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Thermodynamic uncertainty relation for systems with unidirectional transitions
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We derive a thermodynamic uncertainty relation (TUR) for systems with unidirectional transitions. The
uncertainty relation involves a mixture of thermodynamic and dynamic terms, namely the entropy production
from bidirectional transitions, and the net flux of unidirectional transitions. The derivation does not assume a
steady state, and the results apply equally well to transient processes with arbitrary initial conditions. As every
bidirectional transition can also be seen as a pair of separate unidirectional ones, our approach is equipped with
an inherent degree of freedom. Thus, for any given system, an ensemble of valid TURs can be derived. However,
we find that choosing a representation that best matches the system’s dynamics over the observation time will
yield a TUR with a tighter bound on fluctuations. More precisely, we show that a bidirectional representation
should be replaced by a unidirectional one when the entropy production associated with the transitions between
two states is larger than the sum of the net fluxes between them. Thus, in addition to offering TURs for systems
in which such relations were previously unavailable, the results presented herein also provide a systematic
method to improve TUR bounds via physically motivated replacement of bidirectional transitions with pairs
of unidirectional transitions. The power of our approach and its implementation are demonstrated on a model for

arandom walk with stochastic resetting and on the Michaelis-Menten model of enzymatic catalysis.
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I. INTRODUCTION

The last three decades have seen significant progress in our
understanding of out-of-equilibrium systems and processes.
The celebrated fluctuation theorem replaces the inequality
of the second law by an equality that connects the ratio of
probabilities of symmetry-related realizations to thermody-
namic quantities [1-7]. This important result has shown the
usefulness of assigning a thermodynamic interpretation to
single realizations of an out-of-equilibrium process. A the-
oretical framework, termed stochastic thermodynamics, was
built around this idea [8,9]. Stochastic thermodynamics is well
suited to describe single molecule experiments of molecular
motors and machines that operate while being immersed in
liquid environments [10].

One of the intriguing results in the field is the thermo-
dynamic uncertainty relation (TUR) [11-13]. The TUR is a
bound involving the mean value of a fluctuating current J,
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its variance var[J7], and the average entropy production X1
accumulated up to time 7. In steady state, it takes the form

var[J7] 2
- - 2 R
(J7)? P

in units where Boltzmann’s constant is set to kg = 1. Loosely
speaking, the TUR reveals that beyond a certain threshold,
variance reduction, or increased precision, can only be ob-
tained at the expense of increased dissipation. The TUR can
be used to obtain bounds on the entropy production of a
system without the need to know specific details about its
structure [14]. The TUR was first suggested by Barato and
Seifert [11], based on the study of several models, and it was
then derived using large deviation theory [12]. The simplicity,
appealing physical interpretation, and generality of the TUR
have led to many extensions and related results [15-34]. Two
mathematical approaches were used to derive the TUR and its
generalizations. The original proof was based on the large de-
viations formalism [12]. An alternative approach, based on the
Cramér-Rao inequality, has been used to rederive the TUR and
related results [35-37]. This information theoretic approach
will also be used below. Falasco et al. have presented a novel
approach that unifies and generalizes many TURs [38].

To date, work on the TUR was mainly focused on systems
that are in steady state with some notable exceptions [38—43]
(see also [13] and references therein). The inability to describe
fully time-dependent processes was a major limitation of the
theory. This serious gap in the theory was only closed very
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recently. In [44], Liu et al. derived a TUR that is valid for
systems with arbitrary initial states, and is thus applicable for
finite-time relaxation processes. While this paper was being
written, Koyuk and Seifert presented a TUR that applies for
processes with time-dependent rates [45]. These two works
significantly extend the applicability of TURs.

There is still a class of systems for which the TURs do
not apply, namely systems with unidirectional transitions.
Here, a unidirectional transition is one that has a finite rate
R;; > 0, while its reversed counterpart is forbidden, namely
R;; = 0. Systems with unidirectional transitions are less stud-
ied since much of stochastic thermodynamics is built upon
local detailed balance, which can hold only for bidirectional
transitions. Thus, it is not surprising that only a few papers
were devoted to the stochastic thermodynamics of systems
with unidirectional transitions [46-54].

Nevertheless, there are many instances in which one is
interested in physically relevant models that include unidi-
rectional transitions. These may appear as an idealization
of a process whose inverse rarely occurs on a relevant
timescale, or because they are meant to represent exter-
nally controlled events such as resetting (to be described
below). As relevant examples consider the total asymmetric
simple exclusion process (TASEP) [55], driven dissipative
systems, e.g., the inelastic Lorentz gas [56], directed perco-
lation in liquid crystals [57], and the decay of an atom via
spontaneous emission [58]. Such irreversible transitions also
occur in cytoneme-based morphogenesis [59], motor-driven
intracellular transport [60], backtracking recovery in RNA
polymerization [61], and in models of population dynam-
ics [62] and queuing [63] where irreversible transitions are
manifested as catastrophes. Unidirectional transitions are also
used to model chemical enzymatic reactions, in particular the
catalytic process [64—66]. Quite ubiquitously, they also appear
in discrete models of first-passage problems [67].

A particular set of unidirectional transitions that has re-
cently drawn considerable attention arises in systems with
resetting. There, upon resetting, the system is returned to a
predetermined state. Stochastic resetting was studied in con-
nection with random search processes. Interestingly, it was
found that the addition of resetting can reduce the mean time
taken to complete the search, due to elimination of realizations
with extremely long search completion times. This seminal
result has led to an extensive research effort focused on the
properties of stochastic resetting systems [68—83]. In addi-
tion, resetting was recently realized experimentally [84,85].
We refer to [69] for an extensive review of the subject. In
stark contrast, to date only a few papers have been devoted
to the stochastic thermodynamics of resetting. Fuchs et al.
used stochastic thermodynamics to give a consistent thermo-
dynamic interpretation of resetting processes [46] and derived
the first and second law for them. Stochastic resetting sys-
tems were also shown to satisfy integral fluctuation theorems
in [47]. Recently, universality of work fluctuations followed
up by the validation of the Jarzynski equality was studied for
a stochastic resetting system [48]. Yet, a TUR for systems with
stochastic resetting—and more generally for systems with
unidirectional transitions—is still missing.

