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Space-time focusing and coherence properties of supercontinua in multipass cells
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The situation of self-compression and concomitant supercontinuum generation in a multipass cell is analyzed
in numerical simulations. This study focuses on multipass cells that contain a dielectric slab as nonlinear medium
and overcompensate the dispersion of the slab with intracavity dispersive coatings. A 2D + 1 unidirectional
pulse propagation equation is utilized to simulate the pulse evolution through successive passes. We observe a
previously unreported effect of space-time focusing, leading to a pronounced blue shift, similar to what had been
observed in filament compression experiments before. This effect competes with detrimental pulse breakup,
which can nevertheless be mitigated under suitable choice of cavity parameters. We further analyze resulting
coherence properties, in both the time and frequency domains. Our analysis shows highly favorable properties of
multipass cell compression schemes when nonlinearity and dispersion are distributed over as many cavity passes
as possible. This quasicontinuous approach is particularly promising for spectral broadening schemes that allow
for stabilization of the carrier-envelope phase.
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I. INTRODUCTION

Pulse compression is one of the key technologies for the
generation of ultrashort light pulses. Compression typically
relies on dispersion compensation schemes like the Treacy
grating compressor [1]. By combining dispersion compensa-
tion with antecedent nonlinear spectral broadening, the pulse
duration of a pulsed light source can be reduced by a sub-
stantial factor, leading to a concomitant increase of peak
power. First proposed in the early 1970s, such active pulse
compression reached maturity within a decade [2]. Using fiber
grating compressors, compression factors of 100 and beyond
[3,4] were experimentally demonstrated. With the availabil-
ity of shorter input pulses, a number of limiting physical
mechanisms became apparent, including stimulated Raman
scattering [5] and third-order dispersion [6]. As a rule of
thumb, Dianov et al. suggested a minimum possible com-
pressed pulse duration in a fiber-grating compressor of

τcomp[ps] ≈ 0.05
√

τin[ps], (1)

provided an input pulse duration τin [5]. This theoretical limit
has been widely confirmed in subsequent experimental work.
At large compression factors, another issue becomes apparent,
i.e., pedestal formation. As nonlinear spectral broadening and
dispersion compensation are applied in separated steps, their
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effects on the phase do not ideally cancel each other out.
This behavior is contrasted by adiabatic soliton compression
schemes [7] and leads to the formation of satellite pulses and
contrast-limiting pedestal structures [6]. While fiber-grating
compressors are limited to nanojoule pulse energies, pulse
compression schemes were scaled up to millijoule energies
[8,9] with the advent of the hollow fiber compressor [10,11].
By replacing the solid core of a single-mode fiber with a
noble gas, these compressors could effectively eliminate is-
sues with Raman scattering and also mitigated detrimental
effects of higher order dispersion. Nevertheless, limitations
by the steplike application of nonlinearity and dispersion
compensation remained. Consequently, compression factors
still underlie similar limitations as originally found for the
fiber-grating compressor [6]. As a first step to overcome this
problem, multistage hollow-fiber compressors were demon-
strated with compression factors exceeding Eq. (1) by a factor
of 2 [12,13]. Yet, these large compression factors were ac-
companied by fairly prohibitive losses, reducing peak powers
rather than increasing them. Other approaches investigated
self-compression in optical filaments [14,15] and offered
compression of millijoule pulses in a single step. However,
filament compression shows a strong radial dependence of
the compression factor [16], which imposes limitations in
applications. Moreover, filament compression is often accom-
panied by a breakup of the input pulse into two. This pulse
breakup is succeeded by nonlinear diffraction of the trailing
pulse due to plasma effects [17], leading to a poor overall
efficiency of such schemes. Recently, nonlinear multipass
cells emerged as yet another compressor geometry. These
cells consist of a Herriot-like multipass cell [18,19], which
exploits either nonlinear broadening in a gas or a solid dielec-
tric slab inside the cell. If used at a sufficiently large number
of round trips, multipass cells enable some spatial filtering
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action if optics of tightly matched diameters are used. While
this does not reach the potential of hollow-fiber compres-
sors, multipass cells offer clearly a more favorable robustness
compared to optical filaments. This acknowledged robust-
ness has sometimes also been attributed to phase-matching
issues that favor a particular Gauss-Laguerre mode [20,21].
At the same time, when cavity nonlinearity and dispersion
are carefully matched, they also allow for the adiabatic pulse
shaping capabilities of self-compression schemes, similar to
filament compression. To this end, the dispersion compen-
sation can be integrated into the mirror coatings of the cell.
Alternatively, multipass cells can also be utilized for com-
pression schemes with separated nonlinear and dispersive
steps. Moreover, as we discuss below, multipass cells can
exploit space-time focusing effects without detrimental pulse
breakups and plasma-induced losses.

While many issues of the early fiber-grating compressors
can be avoided with modern technology, coherence degrada-
tion imposes an ultimate barrier for any compression scheme
[22]. In particular, for large spectral broadening factors and
broadband spectra, input pulse energy fluctuations on the am-
plified spontaneous emission (ASE) level may already cause
substantial pulse-to-pulse phase fluctuations at the output of
the compressor [23]. As all pulse compression schemes rely
on either static dispersion schemes or shapers with rather slow
update times, it becomes impossible to compress all pulses in
a pulse train anywhere close to their bandwidth limit. This
degradation of interpulse coherence is most pronounced in
photonic crystal fibers with their extremely efficient spec-
tral broadening [24], yet is ultimately expected to appear in
virtually all compression schemes conceived so far. While in-
terpulse coherence is only relevant for applications in the time
domain, a large class of applications requires spectral rather
than temporal coherence of the broadened spectrum. Apart
from frequency combs [25,26], attosecond pulse generation
schemes also heavily rely on a stable carrier-envelope phase
[27,28]. To this end, it is important to evaluate the intrapulse
coherence [29].

