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Metasurface spatiotemporal dynamics and asymmetric photonic spin-orbit
interactions mediated vector-polarization optical chaos

Mingfeng Xu,1,2 Fei Zhang ,1 Mingbo Pu,1,3 Xiong Li,1,2,3 Xiaoliang Ma,1,3 Yinghui Guo ,1,3 Renyan Zhang ,1,2

Minghui Hong ,4,* and Xiangang Luo 1,3,†

1State Key Laboratory of Optical Technologies on Nano-Fabrication and Micro-Engineering, Institute of Optics and Electronics,
Chinese Academy of Sciences, Chengdu 610209, China

2Division of Frontier Science and Technology, Institute of Optics and Electronics, Chinese Academy of Sciences, Chengdu 610209, China
3School of Optoelectronics, University of Chinese Academy of Sciences, Beijing 100049, China

4Department of Electrical and Computer Engineering, National University of Singapore, 4 Engineering Drive 3, 117576, Singapore

(Received 21 May 2020; accepted 11 February 2021; published 8 March 2021)

We theoretically investigate metasurface spatiotemporal dynamics by introducing laser chaotic dynamics into
metasurface domain. The spatiotemporal dynamics takes advantage of both the time-dependent dynamics of
optical chaos and the local spatial regulation capability of metasurface. Specifically, an optical spatiotemporal
dynamic phenomenon, termed as vector-polarization optical chaos (VPOC), is demonstrated through asym-
metric photonic spin-orbit interactions between all-dielectric metalens and chaotic polarization light from the
vertical-cavity surface-emitting laser. The VPOC has spatially inhomogeneous polarization distribution with
dynamically varied spatial structure and polarization singularity, while the corresponding intensity time series
is temporally chaotic, characterized by positive largest Lyapunov exponent and finite correlation dimension. We
found that the two nonlinear indices keep invariant for different polarization-resolved intensity time series due
to the circular symmetry of metalens. Our results open an avenue for emerging spatiotemporal optical dynamics
with metasurface and may find exciting applications in spatiotemporal light control, free-space secure optical
communication, and optical chaos integrated chip.
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I. INTRODUCTION

Artificial microstructured and nanostructured metasurfaces
could spatially manipulate optical field by light-matter inter-
actions at subwavelength scale and have found tremendous
applications in wavefront manipulation, nonlinear optics, and
quantum information [1–4]. Active metasurfaces have at-
tracted great attention due to the most important capability of
spatiotemporal light control [5,6]. Recently, by introducing an
optical frequency comb source, a so-called frequency-gradient
metasurface capable of continuous steering and spatiotem-
poral redirection of light was demonstrated with passive
configuration [7]. This pioneering work evidently shows that,
utilizing the specifical dynamical characteristics of incident
light field, metasurfaces have great potentials for realizing
nontrivial functionalities and emerging novel optical spa-
tiotemporal phenomena. However, the study of dynamical
interactions between metasurfaces and time-dependent inci-
dent light is still seriously lacking.
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On the other hand, delay-coupled laser could exhibit di-
versified optical chaos phenomena with time-varying and
unpredictable dynamics, such as amplitude chaos, phase
chaos, and polarization chaos [8,9]. It has attracted consider-
able interest for its promising applications in secure optical
communication [10], random-number generators [11], and
reservoir computing [12]. Recently, polarization chaotic and
even hyperchaotic dynamics stemming from nonlinear com-
petition between two polarization modes in the active region
have been demonstrated in the vertical-cavity surface-emitting
laser (VCSEL) without external modulation [13–16]. In the
absence of time-delay information, the scalar polarization
chaotic light from solitary VCSEL dramatically enhances the
security and randomness of chaotic dynamics and has promis-
ing potentials for optical chaos-based applications [17,18].
However, the spatiotemporal polarization chaos with spatial
inhomogeneous light field has not yet been reported.

In this paper, we present a universal framework for emerg-
ing optical spatiotemporal dynamics by combining passive
metasurfaces with laser chaos source. We report a spatiotem-
poral polarization dynamics, vector-polarization optical chaos
(VPOC), by regulating the spatial phase of polarization
chaotic output of solitary VCSEL with an all-dielectric metal-
ens. To realize vector polarization, the metalens is elaborately
designed to perform asymmetric photonic spin-orbit interac-
tions on the incident light with different circular polarization
states. We show that the VPOC has spatially inhomogeneous
polarization distribution with dynamically varied spatial
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FIG. 1. Paradigms of light-matter interactions between differ-
ent types of metasurfaces and incident light, from a dynamical
perspective.

structure and polarization singularity. Meanwhile, the tem-
poral dynamics of the intensity time series of VPOC is
chaotic, demonstrated by the positive largest Lyapunov expo-
nent (LLE) and the finite correlation dimension.