In this work, we present a TUR for systems with uni-
directional transitions. Our derivation is motivated by, and

follows closely, the approach of Liu et al. [44], but never-
theless extends it in two important aspects. First, we modify
the original derivation to apply to unidirectional transitions.
In addition, we also allow for non-current-like observables,
such as the time spent in different states. Interestingly, the
TUR we obtain includes a mixture of thermodynamic and
dynamic contributions. Specifically, the entropy production
term in the familiar TUR is replaced with a linear combination
of the entropy production due to bidirectional transitions and
the total flux (or activity) of the unidirectional transitions. The
TUR we derive can be applied to bound the fluctuations of
a diverse set of observables in various different setups. To
illustrate the versatility of the formalism, we will demonstrate
its power in and out of steady state. We will also show how the
freedom to treat bidirectional transitions as pairs of separate
unidirectional transitions gives rise to a systematic, and phys-
ically motivated, method to improve bounds on fluctuations
and make them tighter.

Our paper is organized as follows. In Sec. II we present
the models that will be studied, namely Markovian jump pro-
cesses with a combination of unidirectional and bidirectional
transitions. In Sec. III we generalize the derivation of Liu
etal. [44] to systems with unidirectional transitions. In Sec. IV
we present two applications of the TUR. The first is for the
number of resetting events in a stochastic resetting system
that is in a steady state. The second is for the probability to
complete an enzymatic catalytic process by a certain finite
time. We conclude in Sec. V.

II. MODEL AND SETUP

We consider systems whose dynamics can be modeled as
a Markovian jump process on a network with a finite number
of states, N;. The physical properties of the system are deter-
mined by the connectivity of the network and the dependence
of the transition rates on physical parameters. Let us denote
the rate of the transition from state j to i by Ki(]‘?‘)(t). Here, o is
an index that is used to distinguish between several physically
different transitions that occur between the same two states,
e.g., due to coupling to different temperatures or particle
reservoirs. The principle of microreversibility states that if
Ki(;‘) > (, then also K (.f‘) > 0. In stochastic thermodynamics, it
is also common to demand local detailed balance, for instance
kP _ E;—F 2
K(a) —CXP[IBO,( i i)]’ ( )

Ji

where E; is the energy of the ith state. The principle of local
detailed balance is based on the assumption that the transition
is coupled to an environment that is in equilibrium with an
inverse temperature B,. The condition (2) is needed for the
model to be thermodynamically consistent. Equation (2) is
just an example for local detailed balance in a process where
energy is exchanged. It should be modified if the transition
involves an exchange of particles, or an externally applied
nonconservative force. A thorough discussion of local detailed
balance can be found in the review of stochastic thermody-
namics by Seifert [9]. In what follows, we will use the term
bidirectional transitions to refer to transitions like the ones
described above.
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FIG. 1. An example for a graph representing a Markovian jump
process. The model has four states, with five bidirectional transitions
connecting them. These transitions (e.g., K;;)’ Kb(l)) are denoted by
double-headed arrows. Note that states a and b are connected by two
distinct transitions with different rates (e.g., Ka(;) and K;Z)). These
are assumed to have a different physical origin. The transition from
state b to d (denoted by R;;) is unidirectional, and is represented by
a single-headed red dashed arrow.

In addition to bidirectional transitions, we further allow
unidirectional transitions between states. These are denoted
by rates RE}’) > (0, with a reversed transition whose rate

vanishes, R;ﬁ') = 0. Here, y makes a distinction between uni-
directional transitions, which occur between the same two
states but are of different physical origin. Clearly, such tran-
sitions violate microreversibility and local detailed balance.
We intentionally use different symbols for bidirectional and
unidirectional transitions, since distinguishing them will help
clarify many of the subsequent calculations. We note that
while the distinction between unidirectional and bidirectional
transitions is meant to represent properties of the model of
interest (such as processes that almost never occur), there is
nothing that prevents one from formally viewing a bidirec-
tional transition as a pair of unidirectional ones. This freedom
will be used later to clarify some aspects of the approxima-
tions that allow us to treat transitions as unidirectional.

It is often convenient to depict a Markovian jump process
as a graph, as is done in Fig. 1. The nodes of the graph
correspond to the states of the model, whereas the links denote
the allowed transitions. The net rate of transitions from state j
to state i is

Ty =Y KX+ RY@). 3)
o %
It is also useful to consider the escape rate out of state j,
Ny
Ai(t) = =Tj(t) =Y Ty(). )
i=1
i#J

The probability to find the system in each state evolves ac-
cording to a master equation,

dP
— =TP, 5
7 &)

where P(#) denotes a vector containing the probabilities to
find the system in the different states at time ¢, and the matrix
elements of T are given in Egs. (3) and (4).

If we follow the state of the system as a function of time,
we will observe a realization, or a history, of the process.
Each history is characterized by a list of states the system
was in, and the transitions the system made to pass be-
tween them. An example for such a history is w = (ip, fp =
0;i1,t1, &30, 1, &5 . 3 in, y, & < T), where the transition
from i;_; to i; happened at time #. Here £ is an index that
identifies the transition that has taken place. It will point out
to a bidirectional transition if it matches one of the «’s, and
to a unidirectional one if its value matches one of the y’s
that are allowed for this transition. Such histories (possibly
coarse-grained) are observed in single molecule experiments
on certain molecular motors and machines. To understand
such stochastic processes, we should consider all possible
histories with a given final time, 7, and their probabilities.
Note that this family of histories includes ones with different
numbers of transitions, zn. Let us say that we are interested in a
physical quantity F[w] that can be calculated for each history
. With the help of the probability density P[w] of histories,
we can discuss its mean value (F) and its fluctuations. In the
following, we will need to consider both time-independent
and time-dependent processes. We start by examining the
simpler time-independent case.