In the past 5 years, the idea [30] of pulse compression
in multipass cells (MPCs) has become increasingly popular.
MPC compression comes in two variants. At higher pow-
ers, one typically exploits the nonlinearity of gases; at lower
powers, a dielectric slab is used instead, e.g., a silica plate
[31,32]. Compared with hollow waveguides, MPCs are more
robust and much less sensitive to pointing instabilities. More
importantly, they offer additional control on pulse compres-
sion and spectral broadening through dispersion engineering
and reflectivity adjustment of mirror coatings. MPCs have
been widely employed to realize pulse compression at high
energy. For instance, energies of 4.5 [33], 7.5 [34], 15.6
[35], and 14 μJ [36] have been reported experimentally. The
compressed pulse energy can be significantly increased us-
ing noble gas fills. An argon-filled Herriott cell has been
used for compressing 18-mJ pulses from 1.3 ps to 41 fs
[37]. Lavenu et al. reported compression of 160-μJ, 275-
fs input pulses to 135-μJ, 33-fs pulses in a similar setting,
yet at 150 kHz repetition rate [38]. Pulse compression with
repetition rates higher than 100 kHz and energy larger than
1 mJ has been recently achieved in gas-filled MPCs [39–41].
Among these schemes, self-compression in MPCs attracted

particular attention because no subsequent dispersion com-
pensation is required postcompression. Self-compression
requires net anomalous dispersion in the MPC. The latter can
be most easily obtained by selecting a pump wavelength above
the zero-dispersion wavelength of the dielectric medium [36].
For silica, this requires a pump wavelength above 1300 nm.
Unfortunately, wavelength scaling is not an option with media
that are normally dispersive throughout like the noble gases.
Another option is dispersion engineering of the mirror coating
[42]. Apart from time-domain applications, another important
aspect is spectral broadening [31,43]. In the most extreme
demonstrations so far, a spectral supercontinuum (SC) can be
generated, similar to what was reported in photonic crystal
fibers [23]. While large spectral-broadening factors of 8 [31],
9 [33], and 22 [43] have been reported, octave-spanning SC
and their coherence properties have not been investigated yet.

In this paper, self-compression induced octave-spanning
SC generation is numerically studied in MPCs by launching
high peak powers that exceed the critical power for self-
focusing in silica. Going beyond previous work, we focus on
the physical dynamics of self-compression and the concomi-
tant SC generation by varying the thickness of the inserted
silica plate. The spatial, temporal, and spectral evolution is
investigated for multiple passes through silica plates with
thicknesses of 1, 5, and 10 mm. The resulting coherence
properties are analyzed, in particular with a view on the in-
trapulse coherence of the generated SC. In order to elucidate
possible consequences for carrier-envelope phase stabilization
[27], we investigate phase fluctuations between a fundamental
frequency component and its second harmonic. To this end,
we further analyze the influence of the input pulse contrast, as
this may vary widely between different laser systems.

II. DESIGN OF STATIONARY MULTIPASS CELL

The concept of MPCs dates back to the emergence of
resonators with spherical or aspherical mirrors in early 1960s.
Such cells were originally designed for interferometers [18]
and optical delay lines [19]. MPCs can be regarded as sim-
ilar to laser cavities that enforce or restore an eigenmode of
the cavity if the input beam is not properly mode matched.
This spatial filtering action is beneficial also for their use as
compressor as it avoids beam breakup or the spatial inho-
mogeneities of filament compression. The eigenmode can be
calculated by the ABCD matrix formalism, which is deter-
mined by the radius of curvature of mirror R and distance
of L between two cavity mirrors. When L < R, the waist
radius w0 at the center of the MPC and the beam radius on
the mirrors wm are both small. In terms of nonlinear phase
accumulation, this kind of cavity is most suitable because
of the resulting high nonlinear coefficient and the uncondi-
tionally stable beam size. However, the short length of this
kind of cavity renders input and output coupling difficult. The
limiting case L = R is also known as confocal configuration.
Now w0 is much larger than in the case of L < R, i.e., a
higher input power is needed for obtaining identical nonlinear
phase accumulation. In addition, input and output coupling
become virtually impossible as the beam reaches the identical
position on the mirror after only two round trips, forming a
two-spot pattern on each mirror. While a recent report showed
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FIG. 1. (a) 2D sketch of investigated MPC. (b) Distribution of
beam waist w0 on an L-R map, L = R (white dashed line), w0 =
100 μm (black dots), and best performance parameters chosen for
the simulation R = 195 mm, L = 380 nm (pink dot).

that nonlinear pulse compression can be achieved in a gas-
filled confocal MPC, the constructed 4 f imaging structure is
rather sophisticated, incorporating four concave mirrors [39].
Finally, when R < L < 2R, w0 is decreasing with increasing
L at fixed R. At the same time (w0/wm)2 = 2R/(2R − L),
which means the cavity length approaches 2R, resulting in a
infinitely large value of wm. This condition could be helpful
to increase the damage threshold of the cavity mirrors. When
L = 2R, the beam traveling in the cavity tends to be reim-
aged onto itself in successive round trips. This exact situation
should be avoided in self-compression and SC generation be-
cause of resulting poor spatial homogenizing. In experimental
implementations, L should therefore be slightly shorter than
2R, e.g., as demonstrated in Refs. [34] and [43].