The paper is organized as follows. In Sec. II, we introduce
the basic concept of metasurface spatiotemporal dynamics and
the principle of generating VPOC. Then in Sec. III, we pro-
pose the theoretical model of VPOC based on the asymmetric
photonic spin-orbit interactions of metalens. In Sec. IV, we
investigate the intensity and polarization dynamics of VPOC.
And in Sec. V, the chaotic characteristics are quantitatively
analyzed by using the nonlinear time series analysis method.
Finally, discussions and conclusions are given in Sec. VI.

II. METASURFACE SPATIOTEMPORAL
DYNAMICS AND VPOC

As shown in Fig. 1, from a dynamical perspective, the
paradigms of light-matter interactions between metasurfaces
and incident light can be categorized into four classes, accord-
ing to different types of incident light (time independent or
time dependent) and metasurface (passive or active). The most
traditional scenario is static metasurface, wherein both inci-
dent light Ei and metasurface J are time invariant [Fig. 1(a)].
When the metasurface turns to be active [Fig. 1(b)], the
so-called spatial-time metasurface arose, which has attracted
considerable interest recently [5]. Here, as presented in
Fig. 1(c), we are particularly interested in the third kind of pic-
ture called spatiotemporal dynamics, wherein the light-matter
interaction occurs between time-dependent incident light and
a passive metasurface. Different from the spatial-time meta-
surface in Fig. 1(b), the dynamical properties of output optical
field Eo(t ) in metasurface dynamics is majorly determined
by the incident light Ei(t ), instead of the metasurface itself.
Therefore, with the great capability of optical field regulation,
the passive metasurface could serve as an excellent platform

FIG. 2. Concept art of generating VPOC with a solitary VCSEL
and a passive metasurface. The two nonorthogonal elliptical polariza-
tion states (intersection angle φ ≈ 40◦) from VCSEL are chaotically
hopped and transformed into two different spirally polarized states
by the polarization and wavefront regulation of the metasurface,
leading to VOPC.

for exploring novel optical spatiotemporal dynamic behaviors
in the all of degrees of freedom of light. Finally, as shown
in Fig. 1(d), the universal model of dynamical interaction
between metasurface and incident light is hybrid dynamics,
which can be described with a time-dependent light Ei(t ) and
an active metasurface J (t ).

As illustrated in Fig. 2, we integrate the merits of chaotic
light field and passive metasurface to generate VPOC. Specif-
ically, the light emitted from a solitary VCSEL contains two
nonorthogonal elliptically polarized chaotic-hopping states
with intersection angle φ ≈ 40◦ [13], which is normally
incident on a passive metasurface to acquire a spatially in-
homogeneous phase change. Here, the chaotic light from
VCSEL is assumed as a plane wave when illuminated on
metalens. As the chaotic polarization modes are nonorthog-
onally hopped, the output light from metasurface manifests
as randomlike spirally polarized optical field, resulting by the
superposition of typical radially polarized (RP) or azimuthally
polarized (AP) states. More importantly, the chaotic charac-
teristic is successfully inherited from the scalar polarization
chaos by virtue of the fact that the light-matter interactions
arising in the metasurface only attach additional phase to
incident light, but do not break the time correlations of optical
dynamical signals.

III. THEORETICAL MODEL

A. VCSEL spin-flip model

To explore the theoretical model of VPOC, we start with
the polarization chaos of solitary VCSEL. Here, the dynamic
behaviors of solitary VCSEL are described by the well-known
spin-flip model as follows [19]:

Ė± = κ (1 + iα)(N ± n − 1)E± − (iγp + γa)E∓, (1)

Ṅ = −γ [N − μ + (N + n)|E+|2 + (N − n)|E−|2], (2)

ṅ = −γsn − γ [(N + n)|E+|2 + (N − n)|E−|2], (3)

where E± denotes slowly varying amplitude of electronic
field of right (+) and left (−) circular polarization light from
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VCSEL, N is normalized value of total carrier inversion, n is
normalized carrier inversion difference between the two polar-
ization states, κ is field decay rate, α is linewidth enhancement
factor, μ is normalized current factor (μ = 1 corresponds to
threshold current), γ is total carrier decay rate, and γs is decay
rate of spin-flip processes. γp is linear birefringence and γa

is linear dichroism, representing phase anisotropy and ampli-
tude anisotropy, respectively. Moreover, the electric field of
horizontal (X ) polarization EX (t ) and vertical (Y ) polarization
EY (t) can be expressed by the circularly polarized light:

EX (t ) = E+ + E−√
2

, EY (t ) = −i
E+ − E−√

2
. (4)

For clarity, the typical laser parameters in our numerical
calculations are adopted from Ref. [14]. In fact, deterministic
polarization chaos could appear in a solitary VCSEL when
the normalized injection current μ is appropriately regulated,
wherein the chaotic attractor successfully emerges in the
Poincaré sphere (see Fig. 8 in Appendix A for more details).
Moreover, the chaotic dynamics of light emitting from solitary
VCSEL is identified by the largest Lyapunov exponent λmax

and correlation dimension D2 (see Fig. 9 in Appendix A for
more details).

