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A frequency beam splitter (FBS) with the split ratio of 0.5, i.e., 50/50 FBS, can be used as the frequency-mode
Hadamard gate for frequency-encoded photonic qubits. A FBS with the split ratio of 1 is exactly the coherent
frequency converter (CFC) for frequency up or down conversion of photons. Previous works revealed that all
kinds of 50/50 FBS and CFC operating at the single-photon level had overall efficiency or output-to-input
ratio around 50% or less. In this work, our 50/50 FBS and CFC are made with the four-wave mixing (FWM)
process based on the double-A electromagnetically induced transparency (EIT) scheme. We achieved an overall
efficiency of 90 £ 4% in the 50/50 FBS and that of 84 = 4% in the CFC using coherent-state single photons, both
of which are the best up-to-date records. Furthermore, we utilize the scheme of Hong-Ou-Mandel interference
(HOMI) to measure the fidelity or degree of coherence of the FBS. The fidelity indicated by the HOMI’s g»
measurement of the 50/50 FBS is 0.99 +0.01. This high fidelity demonstrates the low noise of the frequency
conversion in the EIT-based FWM process. Such low-loss high-fidelity FBS with the tunable split ratio can lead
to useful operations or devices in long-distance quantum communication.
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I. INTRODUCTION

Quantum information or wave functions is commonly en-
coded in photons’ polarization or spatial mode. Compared
with these two kinds of photonic qubits, frequency-encoded
qubits [1-6], in addition to time-bin-encoded qubits [7—11]
and dual-rail-encoded qubits [12-14], are more stable over
long transmission distances and more robust against bire-
fringent materials. Among quantum logic operations, the
Hadamard gate is an essential component. A beam splitter
is exactly the Hadamard gate for spatial-mode qubits. In the
context of frequency-encoded photonic qubits, a frequency
beam splitter (FBS) is the Hadamard gate. In this work, we
demonstrate a low-loss high-fidelity FBS with a tunable split
ratio, where the split ratio is the ratio of photon number in
one output frequency mode to total output photon number.
At the split ratio of 0.5, a FBS (named 50/50 FBS) can be
employed as the frequency-mode Hadamard gate. At the split
ratio of 1, a FBS (named coherence frequency converter or
CFC) can be operated to coherently convert photonic qubits
from one frequency or wavelength to another in quantum
commuincation.
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To date, all kinds of the 50/50 FBS and CFC operating at
the single-photon level had output-to-input ratios or overall
efficiencies (including decay due to propagation or insertion
loss in media, input coupling efficiency, frequency conver-
sion efficiency, etc.) around 50% or less [5,6,15-25]. Most
of these works suffered large insertion loss induced by media,
which not only reduces the output-to-input ratio but also may
lead to additional quantum noise. Here, our low-loss FBS
is made with the four-wave mixing (FWM) process based
on the double-A electromagnetically induced transparency
(EIT) scheme [26-33]. Using the transition scheme depicted
in Fig. 1(a), we converted a coherent-state single photon in
the 780-nm mode to another photon in the superposition of
780- and 795-nm modes, and demonstrated that the 50/50
FBS has an output-to-input ratio of 90 + 4%. Furthermore, we
performed the CFC from 780 to 795 nm with light pulses of
photon number less than 1, and achieved an output-to-input
ratio of 84 +4%. Both output-to-input ratios are the best up-
to-date records.

To test the fidelity of a quantum device or process, one
should perform quantum process tomography [34-37]. Out-
come of quantum process tomography depends on the degree
of coherence of the device or process. Here we utilized the
Hong-Ou-Mandel interference (HOMI) to measure the degree
of coherence of the FBS [38—42]. The HOMI is a two-photon
phenomenon, in which one two-mode wave function formed
by the two outputs of the FBS interferes with another. In the
HOMI measurement of our 50/50 FBS, the value of normal-
ized cross correlation function, g(z), reveals that the fidelity
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FIG. 1. Transition diagram, experimental setup, and operation of
FBS. (a) Relevant energy levels and laser excitations in the exper-
iment. |1), |2), |3), and [|4) represent the states |55, F = 1,m =
1), 15812, F =2,m=1), |5P;;,, F =2,m=2), and |5P;;, F =
2, m = 2) of ¥Rb atoms, respectively. The coupling (£2.) and probe
(£2,) fields drove the transitions nearly resonantly, and the driving
(24) and signal (£2,) fields drove the transitions with a detuning of
A. A small two-photon detuning in some measurmenets is donoted
as § in the figure. (b) Schema of the experimental setup. DBS:
dichroic beam splitter; PP: polarizer or polarizing beam splitter with
half-wave plate; PMF: polarization-maintained optical fiber; PBS:
polarizing beam splitter; NBS: nonpolarizing beam splitter with 7' /R
= 90/10; F200-1, F175, F200-2: lenses with focal lengths of 200,
175, and 200 mm; A/4: quarter-wave plate; BB: beam block; SPCM:
single-photon counting module. (c¢) Illustration of 50/50 FBS. The
left four diagrams depict that a 780-nm (or 795-nm) photon arriving
to the input can result in either a 780-nm photon or a 795-nm photon
with the equal probability at the output. The right two diagrams
depict that a 780-nm and a 795-nm photons simultaneously arriving
to the input can produce two photons of the same wavelength at the
output due to the Hong-Ou-Mandel interference.

is 0.99£0.01. Since two phase-uncorrelated single photons
of the coherent state were utilized in the measurement, the
result is interpreted as the classical fidelity of the FBS. The
high fidelity or degree of coherence of the 50/50 FBS also
suggests that a quantum state can be well preserved in the
double-A EIT scheme. The EIT mechanism is universal and
can work for various media [43—47]. Hence, the high-fidelity
low-loss FBS reported here can be readily applied to systems
of the optical depth and decoherence rate similar to those in
this work.

