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Non-Hermitian Fabry-Pérot resonances in a PT -symmetric system
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In non-Hermitian scattering problems, the behavior of the transmission probability is very different from its
Hermitian counterpart; it can exceed unity or even be divergent, since the non-Hermiticity can add or remove
the probability to and from the scattering system. In the present paper, we consider the scattering problem of
a PT -symmetric potential, and we find a counterintuitive behavior. In the usual PT -symmetric non-Hermitian
system, we would typically find stationary semi-Hermitian dynamics in a regime of weak non-Hermiticity but
observe instability once the non-Hermiticity goes beyond an exceptional point. Here, in contrast, the behavior
of the transmission probability is strongly non-Hermitian in the regime of weak non-Hermiticity with divergent
peaks, while it is superficially Hermitian in the regime of strong non-Hermiticity, recovering the conventional
Fabry-Pérot-type peak structure. We show that the unitarity of the S-matrix is generally broken in both of the
regimes, but is recovered in the limit of infinitely strong non-Hermiticity.
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I. INTRODUCTION

Non-Hermitian quantum mechanics has attracted a great
deal of attention recently; for a recent review, see, e.g.,
Ref. [1]. Historically, it dates back to the mid-20th century,
when nuclear physicists, particularly Feshbach, introduced the
idea of optical potential [2–4] for the description of nuclear
decay in terms of resonant states with complex eigenvalues in
scattering theory. Feshbach later justified [5,6] the complexity
of the optical potential by means of projection operators,
which we can refer to as a theory of open quantum systems
[7–10] in present-day terminology.

Interest in non-Hermitian systems was revived in the
late 1990s. A tight-binding model with asymmetric hopping,
namely an imaginary vector potential, was introduced in 1996
as an effective model of type-II superconductors, and it was
connected to Anderson localization [11,12]. This stimulated
the theory of non-Hermitian random matrices [13–15].

A model of an oscillator with parity-time (PT ) symmetric
nonharmonic potential was introduced in 1998 in order to
replace the concept of Hermiticity as a condition for the reality
of the energy eigenvalue [16,17]. This triggered experimental
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studies on various effectively PT -symmetric systems, mainly
optical systems [18–25], and the last couple of years has seen
an explosive development of study on non-Hermitian systems
of various types. The study of PT -symmetric systems also
motivated many researchers to generalize arguments on the
symmetry and topology of Hermitian systems [26–29] to non-
Hermitian ones. The non-Hermitian topological insulator has
been studied both in PT -symmetric [27,30–34] and asymmet-
ric hopping models [35–39].

However, a fully quantum-mechanical realization of PT -
symmetric systems has only been partially achieved [40].
In the present paper, we solve the scattering problem of a
PT -symmetric system shown in Fig. 1 from the perspective
of finding a fully quantum-mechanical experimental situation
for detecting signatures of PT symmetry and non-Hermiticity.
The PT -symmetric potential may be materialized by attaching
environmental systems of source and sink, as is suggested by
the studies of optical potential.

A lesson that we can learn from the studies on nuclear
physics performed in the 20th century is that the infinite space
outside the scatterer in a typical potential scattering problem
is in reality terminated by macroscopic neutron injectors and
detectors. Condensed-matter physicists may be more familiar
with the same concept in a different context of the Landauer
formula [41]. The infinite leads substitute the macroscopic
source and drain to measure the electronic conduction of a
microscopic system. In this sense, any realistic experimental
situations are open systems in which macroscopic probes may
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FIG. 1. Schematic illustration of the scattering problem of a PT -
symmetric model considered in the present paper.

be represented by the infinite space and the corresponding
measurements may be described by solving the scattering
problem in an infinite space. This motivates us to study the
scattering problem of a non-Hermitian system from the per-
spective of measuring the conductance of a PT -symmetric
system. The non-Hermitian scattering problem for a PT -
symmetric model has been discussed in different contexts
[42–46].

We find here the following counterintuitive result: (i)
when the non-Hermitian scattering potential is weak, the
non-Hermitian signature is strong in that the transmission
probability continuously exceeds unity and occasionally di-
verges; (ii) when the non-Hermitian scattering potential goes
beyond a threshold, the Hermiticity is seemingly recovered
in that the transmission probability shows a Fabry-Pérot-type
peak structure with all the peaks being less than unity.

To contrast the present result with the standard behavior of
PT -symmetric systems, let us briefly review the solution of a
prototypical PT -symmetric model prescribed by the follow-
ing two-site Hamiltonian:

H :=
(

iγ th
th −iγ

)
, (1)

where th represents the amplitude of hopping between the
two sites, while ±iγ give a pair of two imaginary potentials
compatible with PT symmetry. The spectrum of Eq. (1) is
given by

E := ±
√

th2 − γ 2; (2)

they are both real in the regime of weak non-Hermiticity |γ | <

|th|, which is often called the PT -unbroken phase, while they
are both imaginary in the regime of strong non-Hermiticity
|γ | > |th|, which is referred to as the PT -broken phase. The
Hamiltonian H in Eq. (1) commutes with the PT operator as
in

(P̂T̂ )H (P̂T̂ )−1 = H, (3)

or [H, P̂T̂ ] = 0, where P is the parity operator,

P̂ :=
(

0 1
1 0

)
, (4)

and T̂ is the time-reversal operator, which in the present case
is the complex conjugation. Nonetheless, the eigenstates of
H may not be the simultaneous eigenstates of PT because T
is an antilinear operator [47]. They are indeed the simulta-
neous eigenstates in the PT -unbroken phase, but not in the
PT -broken one; an eigenstate |ψn〉 is parallel to P̂T̂ |ψ〉 in the
former, while the two states are the respective eigenvectors of
the imaginary eigenvalues E = ±i

√
γ 2 − th2 in the latter.

The boundary between the two phases is marked with an
exceptional point |γ | = |th|, at which the two eigenvectors of
Eq. (1) become parallel to each other and the corresponding
eigenvalues coalesce [48]. Note that this is distinctive of non-
Hermitian systems; all eigenvectors would be perpendicular
to each other in Hermitian systems even when the eigenvalues
are degenerate.

This example demonstrates that a non-Hermitian PT -
symmetric system changes its nature drastically at the
exceptional point |γ | = |th|. To detect the physics of
the exceptional point, however, one would have to connect
the isolated PT -symmetric system to a Hermitian probe. This
motivates us to analyze an open PT -symmetric system shown
in Fig. 1, in which a non-Hermitian model is connected to
Hermitian leads. As we stressed above, we make an observa-
tion here for the transmission probability that is quite opposite
to the one for the system (1). The transmission probability
exhibits strong signatures of non-Hermiticity in the weakly
non-Hermitian regime, while it converges to a familiar Fabry-
Pérot-type peak structure.

We first present in Sec. II a tutorial case of a single on-
site non-Hermitian scatterer in an infinite tight-binding chain,
in which we demonstrate that the transmission probability
indicates the location of the exceptional point, a boundary
between the PT -unbroken phase and the PT -broken phase.
Using the results of the transmission and reflection coeffi-
cients for the single scatterer, we obtain in Sec. III A those
for a PT -symmetric pair of scatterers in the framework of
the Fabry-Pérot-type calculation. We confirm these results in
a more universal framework in Sec. III B. We then describe in
Sec. IV the peak structures of the transmission and reflection
coefficients in terms of the Fabry-Pérot resonance and point-
spectral complex eigenvalues of resonant states. We present
in Sec. V the corresponding results for the continuum model
with a pair of PT -symmetric δ potentials, before concluding
in Sec. VI. We present a brief review in Appendix A for
the point-spectral complex eigenvalues in open quantum sys-
tems, and details of the analytic calculations are presented in
Appendix B.