The conceptual setup of the MPC assumed in the following
simulations is shown in Fig. 1(a). The cell consists of two
concave mirrors with diameter D = 50.8 mm and radius of
curvature R. The concave surface oriented toward the center
of MPC is coated by a highly reflective (HR) mirror structure
with anomalous group delay dispersion (GDD). The value of
the anomalous GDD is optimized to overcompensate for the
normal GDD of the silica plate, resulting in a net anomalous
GDD for self-compression. The GDD values of silica plates
and HR coatings are listed in Table I. In the following simu-
lation, we assume perfect components, i.e., highly reflecting
mirrors with 100% reflectivity and smooth dispersion proper-
ties without dispersion oscillations [44]. Moreover, we neglect

TABLE I. GDD (fs2) of optical elements in MPC.

Thickness (mm) Silica plate Mirror coating Net value

d = 10 179 −180 −1
d = 5 89.5 −120 −30.5
d = 1 17.9 −25 −7.1

Fresnel losses at the interfaces of the nonlinear medium. As-
suming standard broadband AR coatings, one can estimate
typical Fresnel losses of <20% for the maximum number of
34 passes and a comparable number for reflection losses. We
therefore conclude that accounting for these losses does not
lead to any qualitative change in the results discussed below.
In a similar fashion, we also neglected dispersive and nonlin-
ear effects of the ambient medium. Even for the thinnest 1-mm
silica plates, air nonlinearity and dispersion are expected to
be an order of magnitude below the respective silica values.
Moreover, if such effects are found to be detrimental, this
problem can either be mitigated by replacing intracavity air
by helium or evacuating the entire cavity [45].

By changing the launched beam angle and its position on
the concave-convex mirror, different numbers of passes and
varying beam waist w0 can be obtained accordingly. For the
10-, 5-, and 1-mm silica plates, the corresponding numbers
of passes are 6, 11, and 34, respectively. The value of w0 is
determined by parameters R and L. The distribution of w0

on the L-R map is calculated by ABCD matrix formalism, as
shown in Fig. 1(b). Within the ranges of vertical and horizon-
tal coordinates, the area covered area by L < 2R exhibits
a symmetrical distribution along L = R. In the regime of
L > 2R, the cavity becomes unstable, i.e., this situation will
be avoided. Therefore, the designed MPC should be slightly
detuned from the stability limit of L = 2R. Here the value of
w0 is chosen as 100 μm. To find the specific combinations
of L and R that satisfy w0 = 100 μm, we marked all values
of 100-μm with black solid dots on the L-R map. We selected
a value of L = 380 mm and a corresponding R = 195 mm,
which satisfies the stationary condition of L < 2R. The oper-
ation point is highlighted on the L-R map as pink solid dot
in Fig. 1(b). A recent theoretical calculation predicted that
strong ionization effects may be triggered for gas-filled MPCs
[46] in close proximity to the stability limit. In this work,
the influence of ionization in silica plates will be discussed
in Sec. IV.

III. PROPAGATION MODEL

In our propagation model, we neglect nonlinear optical
processes outside the silica slab. In particular, we also neglect
nonlinear effects inside the mirror coatings. To numerically
describe the space-time evolution in the silica plate, the
2D + 1 unidirectional pulse propagation equation (UPPE) is
utilized. UPPE was first established by Kolesik et al. [47] to
describe the space-time propagation of few-cycle pulse. This
method was widely adapted by others [48–50]. Compared to
the nonlinear Schrödinger equation (NLSE), the UPPE can
provide a more accurate description of pulse propagation, in
particular, when it comes to extremely short or broadband
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electromagnetic pulses. Moreover, we restrict ourselves to
describing the z propagation with the UPPE as the transverse
size is sufficiently large compared to the wavelength, i.e., the
corresponding paraxial approximation holds. Mathematically,
z propagation is modeled by the UPPE in cylindrical coordi-
nates as [51]

∂zẼk⊥ (ω, z) =ikzẼk⊥ (ω, z) + iω2

2ε0c2kz
P̃⊥(ω, z)

− ω

2ε0c2kz
J̃⊥(ω, z),

(2)

where kz =
√

k2(ω) − k2
⊥ is the z component of the wave

vector with modulus k(ω) = n(ω)ω/c. Here c is the light
speed in vacuum and ε0 is the permittivity of free space. The
UPPE is written in a spectral representation, i.e., it describes
the evolution of the spectrum rather than that of a pulse.
Unlike the partial differential form of the NLSE, the UPPE
is a system of ordinary differential equations for the complex
spectral field Ẽk⊥ (ω, z). However, only the spectral amplitude
Ã, which is related to Ẽ via Ẽk⊥ (ω, z) = Ãk⊥ (ω, z)(ikzz), enters
into the nonlinearity [51]

∂zÃk⊥ (ω, z) = iω2

2ε0c2kz
P̃⊥(ω, z) − ω

2ε0c2kz
J̃⊥(ω, z). (3)

In Eq. (2), P̃⊥(ω, z) is a nonlinear polarization term, including
the instantaneous Kerr effect and the noninstantaneous Raman
effect. This term can be rewritten in the time domain [51]

P⊥(t ) = 2ε0n0n2

[
(1 − fR)I (t ) + fR

∫ ∞

0
R(τ )I (t − τ )dτ

]
,

(4)
where n0 denotes the linear refractive index at pump center
frequency ω0, n2 is the nonlinear refractive index whose fre-
quency dependence is neglected, fR stands for the fractional
contribution of the Raman response, and R(t ) represents a
memory function that describes the Raman effect. Finally,
I (t ) = 2|E |2/(πw2