II. EXPERIMENTAL SETUP

Our experiment was carried out with laser-cooled 8’Rb
atoms [48-50]. Figure 1(b) shows the schema of experimental
setup. In the photon-atom coupling scheme as depicted in
Fig. 1(a), the 780-nm probe and coupling fields form the
first EIT configuration under the one-photon resonance; the
795-nm signal and driving fields form the second one with
a large one-photon detuning, A. The coupling and driving

fields were strong quasi-continuous-wave light. The probe
and signal fields were weak classical pulses, or coherent-state
single- or few-photon pulses. Other details of the experimental
system can be found in Appendix A.

To characterize our experimental system and verify mea-
surement outcomes, we made theoretical predictions with the
optical Bloch equations (OBEs) of atomic density matrix and
the Maxwell-Schrodinger equations (MSEs) of light fields,
which can be found in Appendix B. In these equations and
thorough the paper, ., 24, ©,, and £, denote the Rabi
frequencies of the coupling, driving, probe, and signal fields,
8 is the two-photon detuning of the Raman transition between
two ground states |1) and |2), y represents the ground-state
decoherence rate, I' denotes the spontaneous decay rate of
the excited states |3) and |4) which is about 27 x6 MHz in
our case, and « is the optical depth (OD) of the medium.
The measurements that determined 2., 24, ¥, and « in the
experiment are illustrated in Appendix C.

The split ratio here is defined as the ratio of 795-nm output
photon number to total output photon number under the con-
dition that only the 780-nm photons are present at the input.
Tuning the split ratio of FBS can be done by varying either
two-photon detuning & or one-photon detuning A. In this
study of split ratio, only the 780-nm probe pulse of classical
light was present at the input, and Q. = Q4. A part of the
780-nm input pulse was converted to the 795-nm signal pulse
at the output, and the remaining became the 780-nm output
pulse. Figures 2(a) and 2(b) show the energy transmissions of
780- and 795-nm output pulses as functions of the two-photon
detuning § and the one-photon detuning A, respectively. One
can see that using & to tune the split ratio can suffer a larger
loss, and using A is more efficient. In Fig. 2(b), the split
ratio can be tuned from 1 to 0.5 or smaller with |A|/(27) >
130 MHz. The total energy transmission of 780- and 795-nm
output pulses is 85% (or 88%) at the split ratio equal to
0.97 (or 0.54). A smaller split ratio results in a higher total
transmission. In both figures, the apparent phenomenon of
oscillation indicates that the underlying mechanism of FWM
involves the interference effect [30,31]. The theoretical pre-
dictions were calculated by numerically solving OBEs and
MSEs with the experimentally determined parameters of «,
Q., 24, and y [49,50]. Consistency between the experimental
data and theoretical predictions is satisfactory.

To test whether the scheme of our FBS can also work
well at the single-photon level, we performed the measure-
ments with coherent-state pulses of photon number equal to
or less than 1. Two etalon filters were installed to provide
the extinction ratio of 43 dB. The etalons, together with the
scheme of spatial filter (see the third paragraph in Appendix
A), can effectively block the strong coupling and driving
light from entering single-photon counting modules (SPCMs).
Two Excelitas SPCM-AQRH-13-FC were used to detect the
780- and 795-nm output photons. The collection efficiencies
(including the SPCM’s quantum efficiency) of the 780- and
795-nm photons were about 0.13 and 0.12 for the data in
Fig. 3(a) [0.17 and 0.12 for those in Fig. 3(b)]. We had another
SPCM at the input to monitor the input photon number. All
of the photo multiplier tubes used in the measurements of
classical-light pulses and the SPCMs used in those of single-
photon or few-photon pulses were calibrated to account for
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FIG. 2. Tuning the split ratio of frequency beam splitter. (a) At
one-photon detuning A = —27 x 135 MHz, transmissions as func-
tions of two-photon detuning §, where § = 0 is defined by the
maximum transmission of the output signal pulse, but not by mak-
ing the two-photon Raman transition of |1) — |2) resonant. (b) At
8 = 0, transmissions as functions of A/(2m). In (a) and (b), only the
780-nm probe pulse with the e~? full width of 3.0 us was present
at the input. Blue, red, and magenta circles are the experimental
data of 780-nm probe and 795-nm signal output transmissions, and
their total transmission, respectively. Solid lines are the theoreti-
cal predictions calculated with Q. = Q, = 3.0I", « (OD) = 130,
and y =3 x 107°T", which were experimentally determined by the
method illustrated in Appendix C. The asymmetry between positive
and negative values of ¢ is due to the existence of a phase mismatch
in the experimental system.

different detection efficiencies between the wavelengths or
between the detectors. In each SPCM'’s counting, it took 0.15 s
to replenish cold atoms, switch off the magneto-optical trap
(MOT), perform the temporal dark-MOT, and optically pump
all population to a single Zeeman state, before the input pulse
was fired.

III. RESULTS AND DISCUSSION

At the split ratio of 1, the FBS acts like a CFC transforming
780-nm photons completely into 795-nm photons. Figure 3(a)
shows SCPM counts of input and output photons as functions
of time. The best fit of the data in Fig. 3(a) is consistent with
the result of classical light shown by Fig. 5(c) in Appendix C.
The baseline count was mainly contributed from the leakage
of strong coupling or driving fields. Using the area below
the best fit but excluding the baseline count, we determined
that the overall conversion efficiency from the 780-nm single
photons to the 795-nm single photons or the output-to-input
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FIG. 3. Operations of CFC in (a) and 50/50 FBS in (b) using
coherent-state single-photon-level pulses. In (a), the number of input
photon per pulse was 0.68, and the split ratio ~1 set by A/(27) =
—125 MHz. Top: counts of 780-nm input photons; bottom: those of
795-nm output photons. In (b), the number of input photon per pulse
was 1.0, and the split ratio ~0.5 set by A/(27) = —210 MHz. Top:
counts of 780-nm input photons; middle, and bottom: those of 780-
and 795-nm output photons. In (a) or (b), the width of time bin for
SPCM counts was 450 ns or 225 ns, and the data were the results
of 24000 or 32 000 measurements. All of black, red, and blue lines
are the Gaussian best fits. Excluding the baseline count, the ratios of
output to input photon numbers are 84 4% in (a) and 90 =4% in

(b).

ratio is 84 +4%. The input and output reference points are
right before and after the atom cloud, respectively.