II. TUTORIAL CASE OF THE SINGLE ON-SITE
SCATTERER iγ: COLLIDING PEAKS AT THE

EXCEPTIONAL POINT

One of our motivations here is to see in an infinite open
quantum system the physics of the exceptional point typical
in the two-site PT -symmetric model (1). It indeed manifests
itself in the following simplest non-Hermitian scattering prob-
lem. We show its solutions for tutorial purposes; we also
utilize them in Sec. III A when solving the scattering prob-
lem of the PT -symmetric scatterer by the Fabry-Pérot-type
formulation.

Let us consider the following minimal but non-Hermitian
scattering problem:

H := th

∞∑
x=−∞

(|x + 1〉〈x| + |x〉〈x + 1|) + iγ |0〉〈0|, (5)

where th denotes the amplitude of the hopping element,
whose sign we do not specify for the moment. The integer x
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specifies a lattice site x = 0,±1,±2, . . .; the lattice constant
a is chosen to be unity. Our scattering potential is an isolated
single on-site scatterer iγ at x = 0, where γ is a real parameter
with its sign not specified for the moment. On each side of
the scattering potential at the origin, the wave function is
presumed to have the form

ψx =
{

Aeikx + Be−ikx for x � 0,

Ceikx for x � 0,
(6)

where ψx is short for 〈x|ψ〉 and k > 0. Then, the continuity of
the wave function at x = 0 reinforces

ψ0 = A + B = C. (7)

Under the boundary condition (6), we solve the
Schrödinger equation

H |ψ〉 = E |ψ〉, (8)

where

|ψ〉 := (. . . , ψ−1, ψ0, ψ1, . . . )t . (9)

Away from the scattering potential x = 0, the Schrödinger
equation gives the dispersion relation

E (k) := 2th cos k. (10)

At x = 0, on the other hand, it reads

th(ψ−1 + ψ1) + iγψ0 = E (k)ψ0. (11)

Together with Eqs. (6), (7), and (10), Eq. (11) gives the trans-
mission probability T (k) of the incident wave in the form of
T (k) := |T (k)|2, where the transmission coefficient T (k) is
given by

T (k) = C

A
= 2th sin k

2th sin k + γ
. (12)

Remarkably, the scattering amplitude T (k) diverges at

k = − arcsin
γ

2th
, (13)

which can occur when |γ | < 2|th|. The reflection probability
is R(k) := |R(k)|2, where the reflection coefficient R(k) is
given by

R(k) := B

A
= −γ

2th sin k + γ
, (14)

and hence it has the same peak structure. Physically, this
divergence in the transmission and reflection coefficients can
be regarded as an electronic analog of lasing [44,49], and
it is due to a resonance pole incident on the real k axis
(cf. the discussion below on discrete eigenvalues under the
Siegert boundary condition). In Ref. [44], this phenomenon is
referred to as resonance state in continuum (RIC), while in the
literature a similar resonance structure has also been called a
spectral singularity [50–56].

For the gain γ > 0, the divergence condition (13) is met
with k > 0, which is a standard assumption in the scattering
problem (6). This divergence realizes a situation of electronic
analog of lasing. For a lossy potential γ < 0, on the other
hand, the same condition is met with k < 0. In this case, the
divergence realizes a situation of coherent perfect absorption
[49,57,58].

Note that in normal crystals, the hopping amplitude is
usually negative: th < 0. However, if we prepare a specific
type of crystal, either electronic or photonic, in which th > 0,
the role of gain and lossy potential is reversed. Under this con-
sideration, we hereafter fix γ > 0 and th < 0 for simplicity.

In Fig. 2, we plot the transmission probability T (E ) as
a function of energy E in the two representative regimes:
(a) γ < 2|th| and (b) γ > 2|th|. In panel (a) [γ = 1.9 with
th = −1] the transmission probability T (E ) shows divergent
peaks at the two values of E (=E1, E2) that satisfy Eq. (13).
The existence of such divergent peaks in T (E ) in this rela-
tively weak γ regime (|γ | < 2|th|) is a strongly non-Hermitian
behavior atypical in Hermitian systems. The two peaks at E1

and E2 get closer to one another as γ approaches 2|th|, they
“collide” at γ = 2|th|, and they transform into a broad peak
after the collision, as shown in panel (b) [γ = 2.1 (th = −1)].
This type of a broad peak of height T (E ) > 1 in the strong γ

regime (γ > 2|th|) is still different from a Hermitian behavior,
but it is less singular than the one in the weak γ regime.

This qualitative change of the behavior in T (E ) at γ =
2|th| is related to the fact that this point falls on an exceptional
point in the parameter space. To clarify this, let us consider
discrete eigenvalues, namely point spectra, of an open system
under the Siegert boundary condition [59,60], that is, we set
A = 0 in Eq. (6) so that there may be no incident wave.
This boundary condition is known to produce all discrete
eigenvalues of open quantum systems, including bound states
and resonant states, which coincide with all the poles of the
S-matrix in general and of the transmission probability in one
dimension [61]; see Appendix A.

In the present case, the Siegert boundary condition signifies

ψ−1 = ψ1 = ψ0eik . (15)

Substituting this into Eq. (11), one can rewrite it as

(thβ
2 + iγ β − th)ψ0 = 0, (16)

where β = eik . To have a nontrivial solution ψ0 �= 0, we solve
the quadratic equation

thβ
2 + iγ β − th = 0, (17)

finding the solutions β± = (−iγ ±
√

4th2 − γ 2)/(2th), which
produce the two eigenvalues in the complex energy plane in
the form

E± = th

(
β± + 1

β±

)
= ±

√
4th2 − γ 2. (18)

Indeed, the divergence condition (13) is equivalent to Eq. (17).
The transmission probability T = |C/A|2 becomes infinite
at its divergence implying A → 0, while under the Siegert
boundary condition, the condition A = 0 is preassigned.

Figure 2(c) shows how the two eigenvalues change in the
complex energy plane as we vary the parameter γ /|th|. When
γ < 2|th|, Eq. (17) has two solutions β+ and β− with their
corresponding eigen-wave-number k± = −i ln β±, which are
both on the real axis. The eigenvalues E± = 2th cos k± are also
on the real axis. Correspondingly, the transmission probabil-
ities T (k) and T (E ) diverge at these values of k or E . When
γ > 2|th|, the two solutions E± become purely imaginary.
Therefore, T (E ) no longer shows a divergence on the real
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FIG. 2. Scattering peaks in the complex potential model (a) be-
fore and (b) after the collision of peaks at the exceptional point;
specifically, (a) γ = 1.9 and (b) γ = 2.1 both with th = −1. (c) The
change of the discrete eigenvalue (18) (thick lines) in the complex
energy plane due to the variation of γ from |th| to 3|th| with th = −1.
The two complex eigenvalues collide at E = 0 in the case of the
exceptional point γ = 2|th|. The dots on the real and imaginary axis,
respectively, correspond to the cases of (a) and (b).

axis on which it is defined. The transmission probability T (E )
instead shows a typical Breit-Wigner peak at E = 0.

The condition γ = 2|th| sets an exceptional point at which
the two real eigenvalues collide and turn into a pair of two
purely imaginary values, as we can see in Eq. (18). The
collision occurs at E = 0 in the complex E plane. In the
complex k plane, the eigenvalues are first on the real axis, they
collide at k = π/2, and they split into a pair k = π/2 ± iκ
with κ > 0.