For systems with time-independent transition rates, we can
characterize each history by the number of times each bidirec-
tional transition was made, which is given by

nlwl =Y 8, 8ii Sas (6)
=1

and equivalently for unidirectional transitions. Another rele-
vant quantity is the time spent in each state (i.e., the residence
time) during such a history,

ulol =) 8 it —1). (N
=1

Here we use the convention that #,,; = 7T, or equivalently
T, [w] =T —t,, to write Eq. (7) in a more compact form.
This should not be taken to mean that there is a transition
at t,.1 = 7. The probability density of the history w is then
given by [9,47]

Ny
Plw] = P,(0) exp <— Z A Ti[w])
i=1

X exp Z nf‘;‘)[w] In K;f‘) exp Z n;}/)[a)] In R;}/) ,

i, j,o iLjy
i#j i#]j
(3)
where P, (0) is the initial condition. The sum ) i Xij =
i#j
21}’;1 va‘: , Xij is a compact way of writing the sum over
i

all transitions (ordered pairs of states). In what follows, we
adopt a notation in which the top subscript in a summation
symbol denotes the variables being summed, while the bottom
subscript gives additional restrictions, such as i # j ori > j.
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For processes with time-independent rates, the physical
quantities we will be interested in are given by functionals
of the form

Flo) = Z gitlol+ Y dOn @+ 3 ¢ n o],
i, j,a iy
_’_) i#j it

residence time

bidirectional jumps unidirectional jumps

®

where g;, dl(j“), and c(y) are parameters that can be chosen so
that F can describe dlfferent physical quantities. The first term
in Eq. (9) measures quantities related to residence times. The
second term quantifies the contribution of bidirectional tran-

sitions. Here often one demands that dlf]‘?‘) is antisymmetric,

namely that d;; @ — —d; ) The reason is that many physical
quantities, 1nclud1ng varlous currents, and entropy production
are obtained from antisymmetric d;;. The derivation of the
TUR below utilizes this requirement in order to make a

J

connection with the entropy production of bidirectional tran-
sitions. The last term in Eq. (9) gives the contribution from
unidirectional transitions. Consequently, c; (y) need not be an-
tisymmetric.

For time-dependent processes, the form of the probability
density of histories and the functionals are more cumbersome
as they depend on the values of the rates over the entire history
course. In this case, it is convenient to define

Xi(t) = Sw@,is (10)

which is an indicator function that attains the value 1 if the
system is in state 7 at time 7, and O otherwise. We also use

n
AW =D 8, 8. 85,8t — 1), (11)
I=1
which is a sum of Dirac § functions at the times that match
the bidirectional transition j — i, via the o channel, and
equivalently for unidirectional transitions via the y channel.
Using these, the probability density of a history w in a time-
dependent process can be written as [9,47]

Plo(t)] = P, (0) exp —/ dt Z M) i) = Y A OIK @) = > a O mRY @) | | (12)
0
i, jo Lj.y
i#j i#j

The probabilities of histories are normalized such that ) Plw

] = 1, where the sum over histories should be understood as

a sum over the number of transitions and integration over all the intermediate times. We note that the ensemble average over the

histories of x;(¢) is the probability to be at state 7 at time ¢,
(xi() =
w(t)

Similarly, we have

i) =

> Plo)l8u.i = Pi). (13)

K 0)P;(1), (14)

which is the flux through channel « of bidirectional j — i transitions at time ¢, and equivalently for unidirectional transitions
via the channel y. For time-dependent processes, one may consider more general functionals of the following form:

Flo] = f dt § giOxi )+ Y dOR @+ Y 0@ | (15)
0
i,j,o iy
i#j i#]j

This expression allows us to consider time-dependent weights ¢;(t) and counting fields d;;(t), ¢;;(t). In what follows, we will
mostly be interested in systems with time-independent rates and physical quantities that are described by the time-independent
functional in Eq. (9). Note, however, that the derivation of the TUR requires us to also consider time-dependent extensions of

the dynamics, and we will therefore need to use Egs. (12) and (15) as well.

Consider the mean value of the functional, F(7T) =

(Flw]). Substitution of Eqgs. (13) and (14) in Eq. (15) gives

F(T>=/0 dr Zq,mp(m D dOKS OP )+ Y ' ORTOP0) | (16)
e i
and equivalently
d— = qup O+ Y dPOKSOP; @)+ Y ¢ ORY 0P;(1). (17)
i i
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Equation (16) will be the starting point for the derivation of
the uncertainty relation. It is useful since it does not require
enumerating all the histories of a process. It is therefore a
comparatively easy way of computing the mean value of a
functional, as it only requires the solution of the master equa-
tion and the calculation of a simple integral. An alternative
derivation of Eq. (17) is presented in Appendix A.

III. TUR WITH UNIDIRECTIONAL TRANSITIONS

In this section, we derive a TUR for jump processes with
unidirectional transitions. Our derivation extends the one pre-
sented in Ref. [44] to systems with unidirectional transitions,
and it is similarly based on the Cramér-Rao inequality. Con-
sider a parameter-dependent extension of the dynamics that
is obtained by allowing the transition rates to depend on a
parameter 6. The rates Kl(jag (t) and R(ye (t) are assumed to
depend smoothly on 6, and reduce to the physical dynamics
at & = 0. The physical, or equivalently the original, dynamics
(0 = 0) that we consider will have time-independent rates.
However, the system need not be at steady state since we will
not make any demands regarding the initial conditions.

Although the initial condition, P;(0), is #-independent, the
modified dynamics has a 6-dependent probability distribution

J

Fe(T)=/0 di Zq,<t>m<r)+2d(“>(t)

i, j,o

i#]

of histories, given by Eq. (12) with the 6-dependent rates.
Considering all the possible histories between t = 0 and ¢t =
T, one can view F[w] as a random variable, with probability
density Py[w]. The mean Fy(T) = (Fylw]) and the variance
of this random variable satisfies the generalized Cramér-Rao
inequality [86—88]

[3EJ(T)]2
var [Fyloll > == (18)
where the Fisher information is given by [86—88]
82
)= <892 In Pg[a)]>w. 19)

When 6 = 0, the variance in Eq. (18) is the variance of the
functional F[w] in the physical (original) dynamics. However,
the terms on the right-hand side of Eq. (18) generally do
not offer a meaningful physical interpretation. The derivation
of the TUR consists of identifying a correct parametrization
of the transition rates that results in a physically meaningful
bound. This will be done in the following.