The split ratio of 0.5 can make a 50/50 FBS or potentially
a Hadamard gate for frequency-encoded photonic quits. In
Fig. 3(b), SCPM counts of 780-nm input photons and those of
780-nm and 795-nm output photons are plotted against time.
The best fits of the data in Fig. 3(b) are consistent with the
results of classical light shown by Fig. 6(a) in Appendix D.
The comparison between Figs. 3(a) and 3(b) indicates that
employing single photons of a narrower temporal width can
increase the amplitude-to-baseline ratio, while the output-to-
input ratio was nearly intact. In our 50/50 FBS, the total
transmission or ratio of total output photons to input photons
is 90 +4%.

We have now made the FBS which can operate with single
photons. In analogy to an ordinary beam splitter (BS), 780-nm
(or 795-nm) input photons are reflected into 795-nm (or 780-
nm) output photons and transmitted into 780-nm (795-nm)
output photons by our FWM-based FBS, with the split ratio
defined by the ratio of reflected output photon number to total
output photon number. Figure 1(c) illustrates the operation
of 50/50 FBS. The next question is whether this FBS can
potentially be suitable for quantum information processing.
To answer the question, fidelity F' is the important issue and
can be determined by the following formula [6,51,52]:

P |Tr[\7"'lj]|2
4T

where U represents the operator of an ideal BS, V represents
the operator of FWM-based FBS in the case here, Tif[...]
means the operation of trace, and 7 is the total transmission
or success probability of V.

, ey

013096-3



KAO-FANG CHANG et al.

PHYSICAL REVIEW RESEARCH 3, 013096 (2021)

Considering the FBS, we define #; (#;) and r| (7,) as the
transmission and reflection coefficients of input 1 (input 2),
and ¢; (¢,) as the phase difference between the reflected and
transmitted outputs. The general expression of V is given by

|: H rzei“’z]. )

r ad 1)

The split ratio of two inputs are determined by r7/(t? + r?)
and r% / (t22 + r%). In reality, the ground-state decoherence rate
y in the experimental system was not negligible, making two
inputs produce different split ratios and ¢; # ¢,. An ideal
50/50 BS must have ¢; + ¢ = . Corresponding to V in
Eq. (F2) of a realistic BS with two split ratios close to 0.5,
U of the ideal 50/50 BS can be written as [53,54]

A 1 1 ei(rrqub)/Z
U = ﬁ[ei(n+A¢)/2 1 :|,

where A¢ = ¢ — ¢,. The derivation in Appendix E shows
that the fidelity of V' is

F=y+qan(%) @

3

2T 2

where f = (t) + 1)/2, 7 = (ry +1)/2, T =1* + 7, and ¢ =
o1+ ¢

According to Eq. (F10), one can immediately see that the
phase ¢ approaching to m can make a high-fidelity FBS.
To determine ¢, we employed the Hong-Ou-Mandel interfer-
ence (HOMI) [38-42], and measured the normalized cross
correlation function, g®, between two outputs of the FBS.
A simple example, to explain why the HOMI measurement
can determine ¢ of Eq. (F10), is illustrated in Appendix F.
In the HOMI, it is well known that, with a 50/50 BS in
the ideal condition, two Fock-state single photons results in
g® =0 [38,39], and two phase-uncorrelated coherent-state
single photons results in g = 0.5 [40-42]. Here we sent
two pulses to the two input ports of 50/50 FBS in the HOMI
measurement. Each pulse consisted of a coherent-state single
photon or few photons. The wavelength of one pulse was
780 nm and that of the other was 795 nm. Since the two
pulses had the same mean photon number and were phase
uncorrelated, the derivation in Appendix G shows that g of
the two output ports is given by

2t 12

@ =1+
¢ +R)E+1)

cos ¢. 5)

In Fig. 4, g® is plotted against the delay time between the two
input pulses. The minimum g® is 0.53 4 0.03 and occurs at
the delay time of 200 ns. Based on the data shown in Figs. 6(a)
and 6(b) of Appendix D, this 200-ns delay time is expected.
The two-photon event of both photons from two input ports
transmitting through the FBS, and that of both photons be-
ing reflected by the FBS were nearly indistinguishable under
such delay time. Right before taking the data in Fig. 4, we
measured the data similar to those in Figs. 6(a) and 6(b), and
found 2 = 46%, r} = 46%, t; = 51%, and r; = 39%. The
minimum g® and Eq. (5) result in cos ¢ = —0.94(6). Finally,
we use Eq. (F10) and the above values of #;, ry, f,, 72, and ¢
to determine F = 0.99 4 0.01, indicating that the FWM-based
FBS possesses excellent fidelity.
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FIG. 4. Measurement of cross correlation function g in the
Hong-Ou-Mandel interference. g is plotted against the delay time
between two input pulses, 7. The experimental condition was very
similar to that in Fig. 6 of Appendix D. Blue circles are the experi-
mental data taken at A/(2w) = —215 MHz with two single-photon
input pulses of 780 and 795 nm. Each circular data point, in which
the contribution from background counts is removed, is the result of
28 800 measurements. Red squares are the experimental data taken
at A/(2m) = —205 MHz with two five-photon input pulses. Each
square data point, corrected for the saturation effect of SCPM’s gain
and the background contribution, is the result of 9600 measurements.
The two values of A, which set the split ratio of FBS to ~0.5, are
different due to the day-to-day variation of OD. The e~ full width
of input pulses was 1.7 us. The time windows for SPCM counts of
the blue circular and red square data points were 1.8 and 8.0 us,
respectively. Solid line is the best fit of a Gaussian function with the
e~2 full width of 2.3 s and the minimum g® of 0.53.