Before and after the collision of eigenvalues at the excep-
tional point [cases (a) and (b) in Fig. 2(c), respectively], the
nature of the eigenmodes is very different. When γ < 2|th|,
i.e., when the transfer element |th| to the neighboring sites
is large enough, the probability amplitude emitted from the
gain smoothly spreads out of the potential region, forming
two outgoing plane waves, eikx and e−ikx, which are indeed
consistent with the Siegert boundary condition (A1). At the
specific value of k determined by the values of γ and th as in
Eq. (13), these two plane-wave solutions represent the nature
of two poles on the real energy axis in case (a).

On the other hand, when γ exceeds 2|th|, this smooth
spread of the probability amplitude becomes no longer pos-
sible; the relatively small value of th does not allow the
free spreading. Instead, for the eigenvalue k = π/2 + iκ , the
probability amplitude starts to stay in the vicinity of the poten-
tial site, leading to an exponentially decaying wave function
e−κ|x|, i.e., a sort of pseudo-bound-state is formed. The for-
mation of such a bound state (or a peculiar form of resonant
state) is specific to non-Hermitian systems. For the eigenvalue
k = π/2 − iκ , on the other hand, the probability amplitude
spreads slowly, which corresponds to a resonant state with
an exponentially increasing wave function of the form eκ|x|;
note that a resonant state in a Hermitian scattering problem
also exhibits this type of a wave function. In Fig. 2(c), the two
eigenvalues on the imaginary E axis [case (b)], one on the side
of ImE > 0 and the other on the side of ImE < 0, respec-
tively, represent these bound-state-like and resonant states.
The two eigenvalues both contribute to the formation of a
broad finite transmission peak.

In the scattering problem, we consider the transmission
coefficient at real k and E , while the resonant poles in the large
γ regime are off the real axis. As a result, a Breit-Wigner-type
formula [62] for the transmission coefficient holds, leading to
a finite, broadened transmission peak; the width of the peak is
determined by the imaginary part of k or E [cf. Eq. (56)]. This
is contrasting to the case of the small-γ regime in which the
resonant poles are on the real axis, leading to a sharp divergent
peak.

As the nature of eigenmodes evolves from plane-wave-like
to resonant/bound-state-like behavior, the two eigenvalues on
the real axis [case (a)] collide at the exceptional point E = 0
into the ones on the imaginary axis [case (b)]. In the present
model (5), there exists a clear direct correspondence between
this collision of the eigenvalues at the exceptional point and
the drastic change of behavior of T (E ); at the exceptional
point, a pair of sharp divergent peaks also collide and turn
into a broad finite peak.

Let us finally comment on the unitarity of the S-matrix, i.e.,
on the behavior of the sum of the transmission and reflection
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probabilities. Using Eqs. (12) and (14), we have

T (k) + R(k) = 4th2 sin2 k + γ 2

4th2 sin2 k + γ 2 + 4thγ sin k
. (19)

In the standard case of th < 0, the sign of the last term
in the denominator depends on the sign of the parameter
γ because k > 0. Therefore, T (k) + R(k) > 1 if γ > 0 and
T (k) + R(k) < 1 if γ < 0. This is indeed consistent with the
fact that the scattering potential is a source if γ > 0 and a
sink if γ < 0. Anyway, the unitarity of the S-matrix is always
broken: T + R �= 1.

III. SCATTERING PROBLEM OF A
PT -SYMMETRIC SCATTERER

Let us now come to the main point of the present paper and
consider the scattering problem of a pair of on-site scatterers
iγ and −iγ , as is shown in Fig. 1. The model is specified by
the Hamiltonian

H = th

∞∑
x=−∞

(|x + 1〉〈x| + |x〉〈x + 1|)

+ V0|0〉〈0| + VL|L〉〈L|, (20)

where V0 and VL are on-site scattering potentials, for which,
unless otherwise specified, we consider the non-Hermitian
PT -symmetric case: V0 = iγ and VL = −iγ . (We mention
other cases at the end of Sec. IV C.) We also consider the
case γ > 0. The scattering region falls on x ∈ [0, L]. The case
of L = 2 has been studied in Ref. [44]. We can confirm the
PT -symmetry by reflecting the system with respect to the
point x = L/2 and take the complex conjugation. The sign of
th depends on the actual physical setups, as is Sec. II, but we
take th < 0 except where indicated.

We will find the transmission and reflection probabilities
in two ways. We first use a Fabry-Pérot-type formulation in
Sec. III A. We then derive the same formulas by using a more
universal formulation of solving the scattering problem in
Sec. III B.

A. Fabry-Pérot formulas for the transmission
and reflection probabilities

We first assume the incident and reflective waves on the
left of the scattering region, and the transmissive wave on its
right:

ψx =
{

Aeikx + Be−ikx for x � 0,

Ceikx for x � L.
(21)

Our aim is to obtain the transmission and reflection coeffi-
cients, T := C/A and R := B/A.

We try to find the transmissive wave from the left of the
potential +iγ to the right of the potential −iγ as a superposi-
tion of the following: (i) The wave that transmits each of the
two potentials; (ii) the wave that transmits the left potential,
reflects at the right potential, reflects back at the left potential,
and transmits the right potential; (iii) the wave that goes back
and forth between the two potentials twice more; (iv) and
so on; see Fig. 3. More specifically, for an incident wave
of amplitude A at x = 0, we represent the transmissive wave

FIG. 3. The Fabry-Pérot-type calculation of the contributions to
the transmissive wave (the blue lines) and to the reflective wave (the
red lines).

ψL := 〈L|ψ〉 = CeikL in terms of the following infinite series:

CeikL = AT0eikLTL + AT0eikLRLeikLR̃0eikLTL + · · ·

= AT0TLeikL

1 − RLR̃0e2ikL
, (22)

where T0, TL, RL, and R̃0 are elements of the S-matrices for
the potentials ±iγ at x = 0 and x = L; namely, the S-matrix
for the potential +iγ at x = 0 reads

S0 =
(
R0 T̃0

T0 R̃0

)
, (23)

while that for the potential −iγ at x = L reads

SL =
(
RL T̃L

TL R̃L

)
. (24)

We know from the results in Sec. II that

T0 = 2th sin k

2th sin k + γ
, R0 = −γ

2th sin k + γ
. (25)

Since the scattering problem for a single on-site scatterer is
symmetric with respect to the potential, the coefficients due
to the incident wave from the right should be equal to the
equivalent coefficients from the left: T̃0 = T0 and R̃0 = R0.

For TL and RL, we only need to flip the sign of the pa-
rameter γ because the potential there is −iγ instead of +iγ .
Therefore, we have

TL = 2th sin k

2th sin k − γ
, RL = γ

2th sin k − γ
. (26)

According to the same argument for S0, we should have T̃L =
TL and R̃L = RL.

Substituting the expressions in Eqs. (25) and (26) into
Eq. (22), we arrive at

T (k) = C

A
= 4th2 sin2 k

4th2 sin2 k + γ 2(e2ikL − 1)
. (27)

We will find the same expression from the standard way of
solving the scattering problem in Sec. III B.

We can derive the reflection coefficient R in the same way.
In parallel with Eq. (22), we find the amplitude B for the
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reflective wave in the form

B = AR0 + AT0eikLRLeikLT̃0

+ AT0eikLRLeikLR̃0eikLRLeikLT̃0 + · · ·

= AR0 + AT0RLT̃0e2ikL

1 − RLR̃0e2ikL
. (28)

After straightforward algebra, we find

R(k) = B

A
= R0 + RLe2ikLT (k)

= γ (2th sin k − γ )(e2ikL − 1)

4th2 sin2 k + γ 2(e2ikL − 1)
. (29)

We will also find the same expression in Sec. III B.
We can similarly find the transmission and reflection co-

efficients T̃ and R̃ due to the incident wave from the right.
These coefficients have the expressions in which the sign
of the parameter γ is flipped in T and R because the first
potential that the incident wave from the right meets is that of
−iγ instead of +iγ . Since T (k) is an even function of γ , we
easily find T̃ (k) = T (k), but |R| �= |R̃| in contrast; in other
words, our transmission coefficients are reciprocal, while the
reflection coefficients are nonreciprocal. This type of non-
reciprocal transport is possible in a non-Hermitian system
with parity broken but transposition unbroken (for details, see
Sec. 6.1 of Ref. [1]).