The terms on the right-hand side of Eq. (18) can be
computed using the technique described in Sec. II and Ap-
pendix, albeit for the process with the 6#-dependent rates.
Using Eq. (16) for Fy(T), we get

Kl(,ag(f WPje(t) + Z (y)(t)Rfj’g(t)Pj,g(t) ) (20)
i, j,v
i#j

Taking a derivative with respect to 6 and then taking the limit 8 — 0 gives

Ny

Z e )BRe(t)

i=1

AF(T)
a6

-
= / dt
=0 0

Y f,”()[apf@(” RV +

iy
i#j

a0

K@
+ ) dia )[8’)’9“) K0+ g )]
=0 ija 0=0

i#]

(y)

(r)

119

29 ——P;(t ):| . 21
6=0

The Fisher information can be obtained by substituting the 6-dependent version of Eq. (12) into Eq. (19). This reveals that Z(6)

is the mean value of a functional of the form (20) with

qit) =

(o) _
dij (t) =

() =~

3% hip(t)

o @

L0 23)
902

IR (1) o1
962

013273-5



ARNAB PAL, SHLOMI REUVENI, AND SAAR RAHAV PHYSICAL REVIEW RESEARCH 3, 013273 (2021)

Note that we used the fact that the initial probability does not depend on the parameter 6. As a result, the Fisher information can
be recast as

T & 92,00 K@) R ()
7(0) = /0 di |y ——Pe® =3 Tj; KO Pgt) = > Tj;Rfjg(nP,-,e(m : (25)
i=1 i, j,a ij.y
i# i#j

The expression for Z(6) can be simplified with the help of Eqs. (3) and (4). After a bit of algebra, and taking the limit 6 — O,
we obtain

4 (@) l(]a; (t) ) ,(,y; (t)
I(O):/o ar| 32 POK® T + 3 PRV (@) T . (26)
i, j, o 6=0 ij,y 6=0
i#j i#j

To evaluate the first derivatives in Egs. (21) and (26) at 6 = 0, we employ a small #-expansion. We first note that the
probabilities P; y in Eqs. (21) and (26) are the solutions of the master equation

Po(t) = To(t)Po(t), 27)

where T'y(¢) is the rate matrix built from the 6-dependent rates. Recalling Eq. (5) where I'(¢) is the rate matrix for the original
dynamics, we expand the probability and the rate matrix in Eq. (27) for small 6,

To(t) = T + 60T (t) + 0(6?), (28)
Py(t) = P(t) + 6P (1) + O(67), (29)
To make further progress, we choose the following parametrization for the rates:
K@) =K exp[ov )], v (@) = 9 LN K0 n (30)
R0 =R exp[on) @], wl'0)= O RY) (1) -~ 31)

This parametrization is not the most general that one can construct, but as will be shown, it allows for a choice of parameters
that leads to a TUR with a clear physical interpretation. As a first step, we require that

KOvO P (1) — KOv@ 0P (1) = KOP(t) — KSPi(1) (32)
for every bidirectional transition. Similarly, for the unidirectional transitions we demand

R u()P;(t) = RYPi(1). (33)

Note that Eq. (33) gives ,ul”)(t) = 1, and completely determines the parametrization of the unidirectional transitions.

Equations (32) and (33) mean that the part of the contribution emerging from the first derivatives with respect to 6 is
proportional to the current in the physical dynamics. These conditions will ultimately allow us to recast the numerator on
the right-hand side of Eq. (18) in terms of the mean current associated with F' (plus some corrections). As a result, the small 6
expansion satisfies

I @)P@)=TP@) =P@). (34)
Equation (34) allows us to calculate IP; () with the help of a simple linear-response calculation,
t
Pi(t) = / dr' " T ()™ P(0) = 1P (). (35)
0
As aresult, we have Py () = P(¢) + GtJP’(t) + 0(6?) and thus we can substitute dP"’(t) |9 o= =1tP(t)in Eq. (21).

The condition (32) does not fully determine the form of the transition rates. To determlne v;‘l.")(t), we substitute Eq. (30) into
the expression for the Fisher information (26) to obtain

.
7(0) = / dt| Y (BOKC OO + BOKCOOT) + S0 RYP |. (36)
0 o
L, LJ.y
i>j i
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Following [44], we connect the terms related to the bidirectional transitions in Eq. (36) to the entropy production, which is a
well-known observable in stochastic thermodynamics. Formally, this connection is done by demanding that

K9p
a o 2 o o 2 1 o a l ’(t)
Pi(OK [ 0] + POK v )] =§[Kj<.l. 'Pi(t) — K{'P;(1)] In W (37)
ij J

It was shown in [44] that Egs. (32) and (37) have a unique time-dependent solution, and thus fully determine the parametrization
("‘)(t) One can now substitute Eq. (37) into Eq. (36), resulting in

I(O)—/Tdt L3 K9P0 - KPR 0)]n Wil + 2 RP® —E/Tdto (t)+/TdtJ (1), (38)
= A 2 = (a)P( ) = - 2 B rev 0 unt ’
i i#]

where we have introduced

KP (1)
(1) = Y [K§Pi) — KiPi ()] In —— (39)
o ’ Ki X Pj (I)
L] o J
i>j
as the entropy production rate due to the bidirectional transitions, and
Jui(0) =Y RYP;(t) (40)
i J,y
i#j

as the flux due to the unidirectional transitions. Naturally, ¥, = fOT dt oy (t) is the total entropy produced due to the

bidirectional transitions during the time window 7. In contrast, X, = fOT dt Juni(t) is the total flux (or activity) of the
unidirectional transitions up to time 7. Thus, Eq. (38) can be recast in the following way:

Z(0) = %Erev(T) + Zuni (7). 41)