B. Asymmetric photonic spin-orbit interactions

Based on the polarization chaotic light emitting from
VCSEL, we design a single-layer all-dielectric metalens
with high numerical aperture to efficiently map the scalar-
polarization chaotic behaviors into VPOC. As shown in
Fig. 3(a), the metalens transforms the X -polarization (Y -
polarization) state into RP state (AP state) and focuses it into a
focal solid spot (doughnut-shaped optical spot). The structural
materials and geometrical parameters of typical hexagonal
unit cell with a lattice constant of p are indicated in Fig. 3(b),
where an elliptical silicon post is imposed on a layer of silica
substrate with an orientation of θ . Actually, the size and orien-
tation variations of elliptical silicon post could simultaneously
introduce the spin-independent propagation phase and the
spin-dependent geometric phase [20,21]. The combination of
these two phases is utilized to break the symmetry of photonic
spin-orbital interactions in metalens to independently regulate
right circularly polarized (RCP) and left circularly polarized
(LCP) light, leading to independently transform and focus
orthogonal linear polarization (LP) light into different vector
beams and focusing spots.

C. Spatiotemporal electric field distribution

For the chaotic polarization-hopping light from VCSEL,
both the amplitude dynamics and the phase difference dynam-
ics for two orthogonal LP components are chaotic [14]. The
electric field output from metalens is a chaotic superposition
of RP state and AP state, whose mutually orthogonal property
ensures that, for arbitrary spatial location, the polarization
behaviors could successfully inherit the chaotic character-
istic from either the X -polarization incident components or
the Y -polarization incident components. Therefore, the spa-
tiotemporal electric field distribution Ẽ (x, y, z0, t ) output from
metalens at z0 = 0 μm is described as the superposition of

FIG. 3. (a) Schematic diagrams of all-dielectric metalens, which
transforms the orthogonal LP light into RP or AP beam and focuses
them into different optical spots, respectively. (b) The hexagonal unit
cell of all-dielectric metalens with structural materials and geometri-
cal parameters. The combination of propagation phase and geometric
phase is designed to break the symmetry of photonic spin-orbit
interactions.

RP state ẼRP(x, y, z0, t ) induced by X -polarized incident light
EX (t ) and AP state ẼAP(x, y, z0, t ) resulted by Y -polarized
incident light EY (t ) (see Appendix B for more details):

Ẽ (x, y, z0, t ) = ẼRP(x, y, z0, t ) + ẼAP(x, y, z0, t )

= η exp(−ik
√

x2 + y2 + f 2)

×
⎡
⎣cosα cosϕEX (t ) + sinϕEY (t )

cosα sinϕEX (t ) − cosϕEY (t )
sinαEX (t )

⎤
⎦, (5)

where η is transmission amplitude, k = 2π/λ is wave vec-
tor in free space (λ = 990 nm is working wavelength
of solitary VCSEL), f is focal length of metalens, α =
arcsin

√
(x2 + y2)/(x2 + y2 + f 2) is deflection angle for lo-

cal position, and ϕ = arctan(y/x) = 2θ is azimuthal angle.
The time-independent incident electric fields EX (t ) and
EY (t ) are obtained from spin-flip model of VCSEL, namely,
Eqs. (1)–(4). The focal length and size of meta-lens are de-
signed to be 3 μm and 12 μm × 12 μm, respectively. As a
result, the final electric field distribution Ẽ (x, y, z, t ) of fo-
cusing spots of VPOC beam at any plane with z > z0 could
be calculated by vectorial angular spectrum theory (see Ap-
pendix C for more details).
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FIG. 4. Dynamical evolution of intensity profiles of VPOC during (50 ns, 100 ns) with typical normalized current factor μ of solitary
VCSEL. (a)–(d) μ = 1.415. (e)–(h) μ = 1.423. From left to right, intensity profile for xoz plane, yoz plane, focal plane (z = 3 μm), and
focal plane with Y polarizer, respectively. The double-sided arrows in the fourth row indicate Y polarizer. Animations of these two VPOC are
available in the Supplemental Material [22].