We compared the similarity between the ideal and actual
processes of 50/50 FBS. The degree of similarity consists of
two decisive factors. One factor is the comparison between the
ideal and actual split ratios, and the other is the determination
of degree of coherence of the actual FBS process. The fidelity
defined by Eq. (F1) or (F10) clearly exhibits these two factors.
As shown by Eq. (F10), the degree of coherence is indicated
by the phase ¢ (= ¢; + ¢,) of the FBS, where ¢; or ¢,
is the phase difference between the frequency-converted and
frequency-unchanged photons. In the language of a standard
spatial-mode beam splitter, ¢; or ¢, is the phase difference
between the reflected and transmitted photons. This prompts
us to employ the HOMI to determine this phase ¢, i.e., the
degree of coherence of the FBS. Since the coherent-state
single photons were utilized in the measurement, the result
here is interpreted as the classical fidelity of the FBS.

There can be noise caused by the Raman process [55,56],
the spontaneous emissions of excited states, etc., within the
FBS operation. Such noise will be added to the output probe
and signal beams, making g of the coherent-state HOMI
measurement greater than the ideal value of 0.5. We were
not able to identify this type of noise directly from the data.
Nevertheless, since g = 0.53 in the HOMI measurement or
the classical fidelity is 0.99, we believe that the noise gener-
ated within the FBS process is a little. Such high fidelity also
demonstrates the frequency conversion of EIT-based FWM
process exhibits low noise.
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IV. CONCLUSION

In conclusion, utilizing the EIT-based FWM process we
experimentally demonstrated a FBS of the tunable split ratio
with coherent-state single-photon pulses. At the split ratio ~1,
the FBS converted all of 780-nm input photons to 795-nm
output photons with the output-to-input ratio of 84 +4%.
Both of the output-to-input ratios or overall efficiencies are
the best up-to-date records. Discussion on the FBS bandwidth
can be found in Appendix E [44,57-60]. To test the fidelity of
the FBS, we utilized the HOMI to determine the degree of
coherence. The value of g in the HOMI measurement
indicates that the classical fidelity of our 50/50 FBS is
0.99 £0.01, which suggests a quantum state can be well pre-
served in the EIT scheme. This low-loss high-fidelity FBS
can lead to useful devices or operations, such as entanglement
swapping and multiplexing, in long-distance quantum com-
munication.
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APPENDIX A: EXPERIMENTAL SYSTEM

The cold ®’Rb atoms in the experiment were produced
by a MOT. There were about 3 x 10° in the cigar-shaped
atom cloud of the dimension of 14x2x2 mm~> [48]. Before
each measurement, we optically pumped all population to the
Zeeman statesof |[FF = 1,m = 1) and |F = 2, m = 2) [3]. The
population in |F = 2, m = 2) is irrelevant to this study, and
all laser fields in the FWM measurement did not drive this
state. Figure 1(a) shows the transitions driven by the probe,
coupling, driving, and signal fields, all of which had the o+
polarization, and propagated along the major axis of the atom
cloud. The OD of the probe and signal transitions was about
~100-130. The wavelength of the probe and coupling fields is
780 nm, and that of the driving and signal fields is 795 nm. We
used light from a master laser to seed the probe and coupling
lasers for the stabilization of frequency difference between
the two lasers [50]. An electro-optic modulator (EOM) was
installed in one of the seeding paths. The first-order sideband
of the EOM was employed for the seeding, which produces
a frequency difference of about 6.8 GHz between the probe
and coupling lasers. We made the similar arrangement to seed
the signal and driving lasers. Therefore, the decoherence rate
caused by fluctuation of the frequency difference between the
probe and coupling fields (or between the signal and driving
fields) was little.

The coupling and driving beams came out of a
polarization-maintained (PM) optical fiber before entering
the atom cloud, and the probe and signal beams came out
of another PM optical fiber. This can ensure the coupling
and driving beams (the probe and signal beams) to spatially
overlap well. The e~2 full width of the coupling and driving
beams was 2.0 mm, and that of the probe and signal beams
was 0.2 mm. We arranged an angle separation of about 0.9°
between the coupling (driving) and the probe (signal) prop-

agation directions. This angle separation is small enough to
make negligible decoherence rate [61,62], and is also large
enough to prevent the coupling and driving light from entering
the probe’s and signal’s SPCMs.

A scheme of spatial filter was also used to block the cou-
pling and driving light. In Fig. 1(b), the coupling and driving
beams first passed through F200-1 before merged with the
probe and signal beams at NBS, then became quasiplane
waves after F175, and finally were focused by F200-2 and
blocked by BB at the focal point. The probe and signal beams
were focused to the center of the atom cloud by F175, and
transformed to quasiplane waves by F200-2. Because of the
angle separation, BB which is actually an iris diaphragm
caused little attenuation of the probe and signal light.

The input and output reference points of the FBS are right
before and after the atom cloud, respectively. The collection
efficiency of the probe or signal detection system was ~12—
18%. Referred to Fig. 1(b) in the main text, this efficiency is
resulted from the transmittance of the dichroic beam splitter
(DBS before the two etalon filters) of 95 + 1%, the coupling
efficiencies of single-mode optical fibers before (not shown
in the figure) and after the etalon filters of 60+5% and
72 £+ 6%, respectively, the etalon transmittance of 65 & 5%,
and the SPCM’s quantum efficiency of about 50% (or 55%)
for 780- (or 795-) nm light. Without the atoms, the transmit-
tance from the lenses F175 to F200-2 is 94 +0.6%. The two
polarization-maintained fibers (PMF) in Fig. 1(b) were used
to keep the stability of optical paths of light fields, and the
coupling efficiency into the PMF was ~50-60%. We used
a DBS before each PMF to couple the two light fields of
different frequencies into the same spatial mode. The attenu-
ation caused by the DBS is 5 &+ 1%. The above independently
measurable losses are not intrinsic in the FBS operation and,
thus, are not included in the output-to-input ratio or overall
conversion efficiency of the FBS.