The physical interpretation of both terms in Eq. (41) is apparent since it is comprised of entropic contributions from the
bidirectional transitions plus the total flux (or activity) from the unidirectional ones.
What is left is to recast | g—o [numerator on the right-hand side of Eq. (18)] in terms of physical quantities. We now focus

on time-independent functlonals assuming that g;, d;; @ and c(y) do not vary during the process. With the help of d;; @ — d(“)
(the asymmetric property) and a substitution of Egs. (32) and (33) into Eq. (21), we find

OFy (T .
2(9 )| / dt Zq,tP O+ Y dOKS P+ YV RYP
o= l ] o j, j’ )4
i#J i#j
+ 2 di (KPP0 — KPRW] + Y ' RYP@) | 2)
Lj.a i Jj.y
i>j i#j

We now note that the rate of change of F (1) = (F[w]) with time can then be written as

j=—= ZP(r)qz + ) PO K + ) PR (43)
i Ly
J#i J#i

where we have used Eq. (17). We now take the time derivative of the above equation and compare terms with Eq. (42). After
some simplifications, we arrive at the following relation:

T d N Ns T
- /O dt[a{tju)} - Zqif’i(t)} — T -3 /0 dt giP(o), (44)
i=1 i=1
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which appears in the numerator on the right-hand side of Eq. (18). Plugging back the Fisher information from Eq. (38) and the
above relation (44) in Eq. (18), the Cramér-Rao inequality takes the form

[THT) =X, T die P )]
fOT dt [%O'rev(t) + Juni(l)]

Equation (45) is the central result of this paper. It is a TUR-like relation that holds for models with unidirectional transitions,
and for arbitrary initial states. Furthermore, it was derived for quite general functionals, which are of the form (9). One can find
bounds on various physical quantities by choosing different values for the parameters g;, cl(.j’.’), and dl.(j‘?‘) of the functional. We
apply this relation to several physically interesting examples in the next section. Before continuing, we note that it is possible to
generalize the bound also for systems that are externally driven. This can be modeled by considering transition rates that depend
on a parameter A (not to be confused with the auxiliary parameter 6) that varies with time. The only change in the derivation

var, [F(w)] =

(45)

above is the appearance of an additional term in d—i, which results in

var,,[F(w)] >

Equation (46) shows some similarities with the TUR recently
derived by Koyuk et al. when there are only bidirectional
transitions [45].

IV. APPLICATIONS

In this section, we explore applications of the TUR in
Eq. (45). We focus on two physical problems that are of-
ten described using models with unidirectional transitions,
namely stochastic resetting systems and models of enzymatic
catalysis. The flexibility of Eq. (45) allows one to apply it to
different stochastic quantities, as well as for different types of
processes. To highlight this flexibility, we apply the TUR to a
steady-state system in the stochastic resetting context and to a
transient system in the context of enzymatic catalysis. In each
of the examples, we obtain a TUR for one physically relevant
quantity that is natural to the problem. Other inequalities can
be derived from Eq. (45) by choosing different functionals.

A. Stochastic resetting systems

Stochastic dynamics with resetting can take place in con-
tinuous space, e.g., as in diffusion with resetting [68], or
alternatively in discrete space by a jump process on a net-
work [46,47,54,89]. The TUR derived in the previous section
is relevant for the latter type of dynamics. To model resetting
in a jump process on a network, one of the states, say i,,
is chosen to be the resetting state. Thus, after each resetting
event, the system is brought back to that state. Since there are
no anti-resetting events, the resetting process is modeled by a
set of unidirectional transitions that point from any state i # i,
to the resetting state i,. We study models in which the resetting
process is Markovian, and we denote the resetting rates by
r; = R;_;. In addition, there are usual bidirectional transitions,
with rates K;;, between the states, and even in the absence
of resetting the system can move stochastically between the
states. Thus, the resulting stochastic dynamics exhibits a com-
bination of bidirectional transitions, associated with a physical
mechanism such as diffusion, and unidirectional transitions
describing outside intervention that resets the system. An ex-
ample for such a system is given in Fig. 2(a). In this model,
one can make bidirectional transitions (or “diffuse”) among

[T~ S8, ) draibo) = f) diigf 2]
fOT dt [%Jrev(t) + Juni(t)]

(46)

(

four states. In addition, the system also undergoes random
resetting events that bring it back to state i, = 2.

Let us consider such a model and record many histories
with the same duration 7. To simplify the considerations,
we assume that the resetting processes are autonomous, with
time-independent rates. We also assume that the system is in
steady state, and we denote its probability distribution by ;.
A natural quantity to study is the number of resetting events
in a realization

Nilwl =) niilol. (47)
ii,
Crucially, this is a functional of the form (9), obtained by
substituting ¢; = d;; = 0 and ¢;; = 1 for i = i, and zero oth-
erwise. The rate of resetting events at steady state j(7") is just
the flux to the resetting state

(Y=Y i = Jui. (48)
i#i,
Thus, the mean number of resetting at steady state is simply
given by (N,) = TJu. Similarly, the steady-state entropy
production rate due to the reversible transitions is also time-
independent and is given by

(@)

K::
_ (@) (o) Ji Tt
Orey = E [K]f‘ T — Ki]f" n_,-] In P (49)
ija ij T
i>j

and hence ¥,y = 7 0pey. The number of resetting events in a
process of duration T therefore satisfies the TUR,

var{N;] 1
> . (50)
TJum‘ 2 Orey + Juni

Equation (50) is obtained from Eq. (45) by substituting the
values of the counting fields and taking into account the fact
that the system is at steady state. We note that when all the
resetting rates are equal, the TUR can be simplified further
since j(T) = (N,) = rZi#_ mi=r(1—m).