B. More universal way of solving the problem

We can solve the potential-scattering problem in the fol-
lowing standard formulation, too. We again assume the form
(21). The Schrödinger equations at the sites x = 0, 1, 2, . . . , L
thereby read

th(ψ−1 + ψ1) + iγψ0 = Eψ0,

th(ψ0 + ψ2) = Eψ1,

· · ·
th(ψL−2 + ψL ) = EψL−1,

th(ψL−1 + ψL+1) − iγψL = EψL. (30)

The remaining equations for x < 0 and x > L simply give the
dispersion relation (10).

We can cast the open set of equations (30) into a closed ma-
trix equation in the following way. In the list of equations (30),
we express the wave-function amplitudes one step outside of
the scattering region, namely ψ−1 and ψL+1, in terms of the
amplitudes inside the scattering region x ∈ [0, L]. Utilizing
Eq. (21), we have

ψ−1 = Ae−ik + Beik = Ae−ik + (ψ0 − A)eik

= −2iA sin k + eikψ0 (31)

and

ψL+1 = Ceik(L+1) = eikψL (32)

because ψ0 = A + B and ψL = CeikL . Inserting Eqs. (31) and
(32) into the first and last equations of Eqs. (30), we arrive at

the closed (L + 1)-dimensional matrix equation

ML

⎛
⎜⎜⎜⎜⎝

ψ0

ψ1
...

ψL−1

ψL

⎞
⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎝

Ã
0
...

0
0

⎞
⎟⎟⎟⎟⎠, (33)

where

Ã = 2iAth sin k, (34)

and an (L + 1) × (L + 1) matrix

ML = HL − E (k)IL+1 = HL − th(eik + e−ik )IL+1 (35)

with HL denoting an effective Hamiltonian matrix

HL =

⎛
⎜⎜⎜⎜⎜⎝

iγ + theik th
th th

th
. . .

. . . th
th −iγ + theik

⎞
⎟⎟⎟⎟⎟⎠

(36)

and IL+1 denoting the (L + 1)-dimensional identity matrix.
Using Eqs. (33)–(36), we can derive the transmission and

reflection coefficients as follows. Equation (33) implies

ψ0 = (
ML

−1
)

1,1Ã, (37)

ψL = (
ML

−1
)

L+1,1Ã, (38)

which read

1 + B

A
= 2ith

(
ML

−1
)

1,1 sin k, (39)

C

A
eikL = 2ith

(
ML

−1
)

L+1,1 sin k. (40)

We can thus obtain T = C/A and R = B/A by finding the two
elements of the inverted matrix ML

−1.
The inversion of the matrix ML involves computation of

matrix determinants by means of recursion equations. The
algebra given in Appendix B produces exactly the same ex-
pressions as Eqs. (27) and (29). We can thus validate the
calculation based on the Fabry-Pérot-type formulation.

IV. CONTRASTING BEHAVIOR OF T (k) AND R(k)
IN THE WEAK AND STRONG γ REGIMES

A. Transmission and reflection probabilities

Figure 4 shows the transmission probability T (k) = |C/A|2
of the system with L = 7, which exemplifies the generic case
of odd L. The behavior is quite different between a region
of weak non-Hermiticity, namely γ < 2|th|, and a region of
strong non-Hermiticity, γ > 2|th|. Note that the critical value
γ = 2|th| corresponds to the exceptional point in the problem
of the single on-site scatterer that we considered in Sec. II.

In the region of weak non-Hermiticity, γ < 2|th|, the trans-
mission probability T (k) (represented by bluish curves) shows
a peak higher than unity. Such behavior is common in a non-
Hermitian scattering problem; in the most prototypical case
of a single isolated on-site scatterer iγ analyzed in Sec. II,
the transmission probability T (k) can not only exceed unity
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FIG. 4. Variation of the transmission probability T (k) for L = 7;
(a) in the weak regime, γ < 2|th| (γ /|th| = 0, 0.5, 1, 1.5, 2), and
(b) in the strong regime, γ > 2|th| (γ /|th| = 2, 2.5, 3, 3.5, 4). The
color bars show the value of γ /|th|.

but can diverge for some values of k at the point that satisfies
Eq. (13). In the present PT -symmetric case, the transmission
peaks are not generally divergent but exceed unity, particu-
larly in the region of weak non-Hermiticity. The divergence
occurs for specific values of γ given in Eq. (47) at the values
of k given in Eq. (48).

In the region γ > 2|th|, on the other hand, the situation is
superficially Hermitian in contrast. The transmission proba-
bility T (represented by greenish curves) still shows peaks, but
their height is bounded by unity, T (k) � 1, which is common
in the Hermitian case. These peaks are consistent with the con-
ventional Fabry-Pérot-type resonances at the wave numbers

k = nπ

L
, (41)

where n = 1, 2, . . . , L − 1. In Sec. IV B, we describe these
results in terms of the analytical formula of the transmission
probability.

The behavior of the reflection probability R(k), on the other
hand, is different from the one common in the Hermitian
Fabry-Pérot case; in Fig. 5, R(k) exhibits dips at the wave
numbers given in Eq. (41), which itself is consistent with
the Fabry-Pérot-type resonance, but its magnitude elsewhere
breaks the unitarity of the S-matrix,

T + R = |T |2 + |R|2 �= 1, (42)

FIG. 5. Variation of the reflection probabilities for L = 7 at
γ /|th| = 0.5, 1, 1.5, . . . , 3.5, 4; the color bar shows the value of
γ /|th|. (a) R(k) for the incident wave from the left and (b) R̃(k) for
the incident wave from the right.

even in the superficially Hermitian regime γ > 2|th|. The
reflection probability due to the incident wave from the left
exceeds unity except for the dips, while that due to the inci-
dent wave from the right is suppressed to less than unity. We
present in Sec. IV D approximate functions of these profiles.

B. Understanding the peak structure
of the transmission probability

We analyze here the drastic change of T (k) at γ = 2|th|
that we found in Fig. 4, from the point of view of the an-
alytic formula (27) for the transmission coefficient. Let us
first note that Eq. (27) yields the transmission probability
T (k) := |T (k)|2 in the form

T (k) = 4th4 sin4 k

4th4 sin4 k + γ 2
(
γ 2 − 4th2 sin2 k

)
sin2 kL

, (43)

which is greater than unity, T (k) > 1, for γ < 2|th| in the
following range of k:

arcsin
γ

2|th| < k < π − arcsin
γ

2|th| (44)

so that the factor (γ 2 − 4th2 sin2 k) may be positive. In the
Fabry-Pérot regime γ > 2|th|, on the other hand, it is always
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less than unity:

T (k) < 1 for all k when γ > 2|th|. (45)

For T (k) to be divergent, the denominator of Eq. (27) must
vanish. Since the first term 4th2 sin2 k of the denominator is
real and positive except at k = 0 and k = π , a divergent peak
can appear for a generic value of k only when the complex
factor e2ikL happens to be real; in other words,

e2ikL = ±1. (46)

In the cases of e2ikL = 1, peaks emerge, but they do not di-
verge because the second term of the denominator of Eq. (27)
vanishes, and one trivially finds T (k) = 1. This indeed cor-
responds to the spuriously Hermitian Fabry-Pérot peaks that
we observe in the regime of γ > 2|th| [Fig. 4(b)]; indeed,
e2ikL = 1 is the Fabry-Pérot resonance condition. When γ >

2|th|, we have the perfect transmission T (k) = 1 at each reso-
nance point while T (k) < 1 off resonance because the second
term dominates the denominator in Eq. (27) if γ > 2|th| and
e2ikL �= 1.