0 ) is the light intensity [52].
The nonlinear absorption is described by a plasma-induced

current J , which accounts for the average dissipated power
caused by optical ionization. The time-dependent evolution
equation for the plasma current density is [51]

∂J
∂t

+ J
τc

= q2
e

me
ρE, (5)

where ρ denotes the electron density and τc stands for the
average collision time of the electron, qe is the elementary
charge, and me is the reduced electron-hole mass. The real part
of J accounts for plasma absorption, and the imaginary part
represents plasma defocusing. The time-domain evolution of
ρ(r, t ) in Eq. (5) is governed by a rate equation [51]:

∂ρ

∂t
= Wofi(I )(ρnt − ρ) + Wava(I )ρ. (6)

Here Wofi = σKIK denotes the optical field ionization in
multiphoton regime, K = 8 is photon number defined by
mod[Ui/(h̄ω0)] + 1, h̄ is the reduced Planck constant, ρnt

represents the density of neutral atoms, Wava = σ (ω0)I/Ui

represents the rate of avalanche ionization proportional to the
pulse intensity, Ui is the band gap of silica, and σK represents

TABLE II. Simulation parameters used for solving UPPE.

Pulse parameters Material parametersa

Symbol Value Unit Symbol Value Unit

λ0 1.03 μm n2 2.2 × 10−20 m2/W
Pin 17 MW Ui 9 eV
w0 100 μm me 7.8 × 10−31 kg
Iin 177 GW/cm2 τc 1 fs
tF 100 fs ρnt 2.1 × 1028 m−3

Ein 1.8 μJ n0 1.45
f 10 cm fR 0.18

an2 is cited from Ref. [58] and others are cited from Ref. [49].

the cross section of multiphoton ionization

σK �2ω0

9π

(meω0

h̄

) 3
2



(√
2[K − Ui/(h̄ω0)]

)
e2K

×
(

q2
e

16meω0Ui

)K

,

(7)

where 
(x) = e−x2 ∫ x
0 ey2

dy. Equation (7) is a simplified
version of Keldysh theory [53], from which we esti-
mate σK = 3.72 × 10−97 s−1 cm16/W8. σ (ω0) is the inverse
bremsstrahlung coefficient [51]

σ (ω0) = ω2
0τc

n(ω0)cρc

1

1 + ω2
0τ

2
c

. (8)

Here ρc = ε0meω
2
0/q2

e is the critical plasma density. It should
further be noted that we neglect the electron recombination
in Eq. (6) because input pulse width and recombination time
constant (150 fs) [54] are comparable; cf. Ref. [49].

The input pulse is assumed to be Gaussian

E (r, t, z = 0) = √
Iin exp

[
− r2

w2
0

− t2

t2
0

− ik0
r2

2 f

]
, (9)

where Iin is the input light intensity calculated as 177
GW/cm2. Such an intensity is far below the ionization thresh-
old of 10–20 TW/cm2 [55]. Pin is the input peak power, and
t0 and f denote the pulse width and effective focal length,
respectively. k0 = 2π/λ0 is the wave vector at pump center
wavelength. In the following, we always refer to pulse widths
at the full-width at half-maximum (FWHM), tF. For Gaussian
pulses, the conversion relationship between t0 and tF is tF =√

2ln2t0, leading to an input energy Ein = √
π/(4ln2)tFPin.

The initial values of tF and w0 are assumed as 100 fs and
100 μm, respectively. The initial peak power Pin = 3.2Pc,
where Pc is the critical power for self-focusing given by [56]

Pc ≈ λ2
0/(2πn0n2). (10)

The values of Pc and Pin are calculated as 5.3 and 17 MW,
respectively, and the input energy is 1.8 μJ. Other simulation
parameters are summarized in Table II. In terms of numerical
implementation, Eq. (2) can be transformed from frequency
domain to space-time domain, namely, k⊥ → r and ω → t ,
so that Eqs. (4)–(6) can be coupled with Eq. (2). This process
is accomplished by the Hankel transformation in the radial
domain [57] and an inverse Fourier transformation in the
frequency domain at every z step. The size of the z step is
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FIG. 2. The 10-mm case: (a) Temporal evolution and (b) evo-
lution of pulse duration tF vs accumulative propagation length in
silica. (c) Temporal waveforms at the input (blue) and after 30 mm
(red) and 60 mm (yellow) of propagation. (d) Spectral evolution
and (e) evolution of the spectral width in octave units. (f) Spectral
waveforms at the input (blue) and after 30 (red) and 60 mm (yellow)
of propagation.

automatically adapted by using the ODE45 algorithm that is
built in the software of MATLAB to save computational time.
Simulation results will be discussed in the following section.

