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Disentangling the subcycle electron momentum spectrum in strong-field ionization
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Quantum calculations of tunneling in strong-field ionization predict intricate momentum distributions due to
sub-laser-cycle attosecond electron dynamics. These are obscured in most experiments by the dominance of
intercycle interference patterns, which are the hallmark of above-threshold ionization (ATI). Highly controlled
one- to two-cycle laser pulses produce less intercycle interference but cannot accurately recreate the subcycle
features produced by uniform-cycle calculations due to the effect of the carrier envelope of the pulse. We present
a simple and effective technique to recover these subcycle features in experimental multicycle spectra. We time-
filter the momentum distribution to highlight features originating from the interference of electron trajectory
pairs with ionization times less than one field cycle apart. This method removes the ATI patterns and reveals
subcycle interference structures in detail. We can resolve modulations in holographic structures that provide a
reference for comparing with calculations.

DOI: 10.1103/PhysRevResearch.3.023065

I. INTRODUCTION

When an atom or molecule is photoionized by a strong
laser field, the photoelectron undergoes a series of complex
field-driven dynamics [1–10]. Electron vector momentum dis-
tributions obtained using angle-resolving techniques, such as
velocity map imaging (VMI), contain detailed information on
rapidly evolving molecular geometries of the parent [11–13],
holographic structures from the interference of electron tra-
jectories [4–7,10,14–18], and nonlinear electron interactions
with the strong field [19]. Each of these processes can pro-
duce patterns in the spectrum with characteristic features;
however, patterns from different processes usually overlap on
the electron detector, which impedes straightforward analysis.
For experiments in the strong-field ionization (SFI) regime,
where the ionization during each field cycle is significant,
either running parameters such as ellipticity or field shape
must be carefully chosen to emphasize specific dynamics,
or significant analysis must be performed on the observed
spectrum to disentangle these patterns to make the desired
measurement.

A primary way to isolate individual features is to compare
the measured spectrum with quantum SFI calculations. In the
strong-field regime, electron spectra are largely determined by
the phase of the laser field at the moment of photoionization,
and the subsequent evolution in the field. This is known as
the strong-field approximation (SFA) [20,21]. Of particular
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interest for the characterization of the atomic or molecular
target are interference patterns produced by distinct electron
trajectory pairs ending up at the same final momentum whose
ionization times are within a single laser field cycle of each
other. These features are labeled as subcycle, whereas features
produced by electron trajectory pairs ionized at least one full
field cycle apart we label as intercycle. Referring to Fig. 1(d),
electron trajectories resulting from different field cycles are
roughly periodic and change very little between field cycles.
Because interferences due to intercycle trajectory pairs are
dependent primarily on the shape of the laser pulse rather
than any property of the target, they do not encode any new
information about the target, but they still produce additional
undesired features in the momentum distribution [15]. Impor-
tantly, angle-resolved SFI spectra produced by a multicycle
laser pulse contain structures produced from both subcycle
and intercycle interfering trajectory pairs. To mitigate this,
calculations of subcycle features often assume strong-field
conditions that are practically unattainable, such as a few uni-
form strong-field cycles that turn on and off instantly [15,16].
Experiments cannot mimic this. Instead, realizable ultrashort
one- or two-cycle laser pulses include a time-varying field
envelope, which gives rise to a carrier envelope phase (CEP)
parameter that governs the electron dynamics but is absent
from calculations that assume uniform cycles (see Fig. 1)
[22,23]. These pulses generate spectra that do not match
subcycle calculations, despite having eliminated intercycle
features. Thus to complement the ultrashort approach and
more closely produce experimental spectra comparable to
these few-cycle calculations, we require a different approach.

We are interested in subcycle interfering electron trajec-
tory pairs in SFI generated by a standard 30–50-fs multicycle
laser pulse from a commercial Ti:sapphire laser system. This
requires identifying and distinguishing the key features of
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FIG. 1. Comparison of the photoelectron trajectories produced by three distinct 800-nm laser pulses. (a) and (b) show the electric field
of a 2-cycle (∼5.3 fs) pulse and a 15-cycle (∼40 fs) pulse, respectively. The carrier envelope is indicated by the dashed black lines for
each. (c) shows a uniform-cycle laser field pulse. In (a)–(c) the ionization times are plotted as crosses for an electron which ends up at
(p‖, p⊥) = (0.5, 0) on the detector (see text). (d) displays the electron trajectories propagating in each of the laser fields above. Each trajectory
begins at the time of ionization indicated in (a), (b), or (c) and arrives at the same final momentum (0.5, 0). The 15-cycle pulse much better
reproduces the trajectories generated by the uniform-cycle pulse, as the carrier envelope parameter has less of an impact. For simplicity, no
rescattering trajectories are shown.