Hereafter throughout the present section, we discuss the
cases of e2ikL = −1. In such cases, the denominator of
Eq. (27) vanishes if

γ =
√

2|th| sin k. (47)

This corresponds to the divergent peaks of T (k) in the regime
of γ < 2|th| [Fig. 4(a)]. To be more explicit, e2ikL = −1 is
satisfied at the values of k such that

k = kn := (2n − 1)π

2L
, (48)

where n = 1, 2, . . . , L. The transmission probability T (k) is
divergent at k = kn when we tune the value of γ close to γn :=√

2|th| sin kn, which is possible only when γ �
√

2|th| <

2|th|. The integer n that is responsible for the divergence
changes as we vary γ . When we turn on γ , the first pair of
peaks develop at k = k1 and k = kL, and diverge when we tune
γ up to γ1. As we increase γ from γ1 toward γ2, the first pair
of peaks subside and the second pair of peaks start to grow at
k2 and kL−1, which diverge when γ reaches γ2. As we further
increase γ , successive peaks appear at k = k3, . . . on the side
of k < π/2 and at k = kL−2, . . . on the side of k > π/2.
The divergent peaks thus moves toward k = π/2 from both
sides [63].

When γ goes to
√

2|th| from below, what happens depends
on the parity of L. If L is odd with L = 2l − 1 as in Fig. 4(a),
the last divergent peak appears at the midpoint k = kl = π/2
because it is contained in the set (48). At this point, Eq. (27)
reduces to

T (π/2) = 2th2

2th2 − γ 2
, (49)

which diverges at γ = √
2|th|. Beyond this value of γ , the

transmission probability at the midpoint subsides, and even-
tually lowers the unity when γ > 2|th| [Fig. 4(b)]. Since the
peak at k = π/2 is the last divergent one as we increase γ ,
other peaks decay at even smaller values of γ , and hence
no peak exceeds unity beyond γ = 2|th|. This explains why
the transmission probability T (k) becomes superficially Her-
mitian in the regime of γ > 2|th|. It may be worthwhile to

FIG. 6. Variation of the transmission probability T (k) for L = 6
at γ /|th| = 0.5, 1, 1.5, . . . , 3.5, 4. The color bar shows the value of
γ /|th|. The bluish curves correspond to the weak regime, γ < 2|th|,
while the greenish ones correspond to the strong regime, γ > 2|th|.

mention that T (π/2) turns from a maximum to a minimum at
γ = 2|th|; see Figs. 4(a) and 4(b).

If L is even with L = 2l as in Fig. 6, on the other hand, the
last divergence occurs not at k = π/2 but at kl and kl+1, i.e.,
at

k = π

2
± π

2L
(50)

at the same time. At these values of k, Eq. (27) reduces to

T (k) = th2[1 + cos(π/L)]

th2[1 + cos(π/L)] − γ 2
. (51)

Therefore, the divergence of the last peaks at k = kl and
k = kl+1 occurs when we increase γ up to

γ = |th|
√

1 + cos
π

L
<

√
2|th|. (52)

When we further increase so that

γ >
√

2|th|
√

1 + cos
π

L
>

√
2|th|, (53)

Eq. (51) gives T (kl ) = T (kl+1) � 1, i.e., a superficially Her-
mitian result. Meanwhile, T (π/2) for even L is given under
the condition e2ikL = 1, and hence it turns from a minimum
between the two peaks at kl and kl+1 for γ < 2|th| into a
maximum of the Fabry-Pérot-type for γ > 2|th| [63].

C. Discrete eigenvalues under the Siegert boundary condition

We can also understand the peak structure of the transmis-
sion probability from the locations of discrete eigenvalues.
The discrete eigenvalues are given by the poles of the S-
matrix, and hence in the present case the zeros of the
denominator of T (k) and R(k) in Eqs. (27) and (29) [64]:

4th
2 sin2 kn + γ 2(e2iknL − 1) = 0. (54)

In the present case, there are 2L pieces of generally complex
solutions {kn}, except at exceptional points, where two so-
lutions coalesce; see Appendix A for a review. This implies
that, except at the exceptional points, we may be able to break
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FIG. 7. Trajectories of discrete eigenvalues in the complex k
plane. Cases of (a) L = 7 and (b) L = 6. The color bars show the
value of γ /|th|.

down T (k) into the form of the Laurent expansion:

T (k) =
2L−2∑
n=1

cn

k − kn
+ f (k), (55)

where {cn} are generally complex constants and f (k) is a reg-
ular function with the standard Taylor expansion. Therefore,
the most singular contributions to the transmission probability
may be made of the Breit-Wigner-type ones [62]:

T (k) = |T (k)|2 	
2L−2∑
n=1

|cn|2
|k − kn|2

=
2L−2∑
n=1

|cn|2(
k − kr

n

)2 + ki
n

2
; (56)

that is, a Lorentzian peak with its center at k = kr
n and its

half-width at half-maximum ki
n. Indeed, this is what we see

in Figs. 4 and 6.
Figure 7 shows the trajectories of the discrete eigenvalues

in the complex k plane on the side of Rek > 0 for L = 7 and
6 [63]. (There are 2L pieces of eigenvalues, but only half
of them are on this side of the k plane; the remaining half
are on the side of Rek < 0 and are irrelevant to the present
argument.)

Upon increasing the parameter γ , the eigenvalues leave
trajectories that cross the real axis, which is responsible for
the diverging peaks in the regime of weak non-Hermiticity,

γ < 2|th|. When an eigenvalue is located on the real axis,
we have ki = 0 in the Lorentzian (56), and hence the peak
may diverge (except when the cancellation occurs with the
numerator). The two eigenvalues on the far right and the far
left first cross the real axis, and thereby generate the first two
diverging peaks. The two neighboring eigenvalues next cross
the real axis, generating the next two peaks. The third pair of
eigenvalues generate the third pair of peaks, and so on. For
odd values of L, in particular, the one in the middle generates
the last divergence when it crosses the point k = π/2. These
all happen in the weak non-Hermiticity regime.

We stress here that in Hermitian systems, the discrete
eigenvalues are prohibited in the first quadrant [64]. In this
sense, the divergence due to the eigenvalues crossing the real
axis onto the first quadrant is a distinctively non-Hermitian
phenomenon.

In the strong non-Hermiticity regime, γ > 2|th|, the eigen-
values except for the one in the middle approach the points
specified in Eq. (41), and they generate the Fabry-Pérot-type
peaks there. In the case of L = 7, for example, there are six
such peaks, that is, one less than the diverging peaks in the
weak non-Hermiticity regime, because the eigenvalue with
kr = π/2 keeps climbing up the complex k plane and does not
contribute to the Fabry-Pérot peaks. In the case of L = 6, two
eigenvalues closest to the point kr = π/2 eventually collide
on the line k = π/2 forming an exceptional point, and one
climbs up this line in the complex k plane, but the other
comes back to the real axis, again making peaks one less
than the diverging peaks in the weak non-Hermiticity regime.
The eigenvalues come to the real axis only in the limit of
γ → ∞, which is, however, a trivial limit with T ≡ 0 and
R ≡ 1 with the exception of T = 1 and R = 0 at the points
(41). The Fabry-Pérot peaks do not diverge because Eq. (54)
reduces to the Fabry-Pérot condition e2iknL = 1 in the limit
γ → ∞, where the remaining first term in Eq. (54) cancels the
numerator of Eq. (27), always giving a perfect transmission
T (k) = 1.