IV. SPATIOTEMPORAL DYNAMICS

A. Intensity evolution

In this section, we investigate the intensity evolution of
VPOC when VCSEL works in different chaotic regions
(μ = 1.415 and 1.423). Figures 4(a)–4(d) present the dy-
namical evolution of intensity profiles of focusing spots in
all cross sections when μ = 1.415, corresponding to the
scenario of Fig. 8(d) where the two single-scroll chaotic
attractors emerge in the Poincaré sphere. It clearly shows
that distinct intensity distributions emerge at different times,
in both of xoz plane [Fig. 4(a)] and yoz plane [Fig. 4(b)].
Figure 4(c) shows the evolution of focusing spots in the
focal plane (z = 3 μm), where all the intensity profiles
maintain spatially symmetrical distribution. As indicated in
Fig. 4(d), the dynamic behaviors become more intuitive from
a polarization-resolved perspective, which particularly shows
direct evidence of random dynamical property of focus-
ing spots in the vector-polarization space. Figures 4(e)–4(h)
present different dynamical evolution behaviors when the
VCSEL works in another chaotic region [μ = 1.423, corre-
sponding to Fig. 8(e)], all of which exhibit similar random
vector-polarization features. It is worth mentioning that the
size of focusing solid spots and the Y -polarization-resolved
dynamic behaviors of these two VPOC are completely dis-
tinct, owing to distinct trajectories of the two different chaotic
attractors in polarization space.

We note that, in comparison with the optical chaos of
VCSEL where the output intensity is polarization dependent,
the intensity profiles of VPOC presented in Fig. 4 possess
the intrinsic circular symmetry in the polarization space (see
Appendix D for details). Therefore, for every particular
moment, the polarization-resolved intensity under different
polarizers always keeps constant, even though the correspond-
ing spot shapes are completely different. The animations in the
Supplemental Material are particularly informative for under-
standing the dynamical evolution of VPOC [22]. Moreover,
the numerical simulation results show that, as expected, the
nonchaotic light will not induce the metalens-mediated VPOC
and the spatiotemporal polarization dynamics of VPOC
emerge when metalens has different focal lengths.

To further investigate the polarization dynamic behav-
iors of asymmetric photonic spin-orbit interactions mediated
VPOC, Fig. 5 presents the polarization-resolved evolution of
normalized intensity distribution for X and Y polarizations
of focusing optical spots in Fig. 4(h). As shown in Fig. 5(a),
the Y -polarization component is dominant in comparison with
the X -polarization component at 50 ns, resulting in a pair of
beanlike light spots that correspond to 50 ns in Fig. 4(h). The

FIG. 5. Dynamical competition between polarization-resolved
intensity distribution of VPOC for X - (blue) and Y -polarization (red)
components when μ = 1.423. The polarization-resolved dynamical
evolution corresponds to that of Fig. 4(h).
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FIG. 6. Intensity (yellow shade) and polarization evolutions of
Ẽ (x, y, z, t ) in the xoy plane for μ = 1.423 and z = 3 μm, corre-
sponding to Fig. 4(h). The intensity is Y -polarization resolved and
the major axes of polarization ellipses are normalized. Right-handed
(S3 > 0), left-handed (S3 < 0), and near-linear (S3 � 0) polarizations
are represented by red, green, and blue colors.

analogous situations arise in 60, 70, and 100 ns, correspond-
ing to Figs. 5(b), 5(c), and 5(f), respectively. On the other
hand, when the two polarization components have similar
intensities [Figs. 5(d) and 5(e)], the two beanlike light spots
become nonseparated [80 and 90 ns in Fig. 4(h)]. There-
fore, the dynamical competition relationship between X - and
Y -polarization components in the polarization space induces
the abundant dynamic behaviors of focusing optical spots of
VPOC.

B. Polarization evolution

We then explore the dynamical evolution of polariza-
tion distribution of the emerging spatiotemporal electric
field Ẽ (x, y, z, t ) with the corresponding Stokes parame-
ters {S0, S1, S2, S3} [23,24]. As shown in Figs. 6(a)–6(f)
for μ = 1.423 and z = 3 μm, the spatial polarization dis-
tribution patterns have significant spatiotemporal features,
manifesting as temporally random varied and spatially in-
homogeneous vector-polarization behaviors. Every spatial

polarization distribution pattern has circular symmetry as a
result of symmetrical superposition of RP light and AP light
in the metalens. The polarization singularity resulting from
the phase and polarization regulation of metalens appears in
the center of polarization space, which is inherently differ-
ent from the chaotic polarization mode hopping of VCSEL
without polarization discontinuities. The polarization ellipses
behave as right-handed (S3 > 0), left-handed (S3 < 0), and
near-linear (S3 � 0) polarizations at different times. As shown
in Figs. 6(a) and 6(c), near-linear polarization states dominate
in the transverse plane at 50 and 70 ns. In contrast, elliptically
polarized states with opposite chirality completely fill the
polarization space at 80 and 90 ns, as shown in Figs. 6(d)
and 6(e). Meanwhile, the chirality variation of polarization
ellipses appears in different regions for different times due
to the interactions between chaotic polarization-hopped light
and metalens. Such dynamically varied complex pattern of
polarization distribution reveals the spatiotemporal dynamical
nature of VPOC.

