,, Zy,, and Zy, cyclic group structures are
encoded in f Al e %V—TZN,, where I = 1, 2, 3. The remaining
Zy, cyclic group structure can be encoded in § A* € i/—’:ZM
or f B* € 3 Zy,, corresponding to A* — A* + dx* or B* —
B* 4 dV*, respectively. In the following text, we are going
to examine both cases. However, we will find that neither of
them would result in gauge transformations under which the
action Eq. (C45) is gauge invariant up to boundary terms.
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First, we assume that the gauge transformations are

Al A+ dy!,

A? SA +dy?,

A A3+ dyd,

AY AT+ dyt,

B' »B'+av'+71',

B> B> +dV*+Y?,

B >B+dV?+7Y°,

B* B +dv*+ Y™ (C46)

Under Eqs. (C46), the variation of action is (boundary terms neglected)

4

N .

AS = / 3 Syl + DBy RAAY £ AP AA AN CA A A )
2 (27)

+dX1dX2A3A4+dXIA2dX3A4 +A1dX2dX3A4+dX1A2A3dX4 +AldX2A3dX4 +A1A2dx3dx4
+A'ddxdyt +dx'A2dyldxt +dx'dx*Adxt + dx'dxPd At + dxdxPdPdx )

i (le’;z(A'dx2B4+dxlAzB4 +dx'dsz4)+ (I;lz';z(AlAde4+A'dx2dV4+dX1A2dV4+dxldx2dV4)
T T

+ (’;‘2’;‘2 (A'AZY* + AYdx2Y* + dy 'ARY* + dy d Y ). (C47)
T

We recognize that d x lq X 2B* is a stubborn term, i.e., it cannot be eliminated by substraction or be absorbed into a total derivative
term. Due to the existence of stubborn term, AS cannot be written as an integral of total derivative terms. Therefore, the action
Eq. (C45) is not gauge invariant up to boundary terms under Eq. (C46).

Next, we assume that the gauge transformations are

Al A Fdy!,

A? —>A2+d)(2,

Ad A3 4+ dyd,

A* A dyt + X1,

B' ->B' +4dv!4+v!,

B> B> 4dV* 41?2,

B B +adv? 473,

B* =B* +av*. (C48)

Under Eq. (C46), the variation of action is (boundary terms neglected)
>N N
AS = / 3 LyidA + 2 Baxt + LB G AAOAY £ A AP AOA 4 AT A OA + ATAA d
P 2 2 2m)

+dx dyPAPAY + d ' A%d AT + Ald Pd AT + d P APARd Xt + AYd X PARd xt + AAYd Pd it
+AYddyCdyt +dy ' APddyt +dy dtAdxt + dx'dyd At

q1234
@)’
41234
@2n)
P12,4
Q)

+ (A1A2A3x4 +AldX2A3X4+dX1A2A3X4+dX1dX2A3X4)

+ (A]AdeSXA +AldX2dX3x4+dX1A2dX3x4+XmdX2dX3x4)

P12.4
(2m)?

+ (A'dx*B* +dx'A’B* + dx'dx*B") + (A'A2aV> + A'dx2dV?> + dx'A%dV?). (C49)
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We recognize that d x 'd x*d x*A* cannot be eliminated by subtraction or be absorbed into a total derivative term. If we want to
eliminate d x 'd x2d x3A* by subtraction, we could only expect that

dx'dx?dx’A* +dy'dx*dx’X* =dx'dy’dx>A* —A* + - ), (C50)
which means that X* = —A* 4 - . -, hence the gauge transformation of A* is ill-defined:
A* > dxt 4. (C51)
If we want to absorb d x 'd x>d x >A* into a total derivative term, we need a x 'd x>d x *dA* term in AS since
d(x'dx*dy*A% = dx'd*dx3A* + x'dx2d x> dA*. (C52)

However, this x 'd x2d x3dA* term does not exist in AS. Therefore, due to the stubborn term d x ' d x%d x 3A*, the action Eq. (C45)

is not gauge invariant up to boundary terms under Eq. (C46).

Finally, we can conclude that the action Eq. (C45) could never be gauge invariant up to boundary terms under gauge trans-
formations which respect Zy, cyclic group structures, hence it is not a legitimate TQFT action. Therefore, A'A?A’A* (014 5 )

is incompatible with A'A%B* (O8% ).
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