The exceptional point on the line k = π/2 appears only for
even L. The change of the behavior of T (k) at γ = 2|th| being
the borderline is not directly related to the appearance of this
exceptional point. Unlike the one in Eq. (2), this exceptional
point located away from the real axis is not related to the
breaking of PT symmetry either.

In the model (5) discussed in Sec. II, the region of weak
non-Hermiticity γ < 2|th| falls on a superficially Hermi-
tian region with two real eigenvalues, while that of strong
non-Hermiticity γ > 2|th| with two imaginary eigenvalues is
considered to be a truly non-Hermitian region. The roles of
the two regimes seem to be consistent with the intuition that
we have from the 2×2 model (1) in the Introduction. In our
open PT -symmetric system (20), in contrast, real eigenvalues
appear only occasionally in the regime γ < 2|th|, and the
most eigenvalues approach the real axis again in the limit of
extremely strong non-Hermiticity.

The existence of the non-Hermitian Fabry-Pérot region
is specific to the PT -symmetric choice of V0 and VL, i.e.,
V0 = iγ and VL = −iγ . In a non-Hermitian but non-PT -
symmetric choice of V0 and VL, e.g., V0 = VL = iγ or V0 =
VL = −iγ , Fabry-Pérot peaks such as the ones in the PT -
symmetric case do not appear. In this sense the non-Hermitian
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Fabry-Pérot region is protected by the PT -symmetry. In the
case of real (Hermitian) scattering potentials, e.g., V0 = VL =
γ or V0 = −VL = γ , the Fabry-Pérot peak structure appears
for an arbitrary finite γ , while unlike in the PT -symmetric
case the discrete eigenvalues approach the real k axis from
below in the limit of large γ . In the PT -symmetric case, the
discrete eigenvalues approach the real k axis from above; see
Fig. 7.

D. The reflection probability and the unitarity of the S-matrix

Let us turn our attention to the reflection probability and
analyze its peak structure based on the analytic formula (29).
Since the denominator is the same as that of T (k) in Eq. (27),
the divergent behavior is common in the regime γ < 2|th|.
The drastic difference is noticeable in the Fabry-Pérot region
γ > 2|th|. The reflection probability R(k) shows dips at k
given in Eq. (41), corresponding to the Fabry-Pérot peaks
in T (k); compare Figs. 4(b) and 5(a). In between the dips,
however, R(k) remains greater than the unity, which does not
seem Hermitian even in the Fabry-Pérot region γ > 2|th|.

We can understand this in the following way. Equation (29)
yields the reflection probability R(k) := |R(k)|2 in the form

R(k) = γ 2(γ − 2th sin k)2 sin2 kL

4th4 sin4 k + γ 2
(
γ 2 − 4th2 sin2 k

)
sin2 kL

. (57)

Comparing Eqs. (43) and (57), we find

R(k) = α(γ , k)[1 − T (k)], (58)

where

α(γ , k) := γ − 2th sin k

γ + 2th sin k
. (59)

Therefore, R(k) is related to 1 − T (k), but it is modulated as in
Eq. (58) by the function α(γ , k). Since th < 0 and k > 0, we
have α(γ , k) > 1 in the Fabry-Pérot region, γ > 2|th|, which
we can confirm in Fig. 5(a).

Figure 5(b), on the other hand, shows the reflection prob-
ability R̃(k) due to the incident wave from the right. This
reflection probability shows dips at k given in Eq. (41) too,
but in between the dips, R̃(k) is suppressed to values less than
unity.

This is understand in the following way, too. As we stated
at the end of Sec. III A, we obtain the reflection probability
R̃(k) by flipping the sign of γ from R(k):

R̃(k) = γ 2(−γ − 2th sin k)2 sin2 kL

4th4 sin4 k + γ 2
(
γ 2 − 4th2 sin2 k

)
sin2 kL

. (60)

Meanwhile, we have T̃ (k) = T (k). We therefore arrive at

R̃(k) = 1

α(γ , k)
[1 − T̃ (k)]. (61)

Therefore, R̃(k) is related to 1 − T̃ (k), but it is modulated by
the function 1/α(γ , k), which is less than unity in the Fabry-
Pérot region, γ > 2|th|. This is what we see in Fig. 5(b).

Let us finally analyze the sum of the transmission and
reflection probabilities. We obtain

T (k) + R(k) − 1

= −4thγ 2 sin k sin2 kL(γ − 2th sin k)

4th4 sin4 k + γ 2
(
γ 2 − 4th2 sin2 k

)
sin2 kL

. (62)

The denominator is non-negative because it is the square
modulus of the common denominator of Eqs. (27) and (29).
The numerator is always positive because we assume th < 0,
γ > 0, and k > 0. We thereby conclude that T (k) + R(k) > 1
always stands for the incident wave from the left. For the
incident wave from the right, Eq. (62) is changed to

T̃ (k) + R̃(k) − 1

= −4thγ 2 sin k sin2 kL(−γ − 2th sin k)

4th4 sin4 k + γ 2
(
γ 2 − 4th2 sin2 k

)
sin2 kL

. (63)

We have T̃ (k) + R̃(k) < 1 in the Fabry-Pérot regime because
(−γ − 2th sin k) � (−γ + 2|th|) < 0 when we assume γ > 0,
th < 0, and k > 0. Recall that the transmission is symmetric
with respect to the direction of the incident wave, but the
reflection is not.

The difference between the two inequalities (62) and (63) is
consistent with the intuition that the potential that the incident
wave first meets makes larger contributions to the Fabry-Pérot
superposition (22): since the incident wave from the left meets
the source +iγ first, the flux is enhanced; on the other hand,
since the incident wave from the right meets the sink −iγ first,
the flux is suppressed.

V. SCATTERING PROBLEM OF
THE CONTINUUM MODEL

We finally describe what happens for the continuum model.
Let us start with the tight-binding model, and consider its
continuum limit. We first recover the lattice constant a, and we
take the continuum limit in which we set a → 0 and L → ∞,
keeping L̃ = La finite. In this process, we replace the on-site
scattering potential ±iγ with ±iγ a so that they may converge
to δ-function scatterers V (x) = iγ δ(x) − iγ δ(x − L̃) in the
continuum limit. To reproduce the conventional kinetic term,
we also make the following replacement: −tha2 = h̄2/(2m).
Then, Eq. (27) reduces to

T (k) = 4k2

4k2 + γ̃ 2(e2ikL̃ − 1)
, (64)

where we have introduced

γ̃ = γ

|th| = 2m

h̄2 γ . (65)

The same applies for Eq. (29), producing

R(k) = −γ̃ (2k + γ̃ )(e2ikL̃ − 1)

4k2 + γ̃ 2(e2ikL̃ − 1)
. (66)

The discrete eigenvalues are found from the zeros of the
denominator:

4k2 + γ̃ 2(e2ikL̃ − 1) = 0. (67)

We can of course find the same expressions by solving the the
Schrödinger equation Hψ (x) = Eψ (x) with the Hamiltonian,

H = − h̄2

2m

d2

dx2
+ iγ δ(x) − iγ δ(x − L̃). (68)

Figures 8(a) and 8(b) show, respectively, the transmission
and reflection probabilities in the continuum limit, in which L̃
is chosen as L̃ = 3 so that the separation of the Fabry-Pérot

013223-10



NON-HERMITIAN FABRY-PÉROT RESONANCES IN A … PHYSICAL REVIEW RESEARCH 3, 013223 (2021)

FIG. 8. Variation of (a) the transmission probability T (k) and
(b) the reflection probability R(k) with γ /|th| varied from 0 to 10
at L̃ = 3. (c) The corresponding trajectories of discrete eigenvalues
in the complex k plane. The color bars show the value of γ /|th|.

peaks is 	k = π/L̃ 	 1. Figure 8(c) shows the trajectories
of the discrete eigenvalues. We can understand the features
from the ones in Figs. 4 and 6 as follows. We can regard the
dispersion relation of the continuum model, namely E (k) =
h̄2k2/(2m) = |th|a2k2, as the leading term of the expansion
of the lattice dispersion E (k) = −2|th| cos ka with respect to
the small parameter a except for the constant shift −2|th|. In
this sense, the low-energy region of the continuum model is
a magnification of the low-energy limit of the lattice model.
Therefore, what happens in Fig. 8 magnifies what happens in
the left half of each panel of Fig. 4 with many more peaks.