IV. ANALYSIS OF TEMPORAL, SPECTRAL, AND SPATIAL
CHARACTERISTICS

We first consider the case of a 10-mm-thick silica slab, as
shown in Fig. 2. The input beam was assumed to experience
six passes in the MPC, corresponding to a total cumulated
length of 60 mm in the nonlinear medium. Figure 2(a) depicts
the evolution of temporal pulse profile at r = 0. At 18 mm
of accumulated propagation distance, the spectrum starts to
rapidly broaden. This finding agrees with the predicted 17.5-
mm value for the self-focusing distance in the Marburger
equation [56]

zs = 0.367zR√
[(Pin/Pc)1/2 − 0.852]2 − 0.0219

, (11)

where zR is the Rayleigh range given by zR = πn0w
2
0/λ. After

initial self-focusing, a collapse of the temporal profile occurs,
resulting in a pulse split, which appears to impose a critical

threshold that must not be exceeded for meaningful applica-
tion of the compression scheme. However, similar to what was
observed in filamentation [16,17], the trailing pulse subse-
quently dies out, and the leading satellite pulse is compressed
to 11 fs, i.e., a ninefold self-compression. In stark contrast
to filament self-compression, though, additional calculations
show that the main peak of the compressed pulse contains
0.97 μJ energy, corresponding to a compression efficiency of
54%.

Figure 2(d) depicts the evolution of spectra at r = 0 as
a function of the accumulated dispersive and nonlinear ef-
fects in silica. The spectra appear gradually broadened due
to various nonlinear effects including self-phase modulation,
self-steepening, and the Raman effect. The spectral width is
measured in octaves, as defined by �ν = log2(λmax/λmin),
where λmax and λmin are the longest and shortest wavelengths
at a given level, respectively. In experimental work on super-
continua, one typically uses a −40 dB level [59], dictated by
the dynamic range of optical spectrum analyzers. The evo-
lution of the spectral width in Fig. 2(e) is roughly inversely
correlated with the evolution of the pulse width in Fig. 2(f)
and exceeds the octave after 5 cm of accumulated propagation
in silica. The resulting λmax and λmin after 5 cm of propaga-
tion are 1.52 and 0.72 μm, respectively, corresponding to an
eight hundred nanometer bandwidth. Considering the initial
spectral width of 57 nm, we observe spectral broadening by a
factor 14. Nevertheless, the influence of plasma induced by
optical ionization is found negligible; i.e., the largest elec-
tron density ρ at the self-focusing distance is estimated as
1012 cm−3. This value is substantially lower than the required
electron density (>1018 cm−3) for a plasma-induced pulse
collapse [60].

To improve the compression factor, the output position
needs to be carefully chosen. To this end, a thinner silica
plate with d = 5 mm is considered in the following. The
GDD of the mirror coating is decreased to −120 fs2 per pass
accordingly. The number of total passes is increased to 11
in order to accumulate sufficient nonlinear phase. Simulation
results for this case are shown in Fig. 3, again both in the time
and frequency domains. Temporal self-focusing still kicks in
at 18 mm, as shown in Fig. 3(a). Subsequently, one can see a
similar scenario as for the 5-mm case [3(c)]. The pulse splits
into two, with an initially stronger trailing satellite, which
eventually disappears and gives way to a compressed leading
one with a duration of only 6.6 fs, corresponding to only 1.9
optical cycles. The energy contained in the latter is calculated
as 0.5 μJ, indicating a compression efficiency of 28%, which
is again much higher than typically observed in filament
compression. The concomitant spectral evolution is shown
in Fig. 3(d). While the final compressed pulse duration is
shorter in the 5-mm case, the octave coverage appears slightly
reduced; compare Figs. 3(e) and 2(e). We further noticed that
the spectra of the 5-mm case appear to be blue shifted with
respect to the 10-mm case, which is indicative of a stronger
influence of self-steepening. In filamentation, one often sus-
pects plasma effects behind this blue shift [61]. However, the
maximum electron density at the self-focusing distance is now
calculated as 3.5 × 107 cm−3, i.e., 11 orders of magnitude
smaller than electron density required for sensible plasma-
based self-steepening action here. We therefore conclude that
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FIG. 3. The 5-mm case: Otherwise identical to Fig. 2. The yellow
trace in panel (f) refers to an accumulated propagation length of only
55 rather than 60 mm.

it is in fact space-time focusing [62] that causes the blue
shift here. This effect can be understood as a self-steepening
effect of the diffraction term in the 2D+1 propagation model
and mostly depends on pulse shortness rather than intensity.
The space-time focusing effect must not be confused with
detrimental space-time coupling effects [38].

In summary, the thinner silica plate effectively leads to a
reduced accumulation of the nonlinear optical phase. How-
ever, space-time focusing still renders the SC octave spanning.
In order to further analyze this trend, we therefore switch
to the quasicontinuous case of d = 1 mm; i.e., we now re-
quire a total of several ten cavity round trips for sufficient
spectral broadening. Simulation results are shown in Fig. 4.
As in the former two cases, self-focusing still takes place at
approximately 18 mm. Compared to the previous two cases,
however, we do not see a catastrophic pulse collapse anymore.
Instead, we observe a rather smooth self-compression process,
leading only to a faint trailing satellite in the time domain. The
pulse duration tF in Fig. 4(b) steadily decreases until about
25 mm. Subsequent variation of tF is comparatively gentle,
which means that no pronounced pulse splitting occurs. The
input 100-fs pulse is eventually compressed to 6.6 fs with
0.6-μJ energy contained in the main peak of the compressed
pulse, as shown in Fig. 4(c). The calculated compression
efficiency is 34%. The spectral evolution along the accumu-
lative silica length is shown in Fig. 4(d). Significant spectral

FIG. 4. The 1-mm case: Identical to Fig. 2, but for the yellow
and red traces in panel (f), which refer to accumulated propaga-
tion lengths of only 15 and 34 mm, rather than 30 and 60 mm,
respectively.

broadening is observed until the accumulative silica length
reaches 25 mm. After that, the spectral width remains almost
unchanged because the nonlinear phase accumulation after the
self-focusing is negligible. This is further verified in Fig. 4(e);
i.e., after 25 mm of propagation, spectral coverage remains
almost constant. Moreover, the cutoff wavelength now further
lowered to 641 nm, which is more than 60 nm smaller than
previously observed [Fig. 4(f)], i.e., the space-time focusing
action further increased. The calculated factor of spectral
broadening is 12.7, and the maximum electron density at the
self-focusing distance is now 5 × 106 cm−3. This value is the
smallest among all three cases considered. These simulation
results further consolidate the previously observed trend of
thinner silica plates leading to a stronger blue shift.