V. CHAOTIC CHARACTERISTICS

In this section, we quantitatively verify the chaotic char-
acteristics of VPOC by using a nonlinear time-series analysis
method. Specifically, the largest Lyapunov exponent LLE and
correlation dimension D2 are estimated from two different
intensity time series of focusing spot, i.e., total intensity Itotal

and polarization-resolved intensity Iξ , where ξ is an arbitrary
angle between the polarization direction of polarizer and the
X -polarization direction of light and ξ ∈ [0, 2π ]. Specifically,
for a given z and t , the total intensity Itotal in transverse plane
is calculated from Eq. (C3) as

Itotal =
∫ +∞

−∞

∫ +∞

−∞
I (x, y, z, t )dx dy

=
∫ +∞

−∞

∫ +∞

−∞

[
Ẽ2

x (x, y, z, t ) + Ẽ2
y (x, y, z, t )

+ Ẽ2
z (x, y, z, t )

]
dx dy. (6)

On the other hand, the z component of electric field gained
by the focusing of RP state is discarded when we calculate
the polarization-resolved intensity of focusing spot over the
transverse plane. It means that the arbitrary polarization angle-
resolved intensity Iξ is calculated by

Iξ =
∫ +∞

−∞

∫ +∞

−∞
Iξ (x, y, z, t )dx dy

=
∫ +∞

−∞

∫ +∞

−∞
{[Ẽx(x, y, z, t )cos(ξ )]2

+ [Ẽy(x, y, z, t )sin(ξ )]2}dx dy. (7)

As shown in Fig. 7(a), the LLE λmax of two intensity
time series, respectively, converge to 2.4 and 2.9, calculated
by Wolf’s algorithm [25]. Figures 7(b) and 7(c) present the
corresponding correlation integral CD(r) of embedding time
sequences versus sphere radius r, calculated by Grassberger-
Procaccia algorithm [26]. The existence of a linear region
clearly demonstrates the convergence of CD(r) and the corre-
sponding correlation dimension D2 is calculated from the slop
of ln[CD(r)], where D2 ≈ 2.45 (≈1.46) is estimated for Itotal
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FIG. 7. Chaotic characteristics of VPOC for μ = 1.423. (a) LLE
for total and polarization-resolved intensity time series of focusing
spot. (b), (c) Correlation integral CD(r) versus sphere radius r for
total and polarization-resolved intensity time series. The sampling
step is 5 ps and the embedding delay is 50. The embedding dimension
from up to down in the CD(r) curves is m = 10–16.

(Iξ ). Actually, the positive LLE and the finite D2 characterize
the intrinsically deterministic chaotic behavior of VPOC.

We also note that both LLE and D2 between the Itotal and
the polarization-resolved intensity Iξ are different. In fact,
based on the theory of nonlinear time-series analysis [27],
Lyapunov exponents and correlation dimensions are only in-
variant under smooth nonsingular transformations of the state
space. Therefore, the deviation of LLE (and D2) is an in-
evitable result of the nonsmooth transformation between Itotal

and Iξ , as shown in the comparison between Eqs. (6) and (7).
In addition, both the LLE and D2 of VOPC are invariant for
different polarization-resolved intensity time series owing to
the circular symmetry of metalens, which is entirely different
from those of the chaotic light of VCSEL (as shown in Fig. 9
in Appendix A). On the other hand, when the VCSEL works in
the stable region (for instance, μ = 1.345), the intensity time
series keeps constant all the time and hence the corresponding
LLE satisfies λmax � 0, which is totally different from that of
VPOC.

VI. DISCUSSION AND CONCLUSION

In conclusion, we investigate metasurface spatiotemporal
dynamics by introducing the chaotic polarization dynam-
ics into metasurface domain. Specifically, we theoretically
explore the asymmetric photonic spin-orbit interactions me-
diated VPOC, which manifests as spatially heterogeneous
polarization dynamics. Notably, such spatiotemporal behavior
of field polarization is achieved by the temporal dynamics
based on the static and space-dependent structure. Therefore,
it is completely different from temporal chaos.