Several technical issues involved in the low-loss FWM
process. First, a medium’s OD («) must be sufficiently large.
The conversion efficiency from one wavelength to another
can be enhanced by OD, shown by Eq. (C1) in Appendix
C. A larger OD can also make the 50/50 FBS have a higher
total transmission and a better fidelity as illustrated in Sec.
2 of Appendix F. Second, the wavelength conversion process
requires the phase match, i.e., Ak = (I?F —ko+ kg —k) 2=
0, where k, represents the wave vector of light field. A phase
mismatch, i.e., Ak # 0, can cause the loss. For example, the
propagation directions of 780-nm coupling and probe (or 795-
nm driving and signal) beams have an angle separation of
about 0.9°, resulting in LAk = 0.23 radians in our system,
where L is the medium length, and a loss of 6%. Fortunately,
our study showed that a suitable two-photon detuning (§)
can compensate the phase mismatch. The experimental and
theoretical studies of using é to compensate a phase mismatch
will be published elsewhere. Finally and most importantly,
the efficiency of FWM process is sensitive to the ground-
state decoherence rate (y) [29]. Thus, y must be as low as
possible. The decoherence can be caused by stray magnetic
fields in the transverse direction, frequency fluctuations of the
two-photon Raman transition, inhomogeneity of the AC Stark
shift, inhomogeneity of the longitudinal magnetic field, etc.
Our works on the reduction of y can be found in Ref. [50]. In
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our system, y was mainly due to an unwanted but unavoidable
transition of |5S;,,, F = 2) — |5P3;,, F' = 3) driven by the
coupling field with a large detuning of 266 MHz or about 44T
[49,56], where T is the spontaneous decay rate of the excited
state.

APPENDIX B: THEORETICAL CALCULATION

To characterize our experimental system and verify mea-
surement outcomes, we made theoretical predictions with the
OBE:s of atomic density matrix and the MSEs of light fields
given below [31,32].

%,021 = %ijn + %szﬂ +idp —ypu, (BI)
d i i r
5P = EQP + EQCIOZI — 5P (B2)
0 i i . r
ZPn = EQS + 594,021 +iAps — 7 Pars (B3)
%% p+%9p=i%Fp31, (B4)
19 s Lo =i%rp,, (BS)
cor 0z 2L

where p;; is the element of density matrix operator of states
|i) and | ), 2., 24, 2, and €2, are the Rabi frequencies of the
coupling, driving, probe, and signal fields, § is the two-photon
detuning of the Raman transitions between two ground states
[1) and |2), A is the one-photon detuning of the transition
[1) — |4) or |2) — |4), y is the ground-state decoherence
rate, I" is the spontaneous decay rate of the excited states |3)
and [4) which is about 27 x6 MHz in the experiment, and
o« and L are the OD and length of the medium. To achieve
the above equations, we consider that the probe and signal
fields are weak and can be treated as the perturbations of the
system. The excited states |3) and |4) belong to the D2 and D1
lines of Rb atoms. The spontaneous decay rates of |3) and |4)
as well as the transition strengths of |1) — |3) and |1) — |4)
differ by about 5.3%. In the theoretical calculation, we set the
same decay rate for p3; and p4;, and used the same OD for
the probe and signal transitions. Since we always tuned the
probe and coupling frequencies to the resonance frequencies
of their transitions in the experiment, no one-photon detuning
is present in Eq. (B2).

APPENDIX C: DETERMINATION OF EXPERIMENTAL
PARAMETERS

We employed the measurement of slow light to determine
the coupling Rabi frequency €2.. A typically data of slow light
of the probe pulse under the presence of the coupling field
is shown in Fig. 5(a). According to the theory or theoretical
predictions calculated with the OBEs and MSE:s in Egs. (B1),
(B2), and (B4), the delay time of slow light is equal to o«T"/2?
[33,48]. Once the OD () is known which will be explained in
the next paragraph, we can determine €2, from the delay time
between input and output probe pulses. Attenuation of the
probe pulse can be utilized to determine the decoherence rate
v, which was about 3 x 107°T" or 27 x 18 kHz in this work.
Furthermore, the condition of the coupling and driving fields

100 1

Transmission (%)

Time (ps)

FIG. 5. Data of slow light in the single-A and double-A systems
are shown in (a) and (b), respectively. Data of coherent wavelength
conversion are presented in (c). In all of the data here, only the
780-nm probe pulse was sent to the input represented by black solid
lines. Blue and red solid lines are the 780-nm probe and 795-nm
signal pulses at the output. (a) Slow light of the probe pulse under the
presence of only the coupling field. (b) Slow light of the probe and
signal pulses under the presence of both of the coupling and driving
fields at A = 0. Blue line is shifted up for clarity. The coupling Rabi
frequencies in (a) and (b) were the same. Thus, the delay time in
(b) became half of that in (a), indicating the coupling and driving
fields had the same Rabi frequency, i.e., Q. = Q4. (c) At A/(2n) =
—135 MHz and Q2. = 4, the FWM process converted the input
probe pulse nearly all to the output signal pulse. The 795-nm output
transmission (ratio of output to input energies or photon numbers)
was about 83%, and the 780-nm one was less than 4%. In (c), green
dashed lines are the theoretical predictions calculated with o (OD)
=130, Q. = 4 = 3.0I", and y (the ground-state decoherence rate)
=3 x 1073I". The values of a, . (24), and y were experimentally
determined by the optimum one-photon detuning A,y that maxi-
mizes the output signal pulse, the delay times in (a) and (b), and
the ratio of output to input pulse amplitudes in (a), respectively.

having the same Rabi frequencies, i.e., Q2. = 4, was needed
thorough all measurements of this work. We not only ensured
Q. = Q4 by monitoring the powers of the coupling and driv-
ing fields, but also verified Q2. = Q,; with the measurement
of resonant FWM process (i.e., A = 0) as shown in Fig. 5(b).
In the resonant FWM process, only the probe pulse was sent
to the input, and both of the coupling and driving fields were
present. From the theory or theoretical predictions calculated
with the OBEs and MSEs in Egs. (B1)—(B5), the delay time in
the resonant FWM process is equal to o' /(2% + €32) [3,32].
As the delay time in Fig. 5(b) became half of that in Fig. 5(a),
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we can know that Q,; = Q. and two fields have the same Rabi
frequencies.