The evolution of the radial field at t = 0 is shown in Fig. 5.
Similar to the onset of spectral broadening, the self-focusing
induced spatial compression happens around 18 mm. The
initial beam size reduces from 100 to about 20 μm, as marked
by a black solid circle in Fig. 5(a). After the nonlinear focus,
some part of the beam is diffracted off in several steps. The
first nonlinear focus results in the initial beam splitting; i.e.,
the central part of the temporal beam profile is diffracted off.
In the subsequent steps, the trailing pulse accumulates losses,
which eventually cause this pulse to die out. These nonlinear
diffraction losses [17] therefore explain the vanishing of the
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FIG. 5. Upper panel: evolution of radial field. Lower panel: evo-
lution of w0 vs propagation length length for (a) = d = 10 mm,
(b) d = 5 mm, and (c) d = 1 mm.

trailing satellite in Figs. 2(b) and 3(b). Moreover, assuming
an initially symmetric split of energy into three pulses, over-
all compression efficiencies near 33% appear plausible. The
beam size w0 in Figs. 5(a) and 5(b) undergoes two refocusing
cycles, with minima at 18 and near 40 mm. The primary
focus coincides with the onset of rapid spectral broadening
and pulse splitting, whereas the secondary refocusing appears
to be correlated with the vanishing of the trailing satellite. We
compute a resulting fluence of 1.8 μJ/[π × (19.3 μm)2] ≈
0.15 J/cm2, which is well below typical damage thresholds
of ≈1 J/cm2 [39]. While the scenario is qualitatively very
similar for the 10- and 5-mm cases, a completely different
quasicontinuous behavior emerges for the 1-mm case; see
Fig. 5(c). Now the evolution is comparatively smooth, lead-
ing to a focusing event at 23 mm, with a single minimum
w0 = 30 μm; i.e., significantly larger than in the previously
discussed cases. This nonlinear focus event is not accompa-
nied by any beam collapse or apparent defocusing of parts of
the temporal profile.

The space-time characteristics are further investigated in
Fig. 6. The input space-time map is assumed to be Gaussian
input in space and time; see Fig. 6(a). For the 10-mm case in
Fig. 6(b), pulse splitting leads to the appearance of multiple
peaks. Both the main and secondary peaks are located on
axis at r = 0, yet at different temporal positions (t = −80
and 45 fs). Off-center components have been stripped off in
the nonlinear focus events. In Fig. 6(b), these off-center com-
ponents form two pronounced rings near zero delay and at
t = 30 fs. In these rings, the intensity maximum appears off

FIG. 6. Space-time map for (a) input pulse and (b) output pulse
for = d = 10 mm, (c) d = 5 mm, and (d) d = 1 mm.

center near r = 100 μm. The formation of such rings becomes
less pronounced in the 5-mm case, cf. Fig. 6(c), and virtually
disappears in the 1-mm case of Fig. 6(d), while spatiotemporal
effects become much less pronounced in the quasicontinuous
case. It needs to be emphasized that spatiotemporal effects
in Fig. 6 remain rather benign. Most of the energy contents
remains in the fundamental Laguerre-Gauss mode LG00, and
only a small fraction is transferred into the next higher LG10

mode by self-focusing. The latter mode experiences additional
diffractive losses due to limited coating diameters. This effect
is difficult to simulate within a 2D+1 code without making
explicit assumptions. Moreover, LG10 content can be stripped
off by external mode filtering, if required. Consequently, it ap-
pears rather straightforward to maintain a high spatiotemporal
coherence, exploiting some additional spatial filtering either
within the multipass cell or external to it.

The nonlinear phase accumulation during the spectral
broadening is measured by the B integral. Here we consider
both the local and the accumulative B integral in order to
clearly see the phase variation over many passes. The local
B integral is calculated over a small number of zs steps,

Bint = 2πn2

λ

∫ Nszs

0

Ppeak (z)

Aeff (z)
dz, (12)

where Ns is the step number, Ppeak (z) and Aeff (z) are local peak
power and effective mode area, respectively, and Aeff (z) =
πw2

0 (z) is calculated from the local beam size. zs is chosen
as 1 mm. The selected zs provides a specific Ns of 66, 55, and
34 for the 10-, 5-, and 1-mm cases, respectively. In contrast,
the accumulative B integral is the superposition of local B
integrals at every step. The calculation results are shown in
Fig. 7. The accumulative B integral increases in a stepwise
fashion at lower values of d , and one can see in the local
B integral that this accumulation occurs in a rather irregular
fashion mostly at the two refocusing events; see Figs. 7(a) and
7(b). In contrast, for the 1-mm case, the nonlinear phase is
accumulated within about 10 mm in a single focusing event;
see Fig. 7(c).
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FIG. 7. Local (dashed dot curves) and accumulative (solid
curves) B integrals for the (a) 10-mm case, (b) 5-mm case, and
(c) 1-mm case.