The proposed formalism generalizes the spatiotempo-
ral dynamic interactions between artificial subwavelength
structures and optical chaos. It enables us to artificially
emerge optically spatiotemporal dynamical phenomena in all

the degrees of freedom of light, not only limiting in the form
of polarization dynamics. For instance, based on the arbitrary
spin-to-orbital angular momentum (OAM) conversion tech-
nology [28], it is possible to generate chaotic vortex light
field wherein the time evolution of OAM state is discrete
chaotic. Such optical OAM chaos has potential applications
in high-speed secure OAM communication and OAM-based
random-number generators.

We notice that spatial chaos [29–31] and instability
[32–34] of optical polarization have been extensively studied.
In contrast with the traditional spatial polarization chaos, how-
ever, the metalens-based configuration makes it possible to
artificially regulate the spatially irregular dynamical behaviors
of optical fields, which is greatly limited in nonlinear optical
medium. Furthermore, integration of VCSEL with metasur-
face has recently attracted considerable interests for various
applications [35–37], given that both VCSEL and metalens
have the significant advantages of miniaturization and easy
integration. Hence, our VPOC model has great potential to
realize chaos-integrated chip, leading to a key step towards
to practical applications of optical chaos. Our work opens an
exciting adventure for the theories and applications of spa-
tiotemporal optical chaos and offers a perspective for potential
applications of metasurface, such as free-space secure optical
communication and optical chaos-integrated chip.

ACKNOWLEDGMENT

The work was supported by National Science Founda-
tion of China (Grants No. 61675208 and No. 61822511)
and International Science and Technology Innovation Coop-
eration Program of Sichuan Province of China (Grant No.
2020YFH0002).

APPENDIX A: POLARIZATION CHAOTIC ATTRACTOR
AND CHAOTIC CHARACTERISTICS

OF SOLITARY VCSEL

Figure 8 shows the emergence and evolution of chaotic
attractor in the Poincaré sphere, when the normalized injection
current μ is increased from 1.345 to 1.478. As shown in
Fig. 8(a), when μ is gradually increased around threshold, the

FIG. 8. Dynamical evolution of chaotic attractor in the Poincaré
sphere when the normalized current μ of a solitary quantum dot
VCSEL is gradually increased as (a) μ = 1.345, (b) μ = 1.362,
(c) μ = 1.388, (d) μ = 1.415, (e) μ = 1.423, (f) μ = 1.436, (g)
μ = 1.465, and (h) μ = 1.478. S1, S2, and S3 are Stokes parameters.
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FIG. 9. Chaotic characteristics for solitary VCSEL output.
(a) Largest Lyapunov exponent λmax of output power time series
of solitary VCSEL with different polarizations when μ = 1.423.
Correlation integral CD(r) of X -polarization output power time series
of solitary VCSEL versus sphere radius r, for (b) μ = 1.415 and
(c) μ = 1.423. The sampling step is 5 ps and the embedding delay is
50. The embedding dimension from up to down in the CD(r) curves
is m = 10–16.

laser experiences from a stable linearly polarized state to two
stable orthogonal elliptically polarized states through a pitch-
fork bifurcation. As μ is further increased, the laser emits two
unstable nonorthogonal elliptically polarized states, creating
two limit cycles in the Poincaré sphere [Fig. 8(b)]. Then, both
limit cycles expand [Fig. 8(c)] and there emerge two single-
scroll chaotic attractors [Fig. 8(d)] through the cascade of
period-doubling bifurcations [13,14], which are centered on
the two unstable nonorthogonal elliptically polarized states.

Subsequently, the two chaotic attractors continue to expand
and merge into a single double-scroll attractor which man-
ifests like a Lorenz chaotic attractor [Fig. 8(e)], leading to
chaotic polarization dynamics. The following evolution shows
that, as μ continuously increases, the trajectories of Lorenz-
type chaotic attractor cover more and more broad regions in
the polarization space of the Poincaré sphere [Figs. 8(f) and
8(g)]. Finally, a new, bigger limit cycle emerges [Fig. 8(h)]
when the value of μ goes beyond a critical threshold, mani-
festing as two stable elliptically polarized states for the laser
output. Therefore, the trajectory evolutions of chaotic attractor
in the Poincaré sphere evidently indicate that solitary VCSEL
can exhibit polarization-chaotic dynamics, based on careful
choice of injection current.

Furthermore, the chaotic dynamics of solitary VCSEL is
identified by largest Lyapunov exponent λmax and correlation
dimension D2. For the polarization-resolved intensity out-
put, the positive LLE λmax [Fig. 9(a)] and finite correlation
dimension D2 [Figs. 9(b) and 9(c)] evidently verify the polar-
ization chaotic behaviors of solitary VCSEL output. Note that,
for solitary VCSEL chaotic output, different polarization-
resolved intensity time series have completely distinct LLE
λmax.

FIG. 10. Localized coordinate system of anisotropic structure.

