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The celebrated tenfold way of Altland-Zirnbauer symmetry classes discern any quantum system by its pattern
of nonspatial symmetries. It lays at the core of the periodic table of topological insulators and superconductors
which provided a complete classification of weakly interacting electrons’ noncrystalline topological phases for
all symmetry classes. Over recent years, a plethora of topological phenomena with diverse surface states has been
discovered in crystalline materials. In this paper, we obtain an exhaustive classification of topologically distinct
ground states as well as topological phases with anomalous surface states of crystalline topological insulators
and superconductors for key space-groups, layer-groups, and rod-groups. This is done in a unified manner for the
full tenfold way of Altland-Zirnbauer nonspatial symmetry classes. We establish a comprehensive paradigm that
harnesses the modern mathematical framework of equivariant spectra; it allows us to obtain results applicable
to generic topological classification problems. In particular, this paradigm provides efficient computational tools
that enable an inherently unified treatment of the full tenfold way.
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I. INTRODUCTION

The discovery of the periodic table of topological insula-
tors and superconductors (TISCs) and the tenfold way has
revolutionized our understanding of topological phases of
quantum matter [1–11]. The table has enabled the classifi-
cation of all weakly interacting fermionic phases in systems
with any Altland-Zirnbauer (AZ) symmetry class, which are
the 10 possible classes of nonspatial symmetries [12–14]; see
Fig. 1 and Table I. These classes are characterized by the
presence or absence of internal symmetries of the system,
such as time-reversal, particle-hole symmetry, spin rotations,
and charge conservation. In the absence of spatial crystalline
symmetries, the tenfold way also provides a classification of
“strong” and “weak” anomalous topological surface states due
to the celebrated bulk-boundary correspondence, relating the
topological properties of a gapped bulk to the properties of its
anomalous surface theory [9,15–25].

The tenfold way and the mutual relations among symmetry
classes within it are thus at the physical foundation of our
understanding of topological quantum phenomena. One of
the insightful ways to derive and decipher the structure of
the periodic table of TISCs is to naturally encapsulate the
tenfold way within “complex K-theory” and “real K-theory,”
the former of which is sometimes referred to as “the simplest
generalized cohomology theory.” Since our understanding of
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their importance, this and other cohomology theories have
been used throughout physics to explore and understand var-
ious phenomena. Examples of such are complex and real
cobordisms which have been used to classify the strongly
interacting invertible fermionic topological phases [26].

In this paper, we utilize the mathematical notion of equiv-
ariant “spectra” and the theory of equivariant stable homotopy,

FIG. 1. The Bott clock. The 10 Altland-Zirnbauer classes ar-
ranged by the tenfold-way pattern of nonspatial symmetries. These
are the antiunitary time-reversal symmetry, �, and the antiunitary
particle-hole antisymmetry, �. The darkly shaded classes are invari-
ant under the unitary sublattice/chiral antisymmetry, � = ��. See
Table I.
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TABLE I. Topological invariants, π0(Cq−d ) and π0(Rq−d ), for
complex and real Altland-Zirnbauer symmetry classes, q, in d spatial
dimensions. See Fig. 1.

q Classifying space Class d = 0 d = 1 d = 2 d = 3

0 C0 = ∏
m

U(n)
U(m)×U(n−m) A Z 0 Z 0

1 C1 = U(n) AIII 0 Z 0 Z

0 R0 = ∏
m

O(n)
O(m)×O(n−m) AI Z 0 0 0

1 R1 = O(n) BDI Z2 Z 0 0
2 R2 = O(2n)/U(n) D Z2 Z2 Z 0
3 R3 = U(2n)/Sp(n) DIII 0 Z2 Z2 Z
4 R4 = ∏

m
Sp(n)

Sp(m)×Sp(n−m) AII Z 0 Z2 Z2

5 R5 = Sp(n) CII 0 Z 0 Z2

6 R6 = Sp(n)/U(n) C 0 0 Z 0
7 R7 = U(n)/O(n) CI 0 0 0 Z

which further generalize the notion of a cohomology theory
and unveils deeper relations within the symmetry classes of
quantum systems; see Refs. [27,28]. Similar notions had been
surfacing in various areas of physics over the past decade,
notable examples include Kitaev [29–31], Freed and Hopkins
[26,32], Kapustin et al. [33,34], and Chen, Gu, Liu, and Wen
[35,36]; for an overview see Xiong [37]. Moreover, as the
modern mathematical framework for algebra in spectra has
also been building up over the past decade (a comprehensive
treatment is provided in Ref. [38]), we believe this modern
formulation may shed light on various further new and excit-
ing topics across physics. We move on to show how to use
equivariant spectra in order to perform a unified analysis of
crystalline TISCs (CTISCs) in all 10 AZ symmetry classes
and obtain a complete classification of topological phases as
well as anomalous surface states in various key crystalline
space-group symmetries; see Table II in Sec. III.

Over the past several years, many naturally inquired the
effects of spatial crystalline symmetries of CTISCs on their
topological classification [39–63]. A major advancement in
that topic came with the formulation of symmetry indicators
(SIs) and topological quantum chemistry which enable the
detection of topological phases from the crystalline symme-
try properties of the band structure [25,64–77]. These have
contributed to the discovery and understanding of diverse
topological phenomena such as higher-order TISCs (HO-
TISCs) [74,78–92], “fragile” TISCs [66,93–95], obstructed
atomic limits [66,95], and boundary-obstructed TISCs [96].

The majority of classification efforts have naturally fo-
cused on time-reversal invariant topological insulators (TIs)
with spin-orbit coupling, i.e., AZ class AII; see Fig. 1.
Nevertheless, our understanding of topological crystalline
phenomena has since expanded to incorporate other AZ
classes. However, it has been known that some CTISCs are
not detectable by their SI and that other topological invariants
(such as Berry phases) are needed to discern them, this has
been dubbed surface state ambiguity. Particularly, for three
AZ classes, AIII, DIII, and CI, no gapped topology is de-
tectable by SI [97]; see discussion in Sec. III B 5. Noticeably,
over the past couple of years, two independent works by
Khalaf et al. [25] and Song et al. [63] have presented a
classification of anomalous surface states for AZ class AII
using different methods.

In this paper, we show that the topological phases of
CTISCs are all manifestations of an underlying spectrum for
each space group symmetry. We first derive these spectra
and harness their properties to gain a unified description of
the K-theory and the topological invariants among all 10 AZ
symmetry classes. We further use spectra to gain an under-
standing of atomic insulators (AIs) and thus of anomalous
surface states which may be regarded as their complements.

Before reading on, we wish to draw the readers’ attention
to two key points. First, one should note that equivariant
spectra are not to be confused with the related notion of
“spectral sequences,” which have also been used to describe
CTISC phenomena [92,98–100]. Second, as we discuss in
Sec. V B, there are many possible extensions of our analysis.
Prominently, one may study either the so-called “magnetic
space-groups” [67,77,92,101,102] or superconductors where
the particle-hole antisymmetry does not commute with the
crystalline symmetry [75–77]. Herein we focus on the case
where the antiunitaries commute with the crystalline symme-
tries, leaving further extensions for future works.

The rest of the paper is organized as follows: In Sec. II we
overview the classification problem of CTISCs and present
the essence of the equivariant spectra paradigm. In Sec. III we
present our main classification results and outline the main
methods used to derive them. In Sec. IV we take a “hands-on”
approach and provide detailed derivation via a thorough study
of a pedagogical example. We conclude in Sec. V.

II. PHYSICAL OVERVIEW

A. Crystalline topological insulators and superconductors

The classification of all quantum states protected by sym-
metries of the system is one of the main challenges facing
the condensed matter physics community. Even in the ab-
sence of any crystalline symmetries, there is a plethora of
topological phenomena including many exotic states of matter
[103]. In this work we focus our efforts on the classifi-
cation of topological states of weakly interacting fermions.
Their symmetries in general are split into internal nonspatial
symmetries and spatial symmetries such as crystalline sym-
metries. Before moving on, we note that in the absence of any
crystalline symmetries, major progress was recently made in
the classification of “invertible” topological phases of strongly
interacting fermions [26]; in Sec. V B 1 we discuss how this
may be expanded using the formalism described in this paper.

In presence of crystalline symmetries, there is already a
vast phenomenology of topological phases including HO-
TISCs, fragile TISCs, obstructed atomic limits, and boundary-
obstructed TISCs. One of the remarkable properties of the
TISCs in absence of crystalline symmetries is that they all
fit within the same systematic periodic table of TISCs; see
Table I. These diverse phases include: integer quantum Hall
(IQH) phases [104,105]; time-reversal symmetric quantum
spin-Hall phases and strong/weak TIs [5,15–18,20,22,106];
topological Majorana bound states and px + ipy topological
superconductors (TSCs) [107,108]; and many others. It is thus
extremely desirable to treat CTISC phenomena in a similar
unified manner; this is what we are set to do.

One says two quantum states belong to the same topo-
logical phase if they can be adiabatically deformed into one
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FIG. 2. Pictorial depiction of Eq. (1). Topological phases with anomalous surface states are topologically distinct ground states’ modulo
atomic insulators. The symmetry indicators of insulators and superconductors capture partial knowledge of the full classification.

another while respecting the symmetries of the system and
without encountering a phase transition (i.e., equivariantly
homotopic). We focus on either insulators or superconductors
where the ground state is characterized by the existence of an
energy gap. The many-body ground state of a free fermion
gapped system is given by the choice of filled valance bands
and empty conduction bands. There is a natural notion of
band addition by stacking bands together. Moreover, in the
study of band representations, one often also considers band
subtraction. This is known as the “stable” limit, within it, as
we explain in Sec. II B, the classification of all topologically
distinct ground states is given by (twisted) equivariant K-
theory [89,90,92,98,109–115].

In this paper, we provide forceful techniques that allow
us to carry out explicit calculations of the full K-theoretic
classification. However, easily attainable partial knowledge
of the topology of a state is often given in terms of its SI.
We believe it is useful to first explain the relations between
K-theory and SI.

At each point in the Brillouin Zone (BZ), k ∈ BZ , one
can always decompose each band according to represen-
tations of the symmetry group preserving that point. This
can be viewed as a quantum state of an effective zero-
dimensional (0D) system at k. The topological invariants
of each representation at each point are called “band la-
bels.” However, the fact that these band labels originate
from a state on some d-dimensional BZ naturally imposes
certain compatibility conditions; for example, continuity re-
quires the labels to remain constant along high-symmetry
lines within the BZ. It is thus natural to study physical band
structures, BSTISC, as band labels modulo physical compat-
ibility relations. In order to avoid possible confusion, we
note that there exists variability in the literature regarding
which compatibility relations to impose in the definition of
BS, this may lead to an inclusion of (semi-)metallic states
within BS (see, e.g., discussion in Refs. [65,72,75]); we
focus our attention on TISCs and hence use the stricter
definition such that BSTISC includes only band labels cor-
responding to gapped systems, i.e., insulators and super-
conductors [116].