To test the inequality (50), we have considered a four-
state Markov network as shown in Fig. 2(a). For given rates,
we simulated the jump process starting from the steady-state

013273-8
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FIG. 2. Bounds on the fluctuations in the number of resetting transitions. (a) A four-state Markov network with bidirectional (double-
sided arrows) and unidirectional (single-sided arrows) transitions. Bidirectional transitions occur between two states while the unidirectional
(resetting) transitions are from state i = 1, 3, 4 to state i = i, = 2. We prepare the system in steady state at time zero and count the total number

(V,) of resetting transitions until an observation time 7 = 10. (b) Demonstration of the TUR (50). Here, the variance of N, (circle markers

2
in red) is plotted against Q = Tli‘} for a given realization of the system depicted in panel (a). To properly test the TUR, we used random
7 Orev TJuni

values for the bidirectional and resetting rates, which were taken from a uniform distribution ¢/(0.01 : 10). For each such set of rates, we have
performed the averaging over 10° stochastic trajectories. As can be seen from the plot, all the results lie above the gray line with slope 1, in
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(a

agreement with the TUR of Eq. (50).

distribution. In each simulation we followed the system for
a duration 7, and we counted the number of unidirectional
(resetting) jumps that took place during this time. Repeat-
ing this process allowed us to calculate the variance of this
random variable. The rest of the quantities in Eq. (50) were
calculated from the steady-state distribution. We then repeated
the calculations for systems with different values of the rates.
These were chosen at random from a uniform distribution
U(0.01 : 10). The results are shown in Fig. 2(b). It is clear that
the inequality (50) is satisfied by all the examples we tested.

B. Enzyme kinetics

Enzymatic dynamics can be modeled as Markovian jump
processes [64—66]. Moreover, such models often include uni-
directional transitions. Figure 3 depicts the canonical example
of Michaelis-Menten kinetics. According to this model, a
substrate molecule binds to the enzyme with a rate ko,. Once
bound to the enzyme, the substrate molecule can either disso-
ciate with rate ko or it can undergo catalysis to form products
with rate k., The kinetic scheme in Fig. 3(a) can be used to
study the dynamics of a single catalytic cycle (essentially a
first-passage problem that is also conditioned on a catalysis
event that occurred at time 07). The kinetic scheme depicted
in Fig. 3(b) is obtained by returning the enzyme to its initial

(a) (b)

kcat
i
on Keat Y kon |
O==0-"-0 0==0
Kogr kors

FIG. 3. A jump process with Michaelis-Menten kinetics. Panel
(a) denotes a scheme with transient dynamics that stops once the
catalytic step has taken place. In panel (b), the catalytic step brings
the system back to the initial state, thereby allowing us to study
consecutive catalytic cycles and the enzyme’s steady state.

state after each catalytic event. It allows one to study the
steady state of the enzyme. This makes the kinetic scheme of
Fig. 3(b) very similar to the resetting systems studied above.
In particular, a random variable that counts the number of
completed cycles in a finite time would satisfy a TUR akin
to Eq. (50). To highlight different aspects of the method, we
instead focus on deriving a TUR for the transient dynamics of
the scheme depicted in Fig. 3(a).

The unidirectional transitions in such models should be
understood as approximations, or idealizations of the real re-
action schemes in certain limits. They are used either because
the reverse transition is so rare that it is never observed, or if an
experiment is stopped once a transition is observed for the first
time. The neglected or ignored reverse transition is needed if
one wishes to quantify the entropy production of that step in
the cycle. However, the popularity of models with unidirec-
tional transitions means that it will be very useful to be able to
apply concepts such as TURs for their dynamics. Utilizing the
theoretical framework developed in Sec. III, we will derive a
TUR for the kinetic scheme depicted in Fig. 3(a). We then
use this simple model to examine the freedom of viewing
a bidirectional transition—here the 1 <= 2 transition—as a
pair of unidirectional transitions. We show that this results in
an additional bound, and we check to see which one is tighter.

1. TUR for a Michaelis-Menten model

The Michaelis-Menten scheme, and many other models of
enzymes, are characterized by n — 1 states that are connected
by bidirectional transitions, and one absorbing state, n. The
system reaches the absorbing state when the enzymatic cycle
is over. The transitions to that state are all assumed to be
unidirectional. We note in passing that models with a more
complex structure of unidirectional transitions can be treated
using this general formalism as well. In particular, here we
will be interested in the following functional:

n—1
Clol = nyilo] = o), (51)
i=1
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where the last equality gives the expression of the functional
for the Michaelis-Menten scheme depicted in Fig. 3(a). This
functional counts the number of irreversible transitions, and it
is therefore similar to the one studied in the previous subsec-
tion. However, in the context of the enzymatic model studied
here, it acts as a random variable which tells us if the catalytic
cycle is complete or not. Thus, C(¢) is an indicator function
that gets the value 1 if the enzyme completed its cycle before
time ¢, otherwise it is zero. Hence, the mean of this observable
is given by

(C(t)) = Pr(cycle completion time < 1) =1 — S(), (52)

where
n—1

NOESIRAD (53)

i=1

is the survival probability and P;(¢) is the occupation proba-
bility at site i at time 7. Similarly, the variance of C can easily
be calculated to give

var(C) = S(#)[1 — S@)]. (54)

The TUR given by Eq. (45) can be readily adapted for the
Michaelis-Menten model and this observable. The accumu-
lated flux of irreversible transitions up to time ¢ is given by

/ dt'Jum@) =1—8@), (55)
0

where we have used the fact that Jy,i(¢) = keatP2(2) = P3 )
for the example studied here. For the Michaelis-Menten
model, the reversible entropy production is given by

konPI (t/)
kotPa(t')

Finally, for this model the current j(7°) in the TUR (45) is the
rate of completing the cycle at time 7, namely j(r) = Ps(t) =
—S8(1). Collecting everything, the TUR for the probability to
complete a cycle at time ¢ can be recast as

1282(1)
rev(t) + 1 - S(t)

The dynamics of the Michaelis-Menten model can be
easily solved. Assuming an initial condition of P;(0) = 1,
P>(0) = P;(0) = 0, one finds

z:rev(l‘) = / dt/[konpl (t/) - koffPZ(t,)] In (56)
0

SO =S®)] = 5 (57)
R

0 —Ar —k
A=k 2 cat
Pe)=[0] + ﬂ A, et
1) A=A g
—As —k
A kca 3 cat
4 Aafke Ay e (58)

As—=Aa\ g,

Here As3 = =ZF2, where o = kop + kofr + kear and A =

V02 — dkonkey are the eigenvalues describing the decay rates
of the probability distribution toward the absorbing state.