V. COHERENCE ANALYSIS

One important aspect for applications of a SC is its co-
herence properties. Coherence is traditionally defined in the
time domain; i.e., in the case of an ultrashort pulse train,
one typically refers to the coherence within an ensemble of
temporal envelopes [63]. This kind of coherence is referred
to as pulse-to-pulse or interpulse coherence and is relevant
for temporal compression of individual pulses within the train
close to their respective Fourier limit,

|g(1)
12 (λ, t1 − t2)| =

∣∣∣∣ 〈E∗
i (λ, t1)E j (λ, t2)〉i �= j

[〈|Ei(λ, t1)|2〉〈|E j (λ, t2)|2〉]1/2

∣∣∣∣, (13)

where Ei and E j are subsequent pulse envelopes at delays t1–t2
typically chosen to integer multiples of the inverse repetition
rate of the pulse train. Angle brackets denote ensemble av-
eraging over independent SC pulses. When all pulses in the
ensemble are identical, g(1)

12 ≡ 0, and all pulses in train can
be compressed to identical short duration. For applications
in precision frequency metrology, attosecond science, and
high-field physics, however, a spectral coherence definition
is usually more appropriate as all these applications rely on
coherence between individual modes. The latter coherence is
usually referred to as intrapulse coherence [29]:

CEP(λ) = |〈Ẽ2
i (2λ)Ẽ∗

i (λ)〉|
〈|Ẽ2

i (2λ)Ẽ∗
i (λ)|〉 . (14)

In particular, the form of Eq. (14) is applicable to f -2 f in-
terferometry for carrier-envelope phase (CEP) measurement
and stabilization [27,64]. Here CEP ≡ 1 means that two spec-
tral components are coherent, which provides perfect fringe
contrast in an f -2 f interferometer. In contrast, when CEP

approaches zero, the fringe contrast in the f -2 f interferometer
is decreased, which hampers sensible stabilization. It is im-
portant to understand that both coherence definitions are not

directly correlated; i.e., there can be near-perfect interpulse
coherence without intrapulse coherence and vice versa.

Our previous study revealed an influence of the exact
dispersion profile on spectral coherence [59], emulating a
photonic-crystal fiber scenario. As in the latter, the source
of decoherence effects is actually the buildup of ASE in the
driver laser. Here we adapt this commonly used model to
the design of a MPC. In order to simulate quantum noise in
a realistic manner, we adapt the model from Refs. [59,65],
which also includes noise accumulation within the driver laser
cavity, limiting pulse contrast. To this end, the intracavity
complex field after the kth roundtrip in the laser is modeled
as a coherent pulse and an additional incoherent ASE noise
contribution. Here we define Et = Ec + EASE

k , where Et , Ec,
and EASE

k are the total field, coherent field, and ASE-induced
incoherent field contribution, respectively. Considering the
buildup process of ASE noise, which grows from random
photons, EASE

k gradually grows with round trip. Moreover, an
effective saturable absorber mechanism eventually limits the
growth of the ASE according to

EASE
1 = ERAN

1 ,

EASE
k = √

1 − αEASE
k−1 + ERAN

k . (15)

Here α is the modulation depth of the saturable absorber, and
ERAN

k denotes the complex amplitude random photons that is
added to ASE noise per round trip. The random field modeled
by

ERAN
k =

√
PRANexp(iωkt + iφk ), (16)

where PRAN = γ Pin is the effective peak power of the random
field, γ is the ratio between peak power of random and co-
herent field, and ωk and φk are stochastic variables. In order
to obtain reasonable estimates for γ , the intensity contrast
of a mode-locked laser, i.e., χ , is introduced, which can be
written as χ = α/γ 2 [65]. The value of χ can be measured
experimentally. For example, χ ≈ 107 has been observed for
a Kerr-lens mode-locked Ti:sapphire laser [66]. Subsequently,
we choose three different χ values, namely, 106, 107, and 108

for comparison.
Simulation results are shown in Fig. 8. Here 50 random

inputs EASE
k were employed as an ensemble for each value

of χ . The individually generated SCs and their spread are
represented by the underlying gray curves in Fig. 8, and
the ensemble averages are shown on top of these as red,
blue, and pink curves to represent the 1-, 5-, and 10-mm
cases, respectively. For low ASE contrast values (χ = 106),
intensity fluctuations are clearly discernible in the spectral
wings whereas they nearly disappear at higher contrast levels
(χ = 108). All spectra are truncated at the −60 dB level. The
previously discussed blue shift for short lengths d of silica
is clearly visible in this representation at the low-wavelength
cutoff near 600 nm. This trend affects the interpulse coherence
g(1)

12 in Figs. 8(b), 8(e), and 8(h) as well; i.e., the compressible
part of the spectrum is also blue shifted. Apart from this spec-
tral shift, however, at fixed contrast, the width of the coherent
part of the spectrum (g(1)

12 > 0.9) remains mostly unaffected
when measured in optical octaves. Coherence in the χ = 106

spectra encompasses ≈1.2 octaves, which increases to >1.5
octaves with high ASE contrast input pulses; cf. Figs. 8(e)
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FIG. 8. Coherence properties of the supercontinua as a function of input pulse contrast (columns), with χ = 106, 107, and 108 from left
to right. [(a), (d), (g)] Top row depicts the spectral intensity of the SC and their fluctuations (gray background). [(b), (e), (h)] Middle column:
interpulse coherence g(1)

12 . [(c), (f), (i)] Bottom column: intrapulse coherence CEP. Different curve colors refer to cases d = 10, 5, and 1 mm as
indicated by labeling in the individual subfigure. d = 5 mm and d = 10 mm traces have been offset by one and two ordinate units for clarity,
respectively.

and 8(h). Therefore, all these spectra appear perfectly com-
pressible, at least at the −20 dB level, as noise amplification
induced by modulation instability can be suitably avoided [23]
in the normal dispersion regime.