Each distinct class of topologically equivalent TISC
ground states is represented by a distinct member of K-theory.
Since BSTISC are topological invariants, the band labels of
every member of such an equivalence class would be identical.
Therefore, two quantum states with different band labels are
necessarily topologically distinct, and there exists an onto
map (epimorphism), K → BSTISC. However, the converse is in
general not true; there often exist two quantum states which
have identical band labels but are nevertheless topologically
distinct [25,69]; see Fig. 2.

A compelling feature of TISCs is bulk-boundary corre-
spondence and the existence of anomalous surface states.
This persists in CTISCs; the boundary of a gapped insulator
or superconductor which is not an atomic insulator or su-
perconductor (AI) hosts either strong, weak, or higher-order
anomalous surface states. We emphasize that in order to keep
with the conventional jargon we use AI to denote both atomic
insulators and atomic superconductors. Therefore, in order to
classify anomalous surface states one broadens the topologi-
cal equivalence such that two quantum states are considered
equivalent if they differ only by stacking AIs. The topological
invariants of AIs within K-theory, AI → K, are thus quo-
tiented out and the anomalous surface states, ASS, are given
by ASS = K/AI. By construction, this also nullifies fragile
CTISCs and obstructed atomic limits, the study of which can
be done by solely inspecting the structure of AI [66,93,95].

A similar construction is standardly carried for BSTISC to ob-
tain the symmetry indicators of TISCs, SITISC = BSTISC/AI. As
discussed above, generically, two quantum states which have
identical SI may still have topologically distinct anomalous
surface states [25,69]. Therefore, SI serve as easy-to-compute
useful topological invariants which approximate the full
K-theoretic topological classification of anomalous surface
states. The above discussion is neatly summarized by the
following commutative diagram:

(1)
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This is depicted in Fig. 2. As a means of better approximating
the K-theory, one may add nonlocal invariants such as Berry
phases to the SI [66,69]. However, to the knowledge of the au-
thors, no proof is yet given that the currently known invariants
capture all possible CTISC phases in all AZ symmetry classes
encapsulated by K-theory.

In the following sections, we briefly provide the essential
basics of the full K-theoretic topological classification and
how spectra may be utilized to resolve it.

B. Topological classification

For simplicity, we initiate our discussion of topological
classification by considering systems with no symmetry (other
than charge conservation). As discussed above, the many-
body ground state of a free fermion gapped system, |ψ (k)〉,
is given by the choice of filled valance bands and empty
conduction bands. For a system with n bands, one has to first
specify the number of filled bands, m = 0, . . . , n. Next, one
has to pick which bands are filled and which are empty; this
is equivalent to specifying a basis, i.e., a U(n) matrix. Recall
that two quantum states belong to the same topological phase
if they can be adiabatically deformed into one another without
closing the energy gap, therefore, the exact basis choices
within either the valance or the conduction bands, i.e., U(m)
and U(n − m), are redundant. Thus, the space of topologically
distinct basis choices is denoted C0(n) = ∏

m
U(n)

U(m)×U(n−m) .
The ground state of a translationally invariant quantum sys-
tem is given by continuously making these basis choices for
every point in the BZ, k ∈ BZ , i.e., picking a continuous map
|ψ (k)〉 ∈ Map(BZ, C0(n)), where Map(X,Y ) is the space of
maps from X to Y . Therefore, the set of topologically distinct
ground states is given by, π0Map(BZ, C0(n)). Here π0(Y ) is
the set of topologically connected components of a space Y .
Intuitively, the addition of trivial filled or empty bands should
not drastically affect the ground state of a quantum system.
This intuition manifests itself in the mathematical notion of
stability. Particularly, for any n, n′ large enough, one finds
Map(X, C0(n)) � Map(X, C0(n′)); this is noted as the “stable
limit [117],”{

Topologically distinct
stable ground states

}
= π0(Map(BZ, C0)), (2)

where C0
def= limn→∞ C0(n) is denoted the “classifying space”;

see Table I.
Although in general, the set of topologically distinct

ground states is not required to have any algebraic structure,
the stable limit always yields a set with an Abelian group
structure. This observation is deeply related to an alterna-
tive route leading to the same classification. As discussed
in Sec. II A when studying topological BS one often allows
formal differences of quantum states. This in fact enforces
an Abelian (additive) group structure on the space of states,
which is the defining property of K-theory,{

Topologically distinct
stable ground states

}
= KU0(BZ ). (3)

Indeed, as explained in further detail in Appendix B 2, one
has KU0(X ) = π0(Map(X, C0)) for any topological space X .
Henceforth, we focus our attention on stable ground states.

In the following sections, we consider the effects of sym-
metries on this classification scheme, where the K-theoretic
classification becomes hard to compute. This is also where the
relations between K-theory and equivariant spectra become
more apparent.

1. Symmetry and equivariance

In the presence of symmetries, quantum states are consid-
ered equivalent only if they can be adiabatically deformed into
one another without breaking the symmetries. One thus has
to refine the analysis of the previous section. The group of
topologically distinct ground states is given by equivalence
classes of maps from the BZ to the classifying space which
respect the symmetries; such maps are called “equivariant”
maps.

The 10 AZ symmetry classes correspond to the presence
or absence of the nonspatial symmetries. These are the two
antiunitary symmetries, time-reversal symmetry, �, particle-
hole antisymmetry, �, as well as the unitary sublattice/chiral
antisymmetry, �; see Fig. 1. In addition to these, a crystalline
space-group symmetry acts via its point-group, G, on the BZ.
In this paper we focus on nonmagnetic space-groups where
the crystalline symmetries act independently of the nonspatial
symmetries; see Sec. V B 2 for further discussion.

The simplest symmetry is sublattice/chiral symmetry, �,
which exchanges the filled and empty bands and thus acts only
on the classifying space. This restricts the classifying space
to U(n) = C1(n) ⊂ C0(2n) which is fixed under the symme-
try. The group of topologically distinct ground states in the
absence or presence of � is therefore given by equivariant
K-theory which corresponds to equivariant maps,

KU−q
G (BZ ) = π0(MapG(BZ, Cq )). (4)

Here, as in Table I, q = 0, 1 correspond to AZ classes A, AIII,
respectively; these are denoted the two complex AZ symmetry
classes.

The situation becomes rather more intricate when consid-
ering the presence of antiunitary symmetries. We thus reserve
the detailed discussion to Appendix B 2; for a nice overview
see Ref. [118]. Both � and � represent an antiunitary, ZT

2 -
symmetry and in fact differ only by their action on Cq. There
are eight possible antiunitary actions, each of which corre-
sponds to choosing a different real structure on Cq. These
are denoted the eight real AZ symmetry classes and they are
classified by real equivariant K-theory,

KR−q,0
G (BZ ) = π0

(
MapG×ZT

2
(BZ, Cq)

)
. (5)

Here, as in Table I, q = 0, . . . , 7 correspond to AZ classes AI,
BDI, D, DIII, AII, CII, C, CI, respectively. Note that Cq and
Cq mod 2 are isomorphic as topological spaces but differ by the
action of ZT

2 . This becomes more apparent in the following
example.

Consider a space, X , which is invariant under the antiu-
nitary ZT

2 -symmetry. This can be, for example, either some
parameter space of the system or a space surrounding a defect
[8,11]. Similar to the sublattice/chiral case, the ZT

2 -symmetry
now acts to restrict Cq to its fixed-points space under the
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symmetry, Rq ⊂ Cq, such that

KR−q,0
G (X ) = π0(MapG(X,Rq)). (6)

The fixed-points spaces, Rq, are denoted the real classifying
spaces and explicit expressions for them are given in Table I.

Before moving on, we note that the notation “ZT
2 ” for

the antiunitary ZT
2 -symmetry originates from its manifestation

in classes AII and AI as time-reversal symmetry. Therefore,
even though we provide a unified classification for all 10
AZ classes, which includes manifestations as particle-hole
symmetry, we stick to this notation in order to comply with
the accepted dogmas.

2. Spectra—An introduction

In general, equivariant K-theory [Eq. (5)] is not easy to
compute. In this paper we utilize the notion of equivariant
spectra and use it to obtain explicit results. In order to ac-
quaint the reader with this powerful notion, we provide some
properties of K-theory and spectra which provide some useful
intuitions.

Consider a 1-sphere (circle), X = S1, in AZ class, q,
which is invariant under ZT

2 . The topological classification,
KR−q,0(S1), is given by maps from S1 to Rq. When exam-
ining the space of maps, one notices that Rq are not always
path-connected [e.g., R1(n) = O(n) has two distinct connec-
tivity components discerned by the sign of the determinant].
Therefore, one must first pick a base-point within one of the
connected components and then a map from the 1-sphere
starting in that base-point. The latter is the definition of the
fundamental group, π1, and hence

KR−q,0(S1) = π0(Map(S1,Rq )) � π0(Rq) × π1(Rq). (7)

The based loop-space of Y , denoted �Y , is the space of all
based loops within Y , such that

π1(Y ) � π0(�Y ). (8)

Remarkably, all the classifying spaces Cq and Rq are all infi-
nite loop-spaces such that

Cq = �Cq−1, Rq = �Rq−1. (9)

Here q ∈ Z and one has Rq � Rq mod 8. This unique property
is a manifestation of Bott-periodicity [119,120] and is at the
heart of the periodic table of TISCs. This also brings us to
spectra.

The notion of spectra has considerably evolved over the
past decades; see Refs. [38,121]. Classically, a spectrum is a
sequence of spaces, Xi, which satisfy Xi = �Xi+1. We have
thus already encountered two examples of such spectra: First,
the KU spectrum defined by the (2-periodic) sequence Xi =
C−i. Second, the so-called KO spectrum defined by the (8-
periodic) sequence Xi = R−i.

An equivariant spectrum is similarly classically defined as
a sequence of spaces, Xi = �Xi+1 with an action of a group G;
these have to satisfy some compatibility relations discussed in
Appendix B 3. One of the main equivariant spectra of interest
in this work is the KR spectrum. It is defined by the 8-periodic
sequence Xi = C−i with the action of ZT

2 such that the fixed-
point spaces are given by R−i ⊂ C−i.