The two sides of the inequality in Eq. (57) are depicted
in Fig. 4 for different values of the time, ¢ and the binding
rate ko,. It is clear that the TUR holds for all the parameters
included in the figure. Moreover, both surfaces exhibit similar

Variance

[ Entropic bound

FIG. 4. The TUR for the Michaelis-Menten scheme in Fig. 3(a).
The top meshed surface corresponds to the variance of the random
variable C that indicates whether the cycle is completed by time ¢
[Eq. (54)]. The bottom surface is the lower bound from the right-hand
side of Eq. (57). Here koir = 2 and ke, = 1.

qualitative behavior as the parameters are varied. One should
not use the results of Fig. 4 to deduce that the inequality is
tight. If one examines the ratio of both sides of Eq. (57),
one finds that the ratio is closest to 1 in the region where
the variance is maximal. The model and observable studied
here are quite simple. In particular, the fact that C can only get
two values makes its variance trivially related to its mean. Our
results simply demonstrate the validity of the TUR to models
of enzymes with transient dynamics.

2. Comparison of entropic and kinetic bounds

The simplicity of the Michaelis-Menten model can be used
to illuminate a property of the derivation of the TUR. Namely,
one can choose to treat any bidirectional transition as a pair of
unidirectional ones. If we apply this to the 1 <= 2 transitions
in Fig. 3(a), we find an additional inequality

1282(1)

SO =S5@®)] = S O rl_S0)

(59)

where

San(t) = / At kP () + koot (60)
0

Variance
[ Entropic bound

B Kinetic bound

FIG. 5. Comparison of the entropic and kinetic bounds for the
Michaelis-Menten scheme. The topmost surface corresponds to the
variance of C from Eq. (54). The cyan surface is the right-hand
side of Eq. (57) (called here the entropic bound). The red surface
corresponds to the right-hand side of Eq. (59) (or kinetic bound). All
surfaces are plotted as a function of ¢ and kg, while ko, = 2 and
kea = 1 are kept fixed.
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FIG. 6. One-dimensional representation of the results in Fig. 5 obtained for fixed 7. Panels (a) and (b) show the cross sections for t = 1

and 3, respectively. Here, we set ko, = 2 and ke = 1.

Crucially both Egs. (57) and (59) are valid inequalities. Since
both hold, one should rather ask which one is tighter and
therefore more informative. Intuitively, one expects that this
depends on specific details of the model, and in particular how
close is the 1 to 2 transition to being approximately unidirec-
tional, for instance when the rate ko becomes small. Figure 5
shows a comparison of the “entropic” bound from Eq. (57)
and the kinetic bound from Eq. (59). The upper, meshed
surface is the variance S(¢)[1 — S(¢)], which is plotted as a
function of ko and ¢. The cyan surface is the right-hand side of
Eq. (57) whereas the red surface corresponds to the right-hand
side of Eq. (59). Figure 6 depicts two one-dimensional cross
sections of the surfaces, one at + = 1 and the other at r = 3.

The results in Figs. 5 and 6 show that the tighter bound
depends on the values of model parameters. At large values
of ko the entropic bound is tighter, and in this case a mea-
surement (or calculation) of the variance var(C) will give a
useful limitation of the entropy production and a less restric-
tive one for the integrated fluxes of the 1 <= 2 transitions. In
contrast, at small values of kg the more restrictive bound is
the kinetic one. This behavior can be understood qualitatively
by realizing that the entropy production associated with a 1
to 2 transition blows up when ko — 0. One can apply the
same ideas to the unidirectional 2 — 3 transition. The TURs
in (57) and (59) can be viewed as if they were obtained by
considering a model with bidirectional transitions, taking the
limit of vanishing 3 — 2 rate, and using the (clearly tighter)
kinetic bound for the catalysis step of the cycle.

V. DISCUSSION AND CONCLUDING PERSPECTIVE

In this paper, we have derived a thermodynamic uncer-
tainty relation that can be applied to models with unidirec-
tional transitions. Such models are used to study a variety of
physically relevant processes, including stochastic resetting
systems and enzymatic catalysis, which were given here as
illustrative examples. Interestingly, the TUR turns out to de-
pend on the entropy production of bidirectional transitions and
on the total activity (or flux) of the unidirectional transitions.

The derivation of our main result, Eq. (45), is based on
the Cramér-Rao inequality. The derivation is an extension of
the one given by Liu et al. [44] for bidirectional transitions to
systems with unidirectional transitions. Since the derivation is

not based on large deviation theory, there is no need to assume
that the system is in steady state. Thus, beyond the ability
to describe models with unidirectional transitions, the TUR
obtained here can also be applied to processes that may not be
at steady state, such as a single cycle of an enzyme. This gives
the freedom to examine the possible role of different initial
conditions. An interesting time-dependent TUR was recently
derived by Koyuk and Seifert [45]. However, we note that their
TUR is valid for systems that have only bidirectional transi-
tions, and it is based on a different mathematical approach.

Unidirectional transitions are often regarded as simplifica-
tions, or idealizations, of the real world, since the principle of
microreversibility states that if a transition i — j is possible,
then so isits j — i counterpart. One possible exception to this
rule is resetting, which is viewed as something that is done by
an external agent. One of the problems of models with uni-
directional transitions is that the entropy production of those
transitions is not well defined. Should this affect the useful-
ness of the TUR (45)? In fact, the derivation presented above
helps to clarify some of the aspects of the approximation in
which one describes a transition as being unidirectional, as
explained below.

The derivation of the TUR had considerable freedom. As
discussed in Sec. IV B, a pair of transitions K;; and K;; could
be treated as a bidirectional transition, or as a pair of uni-
directional transitions. This is in fact a general feature of
the derivation, and is not restricted to the Michaelis-Menten
model or to a specific transition. Both choices result in dif-
ferent, but valid, inequalities. The difference appears in the
denominator on the right-hand side of Eq. (45). If the ij
transition is treated as bidirectional, the denominator includes
a term that expresses the entropy production due to this tran-
sition, namely

K;;Pi(1)

Kmm} (D

Zﬁzfmmﬁm—@mmm[

On the other hand, if one chooses a parametrization that treats
the ij transitions as two unidirectional transitions, one finds
an inequality in which the term above is replaced with

uni

Z(ij) = /dt[Kiij(t)+KjiI)i(t)]~ (62)
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It is important to note that both terms are positive, and they
are added to positive contributions from other transitions.