Intrapulse coherence is depicted in Figs. 8(c), 8(f) and 8(i),
where the wavelength scale has been chosen for the f compo-
nent. In order to exploit the SC for CEP stabilization, one has
to heterodyne a frequency-doubled 2 f component from the in-
frared edge of the spectrum with an f component near the blue
cutoff. This different type of coherence exhibits a similar in-
fluence of the blue shift, yet a much higher sensitivity to ASE
contrast. For χ = 106, high intrapulse coherence can only be
observed in a rather narrow 100-nm interval, which increases
to 400 nm at χ = 108. There is no clear trend concerning
the dependence on d . The best overall intrapulse coherence
is observed for d = 10 mm and χ = 108; the worst at iden-
tical d and χ = 108; cf. Figs. 8(c) and 8(i). This conclusion
can be nearly identically made for the interpulse coherence.
Meaningful application of multipass supercontinua therefore
heavily relies on the ASE contrast of the laser source and is
less susceptible to the exact design of the multipass cell.

To shed more light on CEP-sensitive applications, we ex-
tracted the spectral phase difference between the two spectral
components at λ and 2λ from Eq. (14) using [29]

�φi = arg[Ẽ2
i (2λ)Ẽ∗

i (λ)] = 2φ
(2λ)
i − φ

(λ)
i , (17)

where φ2λ
i and φλ

i are the spectral phases of Ẽi at 2λ and
λ, respectively. After ensemble averaging over Eq. (17), one
yields a constant phase difference of 〈φi〉. Phase fluctuations

amount to

σφ =
√

〈(�φi − 〈�φi〉)2〉, (18)

where σφ essentially measures the fidelity of coherent phase
transfer in the process of SC generation. Therefore, when
σφ ≡ 0, the CEP can be tightly locked. In order to understand
the variation of this fidelity for various values of thickness and
intensity contrast, Eqs. (17) and (18) are numerically solved.
The dependence of σφ on wavelength is shown in Fig. 9.
This consideration essentially confirms the trends discussed
above and leads to similar wavelength ranges that can be used
to establish CEP stabilization with low residual phase jitters
(<100 mrad). For χ = 106, this range encompasses 100 nm
[Fig. 9(a)] and reaches � 300 nm for χ = 108.

VI. CONCLUSIONS

Our numerical simulations indicate a pulse collapse sce-
nario at large values of d , which is mitigated in the
quasicontinuous case of d = 1 mm. Similar collapse mecha-
nisms have been previously observed in filament compression
[17]. As this collapse was often accompanied by large spatial
inhomogeneities, this issue degraded the utility of filament
compression. In contrast, in the multipass cell approach,
spatial inhomogeneities are widely suppressed by the filter-
ing action of the cavity. This filtering action becomes more
effective with a large number of cavity passes; i.e., the qua-
sicontinuous case of short length d is most favorable here.
This case is accompanied by a pronounced blue shift of the
supercontinuum. A similar blue shift also appears in filament
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FIG. 9. Residual phase jitters σφ vs wavelength of the f com-
ponent in simulated CEP stabilization for (a) χ = 106, (b) χ = 107,
and (c) χ = 108. Different traces refer to different values of d as
indicated in the subfigures. Traces for d = 5 mm and d = 10 mm are
offset by one and ordinate units for clarity, respectively.

compression and has often been related to plasma effects. At
the intensity levels considered in this work, one can safely
exclude such effects. We therefore find space-time focusing
effects [62] as the only reasonable explanation for the blue
shift. Compared to filament compression, multipass cells can
therefore exploit the additional spectral broadening due to
the blue shifting without suffering from detrimental plasma
losses, pulse breakups, or spatial inhomogeneities.

In our simulations, the d = 1 mm case stands out as it
provides shortest pulses together with the highest compression
efficiency and best spatial homogeneity. Assuming 100-fs in-
put pulses, we observe an ≈15-fold compression to 6.6 fs.
Given that the compression takes place in a material with
normal dispersion below 1.3 μm, one does not expect any
rapid degradation of interpulse coherence or compressibil-
ity due to input energy fluctuations. These expectations are
widely confirmed in our numerical simulations. However,
these beneficial temporal coherence properties do not auto-
matically allow us to conclude similarly favorable spectral
coherence properties as they are important for CEP stabiliza-
tion schemes. CEP stabilization relies on spectral coherence
of spectral components one octave apart. In particular, when
octave coverage is barely reached, the power levels of these
components in the spectral wings are heavily affected by
pulse energy fluctuations and input ASE noise. As our sim-
ulations indicate, we do not see any clear trend between the
intrapulse coherence and multipass cavity design. Instead,
we see a rather strong influence on the ASE contrast of the
input pulses. It therefore requires pulses of excellent pulse
contrast χ � 108 to avoid detrimental effects in CEP stabi-
lization schemes. Nevertheless, spectral coherence properties
and compressibility are orthogonal aspects, which can be indi-
vidually optimized without overly large interplay. Compared
to other compression schemes, multipass cells display a larger
range of possibilities for optimization and engineering. We
therefore believe that our simulations will enable the design
of multipass compression schemes with superior properties,
which go significantly beyond the capabilities of current
designs.
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