FIG. 3. Two concatenated loops on any topological space with
a group structure always commute up to a homotopy. Here such a
homotopy is depicted for two loops (red and blue) on an abstract
torus, T 2 � U(1) × U(1); three intermediate stages of this homotopy
are presented.

There is a natural internal group operation for loop-spaces
given by concatenating two loops, where the inverse is given
by reversing the orientation. Furthermore, since a spectrum
consists of infinite loop-spaces one can show that this group
operation must be commutative up to a continuous deforma-
tion, i.e., a homotopy; see Fig. 3. This implies that every
spectrum is endowed with an Abelian additive group struc-
ture. Specifically, any two points x, x′ ∈ Xi may be added or
subtracted such that x ± x′ ∈ Xi is well defined and unique up
to homotopy.

As a consequence, many properties of Abelian groups
are also respected by spectra, this often poses a major sim-
plification. In particular, the space of G-equivariant maps
between two G × ZT

2 -equivariant spectra E , E ′ can be thought
of as the “Abelian group” of G-equivariant homomorphisms
HomG(E ′, E ) which is by itself a ZT

2 -equivariant spectrum.
Moreover, for any equivariant space, X , one can construct a
spectrum S[X ] such that [122]

MapG(X, E ) ≈ HomG(S[X ], E ). (10)

This implies that the spaces of all quantum ground states of
a crystalline system for all real AZ symmetry classes can be
expressed by one ZT

2 -equivariant spectrum,

HomG(S[BZ], KRG). (11)

The complex AZ classes are similarly captured by an equiv-
ariant spectrum denoted KCG. Furthermore, the atomic
insulators also form a spectrum and therefore the map AI →
K whose cokernel yields the topological phases with ASS [see
Eq. (1)] also stems from a homomorphism of spectra.

This mind-set of describing everything in terms of
equivariant spectra allows us to perform algebraic Abelian
calculations that capture all AZ symmetry classes at once and
yield explicit results we hereby present.

III. MAIN RESULTS AND METHODS

The formulation of topological physics in terms of equiv-
ariant spectra provides a useful tool for exploring hidden
relations of topological states of quantum matter. We hereby
provide explicit quantitative results that demonstrate these
qualitative ideas.
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Concretely, we first use the properties of the spectra for-
malism to obtain the complete classification of topologically
distinct quantum states of 3D CTISCs in all AZ symmetry
classes for key space-groups. Second, we utilize other aspects
of spectra to obtain an understating of the nature of AIs in the
K-theory classification and provide a complete classification
of topological phases with anomalous surface states for these
space groups; see pictorial depiction in Fig. 2 (left).

The classification groups of topological phases are summa-
rized in Table II; detailed results including the full K-theory
as well as two-dimensional (2D) layer-groups and one-
dimensional (1D) rod groups are presented in Appendix A.

The complete mathematical derivation will be provided in
Appendix B. Nevertheless, we hereby outline the essence of
the methods used to obtain these results in Secs. III A and
III B.

A. Topological classification and distinct states

Similar to the discussion in Sec. II B 2, when classifying
all equivariant maps from the BZ to the classifying spaces one
must first specify a connected component of the classifying
space and then focus on maps within that component. This
entices the definition of the “reduced” K-theory, K̃R,

KRG(BZ ) � KRG(pt) ⊕ K̃RG(BZ ), (12)

where “pt” is the space comprised of a single point; cf.
Eq. (7). This decomposition has a physical interpretation:
Consider an AI originating from the trivial Wyckoff position
[x = (0, 0, 0)]. The ground state corresponding to this AI has
identical band structure at all points (momenta) in the BZ and
hence is fully determined by KRG(pt).

The treatment of AIs at other Wyckoff positions is rather
more complicated and is elucidated at Sec. III B. However, in
the absence of crystalline symmetries the only Wyckoff posi-
tion is the generic Wyckoff position, which therein gives the
same contribution as the trivial position. Hence, it is very easy
to distinguish between AIs which are classified by KR(pt),
and topological phases with anomalous surface states which
are classified by K̃R(BZ ). For each AZ class, the AIs satisfy
KR−q,0(pt) = π0(Rq) and are easily read from the d = 0
column in Table I.

In general, determining the topological phases encapsu-
lated by KRG(BZ ) is a nontrivial task, whose solution we
obtain using equivariant spectra. In order to acquaint the
reader with this formalism, we first apply it to rederive
the classification of topological phases in the trivial space-
group, P1; see the first record of Table II. Historically, this
was achieved by various methods such as the Baum-Connes
isomorphism and the Poincaré duality [2]. However, as we
explain below the spectra perspective is generalizable to non-
trivial space-groups.

1. First steps with spectra

Geometrically, the BZ of a 3D system is a 3-torus, BZ =
T̄ 3 = S̄1 × S̄1 × S̄1, with an involutive action, i.e., k �→ −k,
of the ZT

2 -symmetry on the momenta, k ∈ BZ . Instead of
studying the BZ torus itself, we examine its “free spectrum,”
T̄ 3 def= S[T̄ 3], which has much simpler algebraic properties.
In particular, S[X × Y ] � S[X ] ⊗ S[Y ], and hence T̄ 3 �

S[S̄1]
⊗3

. Moreover, the free spectrum of the ZT
2 -equivariant

d-sphere S̄d may be constructed from the free spectrum of a
point, S = S[pt],

S[S̄d ] � S ⊕ �̄dS, (13)

and S is hence referred to as the “sphere spectrum.” This
decomposition provides the first hint for the usefulness of
spectra, as the K-theory base-point decomposition [Eq. (12)]
is now evident already at the geometric level. Note that the
notation �E ≈ �−1E in spectra theory is analogous to (but
is not to be confused with) the classical suspension, �X , of
homotopy theory [124]. The sphere spectrum satisfies �̄d1S ⊗
�̄d2S � �̄d1+d2S; thus, gathering all the above, we obtain

T̄ 3 = S[(S̄1)3] � S[S̄1]⊗3 � (S ⊕ �̄1S)⊗3

� S ⊕ (�̄1S)⊕3 ⊕ (�̄2S)⊕3 ⊕ �̄3S. (14)

There is a very intuitive interpretation of this decomposition
associated with some high-symmetry momenta (HSM): in
Fig. 4 we see a decomposition of the 3-torus BZ as a ZT

2 -CW
complex. In general a G-CW complex is a space composed
of disjoint d-dimensional open cells such that each cell is
mapped by the symmetry, G, to a cell of the same dimen-
sionality. Here we label the cells composing the BZ by the
HSM at their centers. The 3-torus decomposes into eight cells,
one 0D cell at the 	 point, three 1D cells centered at the
X,Y, Z points, three 2D cells centered at the S, T,U points,
and one 3D cell centered at the R point [125]. Each of these
d-dimensional cells is associated with a �̄dS spectrum in
Eq. (14).

The distributivity of homomorphisms,

Hom(E ′ ⊕ E ′′, E ) � Hom(E ′, E ) ⊕ Hom(E ′′, E ), (15)

together with the spectra to K-theory relation [126],
πq−p(Hom(�̄dS, KR)) � K̃Rp,q(S̄d ), immediately turns
Eq. (14) to a K-theory decomposition,

KRp,q(T̄ 3) � KRp,q(pt) ⊕ K̃R
p,q

(S̄1)⊕3

⊕K̃R
p,q

(S̄2)⊕3 ⊕ K̃R
p,q

(S̄3). (16)

Here the K-theory of the spheres, S̄d , are much simpler objects
and follow directly from Bott-periodicity [2,119,120],

K̃R−q,0(S̄d ) = KR−q,−d (pt) � KRd−q,0(pt) � π0(Rq−d ).
(17)

These are easily read from Table I.
For example, in AZ symmetry class AII, we have q = 4

and thus find

AI = KR−4,0(pt) � Z, (18)

K̃R
−4,0

(BZ ) � 03 × Z3
2 × Z2; (19)

cf. P1 in Table II. Here the Z atomic insulators correspond to
the number of Kramer’s pairs, while the Z3

2 correspond to the
weak TIs and the last Z2 to the strong TI. The strong TISCs
are phases reflecting the topology of the bulk of a material and
indeed originate from the R-point cell; see Fig. 4. The weak
TISC phases, which are here associated with the S, T , and
U -point cells, can be constructed by stacking 2D TISCs along
these directions.
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TABLE II. Complete classification of topological phases with anomalous surface states of 3D crystalline topological insulators and
superconductors for key point-groups (PGs) and space-groups (SGs) in all 10 Altland-Zirnbauer symmetry classes. Each entry corresponds to
the total group of all strong, weak, and higher-order surface states; more detailed results are provided in Appendix A. Point-groups are given
in Schönflies notation. Space-groups are given in Hermann-Mauguin notation and specified by their number as given in Ref. [123].

PG C1 Ci C2 Cs C2h

SG P1 P1̄ P2 C2 Pm Cm P2/m C2/m
No. No. 1 No. 2 No. 3 No. 5 No. 6 No. 8 No. 10 No. 12

A Z3 Z3 × Z2 Z Z Z3 Z2 Z3 Z2

AIII Z4 0 Z6 Z4 Z6 Z4 0 0
AI 0 0 0 0 Z2 Z Z2 Z
BDI Z3 0 Z Z Z2 Z2 0 0
D Z3 × Z3

2 Z3 Z × Z3
2 Z × Z2

2 Z × Z2 Z × Z2 Z Z
DIII Z × Z6

2 0 Z5 × Z4
2 Z3 × Z3

2 Z4 × Z2 Z2 × Z2
2 0 0

AII Z4
2 Z3

2 × Z4 Z5
2 Z4

2 Z2 × Z2
2 Z × Z2

2 Z2 × Z3
2 Z × Z3

2

CII Z3 × Z2 Z2 Z × Z4
2 Z × Z3

2 Z2 × Z3
2 Z2 × Z2

2 Z4
2 Z3

2

C Z3 Z3 × Z2 Z Z Z × Z2 Z × Z2 Z × Z2 Z × Z2

CI Z 0 Z5 Z3 Z4 Z2 0 0

PG D2 C2v D2h

SG P222 C222 Pmm2 Cmm2 Amm2 Pmmm Cmmm
No. No. 16 No. 21 No. 25 No. 35 No. 38 No. 47 No. 65