We can thus see that for a fixed range of k, T (k) and
R(k) diverge when the corresponding eigenvalue crosses the
real axis for a relatively small value of γ̃ . Then they turn to
the Fabry-Pérot-type behavior when the corresponding eigen-
value turns and comes back toward the real axis. As a result,
we observe the following:

(i) A Fabry-Pérot region appears in the range k < γ̃ /2.
(ii) Divergent peaks appear in the intermediate range

k > γ̃ /2.
(iii) In the regime of k � γ̃ /2, i.e., at k → ∞, one recovers

a unitary but trivial behavior. T (k) = 1 and R(k) = 0.
In the Fabry-Pérot regime, k < γ̃ /2, the peaks appear when

e2ikL̃ = 1, (69)

i.e., at k = nπ/L̃ (n = 1, 2, . . . ), while in the intermediate
regime, the divergence occurs at

e2ikL̃ = −1, (70)

i.e., at

k = k(n) = (2n − 1)π

2L̃
(n = 1, 2, . . . ) (71)

and at the value of γ̃ such that

γ̃ =
√

2k(n). (72)

VI. CONCLUDING REMARKS

We have considered the non-Hermitian scattering problem
for a Fabry-Pérot-type PT -symmetric model. We found that
both the transmission and reflection probabilities, T (k) and
R(k), behave strongly atypically with divergent peaks in the
regime of weak non-Hermiticity, γ < 2|th|, while the behavior
of T (k) becomes superficially Hermitian in the regime of
strong non-Hermiticity, γ > 2|th|. In the latter, T (k) shows
conventional Fabry-Pérot peaks that are bounded by unity, i.e.,
T (k) � 1 as in the Hermitian case, and yet the behavior of
R(k) is unconventional, leading to breaking the unitarity of the
S-matrix: T 2 + R2 �= 1. We exactly obtained the expressions
for the transmission and reflection coefficients T (k) and R(k)
by simply summing the Fabry-Pérot infinite series. By inter-
preting this formula, we have clarified the reason why T (k)
and R(k) drastically change their behavior at γ = 2|th|.

One may wonder whether such a peculiar Fabry-Pérot-type
feature in the transmission probability can be observed in a
purely lossy experiment. The idea of a passive PT -symmetric
system is based on the fact that adding a constant (here chosen
to be −iγ with γ > 0) to all sites in the system leaves the
system exactly the same, and by doing so the system would
become more easily realized in an experiment without a bal-
anced gain. In the case of the two-site PT -symmetric model
discussed in the Introduction, this principle works out success-
fully; the behavior of the exceptional point in the gain-loss
model is successfully reproduced in a passive model with the
diagonal elements of the Hamiltonian shifted to 0 and −2iγ .

In an infinite system that we consider here, however, per-
forming literally the same operation, i.e., adding −iγ to all
sites, seems impossible. Instead, one may think of adding −iγ
only to the two potential sites. However, this breaks the PT -
symmetry. The exact Fabry-Pérot feature with transmission
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peaks of height 1 (corresponding to the perfect transmission)
is unique to the PT -symmetric gain-loss setup. When the
strength of gain and loss potentials is not perfectly balanced,
namely when the PT -symmetry is weakly broken, one can
still see Fabry-Pérot-type resonant peaks, but the peaks be-
come either higher or lower than 1.

We have discussed in Sec. II a related but still different case
of the single on-site imaginary scatterer as a tutorial example.
In this prototypical example, the behavior of the transmission
probability T (E ) sharply changes at the exceptional point
specified at γ = 2|th|, from a pair of sharp divergent peaks
for γ < 2|th| [Fig. 2(a)] to a finite, broadened peak structure
for γ > 2|th| [Fig. 2(b)]. This drastic change in T (E ) corre-
sponds to the shift of the eigenvalues; they are initially located
on the real axis in the complex energy plane for γ < 2|th|,
they collide at the exceptional point, and they turn into the
imaginary axis for γ > 2|th| [see Fig. 2(c)]. In this example,
we have pointed out that by reversing the sign of the hopping
amplitude th, one can effectively (i.e., as far as the behavior
of the transmission and reflection coefficients is concerned)
convert a loss to a gain, and by doing so a divergent peak in
the transmission probability becomes accessible in a purely
lossy experiment.

In the PT -symmetric model, on the other hand, there seems
to be no such apparent correspondence between the colliding
eigenvalues in the complex k plane and the change of the
behavior in T (k) and R(k). Also, in a strict sense the character-
istic non-Hermitian Fabry-Pérot feature described in Secs. III
and IV is realized only in the case of a single non-Hermitian
site on each side, i.e., only at sites 0 and L. In the case of more
than one non-Hermitian site on each side, one can still see the
remnants of the Fabry-Pérot feature found in the case above,
but the peaks become narrower and their heights are no longer
strictly smaller than 1. The behavior of discrete eigenvalues
under the Siegert boundary condition is also susceptible to the
number of non-Hermitian sites. Still, the Fabry-Pérot regime
exists in the continuum limit, where we find a crossover to the
regime of divergent transmission peaks.

To summarize, in a strict sense the non-Hermitian Fabry-
Pérot feature is realized only in the limit of extremely thin
non-Hermitian scatterers with PT symmetry, but a tendency
toward this characteristic limit may be visible in more realistic
potential setups.
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APPENDIX A: DISCRETE EIGENVALUES OF OPEN
QUANTUM SYSTEMS UNDER THE SIEGERT

BOUNDARY CONDITION

Once we carry out the analytic continuation of the trans-
mission and reflection coefficients (27) and (29) on the

complex k plane, we find poles, which are often termed
resonance poles. In fact, one of the textbook definitions of
resonance is a pole of the S-matrix, but we can also define it
as an eigenstate of the Schrödinger equation under a specific
boundary condition.

Since the transmission and reflection coefficients have the
denominator A, their poles are given by the zeros of A [64].
This means that the wave functions at the resonance poles are
given by setting A to zero in Eq. (21), that is,

ψx =
{

Be−ikx for x � 0,

Ceikx for x � L.
(A1)

This wave function contains outgoing waves only for Rek > 0
and incoming waves only for Rek < 0, which is called the
Siegert boundary condition [60] for the wave functions of
discrete eigenvalues; see Ref. [65] for a summary.

In fact, the solutions include all kinds of discrete states
with point spectra, namely bound states, antibound states,
resonant states, and antiresonant states. To give an example,
the wave function of the form (A1) is a bound state if k is
a pure imaginary number with a positive imaginary part. In
the standard Hermitian scattering problem with time-reversal
symmetry, the solutions on the positive imaginary axis are the
bound states as exemplified above, those on the negative imag-
inary axis are called the antibound states, those in the fourth
quadrant of the complex k plane are the resonant states, and
those in the third quadrant are called the antiresonant states,
which are the time-reversal states of the resonant states. (In
addition, there are continuum states on the real axis.) States
on the upper half of the complex k plane are prohibited except
on the positive imaginary axis because of the normalization
[64]. For non-Hermitian problems, however, it is known that
the poles can move across the real axis of the complex k
plane [44].