APPENDIX B: THEORETICAL DERIVATION FOR EQ. (5)

Without loss of generality, Fig. 10 shows the coordinate
relation between the u-v coordinate system for anisotropic
structure (elliptical silicon post) and x-y coordinate system
for metasurface, where the two coordinate systems have an
intersection angle θ . In this scenario, the Jones matrix M of
anisotropic metasurface is described as

M = R(−θ )

[
tu 0
0 tv

]
R(θ ), (B1)

where tu and tv denote the complex amplitude along with the
fast axis and slow axis of anisotropic structure, respectively.
R(θ ) is rotation matrix expressed as

R(θ ) =
[

cosθ sinθ

−sinθ cosθ

]
. (B2)

Therefore, the general formulation of M is described as

M =
[

tucos2θ + tvsin2θ (tu − tv )sinθ cosθ
(tu − tv )sinθ cosθ tusin2θ + tvcos2θ

]
. (B3)

For a circular polarization incident light [1,−i]T, its output
light from the metasurface is expressed as[

ẼX

ẼY

]
= tu + tv

2

[
1
−i

]
+ tu − tv

2
e−i2θ

[
1
i

]
. (B4)

Generally, we assume that the phase retardation along with the
different axis of anisotropic structure are β ± δ/2, where β is
propagation phase and δ is the phase difference between fast
axis and slow axis. The corresponding complex amplitudes tu
and tv read as

tu = exp(iβ − iδ/2), tu = exp(iβ + iδ/2). (B5)

Finally, we get the expression of output light field as[
ẼX

ẼY

]
= cos

δ

2
eiβ

[
1
−i

]
− i sin

δ

2
ei(−2θ+β )

[
1
i

]
. (B6)

Equation (B6) shows that when a circular polarization light
is incident on the metasurface, the output light contains two
polarization components. The first component has the same
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polarization as incident light and only carries propagation
phase β. The second component has orthogonal polarization
with incident light and, more importantly, it carries both
propagation phase β and geometric phase −2θ , yielding
the composite phase β − 2θ . Obviously, the different output
components break the symmetry of spin-orbit interactions of
metasurface [20,21].

Theoretically, any LP light can be decomposed into a RCP
light and a LCP light and the phase difference between them
determines the polarization direction of the LP state. If the
incident light is X polarized (the phase difference between
RCP and LCP components is zero), it can be rewritten as

Ein = EX =
[

1
0

]
= 1

2

[
1
i

]
+ 1

2

[
1
−i

]
. (B7)

Therefore, the corresponding output light field Ẽ after the
asymmetric spin-orbit interaction is

Ẽ = cos
δ

2
eiβ

[
1
0

]
− i

2
sin

δ

2

{
ei(−2θ+β )

[
1
i

]
+ ei(2θ+β )

[
1
−i

]}

= cos
δ

2
eiβ

[
1
0

]
− i sin

δ

2
eiβ

[
cos2θ

sin2θ

]
. (B8)

In Eq. (B8), the first term of the right part has the same
polarization as incident light, which could be eliminated when
δ = π . On the other hand, the second term of the right part
of Eq. (B8) shows that its polarization and wavefront could
be simultaneously modulated by propagation phase β and
intersection angle θ . Especially, the maximal amplitude is
obtained when δ = π .

Therefore, it is possible to simultaneously regulate
the output polarization and wavefront through reasonable
design about the size and orientation of structure cell, which
correspond to the propagation phase and geometric phase,
respectively. Specifically, we have the following conditions
for our metalens:

δ = π,

β(x, y) = − k
√

x2 + y2 + f 2,

θ (x, y) = 1

2
ϕ(x, y) = 1

2
arctan

(
y

x

)
. (B9)

Substituting Eqs. (B9) into (B3) and (B5), we can get the
Jones matrix M̂ of our metalens as follows:

M̂ = exp(−ik
√

x2 + y2 + f 2)

[
cosϕ sinϕ

sinϕ −cosϕ

]
. (B10)

Hence, X -polarized incident light and Y -polarized incident
light can be transformed to radially polarized (RP) light and
azimuthally polarized (AP) light, respectively. The output
electric field can be expressed as

ẼRP(x, y)=M̂ ·
[

1
0

]
=exp(−ik

√
x2 + y2 + f 2)EX0

[
cosϕ
sinϕ

]
,

ẼAP(x, y)=M̂ ·
[

0
1

]
= exp(−ik

√
x2 + y2 + f 2)EY 0

[
sinϕ

−cosϕ

]
,

(B11)

where EX0 and EY 0 are the amplitude of incident X -polarized
and Y -polarized electric field, respectively.