A 0 0 Z4 Z2 Z3 Z6 Z4

AIII Z13 Z8 Z5 Z4 Z4 0 0
AI 0 0 Z4 Z2 Z3 Z6 Z4

BDI 0 0 Z Z Z 0 0
D 0 Z2 0 Z2 0 0 0
DIII Z13 Z8 × Z2 Z4 Z3 × Z2 Z3 0 0
AII Z6

2 Z5
2 Z4 × Z2 Z2 × Z2

2 Z3 × Z2 Z6 Z4 × Z2

CII Z6
2 Z5

2 Z × Z5
2 Z × Z4

2 Z × Z4
2 Z6

2 Z5
2

C 0 0 Z5
2 Z3

2 Z3
2 Z6

2 Z4
2

CI Z13 Z8 Z4 × Z2 Z3 × Z2 Z3 0 0

PG C4 S4 C4h D4 C4v D2d D4h

SG P4 P4̄ P4/m P422 P4mm P4̄2m P4̄m2 P4/mmm
No. No. 75 No. 81 No. 83 No. 89 No. 99 No. 111 No. 115 No. 123

A Z Z × Z2 Z3 0 Z3 Z Z2 Z5

AIII Z9 Z 0 Z12 Z6 Z6 Z4 0
AI 0 0 Z2 0 Z3 Z Z2 Z5

BDI Z3 0 0 0 Z3 0 0 0
D Z × Z2

2 Z × Z3
2 Z 0 0 0 0 0

DIII Z6 × Z3
2 Z × Z4

2 0 Z12 Z3 Z6 Z4 0
AII Z4

2 Z2
2 × Z4 Z2 × Z2

2 Z5
2 Z3 × Z2 Z × Z3

2 Z2 × Z2
2 Z5

CII Z3 × Z3
2 Z2

2 Z3
2 Z5

2 Z3 × Z4
2 Z4

2 Z4
2 Z5

2

C Z Z × Z2 Z × Z2 0 Z6
2 Z2 Z2

2 Z5
2

CI Z6 Z 0 Z12 Z3 × Z3
2 Z6 Z4 0

PG C3 C3i D3 C3v D3d T Th O Td Oh

SG R3 R3̄ R32 R3m R3̄m P23 Pm3̄ P432 P4̄3m Pm3̄m
No. No. 146 No. 148 No. 155 No. 160 No. 166 No. 195 No. 200 No. 207 No. 215 No. 221

A Z Z × Z2 0 Z Z 0 Z2 0 Z Z3

AIII Z4 0 Z4 Z4 0 Z7 0 Z9 Z3 0
AI 0 0 0 Z Z 0 Z2 0 Z Z3

BDI Z2 0 0 Z2 0 Z 0 0 Z 0
D Z × Z2 Z Z2 0 0 0 0 0 0 0
DIII Z2 × Z2

2 0 Z4 × Z2 Z2 0 Z6 0 Z9 Z2 0
AII Z2

2 Z2 × Z4 Z3
2 Z × Z2 Z × Z2

2 Z2
2 Z2 Z3

2 Z × Z2 Z3

CII Z2 × Z2 Z2 Z3
2 Z2 × Z2

2 Z3
2 Z × Z2

2 Z2
2 Z3

2 Z × Z2
2 Z3

2

C Z Z × Z2 0 Z2
2 Z2 0 Z2

2 0 Z2
2 Z3

2

CI Z2 0 Z4 Z2 × Z2 0 Z6 0 Z9 Z2 × Z2 0
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FIG. 4. An equivariant decomposition of the Brillouin zone torus
into eight cells centered at high-symmetry momenta; see Eq. (14).

We reemphasize that, in the absence of crystalline sym-
metries, there are more elementary ways to calculate the
topological phases of the BZ torus. However, as we imme-
diately show, the spectra perspective generalizes very well to
the crystalline case.

2. Crystalline symmetries and equivariant spectra

The key aspect revealing the structure of topological phases
is that the free spectrum of the BZ torus itself decomposes
into sphere spectra. This decomposition then implies that the
classes of topologically distinct ground states, represented
by the K-theory of the BZ torus, decompose to classes within
the K-theory of spheres which are much better understood.
The equivariant spectra perspective reveals that this reasoning
applies to crystalline systems as well.

In a previous work by one of the authors with Chapman
[62], an explicit classification of Dirac Hamiltonians invariant
under any point-group symmetry, G, was provided. In our cur-
rent settings, these classes of Dirac Hamiltonians correspond
to topologically distinct ground-state classes associated with a
G-equivariant sphere. In K-theoretic language, the classifica-
tion [62] is provided by an isomorphism between the K-theory
of G-equivariant spheres and the nonequivariant K-theories of
spheres corresponding to different representations of the point
group G. Explicitly,

K̃R
p,q
G (S̄d ) �

⊕
real

ρ ∈ Irrε
Z2

(G)

K̃R
p−pρ ,q−qρ (S̄d ) ⊕

⊕
complex

ρ∈Irrε
Z2

(G)

K̃C
p−pρ ,q

(S̄d ).

(20)
Here Irrε

Z2
(G) are all Z2-graded and ε-twisted irreducible

representations for suitable grading and twisting explicitly
determined by the point-group, G; the degrees, pρ, qρ , are also
explicitly determined. A proof of this isomorphism was given
by Karoubi [127]. For further details of this isomorphism see
Appendix C.

A question arises, whether the topologically distinct
ground states of crystalline systems, represented by KRG(T̄ 3),
can also be decomposed into equivariant spheres and thus, via
the above isomorphism, to noncrystalline invariants.

We prove that this is indeed true for a class of space-groups
presented in Table II. The proof is given in Appendix B 4
and becomes very straightforward once formulated in terms
of equivariant spectra. Let us present the intuition behind this
decomposition.

One of the key aspects of the noncrystalline decomposition
in Sec. III A 1 was the decomposition of the BZ torus to
spheres, T̄ 3 = S̄1 × S̄1 × S̄1, where each sphere corresponds
to one of the primitive reciprocal lattice vectors, b1, b2, b3.
However, a G action may in general act on the BZ and map a
primitive sphere into a nonprimitive loop within the BZ. This
corresponds to an equivalent but different choice of primitive
vectors. Let us consider the class of space-groups where there
exists a choice of primitive vectors such that the point-group,
G, respects this choice, i.e., for any g ∈ G and any bi there ex-
ists b j such that g(bi ) = ±b j . This means that the point-group
acts as a signed permutation on the primitive lattice vectors
and thus preserves the direct product structure of the BZ
torus; we dub this class of space-groups “signed-permutation
representations.”

As proven in Appendix B, we find that the free G ×
ZT

2 -equivariant spectrum, T̄ 3, of the BZ torus of a signed-
permutation representation decomposes into Gk-equivariant
sphere spectra,

T̄ 3 �
⊕

k
IndG

Gk
(�̄dkS), (21)

where the “little groups,” Gk ⊆ G stabilize the HSM, k ∈ BZ ,
located at the centers of dk-dimensional cells (points, lines,
planes, and volumes) spanned by the primitive reciprocal lat-
tice vectors [128]. For example, in a primitive cubic lattice,
{k} are the 	, X, M, R-points, while in a base-centered or-
thorhombic lattice, {k} are the 	, S, Z, R,Y, T -points [125].
This is analogous to the simpler ZT

2 -equivariant case dis-
cussed above; cf. Eq. (14) and Fig. 4. The induction from Gk
to G in Eq. (21), which is a standard procedure in the study of
band representations, here occurs already as a description of
the BZ geometry.

As before, by using the spectra formulation, this de-
composition which happens purely at the geometric level,
immediately translates to the K-theory classification,

KRG(T̄ 3) �
⊕

k
K̃RGk (S̄dk ) (22)

[cf. Eq. (16)]; this K-theory result is similar to the assertion by
Stehouwer et al. [100]. In order to complete the classification,
one recalls that each of the summands in Eq. (22) further
decomposes according to the isomorphism of Ref. [62]; see
Eq. (20). We thus obtain our first quantitative result: an ex-
plicit formula for the full classification of all topologically
distinct ground states of all signed-permutation CTISCs in all
AZ symmetry classes; the classification tables are presented
in Appendix A.

The AIs at the trivial Wyckoff position are still captured by
the 	-point summand, K̃RG	

(S̄d	 ) = K̃RG(S̄0) � KRG(pt).
However, the AIs at other Wyckoff positions are not so easily
isolated. This is discussed in the following section.
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B. Topological phases and surface states

In order to obtain the full classification of topological
phases with anomalous surface states one must quotient out
the AIs from the full K-theory classification of topologically
distinct ground states obtained above; see pictorial depiction
in Fig. 2 (left).

1. Atomic insulators and the ai map

An atomic insulator state, by definition, may always be adi-
abatically connected to a state with localized Wannier orbitals
around specific Wyckoff positions. Each Wyckoff position, x,
is invariant under a symmetry with point group Gx ⊆ G. As
such, the Wannier orbitals of the AIs at x must transform as
representations, ρ, of Gx. In general, two AIs that differ either
by their Wyckoff positions or by their representations of Gx
cannot be continuously deformed into each other. They may
hence correspond to different classes of topologically distinct
ground states and thus different elements of the K-theory.
Therefore, the AI ground states must be quotiented out in
order to obtain the topological phases with anomalous surface
states.

An AI formed by a Wannier orbital with a particular rep-
resentation at a particular Wyckoff position is often referred
to as an elementary band representation. Such elementary
band representations form a generating set for the AI additive
group. This provides a concise description of AZ symmetry
classes A, AI, and AII which form Dyson’s threefold-way
[14,129]:

AI
∣∣
AZ classes
A,AI,AII

�
⊕

x

Rep(Gx) �
Abelian
groups

⊕
x

⊕
ρ∈Irr(Gx )

Z. (23)

Here Irr(G) are the irreducible representations of G which
form the basis of the representation ring, Rep(G), consisting
of all representations of G with multiplication given by the
tensor product of representations. This multiplicative structure
will prove vital ahead.

Nevertheless, the generating set of irreducible representa-
tions is rather redundant for the description of the other AZ
symmetry classes which unveil a deeper algebraic structure.
The constraints imposed by the presence of either particle-
hole or chiral symmetry (see Fig. 1) imply that stacking
identical AIs may be topologically equivalent to filling no
Wannier orbitals. An AI at a particular Wyckoff position, x, is
a 0D system and is hence classified by the K-theory of a point,
KRGx (pt). This automatically quotients out the topological
redundancies.