In the specific example of the model (20), we obtain the
eigenvalue equation for the Siegert boundary condition (A1)
by setting Ã to zero in Eq. (33), and therefore the discrete
eigenvalues are the solutions of det ML = 0, which we find
from Eq. (B10):

4th
2 sin2 k − γ 2(e2ikL − 1) = 0. (A2)

This is none other than the equation for the zeros of the
denominator of T (k) and R(k) in Eqs. (27) and (29).

For numerical calculations of the discrete eigenvalues,
however, finding all solutions of the nonlinear equation (A2)
is generally not easy. We briefly review here a convenient
method of numerically finding the discrete eigenvalues; see
Ref. [60] for details. The eigenvalue equation to be solved
reads⎛
⎜⎜⎜⎜⎜⎝

iγ + theik th
th th

th
. . .

. . . th
th −iγ + theik

⎞
⎟⎟⎟⎟⎟⎠

�ψ (k) = E �ψ (k).

(A3)

This is a nonlinear eigenvalue problem because the left-hand
side is a function of the eigenvalue E through the wave num-
ber k = arccos[E/(2th)].
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More specifically, we can cast it into a second-order eigen-
value problem with respect to β = eik . Using this variable, we
transform Eq. (A3) to

(β2U + βV + W ) �ψ (β ) = 0, (A4)

where

U = −thIL+1 + th

⎛
⎜⎜⎜⎜⎝

1
0

. . .

0
1

⎞
⎟⎟⎟⎟⎠, (A5)

V =

⎛
⎜⎜⎜⎜⎜⎝

iγ th
th th

th
. . .

. . . th
th −iγ

⎞
⎟⎟⎟⎟⎟⎠

, (A6)

W = −thIL+1. (A7)

We can further transform this into a generalized but linear
eigenvalue equation by doubling the vector space as follows
[60,66]: (

βIL+1 −IL+1

W βU + V

)( �ψ (β )
β �ψ (β )

)
= 0, (A8)

which is a (2L + 2)-dimensional matrix equation. The
(L + 1)-dimensional first row of Eq. (A8) guarantees that the
second row of the vector is always β-fold its first row. The
second row of the equation is equivalent to Eq. (A4).

Equation (A8) is a linear eigenvalue equation with respect
to β in the sense that(

0 IL+1

−W −V

)( �ψ (β )
β �ψ (β )

)
= β

(
IL+1 0

0 U

)( �ψ (β )
β �ψ (β )

)
. (A9)

We can numerically find the 2(L + 1) pieces of eigenvalues
for small L easily. Note, however, that because the (1,1) and
(L + 1, L + 1) elements of U are missing, we in fact find
only 2L pieces of eigenvalues in the present case. To find full
eigenvalues, we should introduce modulation of the hopping
amplitudes on the left and right edges of the scattering region
[0, L]; see Appendix H of Ref. [67].

APPENDIX B: ANALYTIC EXPRESSIONS OF THE
TRANSMISSION AND REFLECTION PROBABILITIES

We invert the matrix ML in Eq. (35) and obtain the formulas
(27) and (29) from the expressions (39) and (40). The (i, j)
element of the inverse matrix ML

−1 is given by

(
ML

−1
)

i j = (−1)i+ j det ML
ji

det ML
, (B1)

where det ML
ji is the cofactor of ML, that is, the determinant

of an L × L matrix ML
ji that we make from the (L + 1) ×

(L + 1) matrix ML by removing the jth row and the ith col-
umn. To write down the expressions (39) and (40) explicitly,
we therefore need det ML as well as the cofactors det ML

1,L+1

and det ML
1,1.

We can find the determinant of the matrix ML in Eq. (35) by
cofactor expansion. For brevity of notation, let us fix L = 4 for

the moment. The cofactor expansion with respect to the first
row gives

det M4 = (iγ − the−ik )

× det

⎛
⎜⎜⎝

−E (k) th
th −E (k) th

th −E (k) th
th −iγ − the−ik

⎞
⎟⎟⎠

− th
2 det

⎛
⎝−E (k) th

th −E (k) th
th −iγ − the−ik

⎞
⎠.

(B2)

The further cofactor expansion with respect to the last row
gives

det M4 = (iγ − the−ik )(−iγ − the−ik )

× det

⎛
⎝−E (k) th

th −E (k) th
th −E (k)

⎞
⎠

− (iγ − the−ik )th
2 det

(−E (k) th
th −E (k)

)

− th
2(−iγ − the−ik ) det

(−E (k) th
th −E (k)

)

+ th
4 det (−E (k)). (B3)

This algebra for L = 4 implies the general expression

det ML

= (
γ 2 + th

2e−2ik
)
dL−1 + 2th

3e−ikdL−2 + th
4dL−3, (B4)

where dn denotes the determinant of n × n matrix with all
the diagonal elements −E (k) = −th(eik + e−ik ) and all super-
and subdiagonal elements th.

We can find dn again by cofactor expansion to obtain the
recurrence equation

dn = −th(eik + e−ik )dn−1 − th
2dn−2. (B5)

The solutions of the characteristic equation for the recurrence
equation (B5), ξ 2 + 2ξ th cos k + th2 = 0, are ξ = −the±ik ,
and hence we have

dn + thβdn−1 = −thβ
−1(dn−1 + thβdn−2)

= (−th)n−2β−n+2(d2 + thβd1)

= (−th)nβ−n, (B6)

where β = eik . Transforming this to

dnβ
n

(−th)n
= β2 dn−1β

n−1

(−th)n−1
+ 1 (B7)

gives

dnβ
n

(−th)n
+ 1

β2 − 1
= β2

[
dn−1β

n−1

(−th)n−1
+ 1

β2 − 1

]

= β2(n−1)

(
d1β

−th
+ 1

β2 − 1

)

= β2(n+1)

β2 − 1
, (B8)
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and hence

dn = (−th)n βn+2 − β−n

β2 − 1
= (−th)n sin(n + 1)k

sin k
. (B9)

Substituting this into Eq. (B4), we finally arrive at

det ML = (−th)L+1

[
γ̃ 2 βL − β−L

β − β−1
− β−L(β − β−1)

]

= (−th)L+1

(
γ̃ 2 sin kL

sin k
− 2ie−ikL sin k

)
, (B10)

where γ̃ = γ /th.
Let us next compute the cofactors det ML

1,L+1 and
det ML

1,1. The easier one is the former,

det ML
1,L+1 = th

L. (B11)

The slightly more complicated one is the latter. By cofactor
expansion, we have

det ML
1,1 = (−iγ − thβ

−1)dL−1 − th
2dL−2

= (−th)L

(
iγ̃

βL − β−L

β − β−1
+ β−L

)

= (−th)L

(
iγ̃

sin kL

sin k
+ e−ikL

)
. (B12)

Summarizing the results (B10)–(B12), we arrive at the two
elements of the inverted matrix that we need as follows:

(
ML

−1
)

L+1,1 = (−1)L+2 det M1,L+1
L

det ML

= −2ieikLth sin k

4th2 sin2 k + γ 2(e2ikL − 1)
, (B13)

(
ML

−1
)

1,1 = det M1,1
L

det ML

= −2ith sin k − iγ (e2ikL − 1)

4th2 sin2 k + γ 2(e2ikL − 1)
. (B14)

Inserting these into Eqs. (39) and (40), we arrive at the same
expressions as Eqs. (27) and (29).
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