intercycle dynamics and subcycle dynamics present in multi-
cycle spectra. In the tunneling ionization regime, the primary
intercycle features appear as a comb of above-threshold ion-
ization (ATI) peaks, which are equally spaced by the energy
of the driving laser photons [24,25]. Under ordinary con-
ditions, this comb dominates the momentum spectrum and
frequently obscures patterns generated by subcycle dynamics.
This is most noticeable in the direct ionization regime of the
spectrum below 2Up, where Up is the ponderomotive energy
of a free electron in the laser field [26]. Here, holographic
features resulting from the interference of electron trajectories
after ionization are prevalent [14,15]. These subcycle features
would be far more visible if the ATI contribution to the spec-
trum could be filtered out.

In this paper, we present a time-filtering technique that
effectively eliminates interference patterns from trajectory
pairs ionized at least one field cycle apart, which removes
the energy-periodic background ATI comb in multicycle pho-
toelectron momentum spectra. This suppresses the intercycle
contributions to the spectrum, thus leaving only the subcy-
cle dynamics. Importantly, since we use a multicycle laser
pulse, the resultant spectrum closely resembles that due to
a single cycle of a steady-state laser field [see Figs. 1(b)–
1(d)], which models common SFI calculations more closely
[2,15,16,27–30]. Furthermore, the time-filtering technique is
broadly applicable to angle-resolved SFI electron spectra and
is independent of experimental parameters, making it a sim-
ple tool for extracting subcycle structures from multicycle
data. To illustrate the time filtering, we demonstrate it on a
high-fidelity VMI spectrum of argon gas photoionized with
an approximately 40-fs, 800-nm commercial Ti:sapphire laser

at a peak intensity of 200 TW/cm2. This time-filtering method
reveals features of subcycle ionization that should be of
interest in the study of holography in SFI. All quantities are in
atomic units, unless otherwise stated.

II. EXTRACTING THE SUBCYCLE SPECTRUM

The raw VMI detector image requires several layers of pro-
cessing to reach the effective single-cycle spectrum. The steps
are outlined below and in Fig. 2. The two-dimensional VMI
raw detector image is first calibrated to measure the transverse
momentum of the electrons striking it [31]. The resulting
image is a projection on (p‖, p⊥) of a three-dimensional
Newton sphere of electron momenta (p‖, p⊥, φ) [32]. Here,
p‖ is the momentum magnitude parallel to the polarization
axis of the ionizing field, p⊥ is the momentum magnitude
transverse to the polarization axis, and φ is the azimuthal
angle about the the polarization axis. Since photoionization
with linearly polarized light is cylindrically symmetric about
the polarization (‖) axis, reconstructing just the p‖-p⊥ slice
of the Newton sphere from its full projection is sufficient to
display the full three-dimensional information [33].

Reconstructing this momentum slice begins by symmetriz-
ing the VMI data. Each raw spectrum is centered and rotated,
and four-quadrant symmetry is imposed by averaging each
pixel in the raw image with its counterparts in the other three
quadrants.

The projection is inverted through the procedure of polar
onion peeling [34]. Beginning from the outermost radius of
the raw data, we construct the Legendre decomposition least-
squares fit to the photoelectron angular distribution (PAD)
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FIG. 2. The application of the time-filtering technique to our argon spectrum. Here, we have zoomed into the spectrum to emphasize the
region within 2Up where the filtering has the greatest effect. The red arrows outline the order of the data processing, and the color scale indicates
the normalized photoelectron yield. (a) The top half of the image shows the reconstructed p‖-p⊥ momentum slice from polar onion peeling
[34]. (b) Transforming the onion-peeled spectrum to a polar energy plot yields the top half of the image. In this representation the ATI rings
are equally spaced, the radial axis counts the ATI order, and the x and y axes label the projection of the squared components of momenta as
indicated. (c) The bottom half shows the filtered energy-spaced spectrum as detailed in the text on the same scale. (d) The bottom half shows
the filtered momentum slice on the same scale as the original spectrum. Importantly, for (c) and (d) we note that the time filtering has only
removed the ATI rings, and all other visible structures remain unaffected.

at that radius using the Legendre basis polynomials of even
orders Pn[cos(θ )].