For example, the AIs at the generic Wyckoff position in
space-group P1 are given by KR−q,0(pt) at AZ symmetry
class, q. The particle-hole and chiral symmetries reduce the
Z AIs of Dyson’s threefold-way (AZ classes A, AI, AII) to
either Z2 or 0 for the other AZ classes; see Table I. This has
been recently utilized in Refs. [75–77] for the study of SI of
superconducting systems.

The AIs in any space-group symmetry decompose accord-
ing to the Wyckoff positions,

AI =
⊕

x
AIGx =

⊕
x

KRGx (pt). (24)

For any AZ class, q, these are explicitly given by [130]

KR−q,0
G (pt) �

⊕
real

ρ∈Irr(G)

KR−q,0(pt) ⊕
⊕

complex
ρ∈Irr(G)

KC−q,0(pt)

⊕
⊕

quaternionic
ρ∈Irr(G)

KR−q−4,0(pt). (25)

This generalizes Eq. (23) to all AZ classes and, indeed,

AI0,0
G = KR0,0

G (pt) � Rep(G) �
abelian
groups

⊕
ρ∈Irr(G)

Z. (26)

In order to gain an intuition for the shift of 4 for quaternionic
representations in Eq. (25), recall that a quaternionic repre-
sentation may be expressed in terms of unit quaternions which
form an SU(2) group. The four AZ classes, q = 2, 3, 4, 5 (D,
DIII, AII, and CII), all have broken spin rotation SU(2) sym-
metry, while the other four AZ classes (C, CI, AI, and BDI)
are all invariant; a quaternionic representation thus exchanges
these two sets of classes. See Ref. [118] for further details.

Before we can quotient out the AIs in order to find the
topological phases with anomalous surface states, we must
first find the map which evaluates the AIs as equivalence
classes in the K-theory classification of topologically distinct
ground states,

AI
ai−→ K � K/AI; (27)

cf. Eq. (1). We denote this map by ai.
On the most basic level, we may treat this map as an

Abelian group-homomorphism, i.e., evaluating the AIs at a
particular AZ symmetry class and returning the group element
of their topological classification. However, much more struc-
ture is revealed when treating ai as a homomorphism on the
level of module-spectra. We find that the contribution of any
Wyckoff position to all AZ classes at once is captured by (at
most) two integers per Z2-graded representation.

2. Immediate implications for anomalous surface state

Before elaborating on the ai map, we note an immediate
consequence of Eq. (25). By explicitly plugging the Abelian
groups from the d = 0 column in Table I, one sees that AI = 0
for AZ classes AIII, DIII, and CI for all Wyckoff positions
of any space-group symmetry. This implies that K = K/AI =
ASS and hence: In AZ symmetry classes AIII, DIII, and CI,
nontrivial topologically distinct ground states of any weakly
interacting fermionic crystalline system in any spatial dimen-
sion, all have anomalous surface states and correspond to
nontrivial topological phases [97].

3. Shiozaki’s formula

Consider the contribution of a single HSM summand in
Eq. (22), classified by K̃RG(S̄d ). In a recent work, Shiozki
[102] showed that AIs at the center of the point-group, G,
can be realized as Dirac Hamiltonians with a spatially de-
pendent “hedgehog” mass-term. In K-theory language, this is
captured by the identity KRG(pt) � K̃RG(S̄d ∧ Sd ), which is
an equivariant version of Bott-periodicity. Here S̄d ∧ Sd is a
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G × ZT
2 -equivariant 2d-dimensional sphere, such that the for-

mer d coordinates describe the ZT
2 -odd momenta around the

Dirac point and the latter d coordinates describe the ZT
2 -even

real-space dependence. The topological class of the ground
state of such a Dirac Hamiltonian may be readily found by
neglecting the “hedgehog” dependence of the mass-term. This
understanding enabled Shiozaki to obtain an explicit formula
for the ai map. In K-theory language, this stems from the
(equivariant) embedding of the d-sphere within the 2d-sphere,

ai : KRG(pt) � K̃RG(S̄d ∧ Sd ) → K̃RG(S̄d ). (28)

The isomorphism of Eq. (20) provides an explicit basis for
this equivariant K-theory map in terms of (Z2-graded) repre-
sentation theory. Results for all magnetic and nonmagnetic 3D
point-groups are provided in Ref. [102].

For the signed-permutation representations, discussed in
Sec. III A 2, we find that the AIs contribution to a HSM
component, K̃RGk (S̄dk ) ⊂ KRG(BZ ) may be distilled (see
Appendix B 6) to the AIs at the Wyckoff position, x, reciprocal
to k. For example, in a primitive cubic lattice, the reciprocal
to the R-point, k = (π, π, π ), is the Wyckoff position, x =
( 1

2 , 1
2 , 1

2 ). These are the AIs at the center of the point group,
and one has Gx � Gk [131]. This implies that Shiozaki’s
formula may be utilized to compute the full ai map using our
spectra decomposition, Eq. (22).

Let us thus focus on a particular HSM with a point-group,
G, for which the ai map reduces to Eq. (28).

4. Ring spectra and multiplication of quantum states

A hint of a multiplicative structure already appeared with
the identification KR0,0

G (pt) � Rep(G) [Eq. (26)] with mul-
tiplication given by the tensor product of representations.
For example, consider the C3 group, generated by (c3)3 = 1.
The irreducible real representations are Irr(C3) = {1, E} and
satisfy the multiplication rule, E ⊗ E = 2 + E . Here 1 is the
1D trivial representation, c3 �→ 1, and E is the irreducible 2D
representation, c3 �→ exp { 2π

3 ( 0 1
−1 0)}. The four-dimensional

representation, E ⊗ E , is equivalent to 1 ⊕ 1 ⊕ E , this is

evident by the eigenvalues which satisfy (e
2π i

3 + e− 2π i
3 )

2 =
2 + e

2π i
3 + e− 2π i

3 ; see Ref. [125] for a detailed discussion. It
is often overlooked that such a structure can be extended to a
multiplication of quantum states.

Any two quantum ground states of a system may be
thought of as vector bundles over the BZ; this endows them
with a multiplication given by the graded tensor product of
the bundles. Particularly, since KRG(pt) ⊂ KRG(X ) for any
space, X , this implies that elements of all equivariant K-
theories considered so far may be multiplied by KRG(pt):

KRp,q
G (pt) × KRp′,q′

G (X ) → KRp+p′,q+q′
G (X ). (29)

Crucially, this product structure mixes different AZ classes in
an additive manner. Nonetheless, for X = pt and p, p′, q, q′ =
0 it reduces to the multiplicative structure of Rep(G) discussed
above. Note that a similar module-structure for KU was dis-
cussed by Shiozaki, Sato, and Gomi [114].

The multiplication on K-theory stems from an inherent
multiplicative structure on the spectra KR and KRG, which,
by definition, make these into ring-spectra. The ai map may

thus be considered as a module-homomorphism, i.e., ai(u ·
v) = u · ai(v). This has two important consequences that re-
veal the structure of the ai map.

First, it provides us with a simple expression for the most
general structure of the map from an AI of a real irreducible
representation u ∈ KR(pt) ⊂ AIG to each real irreducible
graded representation, ρ, in Eq. (20),

[ai(u)]ρ = vρ · u. (30)

Hence, for all AZ classes, the single element vρ ∈
K̃R−pρ ,−qρ (S̄d ) which is independent of the AZ class, de-
termines the ai map. This element is itself determined by
(at most) one integer corresponding to the classification
of d spatial dimensions at level q = pρ − qρ (mod 8) in
Table I. Mathematically, this immediately follows from the
fundamental identity, HomKR(KR, KR) = KR. The analyses
of complex and quaternionic representations are similar yet
slightly more complicated. In particular, since any represen-
tation has a complex conjugate representation, this at most
doubles the number of integers; see Appendix B 3 e.

Second, the module-homomorphism structure of the ai

map implies that the topological classification of all AIs in
any representation, u ∈ AIG, is determined by the classifica-
tion, ai(1), of the fundamental AI corresponding to the trivial
representation,

ai(u) = ai(u · 1) = u · ai(1). (31)

We thus conclude that the multiplicative structure enables
us to determine the topological classification of any AI of
any orbital by the fundamental AI of an s-orbital at the
same Wyckoff position. The latter is readily computed using
Shiozaki’s formula. This is how we obtain all the results
presented in Table II and Appendix A.

5. Immediate implications for symmetry indicators

As a final remark, the same reasoning as in Sec. III B 2,
that enabled us to exclude the existence of AIs at AZ classes
AIII, DIII, and CI, applies for SI as well. The band labels
correspond to individual HSM points, k ∈ BZ , and thus in
gapped systems, they are also classified by the K-theory of a
point,

BSTISC �
⊕

k KRGk (pt)

(compatibility relations)
, (32)

where the compatibility relations relate the invariants along
high-symmetry lines, planes, and volumes in the BZ. Regard-
less of these compatibility relations, one sees that BSTISC =
0 for AZ classes AIII, DIII, and CI for all Wyckoff posi-
tions of any space-group symmetry. This implies that SITISC =
BSTISC/AI = 0 and hence: In AZ symmetry classes AIII, DIII,
and CI, all nontrivial topological phases with anomalous
surface states of any weakly interacting fermionic crystalline
system in any spatial dimension cannot be detected by sym-
metry indicators [97]; see Table II. Any nontrivial SI must
indicate a gapless state and not a CTISC.
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TABLE III. The additive structure on complex and real K-theory;
cf. the d = 0 column of Table I. In order to construct KRp,q(pt)
at any bidegree, one utilizes Bott-periodicity, KR−q−8�,0(pt) �
β�KR−q,0(pt) and KR−q−�,−�(pt) � μ�KR−q,0(pt). The same struc-
ture holds for KC with c(μ) = μ and r(μ) = 2μ. Trivial entries, i.e.,
r(0) = 0 and c(0) = 0, are omitted.

KC−q,0(pt) KR−q,0(pt)
q KU−q(pt) Realification KO−q(pt) Complexification

0 Z r(1) = 2 Z c(1) = 1
1 0 Z2 · η c(η) = 0
2 Z · ξ r(ξ ) = η2 Z2 · η2 c(η2) = 0
3 0 0
4 Z · ξ 2 r(ξ 2) = α Z · α c(α) = 2ξ 2

5 0 0
6 Z · ξ 3 r(ξ 3) = 0 0
7 0 0
8 Z · ξ 4 r(ξ 4) = 2β Z · β c(β ) = ξ 4

IV. DETAILED DERIVATION

The topological classification tables in Table II and Ap-
pendix A were obtained by implementing the methods
outlined in Sec. III and described in Appendix B. Our meth-
ods were implemented as a GAP4 [132] language algorithm.
However, we believe it is highly beneficial for the reader to see
some of the finer details. First, in Sec. IV A we provide the ba-
sics of the hidden multiplicative structure within the periodic
table of TISCs. Then, in Sec. IV B, we study a “hands-on”
pedagogical example, which portrays the use of our methods
from top to bottom, i.e., choosing a particular space-group
and fully deriving its complete classification of topologically
distinct ground states and topological phases with anomalous
surface states. Finally, in Sec. IV C, we use this example and
demonstrate how to construct model Hamiltonians for the
numerous topological phases in Table II.