To determine the OD («) of the experimental system, we
employed the measurement of far-detuned FWM process, i.e.,
|A] > T'. In the far-detuned FWM process, only the probe
pulse was sent to the input, and we measured the signal pulse
at the output. In the measurement, we set Q. = €24. The
driving field had the one-photon detuning A. According to
the steady-state solution of Egs. (B1)-(B5), the ratio of output
signal (probe) field to input probe field under y = 0 is given
by [31]

2Ge=DP 1

S . (14 e —2e A cosh), Cl
Qoo —allte 2 eost). (€D
|Qp(Z = L)|2 1 —2A —A
Beple =202 2 9), C2
2,G=0)F 4( + e 4+ 2¢ " cos0) (C2)
where
A/T
_e_4amr (©3)
21+ (A/T)?
o« 1 - Ja? — 1662 ()
T 214(A/T? 4 '

We now derive the criterion, which maximizes |$2;(L)|*> or
equivalently minimizes |§2P(L)|2. Since Eq. (C1) or (C2) is
a function of only o and A, the OD of the system must
be related to the optimum one-photon detuning A at the
maximum. Given Ay, we first take the derivative of Eq. (C1)
with respect to «, and obtained the criterion given by

—adA + cos@dA + sin@de 0
—e " — — — =0.
do do doa

The value of « in the experiment was large as compared with

0, which is close to 7w at Agpe. Under a?> 1602, A ~ 202/01.

Because A is small and 6 ~ 7, we then make the approxima-

tions of e™4 &~ 1 — A, cosf ~ —1, and sinf = sin(wr — 0) ~

m — 6. After 6 and A are substituted by the expressions in
Egs. (C3) and (C4), the criterion finally becomes

o A 27| Agp/T| — 4.

(C5)

(C6)

Using the above equation and Eq. (C3), we also get 0 ~ 7w —
2|I"/ Aopt]. On the other hand, the numerical calculations us-
ing Egs. (B1)—(B5) with all possible experimental parameters
in this work also conclude a formula of o ~ 6.2| Ay /T'| — 6
with an uncertainty of 44%. The value of « given by Eq. (C6)
is consistent with that given by the numerical calculation.
Therefore, by experimentally searching for A, we can de-
termine the OD of the system. As an example, Fig. 5(c)
shows the output signal pulse was maximized at Ay /(27) =
—135+5 MHz. The measured A, indicates that the value of
OD was 130 = 10 in Fig. 5(c).

APPENDIX D: A 50/50 FBS OPERATING WITH
CLASSICAL LIGHT PULSES

We properly adjusted the one-photon detuning (A) to pro-
duce a 50/50 FBS. Figure 6(a) shows the representative data
that the 780-nm input pulse is split into the 780- and 795-nm
output pulses of the very similar amount. At the split ratio
of ~0.48-0.51, the average of data of output-to-input ratios

100 (a)
50+
c\>\‘°/
=
S 0
g 1004 (b)
=
= 504
O_
2 1 0 1 2
Time (us)

FIG. 6. A 50/50 frequency beam splitter operating with classical
pulses. (a) At A/(2mw) = —205 MHz, o (OD) = 110, and Q. = Q4
= 3.0T", the FWM process converted the input 780-nm probe (black)
pulse to the output 795-nm signal (red) and 780-nm probe (blue)
pulses with the transmissions of 46% and 45%, respectively. The
delay time between the red (or blue) and black lines is 0.21 (or 0.42)
us. (b) Under the same experimental condition, the FWM process
converted the input 795-nm (black) pulse to the output 795-nm (red)
and 780-nm (blue) pulses with the transmissions of 53% and 38%,
respectively. The delay time between the red (or blue) and black lines
is —0.04 (or 0.20) us.

or total transmissions taken in different days gave 89 4%,
where the uncertainty is the standard deviation of the data. The
values of OD in these measurements varied from 100 to 130.
Furthermore, we performed the measurement that only the
795-nm signal pulse was present at the input under the same
experimental condition as Fig. 6(a). The total transmission
of 93 + 2% with the split ratio of ~0.37-0.46 was obtained,
where the split ratio here is the ratio of 780-nm output energy
to total output energy. The representative data are shown in
Fig. 6(b). With the same 50/50 FBS, the outcomes of the
780-nm input differ from those of the 795-nm input, being
caused by the nonnegligible decoherence rate in the system
and the asymmetry between the D1 and D2 excited states.
The output-to-input ratio or overall efficiency presented here,
which accounts for the input coupling efficiency, attenuation
due to propagation in the medium, and frequency conversion
efficiency, is the best up-to-date record of FBS.

APPENDIX E: BANDWIDTH OF THE FWM-BASED FBS

The frequency conversion bandwidth of the FWM-based
FBS is mainly determined by the EIT mechanism. The
EIT bandwidth is approximately Q2 /(,/aT"). Under o = 130,
Q. =Q; =3.0I"', and y = 0.003T in this work, the fre-
quency converter has the maximum conversion efficiency of
84%. This efficiency will drop to 42% with an input pulse
of the bandwidth of 8 MHz, which is not much as compared
with the bandwidth greater than 10 GHz of the frequency
conversions with fiber-based Bragg scattering [24] or PPLN
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waveguides [25]. Nevertheless, using a larger value of .
helps the EIT bandwidth. In Ref. [44], the EIT bandwidth
can be increased to 1.8 GHz with a large coupling intensity.
Considering that the coupling and driving Rabi frequencies
(or powers) increase 10 (or 100) folds, i.e., 2. = Q4 = 30T,
and the values of « and y are kept the same. The predictions
from the numerical calculation using Eqs. (B1)—(B5) show
that the frequency conversion efficiency can be maximized to
87%, and drop to 43.5% with an input pulse of the bandwidth
of 450 MHz.