Therefore, for the time-dependent electric field E (t ) of
laser chaos that can be decomposed into the X -polarized in-
cident state EX (t ) and X -polarized incident state EY (t ), the
corresponding output electric fields output from metalens (i.e.,
z0 = 0 μm) can be described based on the Youngworth’s for-
mulas for focusing of cylindrical-vector beams [38]:

ẼRP(x, y, z0, t ) = exp(−ik
√

x2+y2 + f 2)EX (t )

⎡
⎣cosα cosϕ

cosα sinϕ

sinα

⎤
⎦,

ẼAP(x, y, z0, t ) = exp(−ik
√

x2 + y2 + f 2)EY (t )

⎡
⎣ sinϕ

−cosϕ
0

⎤
⎦,

(B12)

where α = arcsin
√

(x2 + y2)/(x2 + y2 + f 2) denotes deflec-
tion angle for local position.

Finally, when we consider the transmission amplitude η,
the spatiotemporal electric field distribution Ẽ (x, y, z0, t ) out-
put from metalens at z0 is the superposition of RP state
ẼRP(x, y, z0, t ) and AP state ẼAP(x, y, z0, t ), which reads as
Eq. (5).

APPENDIX C: INTENSITY PROFILE CALCULATIONS
WITH VECTORIAL ANGULAR SPECTRUM THEORY

Vectorial angular spectrum theory was used to simulate
the vectorial electric field propagation of VPOC beam at
any plane with z > 0 μm [39]. In all the calculations, the
light is assumed to propagate along the +z direction. In fact,
Ẽ (x, y, z0, t ) in Eq. (1) represents the the spatiotemporal elec-
tric field distribution of VPOC beam at z0 = 0 μm. According
to vectorial angular spectrum theory, the vectorial electric
field of VPOC beam at z > z0 can be expressed as follows
[39]:

Ẽ (x, y, z, t ) =
⎡
⎣Ẽx(x, y, z, t )

Ẽy(x, y, z, t )
Ẽz(x, y, z, t )

⎤
⎦

=
∫ +∞

−∞

∫ +∞

−∞

⎡
⎣ Ax,z(m, n, t )

Ay,z(m, n, t )
mAx,z (m,n,t )+nAy,z (m,n,t )

−q

⎤
⎦

× exp[i2π (mx + ny)]dm dn. (C1)

Here, Ax,z(m, n, t ) and Ay,z(m, n, t ) are written as[
Ax,z(m, n, t )
Ay,z(m, n, t )

]

= exp[i2πq(m, n)z]

[
Ax,z=0(m, n, t )
Ay,z=0(m, n, t )

]

= exp[i2πq(m, n)z]
∫ +∞

−∞

∫ +∞

−∞

[
Ẽx(x, y, z0, t )
Ẽy(x, y, z0, t )

]

× exp[−i2π (mx + ny)]dx dy, (C2)
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FIG. 11. Comparison of polarization-resolved intensity between VCSEL’s chaotic output and VPOC, with normalized injection current
μ = 1.423. (a) Polarization-resolved output power of solitary VCSEL. Upper row presents the output power in 45◦ (black) and −45◦ (red)
polarization, and lower row presents the output power in 0◦ (black) and 90◦ (red) polarization. (b) Polarization-resolved intensity profile of
VOPC.

where m = kx/2π and n = ky/2π . kx and ky denote the
wave numbers along the x and y directions, respectively.
q(m, n) =

√
1/λ2 − m2 − n2 is the spatial frequency. The

two initial electric field components, e.g., Ẽx(x, y, z0, t ) and
Ẽy(x, y, z0, t ), are given in Eq. (5).

Finally, the electric field distribution Ẽ (x, y, z, t ) of fo-
cusing spots of VPOC beam at any plane with z > z0 can
be calculated by vectorial angular spectrum theory using
Eqs. (C1) and (C2). The intensity profiles in all the figures
are calculated as

I (x, y, z, t ) = Ẽ2
x (x, y, z, t ) + Ẽ2

y (x, y, z, t ) + Ẽ2
z (x, y, z, t ).

(C3)

APPENDIX D: POLARIZATION-RESOLVED
INTENSITY ANALYSIS

As shown in Fig. 11(a), polarization-resolved output power
of VCSEL’s chaotic output is completely different due to the
nonorthogonal property of the two hopped elliptical polariza-
tion states. However, as shown in Fig. 11(b), the intensity
profiles of VPOC manifest an intrinsic circular symmetry
due to the symmetrical phase regulation of metalens in
the transversal plane. In comparison with VCSEL’s chaotic
output, the total intensity of VPOC is well above the cor-
responding polarization-resolved intensity. Moreover, in the
tight focusing scenario, the RP state obtains an additional lon-
gitudinal component that could be considerably higher than
the transverse component [38].
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