A. Multiplication tables of TISCs

As discussed in Sec. III B 4, the multiplicative structure of
the K-theory and its inherent ring-spectrum, is at the core
of our understanding of anomalous surface states. The first
hint of multiplicativity was already provided by KR0,0

G (pt) �
Rep(G). However, before one is ready to fully tackle a com-
putational example, a more explicit sense of the ring-structure
would be advantageous.

Therefore, we hereby discuss the (multiplicative) rings,

KR∗,∗(pt)
def=
⊕

p,q
KRp,q(pt),

KC∗,∗(pt)
def=
⊕

p,q
KCp,q(pt). (33)

These rings and the maps between them, convey hidden as-
pects of the inherent ring-spectra and of the periodic table of
TISCs.

Using, K̃R−q,0(S̄d ) = KR−q,−d (pt), as discussed in
Sec. III A 1, these rings consist of all the different Z and
Z2 invariants of the periodic table of TISCs in Table I. In
order to discern these different Z and Z2 invariants, we label
their generators by 1, η, η2, α, as summarized in Table III.

TABLE IV. (top) The multiplication table of KC∗,∗(pt). (bottom)
The multiplication table of KR∗,∗(pt). Any element may also be
multiplied by μ� for all � ∈ Z. See Table III.

• 1 ξ j

1 1 ξ j

ξ i ξ i ξ i+ j

• 1 2 η η2 α β j

1 1 2 η η2 α β j

2 2 4 0 0 2α 2β j

η η 0 η2 0 0 ηβ j

η2 η2 0 0 0 0 η2β j

α α 2α 0 0 4β αβ j

β i β i 2β i ηβ i η2β i αβ i β i+ j

The twofold and eightfold Bott-periodicities are captured by
the invertible elements, ξ and β, respectively; the diagonal
Bott-periodicity is captured by the invertible element, μ.

For example, the strong time-reversal invariant TI of real
AZ class AII with q = 4 and d = 3 may be located in Table I
by starting at the Z2 · η invariant of q = 1 and d = 0, and
moving three diagonal steps down; it is thus represented by
ημ3. Similarly, the IQH effect of complex AZ class A with
q = 0 and d = 2 may be located in Table I by starting at the
complex Z invariant of q = d = 0, moving two diagonal steps
down and applying the twofold Bott periodicity up; it is thus
represented by ξ−1μ2.

The multiplication table of KR∗,∗(pt) is presented in
Table IV. This multiplication table has some familiar features,
such as 2η = 0 and 2η2 = 0 which encapsulate the Z2 nature
of the corresponding topological phases, such as strong and
weak time-reversal invariant TIs and Majorana bound states.
Moreover, this multiplicative structure also has some intrigu-
ing consequences on CTISCs.

The simplest example for such a direct consequence is
the centrosymmetric space-group, P1̄, where the point-group,
G � Z2, acts by inversion, i.e., k �→ −k. The strong CTISC
component of its ai map is given by

KR−q,0(pt)
v �→ β−1α · v−−−−−−−−−−→ KR4−q,0(pt), (34)

where,

KR−q,0(pt) ⊂ KR−q,0
Z2

(pt) ⊂ AI−q,0,

KR4−q,0(pt) � K̃R−q,0
Z2

(S̄3) ⊂ KR−q,0
Z2

(BZ ). (35)

The algorithm for the derivation of the above equations is
explained in detail in Sec. IV B; we wish to shed light on some
of the consequences. Particularly, for AZ class AII we have
q = 4 and hence,

KR−4,0(pt) � Z · α
α �→ 4−−−−→ Z � KR0,0(pt), (36)

where we have set v = α and used β−1α · α = 4; see
Table IV. Equation (36) implies that stacking four nontriv-
ial crystalline-TI ground states is topologically equivalent
to an AI. This is the celebrated Z4 invariant [65,66,91] of
space-group P1̄, which may be reinterpreted as a direct mani-
festation of the multiplication table, Table IV.
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FIG. 5. (top) The Brillouin zone of space-group P4̄. The high-
symmetry momenta, 	, Z, X, R, M, A-points, at the centers of the
equivariant cells are marked; cf. Fig. 4. The high-symmetry lines
are depicted by the dashed lines. (bottom) The primitive unit-cell
of space-group P4̄. The Wyckoff positions, a, b, c, d, g, reciprocal to
the high-symmetry momenta are marked. Note that the g Wyckoff
position is reciprocal to both the X-point and the R-point HSM.

We reserve the analyses of other examples to the following
sections and Appendix B. Nevertheless, we would like to em-
phasize a vital property of the multiplicative structure which
stems from the inherent spectra: There are natural maps of
realification, r, and complexification, c, between the spectra
KR and KC. Crucially, since the ai map is not just a K-theory
map, but rather a map between the inherent spectra, any ai

map between any real or complex K-theories must be given
by compositions of r, c, and multiplication by elements of the
K-theories. The manifestations of the realification and com-
plexification maps on the K-theories is provided in Table III.
In particular, r(1) = 2 stems from C � R ⊕ iR and c(1) = 1
stems from C ⊗ R � C. For a complete list of possible maps
see Table XVI in Appendix B.

B. A pedagogical example: Space-group P4̄

1. Geometry

Consider a crystalline material of space-group P4̄ with
tetragonal-disphenoidal S4 point-group symmetry. The prim-
itive unit-cell may be chosen as a parallelepiped with edges
along its primitive lattice vectors. Here this forms a square
cuboid depicted in Fig. 5 (bottom). Similarly, the BZ may also
be chosen as a parallelepiped with edges along its primitive

reciprocal lattice vectors, b1, b2, b3. This forms the square
cuboid depicted in Fig. 5 (top).

The tetragonal-disphenoidal S4 point-group symmetry is
an abstract fourfold G � Z4 symmetry which acts on the
primitive reciprocal lattice vectors by⎛⎝b1

b2

b3

⎞⎠ ŝ4�−→
⎛⎝ 0 1 0

−1 0 0
0 0 −1

⎞⎠⎛⎝b1

b2

b3

⎞⎠, (37)

with a similar action on the primitive lattice vectors. However,
since we study spinful-electrons, one must take into account
the (projective) spin-representation (ŝ4)4 = −1. The easiest
way to deal with this inconvenience is to consider ŝ4 as a gen-
erator of the double point-group Ĝ � Z8 eightfold symmetry
with (ŝ4)8 = 1. We shall use this description from here on.

The building blocks of the topological classification cor-
respond to the six HSM, k, with π -integer coordinates,
	, Z, X, R, M, A. Each of them is stabilized by its little group
Ĝk, these are listed in Table V and depicted in Fig. 5 (top). The
building blocks of the AIs correspond to all isolated Wyckoff
positions, x. These are, a, b, c, d, g, and contain all points
reciprocal to the HSM; see Table V and Fig. 5 (bottom). We
use the naming conventions of Ref. [125] for the HSM in the
BZ and the naming conventions of Ref. [133] for Wyckoff
positions in the unit-cell.

2. Overview of the full classification results

The complete K-theory classification, KRĜ(BZ ), of topo-
logically distinct ground states as well as the complete
classification of topological phases with anomalous surface
states, ASS = K/AI, of space-group P4̄ is presented in
Table VI. In Sec. III we focused on the complete classification
of anomalous surface states (see the P4̄ entries in Table II),
these appear as the ASS in the last column of Table VI. In the
following sections we derive these results in detail.

3. Topologically distinct ground states

The complete K-theory classification, KR−q,0
Ĝ

(T̄ 3), of
topologically distinct ground states in AZ symmetry class, q,
is derived from our free spectra decomposition, Eq. (21), and
is given by our HSM decomposition, Eq. (22):

KRĜ(T̄ 3) � KRĜ	
(pt) ⊕ K̃RĜZ

(S̄1) ⊕ K̃RĜX
(S̄1)

⊕ K̃RĜR
(S̄2) ⊕ K̃RĜM

(S̄2) ⊕ K̃RĜA
(S̄3). (38)

Each of these summands further decomposes according to the
isomorphism of Ref. [62]; see Eq. (20). This decomposition
contains one summand for each irreducible Z2-graded repre-
sentation of Ĝk.

a. Representation theory of Z8. Since Ĝ � Z8, we shall
use the standard ungraded complex representations of Z8 in
order to label the Z2-graded representations in a prescribed
manner. We denote the fundamental 1D complex representa-
tion of Z8 by t8, such that

ŝ4
t8�−→ e

2π i
8 . (39)

Any representation of Z8 is a polynomial with integer coef-
ficients of t8 subject to the relation (t8)8 = 1, such that each
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TABLE V. The Wyckoff positions, x, and high-symmetry momenta, k, of space-group P4̄. The little group stabilizer, Gx = Gk, is given in
Schönflies notation; the double point-group, Ĝx = Ĝk, is given as an abstract group. See Fig. 5.