In this work, coherent-state single-photon pulses used in
the measurement of frequency converter had the e~! full
width of 2.4 us, corresponding to the frequency bandwidth of
0.50 MHz. Recently, there are several schemes for realizing
sources of narrow-linewidth single photons. For examples,
single photons with linewidths of 4.5 and 6 MHz were pro-
duced with solid-state systems [59,60]; those with linewidths
of 0.38 and 1.9 MHz were produced with atomic systems
[57,58]. The issue of the bandwidth can be resolved by ei-
ther increasing the powers of the coupling and driving fields,
employing narrow-linewidth single photons, or both. Further-
more, the EIT mechanism is universal and can be applied to all
kinds of media with different energy levels. As long as energy
levels are available, the wavelength used in the EIT-based
scheme can be flexible.

APPENDIX F: FIDELITY OF FREQUENCY BEAM
SPLITTER

IN analogy to an ordinary BS, 780-nm (or 795-nm) input
photons are reflected into 795-nm (or 780-nm) output photons
and transmitted into 780-nm (795-nm) output photons by the
FBS, with the split ratio defined by the ratio of reflected output
photon number to total output photon number. The fidelity F
is the important issue and can be determined by the following
formula [6,51,52]:

_mvio]?
- AT

F . (F1)

where U represents the operator of the ideal BS, V represents
that of the FBS in this study, Tr[...] means the operation of
trace, and T is the total transmission of V. One can write down
the general expression of a FBS as

5 1 r2€i¢2
v = [rle@, ; } (F2)

where #; (or t,) and r; (or r;) are the transmission and re-
flection coefficients of input 1 (or input 2) and ¢; (or ¢»)
is the phase difference between the reflected and transmitted
outputs. Because of loss, 17 + 77 < 1 and #5 + r5 < 1. The
split ratio of two inputs are determined by rl2 / (tl2 + rlz) and
r%/ (t22 + r%) and can be in general different.

1. Frequency beam splitter with tunable split ratio

We consider the case that the ground-state decoherence
rate in the system is negligible, i.e., y = 0. The steady-state
solution of Egs. (B1)—(BS5) under 2, = 2, provides ty, ry, ¢1,

12, r» and ¢, for V of the FWM-based FBS, which is given by

5 LV Viz
V=—- , F3
2 |:V21 Voo )
where
Vi = Vo = V1 + e 24 +2¢4 cosb, (F4)

Vip = Vo = e®2\/1 + e 24 —2eAcosh,  (F5)

— Vo = 1607
4
L 2t
¢) = 2tan m siné |. (F7)

Equation (C3) shows 6 is a function of OD («) and one-photon
detuning (A). According to #; and r; (or t; and r;) in Eq. (F3),
the split ratio is related to 6 as

1 2¢4
SZE l—mcose . (F8)

One can immediately see that 6 &~ 7 makes s — 1 under a
small A (i.e., a large ), and 6 = 7 /2 exactly makes s = 0.5.
Based on Eq. (F3), the total transmission of FBS is
e
= >
The ideal BS must have ¢; + ¢» = 7 in Eq. (F2) [53,54].
Corresponding to V in Eq. (F3) of ¢; = ¢» = ¢ and the split
ratio of s, the operator U of ideal BS is given by
0 I:«/l —s in/s ]

in/s VI=s]
With V in Eq. (F3) and the above U, Eq. (F1) becomes

T (F9)

1
F = E[(l +e ) +2(1 — 25)e ™ cos 6

+2/s(1 = $)y/(1 + e~ 24)2 — 4e=2A cos? 6 sin @ﬂ
(F10)

2. 50/50 frequency beam splitter

We again consider the case that the ground-state decoher-
ence rate in the system is negligible, i.e., y = 0. The 50/50
FBS has 6 = 7 /2, making cos§ = 0 and s = 0.5, as indicated
by Eq. (F8). Using cosf = 0 in Eq. (F10), we find that the
fidelity of 50/50 FBS is

Fol N 1. (¢
=—+-sin{ = ).
2 2 2
Since the value of o (OD) in our experiment was large as
compared with 8, A &~ 262 /a = 72/ (2a) < 1in Eq. (F6). We

set 0 = /2 in Eq. (F7) to get sin(¢/2), and utilize A < 1 to
obtain

(F11)

7.[4

1602

1 e 2
F:— —Qﬁl——
2 Ty 4

~
~

(F12)
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Using A < 1 in Eq. (F9),

72
T~1—-A=1-——.
20

(F13)

Therefore, a larger OD not only results in a lower loss, but
also makes the fidelity better.

3. Realistic frequency beam splitter

In reality, the ground-state decoherence rate y in the ex-
perimental system was not negligible. A nonzero y makes
two inputs of the FWM-based FBS produce different split
ratios, i.e., r7/(tf 4 r7) # r3/(&; 4 r3), and different phases,
i.e., ¢ # ¢,. Corresponding to the general expression of V' in
Eq. (F2) of nonzero A¢ = ¢, — ¢», the operator U of ideal
50/50 BS is given by

ol(T—2¢)/2
i| (F14)

. 1 1

U= ﬁ[ei(nvLA@/Z 1
The above expressions of phases in the off-diagonal terms
ensure that the ideal BS has ¢; + ¢, = w. With V in Eq. (F2)
and the above U, the fidelity in Eq. (F1) becomes

F = l + t_—F sin <?), (F15)

2T 2

wheref = (t +1)/2, 7= (rn +r)/2, T => + 7%, and ¢ =
1+ ¢a.