I (θ, pr ) = C0(pr )
∑

neven

βn(pr )Pn[cos(θ )]. (1)

Here, θ is the polar angle about the center of the two-
dimensional slice, and I (θ, pr ) is the PAD fit at the momentum
radius pr . The anisotropy parameters βn(pr ) are defined as
βn(pr ) = Cn(pr )

C0(pr ) , where Cn(pr ) is the nth Legendre coeffi-
cient for the decomposition at pr . In our decomposition, the
maximum Legendre order is set to 42, well beyond the re-
quired angular resolution for holographic predictions in SFI
[15]. We then convolve this fit about the polarization axis
and project the resulting spherical shell back to the image
plane. This generates the projection contribution from that
spherical shell of the Newton sphere. Subtracting this con-
tribution from the spectrum “peels” this shell of the Newton
sphere off the spectrum. Repeating this procedure for suc-
cessively smaller radii yields the fully inverted spectrum
[34–36].

This process generates the momentum slice p‖-p⊥ as a
superposition of Legendre polynomials whose anisotropy pa-
rameters, βn(pr ), are one-dimensional functions of pr . All of
the information in the two-dimensional momentum distribu-
tion is now encoded in a one-dimensional βn(pr ) parameter
for each included order n [33].

At this point in the analysis the subcycle features are ob-
scured by highly prominent ring structures of intercycle ATI
interference [24]. The ATI appears as a comb of peaks in each
order of βn(pr ) spaced by the photon energy of the ionizing
laser, so we transform the spectral grid from momentum to
energy by directly resampling βn(pr ) → βn(Er ). The result
is shown in Fig. 2(b). Since in this spacing the peaks are
periodic, we can take the Fourier transforms of each βn(Er )
[Fig. 3(b)] which contain a sharp peak due to the ATI. The

reciprocal space of energy is time, and in this case the times
are the time differences between two interfering electron tra-
jectories, as highlighted in Fig. 1. We see a large spike at a
time difference of one field cycle, which is consistent with
the ATI forming due to the interference of similar trajectories
from different laser cycles.

In this way we identify that subcycle interference patterns
are encoded in β̃n(t ) as all structures below the time difference
of one field cycle. This suggests that in order to suppress the
effect of intercycle interference features such as ATI rings
we can Fourier-filter βn(Er ). We construct a zero-phase, finite
impulse response low-pass filter, with a cutoff just below one
field cycle to suppress the ATI peak and further intercycle in-
terference features, without affecting any subcycle structures
in the spectrum. A Kaiser window filter is selected to make
the response of the signal maximally flat in the passband [see
Fig. 3(c)]. The result of this filtering can be seen in Fig. 2(c).
Transforming back to momentum spacing returns the original
momentum grid, and the image can be reproduced according
to Eq. (1). The final filtered spectrum does not contain the
ATI interference pattern but does preserve the features that
are caused by subcycle interference in field ionization and
rescattering, as shown in Fig. 4.

Figure 4 resolves interference features in the holographic
regime of the spectrum that are normally obscured by the
ATI rings. Most strikingly, along the spider-leg structures,
which have been studied extensively in the earlier literature
[14,37–41], we identify subtle wiggling modulations. This is
most clearly visible in the first-order spider leg in the range
0.4 < p‖ < 1 and 0.15 < p⊥ < 0.4, though the same modu-
lations can be seen with increasing difficulty at higher-order
legs. Additionally, we can resolve periodic minima along the
polarization axis and each spider leg. Clear observations of
these holographic features can help validate strong-field cal-
culations and lead to a more complete understanding of the
strong-field-driven dynamics that generate them.
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FIG. 3. (a) The β6(Er ) parameter of the spectrum in Fig. 2 pre-
sented in units of the energy of a single photon at the central laser
frequency h̄ωc. [β6(Er ) is depicted as an example of the filtering
method. The other orders are analyzed in an identical way.] Shown
is the same parameter before (blue) and after (orange) time filtering.
Prior to filtering we see the evenly spaced ATI comb quite promi-
nently. After we apply the time filter we see that the filtering only
removes the ATI comb and does not disrupt the underlying shape of
the parameter. (b) The Fourier transform of β6(Er ). The large spike
at t = 1 field cycle is due to the ATI comb. A low-pass filter with
a cutoff (black dashed line) just below this peak removes only the
ATI comb. Below the cutoff, the filtered and unfiltered β̃6(t ) match
very closely. This is achieved by designing a filter that is maximally
flat in the passband. (c) The magnitude response of the low-pass
filter applied to each βn(Er ) parameter. Note the smoothness of the
magnitude response in the passband below the cutoff, which helps
prevent nonphysical artifacts from appearing in the data as a result of
the filtering.