Point-group

Wyckoff positions (x) High-symmetry momenta (k) Schönflies Ĝx = Ĝk

a (0, 0, 0) 	 (0, 0, 0) S4 Z8

b (0, 0, 1
2 ) Z (0, 0, π ) S4 Z8

X (π, 0, 0) C2 Z4g ( 1
2 , 0, x), (0, 1

2 , x)
R (π, 0, π ) C2 Z4

c ( 1
2 , 1

2 , 0) M (π, π, 0) S4 Z8

d ( 1
2 , 1

2 , 1
2 ) A (π, π, π ) S4 Z8

coefficient corresponds to the multiplicity of an irreducible
representation, (t8)n, and every representation has a complex
conjugate representation (t8)n = (t8)8−n. For example, the 3D
geometric representation in Eq. (37) is a real representation,
t2
8 + t6

8 + t4
8 , which is a direct sum of the 2π

4 -rotation 2D
representation, t2

8 + t6
8 , and the 1D sign representation, t4

8 :

t2
8 + t6

8 : ŝ4 �→
(

0 1
−1 0

)
∼
(

i 0
0 −i

)
,

t4
8 : ŝ4 �→ −1. (40)

We use an analogous construction for the subgroup, C2 ⊂ S4,
with ĉ2 = ŝ2

4, such that t4 = ResZ8

Z4
(t8).

b. Z2-graded representations. The Z2-grading itself, i.e.,
a group homomorphism, Ĝk → Z2, is determined by the de-
terminant of the O(dk ) geometric action of Ĝk on the primitive
reciprocal lattice vectors,

Ĝk → O(dk )
det−→ {±1} � Z2. (41)

For example, the action in Eq. (37) yields the Z2-grading,

ŝ4, ŝ3
4, ŝ5

4, ŝ7
4

det�−→ −1 and 1, ŝ2
4, ŝ4

4, ŝ6
4

det�−→ 1.
In general, there are three types of possible gradings; we

dub these, type-0, type-1, and type-2, as we now explain.
Type-0: This is the simplest type corresponding to the

	, M-points, where the Z2-grading is trivial. In this case, the

summand K̃RĜk
(S̄dk ) decomposes according to irreducible

ungraded real representations of Ĝk. For example, consider
the M-point, which is stabilized by the S4 little group acting
on b1, b2, (

b1

b2

)
ŝ4�−→
(

0 1
−1 0

)(
b1

b2

)
, (42)

such that the actions of all elements of ĜM have positive
determinant. We thus have

K̃R
p,q
ĜM

(S̄2) � K̃Rp,q(S̄2)1 ⊕ K̃Cp,q(S̄2)t8+t7
8
⊕ K̃Cp,q(S̄2)t2

8 +t6
8

⊕ K̃Cp,q(S̄2)t5
8 +t3

8
⊕ K̃Rp,q(S̄2)t4

8
. (43)

Here the complex K-theory summands correspond to irre-
ducible real representations of complex type.

Type-1: This is the type corresponding to the Z, X, R, A-
points, where the Z2-grading is nontrivial. In this case, there
is a canonical sign representation ρsign, which stems from the
Z2-grading; the summand K̃RĜk

(S̄dk ) decomposes according
to Z2-graded representations of Ĝk, each of which has even
and odd parts, ρ0 and ρ1, with ρ0 = ρsign ⊗ ρ1. We encode
this structure by the virtual representation, [ρ0 − ρ1]. For
example, consider the R-point, which is stabilized by the C2

TABLE VI. The complete K-theory classification of topologically distinct ground states as well as the complete classification of topological
phases with anomalous surface states, ASS = K/AI, of space-group P4̄. Each entry of the table is of the form K → ASS with K = K̃R−q,0

Ĝk
(S̄dk )

for AZ class, q, and HSM, k. The “·” symbol indicates a trivial classification, i.e., 0 → 0.

HSM

AZ class 	 Z X R M A Total classification

A Z4→0 Z2→0 Z→0 · Z4→Z Z2→Z2 Z13→Z × Z2

AIII · · · Z→Z · · Z→Z

AI Z2→0 Z→0 · · Z→0 Z→0 Z5→0

BDI · · · · · · ·
D Z2→0 Z→0 Z→Z2 · Z3→Z × Z2 Z→Z2 Z8→Z × Z3

2

DIII · · Z2→Z2 Z→Z Z2
2→Z2

2 Z2→Z2 Z × Z4
2→Z × Z4

2

AII Z2→0 Z→0 Z2→0 Z2→Z2 Z × Z2
2→Z2 Z × Z2→Z4 Z5 × Z5

2→Z2
2 × Z4

CII · · · Z2→Z2 · Z2→Z2 Z2
2→Z2

2

C Z2→0 Z→0 Z →0 · Z3→Z Z × Z2→Z2 Z8 × Z2→Z × Z2

CI · · · Z→Z · · Z→Z
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TABLE VII. The decomposition of the real equivariant K-theory classification, KRp,q
Ĝ

(T̄ 3) � ⊕
k K̃Rp,q

Ĝk
(S̄dk ), of space-group P4̄ into non

G-equivariant K-theory components.

K̃R
p,q

Ĝk
(S̄dk ) � Spinless contributions ⊕ Spinful contributions

KRp,q
Ĝ	

(pt) � KRp,q(pt)1 ⊕ KRp,q(pt)t4
8

⊕ KCp,q(pt)t2
8 +t6

8
⊕ KCp,q(pt)t8+t7

8
⊕ KCp,q(pt)t5

8 +t3
8

K̃R
p,q

ĜZ
(S̄1) � K̃Rp,q−1(S̄1)1−t4

8
⊕ K̃Rp−1,q(S̄1)t2

8 −t6
8

⊕ K̃Cp−1,q(S̄1)t8−t5
8 +t7

8 −t3
8

K̃R
p,q

ĜX
(S̄1) � K̃Rp−1,q(S̄1)t4−t3

4
⊕ K̃Rp,q−1(S̄1)1−t2

4

K̃R
p,q

ĜR
(S̄2) � K̃Rp−1,q(S̄2)t4−t3

4
⊕ K̃Rp,q−1(S̄2)1−t2

4

K̃R
p,q

ĜM
(S̄2) � K̃Cp,q(S̄2)t8+t7

8
⊕ K̃Cp,q(S̄2)t5

8 +t3
8

⊕ K̃Rp,q(S̄2)1 ⊕ K̃Rp,q(S̄2)t4
8

⊕ K̃Cp,q(S̄2)t2
8 +t6

8

K̃R
p,q

ĜA
(S̄3) � K̃Cp−1,q(S̄3)t8−t5

8 +t7
8 −t3

8
⊕ K̃Rp,q−1(S̄3)1−t4

8
⊕ K̃Rp−1,q(S̄3)t2

8 −t6
8

little group acting on b1, b3,(
b1

b3

)
ĉ2=ŝ2

4�−−−→
(−1 0

0 1

)(
b1

b3

)
. (44)

The Z2-grading, ĉ2, ĉ3
2

det�−→ −1 and 1, ĉ2
2

det�−→ 1, provides us
with a sign representation ρsign = t2

4 , and we thus have

K̃R
p,q
ĜR

(S̄2) � K̃R
p,q−1

(S̄2)1−t2
4
⊕ K̃R

p−1,q
(S̄2)t4−t3

4
, (45)

where the shifts in the K-theory degree, i.e., (0,−1) and
(−1, 0), are determined by the isomorphism of Ref. [62]; see
Eq. (20).

Type-2: This type is applicable only for even-dimensional
irreducible representations of groups with a nontrivial Z2-
grading. These are absent in cyclic groups but present in
dihedral and other groups. In this case, these representations
yield summands corresponding to (virtual) representations of
the even part of Ĝk with respect to the Z2-grading. Examples
are given in Ref. [62] and are not present in the classification
of the current pedagogical example.

c. K-theory classification results. By repeating this anal-
yses for all HSM we obtain, in Table VII, the complete
decomposition of the equivariant K-theory classification,
KRp,q

Ĝ
(T̄ 3), into non-G-equivariant K-theory components for

each irreducible Z2-graded representation. Note that since we
are using the double point group, Ĝ, we get contributions
corresponding both to spinless and spinful electrons [134]. In
order to distinguish these contributions, in Table VII, we place
the spinless summands on the left and the spinful summands
on the right. All summands may be easily read from the
invariants in the periodic table of TISCs (see Table I), using
Bott periodicity [2,119,120],

K̃Rp,q(S̄d ) = KRp,q−d (pt) � π0(Rq−p−d ). (46)

The spinful contributions for all AZ classes are explicitly
presented in Table VI.

The complex AZ classes, A and AIII, are classified by
complex K-theory which decomposes according to irreducible
complex representations. In particular, every irreducible real
representation of complex type splits into two irreducible
complex representations, e.g., t5

8 + t3
8 splits to t5

8 and t3
8 . This

is explicitly presented in Table VIII.

4. Anomalous surface states

The complete classification of topological phases with
anomalous surface states in AZ symmetry class, q, is given
by topologically distinct ground states which are not re-
lated to one another by atomic insulators, i.e., ASS−q,0 =
KR−q,0

Ĝ
(T̄ 3)/AI−q,0. In order to obtain these, one must quo-

tient out the ground states corresponding to AIs, i.e., the

image of the ai map, AI−q,0 ai−→ KR−q,0
Ĝ

(T̄ 3). As discussed in
Sec. III B 1, the AIs themselves are described by the K-theory
of a point for each isolated Wyckoff position,

AI = KRĜa
(pt) ⊕ KRĜb

(pt) ⊕ KRĜg
(pt)

⊕ KRĜc
(pt) ⊕ KRĜd

(pt); (47)

see Fig. 5 and Table V. Note that the g Wyckoff position is a
line of equivalent points and thus also classified by a single
equivariant K-theory component. Similar to Tables VII and
VIII, each of the Wyckoff position contributions is decom-
posed into non-G-equivariant components for each irreducible
(ungraded) representation. This is presented in Tables IX
and X.

a. Structure of the ai map. The ai map is a K-theory
map. Specifically, it is a homomorphism between the mod-
ules, AI∗,∗ and KR∗,∗

Ĝ
(T̄ 3), over the ring, KR∗,∗

Ĝ
(pt), i.e., a

map which respects the multiplicative structure of K-theory,

TABLE VIII. The decomposition of the complex equivariant K-
theory classification, KCp,q

Ĝ
(T̄ 3) � ⊕

k K̃Cp,q
Ĝk

(S̄dk ), of space-group

P4̄ into non-G-equivariant K-theory components.

K̃C
p,q

Ĝk
(S̄dk ) � Spinless ⊕ Spinful

KCp,q
Ĝ	

(pt) � ⊕
ρ=1,t2

8 ,t4
8 ,t6

8

KCp,q(pt)ρ ⊕ ⊕
ρ=t8,t3

8 ,t5
8 ,t7

8

KCp,q(pt)ρ

K̃C
p,q

ĜZ
(S̄1) � ⊕

ρ=[1−t4
8 ],[t2

8 −t6
8 ]

K̃Cp−1,q(S̄1)ρ ⊕ ⊕
ρ=[t8−t5

8 ],[t7
8 −t3

8 ]

K̃Cp−1,q(S̄1)ρ

K̃C
p,q

ĜX
(S̄1) � K̃Cp−1,q(S̄1)t4−t3

4
⊕ K̃Cp−1,q(S̄1)1−t2

4

K̃C
p,q

ĜR
(S̄2) � K̃Cp−1,q(S̄2)t4−t3

4
⊕ K̃Cp−1,q(S̄2)1−t2

4

K̃C
p,q

ĜM
(S̄2) � ⊕

ρ=t8,t3
8 ,t5

8 ,t7
8

K̃Cp,q(S̄2)ρ ⊕ ⊕
ρ=1,t2

8 ,t4
8 ,t6

8

K̃Cp,q(S̄2)ρ

K̃C
p,q

ĜA
(S̄3) � ⊕

ρ=[t8−t5
8 ],[t7

8 −t3
8 ]

K̃Cp−1,q(S̄3)ρ ⊕ ⊕
ρ=[1−t4

8 ],[t2
8 −t6

8 ]

K̃Cp−1,q(S̄3)ρ
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TABLE IX. The decomposition of real AZ classes AIs, AIp,q � ⊕
x KRp,q

Ĝx
(pt), at Wyckoff position, x, of space-group P4̄ into non-G-

equivariant K-theory components.