APPENDIX G: DETERMINATION OF THE PHASE OF
FREQUENCY BEAM SPLITTER WITH HOMI

The phase ¢ in Eq. (F10) is the sum of the phase difference
between the reflected and transmitted waves of input 1, ¢y,
and that of input 2, ¢,, in Eq. (F2), i.e., ¢ = ¢ + ¢». The
following example illustrates how the measurement of g in
the HOMI can determine ¢. A BS is represented by the matrix
in Eq. (F2). In the HOMI, two single photons of the Fock state
are sent to the two input ports of BS. The value of g® of the
two output ports of BS is defined by

2) (NINZ) (Gl)

(N1)(Na)

where (N;) or (V) is the photon count of each output mode,
and (N;NV,) is the photon-photon coincidence count between
the two output modes. Because of the energy (photon number)
conservation, (N;) = 1‘12 + r% and (V,) = t22 + r%, where t; (1)
and ry; (rp) are the transmission and reflection coefficients
of input 1 (input 2). The major outcomes of the BS corre-
spond to the following two-mode wave functions of #,%,|1, 1),
1112?2212, 0), thr1e?14/2)0, 2), and r1r2€ |1, 1), where the
first and second quanta represent photon numbers in two out-
put modes. Only the wave functions of |1, 1) can contribute to
(N1N,), which is equal to (t,1, + 7y r2€_i¢)(l1l2 + F1r2€i¢), and
those of |2, 0) and |0, 2) do not make any contribution. Other
possible output wave functions are proportional to |1, 0),
|0, 1), and |0, 0), which do not contribute to (N;N;), either.
Once knowing (N}), (N,), and (N1 N;) [54], we obtain

@) _ 113 +rirs 4+ 2001y cos ¢

G2
G+A@+7) ©

Therefore, given the BS’s #1, 7, ,, and r,, one can determine ¢
from the value of ¢ as demonstrated by the above equation.

A 50/50 BS has t; =r; =t = r,. Based on Eq. (G2),
g® = (1 + cos ¢)/2 revealing that the two-photon event cor-
responding to #1#;|1, 1) (both input photons transmit through
the BS) interferes with that corresponding to r 7|1, 1)
(both are reflected by the BS). An ideal 50/50 BS further has
¢ = m [53,54], making g = 0 which is exactly the conse-
quence that the interference is completely destructive. With
two Fock-state single photons at two input ports of the ideal
BS in the HOM], it is well known that both photons always
emerge together at one of the output ports (corresponding to
[2,0) or |0, 2)) as depicted in Fig. 1(c), resulting in g» = 0
[38,39].

APPENDIX H: HOMI MEASUREMENT WITH
COHERENT-STATE PHOTONS

In this section, we will derive the value of g in the HOMI
of a realistic BS with coherent-state light. To make the theo-
retical situation consistent with the experimental condition of
our HOMI measurement, we consider that the phases of the
two input coherent states are completely uncorrelated, and the
mean photon numbers of the two states are the same. Equation
(F2) represents the operator of realistic BS. Two coherent
states | 8) and |Be’) are incident to inputs 1 and 2 of the BS,
respectively, where |8|? indicates the mean photon number in
either state and £ is the relative phase between the two states.
Since the two coherent states are phase-uncorrelated, we will
average & over all phases later.

In Eq. (F2), the transmission and reflection coefficients of
input 1 (or input 2) of the BS are #; (or f;) and r| (or rp), re-
spectively, and the phase difference between the reflected and
transmitted light is ¢ (or ¢,). Thus, the two wave functions
emerging at output 1 and 2 of the BS are given by

Y1 = 0B+ (ne®)Be) = |t + e 91p),,
(HD

Yy = [(r1e?)B + fe )y = |(re + ne®)B),,
(H2)

where the subscripts 1 and 2 indicate the output modes 1
and 2. Let us denote (N;) and (N,) as the photon counts of
outputs 1 and 2 of the BS, and (N|N,) as the photon-photon
coincidence count between the two outputs. The value of g
is defined by

@ - Nil2) (H3)

(N1)(N2)

With ¢ and v, we can evaluate ](Nl) and (N,) with the
photon number operators a/a; and aa, in the following:

1 2T
N = — /O de i@y = (2 + 2)I81,

27
(H4)
1 2 P
) = 5 / d& vl @)y, = (2 +2)I81.
0
(HS)
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The two-mode wave function at the output, ¥, is the direct
product of ¥; and ¥, i.e., Y12 = ¥ ® ¥,. Hence, the value
of (N|N,) is given by

] 271
(NiN) = — d& Yl (@laalar)ya
0

[(F +73) (T +13)
+21112r 73 cos(¢y + $2)11BI .
Knowing the values of (Ni), (N,), and (N;N,), we obtain

(Ho)

22‘11‘2}’1 r
(17 +13) (3 +17)

where ¢ = ¢; + ¢. Both g» and fidelity, F, are related to
¢ as demonstrated by the above equation and Eq. (F15).
Therefore, given ¢, r|, t, and r, of a realistic BS, one can
determine the fidelity of this BS from the value of g®® in the
HOMI measurement. With two coherent-state single photons,
one can also show that the HOMI of ideal 50/50 BS results in
g? = 0.5 [40-42].

As the example shown in Fig. 3(b) of the main text, the
probability waveform of probe (signal) photons in the exper-
iment was the Gaussian pulse, and the background noise was
just a constant baseline or offset. The counts of background
noise were nearly all contributed from the leakages of strong
coupling and driving fields. With and without the presence
of the atoms, these background counts were almost the same.
Besides, there was no observable difference between the back-
ground counts with and without the presence of single-photon
or few-photon probe (signal) pulse.

The background noise can degrade the measured value of
photon-photon correlation function, g, given by

@ _ (NN

S L HS8
fipm NTY(ND) (H8)

=1+

cos ¢, H7)

where

(N)) = (N1) + ny, (H9)
(N;) = (N2) + na, (H10)

(N{N3) = (N1N2) + ny(N2) + np(Ny) + nyn,.
(H11)

In the above equations, n; and n, denote the counts of probe
and signal SPCMs contributed from the background noises,
which are uncorrelated to each other and also uncorrelated
to the probe and signal counts. Since n; and n, are small as
compared with (N;) and (N,), we consider gﬁ) up to the first
orders of n; and n,, and obtain

@) n 0@ 4 ] — 7 ﬁ) HI2
i | g]<wn+wM> 2

The background noise is a constant offest of the Gaussian
pulse, which can be clearly identified from the data. Hence,
one can directly determine the ratios of n;/(N;) and n,/(N,)
based on the data, and correct the measured gf,f) to get the ac-
tual or corrected g®. The values of photon-photon correlation
function shown in Fig. 4 of the main text were all corrected
for the background noise, where n; /(N;) of the 780-nm probe
SPCM and n,/(N) of the 795-nm signal SPCM were about
5% and 13%, respectively.
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