Although we have only demonstrated the time-filtering
procedure using a single VMI spectrum, the idea behind it is
quite general and broadly applicable to momentum-resolved
electron spectra collected in other ways. The key takeaway is
that intercycle interference patterns can be isolated and ex-
tracted through the Fourier transform of the yield of electrons
versus the electron energy, which can be determined from the
momentum spectrum. This Fourier transform describes the
time difference between the ionization times of interfering

FIG. 4. Magnified image of a single quadrant of the filtered spec-
trum shown in Fig. 2(d) on the same logarithmic color scale. The
spider-leg structure, fan structure, and wiggling modulations along
the spider-leg structures are highlighted by dashed lines. Periodic
minima along the polarization axis can also be seen. These modu-
lations are normally obscured by the ATI rings.

electron trajectories, which should hold true for any method
of momentum-resolved electron collection. Here, we outlined
polar onion peeling as our inversion method, which uses the
Legendre basis to construct the PAD fits before inverting to
produce the p‖-p⊥ momentum slice. This too can be general-
ized. Polar onion peeling is advantageous for the time filtering
as it produces one-dimensional, polar anisotropy parameters
which can each be filtered individually to preserve the angular
resolution of the spectrum. However, this can be achieved
for any angularly resolved spectrum by constructing PAD
fits after any desired inversion method and then filtering the
produced coefficients as outlined previously in the text.

III. CONCLUSION

In conclusion, we have presented a procedure to filter out
the ATI comb and other intercycle features in a strong-field
ionization spectrum, to more clearly reveal the underly-
ing subcycle features of the strong-field ionization process.
This time filtering is not simply an aesthetic change. The
filtered momentum spectrum shown in Fig. 4 contains holo-
graphic features from subcycle trajectory interferences that
are normally obscured by the ATI rings [15]. These subcycle
interferences revealed by the filtering merit significant fur-
ther study and should help to validate holographic models in
strong-field ionization.
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[30] D. B. Milošević, G. G. Paulus, D. Bauer, and W. Becker, Above-
threshold ionization by few-cycle pulses, J. Phys. B: At., Mol.
Opt. Phys. 39, R203 (2006).

[31] D. A. Dahl, SIMION 3D Version 6.0 User’s Manual, Technical
Report INEL-95/0403-Rev.4, Idaho National Engineering and
Environmental Laboratory (1995) .

[32] A. T. J. B. Eppink and D. H. Parker, Velocity map imaging
of ions and electrons using electrostatic lenses: Application
in photoelectron and photofragment ion imaging of molecular
oxygen, Rev. Sci. Instrum. 68, 3477 (1997).

[33] K. L. Reid, Photoelectron angular distributions, Annu. Rev.
Phys. Chem. 54, 397 (2003).

[34] G. M. Roberts, J. L. Nixon, J. Lecointre, E. Wrede, and J. R. R.
Verlet, Toward real-time charged-particle image reconstruc-
tion using polar onion-peeling, Rev. Sci. Instrum. 80, 053104
(2009).

[35] M. J. J. Vrakking, An iterative procedure for the inversion of
two-dimensional ion/photoelectron imaging experiments, Rev.
Sci. Instrum. 72, 4084 (2001).

[36] G. A. Garcia, L. Nahon, and I. Powis, Two-dimensional charged
particle image inversion using a polar basis function expansion,
Rev. Sci. Instrum. 75, 4989 (2004).

[37] D. D. Hickstein, P. Ranitovic, S. Witte, X.-M. Tong, Y.
Huismans, P. Arpin, X. Zhou, K. E. Keister, C. W. Hogle, B.

Zhang, C. Ding, P. Johnsson, N. Toshima, M. J. J. Vrakking,
M. M. Murnane, and H. C. Kapteyn, Direct Visualization
of Laser-Driven Electron Multiple Scattering and Tunneling
Distance in Strong-Field Ionization, Phys. Rev. Lett. 109,
073004 (2012).

[38] X. Gong, P. He, Q. Song, Q. Ji, K. Lin, W. Zhang, P. Lu, H.
Pan, J. Ding, H. Zeng, F. He, and J. Wu, Pathway-resolved
photoelectron emission in dissociative ionization of molecules,
Optica 3, 643 (2016).

[39] M. Möller, F. Meyer, A. M. Sayler, G. G. Paulus, M. F. Kling,
B. E. Schmidt, W. Becker, and D. B. Milošević, Off-axis low-
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