The discussion above points out that many such inequal-
ities are valid, and that the entropy production is not the
only relevant quantity. Which inequality should one use? The
more informative bound is the one that is tighter. Luckily,
finding the tightest inequality can be done by considering each
transition separately. All one needs to do is to compare the
bidirectional entropy production calculated for the i <= j
transition [Eq. (61)] with the sum of unidirectional fluxes of
the same transition [Eq. (62)]. Taking the smaller of the two
ensures a tighter bound overall. We believe that the choice
depends on the details of the process one wishes to study.
If a pair of transitions i — j and j — i are close to being
detailed balanced during the process, one should use the TUR
with £ and obtain a bound involving entropy production
associated with this transition. If instead one of the transi-
tions is very unlikely, the flux-related term EL(I'nJi) is smaller,
and thus the more informative bound will include this term
instead of the entropy production, since it is very large in
such cases. This was made clear in the enzymatic catalysis
example studied in Sec. IV B. Following this argument, it is
helpful to view unidirectional transitions as a limit in which
the rate of the reversible transition goes to zero. In that case,
the entropy production diverges, and a bound that is based on
the entropy production is therefore trivial and noninformative
as it simply states that the variance is positive. Our derivation,
in fact, shows that one can obtain an alternative, and tighter,
bound that involves the net flux of transitions.

Finally, one of the most fundamental properties of the TUR
is that it can be used to obtain bounds on system structure
and properties, such as the entropy production, from experi-
mentally accessible fluctuations of observables. Crucially, this
inference is independent of the model used to describe the
system. Several recent papers demonstrated the usefulness
of this approach in systems with bidirectional transitions. A
bound on the efficiency of a stepping molecular motor was
derived by Seifert in [90]. Calculation of the bound required
only experimentally accessible quantities such as the random-
ness parameter [90] (see also [91]). TUR-based bounds for
different molecular motors were obtained in [92]. Several
recent papers were devoted to understand various aspects of
the estimation of entropy production from TURs [93-96]. We
believe that using the TURSs to infer properties of this type
for systems with unidirectional transitions is an important
and promising application, and that further research in this
direction is required. It will also be interesting to find out
how to effectively use the freedom, shown in this paper, to
choose different parametrizations that result in different but
physically meaningful inequalities for this purpose. We leave
this for future research.
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APPENDIX A: ALTERNATIVE DERIVATION OF EQ. (17)

In this Appendix, we present an alternative derivation of
the expression for the mean value of the functional F[w]. To
this end, let us consider the joint probability

Qi(f, 1) =Y Plolx®slF(@O:0)—f1 (Al
to find the system in state i, and with F(t) = f, at time ¢. This
joint probability has the marginals

Ny
O(f. )=y 0ilf.1) (A2)

i=1

and

Pi(t) = /df Qi(f, 1) (A3)
We wish to write an evolution equation for Q;(f, t). To do so,
we identify the various processes that may change f and i in
an infinitesimal time step between ¢t — dt and ¢. For instance,
the system will be in state i with F[w] = f at time 7 if it was
at i with Flw] = f — ¢;dt at time t — dt and no transition
was made in the time interval d¢. Similarly, if the system was
at state j with Flow] = f — d[(j'?‘) at time ¢ — dt it can reach
state { with F[w] = f by making the j — i transition (via o).
By including all such incoming and outgoing transitions, one
arrives at the following evolution equation:

9Qi(f, 1)

ot

el i\J» o o
= ——Qa(]’: Do) + Z 0;(f —df ). 1)K ()
jj;gi

+ Y 0i(f — V@), ORT (1) = Qi f. HNi(t).  (A4)
iy
j#i

Equation (A4) should be supplemented with the initial condi-
tion

Qi(f,0) = F(0)8(f).

We note that the evolution of the joint distribution of thermo-
dynamic variables such as work or entropy production, and
the state of the system, is commonly studied in the field (see,
for instance, Refs. [6,97-100]). We can now express the mean
value of the functional F as

(AS5)

Ny
Fi)=({F)=)Y. / df fQI(f. D). (A6)
i=1

Taking a time derivative of both sides, we have

dF & 90,(f. 1)
2 =

p (A7)
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Substituting the expression for % from Eq. (A4) into Eq. (A7) results in

dF & 00:(f, 1) (@) @ 2 )
- = ZE /dff =)+ Y_ Qi (f —d 0. )KL @)+ Y 0;(f — @), )R (1) — Qi f, OMi0)

af
J.a
JF#i

v
J#Fi

(A8)

It is not a priori clear what is gained by this substitution, but it turns out that the above expression can be simplified
considerably. This is done by changing the integration variables of the part that is related to bidirectional transitions. After

recasting, we have

> f dffQi(f —d ). Kty = [d}j”(t)Kf,-‘”(t)P,-(z)+ / df/f/Q,-(f’,t)K,-(f‘)(t)}, (A9)
Joi,a RN
j#i j#i

and the terms related to unidirectional transitions can be treated similarly. Substitution of these terms back into Eq. (A8) with

the use of Eqgs. (3) and (4) lead to some cancellations, and we find

_ Z [ars 8Q’(f 00D ity + 3 dP KOO + Y <D ORYOP0)

i

JFL

Next, one employs integration by parts on the first term on the right-hand side of the above expression,

a0;(f,
f dff(—M)qm — FOUF D)

af

f=—o0

(A10)
iy
J#I
f=00
+/df Qi(f. 1) qi(t) = qi(1)P(1), (A1)

where in the last line we have used Eq. (A3). Here we assumed that for any finite time, lim, s, o fQi(f, t) = 0. Finally, collecting

all the terms together in Eq. (A10), we arrive at Eq. (17).
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