KRp,q
Ĝx

(pt) � Spinless contributions ⊕ Spinful contributions

KRp,q
Ĝa,b,c,d

(pt) � KRp,q(pt)1 ⊕ KRp,q(pt)t4
8

⊕ KCp,q(pt)t2
8 +t6

8
⊕ KCp,q(pt)t8+t7

8
⊕ KCp,q(pt)t5

8 +t3
8

KRp,q
Ĝg

(pt) � KRp,q(pt)1 ⊕ KRp,q(pt)t2
4

⊕ KCp,q(pt)t4+t3
4

Eq. (29). As discussed in Sec. III B 4, such maps satisfy

ai
p,q(u) = u · ai0,0(1), (48)

for all u ∈ AIp,q. Since 1 ∈ KR0,0
Ĝ

(pt) is a spinless repre-
sentation, it is now clear why we have not omitted these
contributions in Tables VII–X.

The ai
∗,∗ map is thus completely determined by ai

0,0(1).
Furthermore, it follows from Eqs. (22) and (47) that the ai

map can be displayed as a block-matrix, [ai]kx = [ai(ux)]k,
whose entries are the contributions of ux ∈ KRĜx

(pt) ⊂ AI to
K̃RĜk

(S̄dk ) ⊂ KRĜk
(T̄ 3). For each k and x, the block’s en-

tries correspond to the irreducible Z2-graded representations
of Ĝk and the irreducible representations of Ĝx as given in
Tables VII and IX.

We find that the matrix [ai0,0(1)]kx = [ai0,0(1x)]k for
space-group P4̄ is given by

a b g c d

	

Z

X

R

M

A

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 1 1 + t4
8 1 1

0
[
t2
8 − t6

8

]
0 0

[
t2
8 − t6

8

]
0 0

[
t4 − t3

4

] [
t4 − t3

4

] [
t4 − t3

4

]
0 0 0 0 0

0 0 0
[
t8 + t7

8

]
ξ 3

[
t8 + t7

8

]
ξ 3

0 0 0 0
[
t8 − t5

8 + t7
8 − t3

8

]
ξ 3

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (49)

where 1 is the identity element, 1 ∈ KR0,0(pt)1. Note that
K̃Rp−pρ ,q−qρ (S̄d )ρ=[ρ0−ρ1] is a shifted copy of KRp,q(pt),
therefore, we denote its canonical generator by

[ρ0 − ρ1]
def= 1 ∈ K̃R0,d (S̄d )ρ0−ρ1 � KR0,0(pt). (50)

We use a similar construction for KC components. Note
that none of the maps discussed in Sec. IV A are affected
by the invertible elements, β, μ, and ξ 4. Therefore, here
and henceforth, we set μ = β = ξ 4 = 1 for all elements of
K̃Rp,q(S̄d ) = KRp,q−d (pt); see, e.g., Eq. (56).

Let us explain how to obtain the matrix in Eq. (49). We
begin by noting three generic properties:

First, one notices that [ai]kx is an upper triangular block-
matrix. The component K̃RĜk

(S̄dk ) does not capture ground
states which are topologically equivalent to states on the
boundaries of the cell centered at k; see Fig. 4. This provides
us with a partial order where every HSM is contributed only

TABLE X. The decomposition of complex AZ classes AIs,
AIp,q � ⊕

x KCp,q
Ĝx

(pt), at Wyckoff position, x, of space-group P4̄
into non-G-equivariant K-theory components.

KCp,q
Ĝx

(pt) � Spinless ⊕ Spinful

KCp,q
Ĝa,b,c,d

(pt) � ⊕
ρ=1,t2

8 ,t4
8 ,t6

8

KCp,q(pt)ρ ⊕ ⊕
ρ=t8,t3

8 ,t5
8 ,t7

8

KCp,q(pt)ρ

KCp,q
Ĝg

(pt) � ⊕
ρ=1,t2

4

KCp,q(pt)ρ ⊕ ⊕
ρ=t4,t3

4

KCp,q(pt)ρ

from “greater” Wyckoff positions,

(51)

We say that k1 > k0 if all coordinate values of k1, as given
in Table V, are greater than those of k0. Hence, an AI at
a Wyckoff position, x1, reciprocal to k1, contributes only to
K̃RĜk0

(S̄dk0 ) if k1 � k0.
Second, one notices that all entries left to the diagonal

are multiples (within the representation ring) of the diagonal
entry. Consider a particular diagonal entry with k0 recipro-
cal to x0. The contribution to K̃RĜk0

(S̄dk0 ) of an AI at any
x1 > x0 is given by restricting the ground state to the subtorus
centered at k0. This gives an AI with the same k-dependence
as that at x0 and with a representation determined by an
appropriate restriction and/or induction between Ĝx1 and Ĝx0 .
For example, consider an AI at the g Wyckoff position with
a trivial representation of Ĝ � Z4. It corresponds to two s-
orbitals at x = ( 1

2 , 0, x), (0, 1
2 , x), which are interchanged by

ŝ4. Therefore, as a representation of Ĝ	 � Z8, its contribu-
tion to KR0,0

Ĝ	
(pt) � Rep(Z8) is IndZ8

Z4
(1) = 1 + t4

8 , which is
a two-dimensional representation corresponding to both or-
bitals combined.

Third, one notices that no Wyckoff position contributes
to the R-point. This is a consequence of the high-symmetry
line that connects the R-point with the X -point; see Fig. 5.
Any AI ground state supported on the g Wyckoff position,
x = ( 1

2 , 0, x), (0, 1
2 , x), may be continuously deformed to
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x = ( 1
2 , 0, 0), (0, 1

2 , 0) which does not contribute to the R-
point. This is also a generic property.

An immediate conclusion of these three properties is that
the [ai]kx block-matrix may be block-diagonalized using col-
umn operations [valued in Rep(Ĝ)]. This implies that the
image of the AI map is identical to the image of the block-
diagonal entries. These entries correspond to contributions of
AIs at the center of the point-group and thus may be evaluated
using Shiozaki’s formula [102], Eq. (28).

b. Application of Shiozaki’s formula. In order to inter-
pret Eq. (28) in terms of our decomposition, we utilize the
Atiyah-Bott-Shapiro construction [119,135], which expresses
elements of the real K-theory in terms of Z2-graded represen-
tations of Clifford algebras, Clp,q. In essence, this amounts to
lifting the geometric action, Gk → O(dk ) [e.g., Eq. (37)], to a
“geometric-algebra” action G̃k → Cldk,0 and decompose this
action into irreducible Z2-graded representations. We leave
the mathematical details to Appendix B 6 and provide here
a “quick and dirty” method to obtain the diagonal entries of
[ai0,0(1)]kx.

The gist of the “quick and dirty” method is as follows. We
first use the geometric action, Gk → O(dk ), i.e.,

bi
g�−→
∑

j
[Og]i jb j, Og1 Og2 = Og1·g2 , (52)

and restrict our attention to the image, G′
k, of Gk in O(dk ),

i.e., such that Gk � G′
k ⊂ O(dk ). We then construct a double

cover, G̃′
k, of G′

k, which is faithfully represented by SU(2),
which itself is the double cover of SO(3), i.e., such that
G̃′

k ⊂ SU(2) [136]. The unitary matrices Ug ∈ SU(2) are con-
structed as to satisfy

UgσiU
−1
g =

∑
j

det(Og)[Og]i jσ j, Ug1Ug2 = Ug1·g2 , (53)

where σ1,2,3 are the Pauli matrices. Finally, the diagonal entry
of the ai

0,0(1) matrix [Eq. (49)] is simply found by decom-
posing the above unitary matrix representation into irreducible
ungraded representations of Ĝk.

Note that the faithful representation, Eq. (53), of G̃′
k pro-

vides us with a generically nonfaithful representation of G̃k �
G̃′

k. Here G̃k is a double cover of Gk which might be different
than the physical double point-group, Ĝk. Fortunately, for all
HSM of space-group P4̄, one has G̃k � Ĝk (the generic case
is treated in Appendix B 5).

One might worry that some data are lost when restricting
the O(dk ) action to SO(dk ) in Eq. (53) thus forgetting the
Z2-grading by the determinant [Eq. (41)]. However, since
KR0,0

Ĝk
(S̄dk ) is already decomposed into Z2-graded represen-

tations (see Table VII), we at most encounter a global sign
ambiguity for each row of [ai0,0(1)]kx; this does not alter the
quotient by the image of the ai map. One may always get rid
of this inconsequential ambiguity by following Appendix B 6.

Let us provide a couple of explicit examples, which would
make our method clearer:

First, consider the contribution of an AI at the c Wyckoff
position to the M-point. The GM → O(2) action is(

b1

b2

)
s4�−→
(

0 1
−1 0

)(
b1

b2

)
. (54)

This is a faithful action, so G′
M = GM � Z4. We construct

a faithful unitary matrix representation of G̃′
M = ĜM � Z8,

given by

Uŝ4 = e− 2π i
8 σz , Uŝ4

(
σ1

σ2

)
U −1

ŝ4
=
(

0 1
−1 0

)(
σ1

σ2

)
. (55)

This is clearly the t8 + t7
8 representation, which leads to

[ai0,0(1c)]M = [t8 + t7
8 ]ξ 3 in Eq. (49). The ξ 3 factor stems

from

K̃C0,0(S̄2)t8+t7
8

= KC0,−2(pt) � KC−6,0(pt) = Z · ξ 3,

(56)
where we have used μ = ξ 4 = 1 as above.

Second, consider the contribution of an AI at the b Wyckoff
position to the Z-point. The GZ → O(1) action is

b3
s4�−→ (−1)b3. (57)

This is not a faithful action, so we restrict to G′
Z � Z2. We

construct a faithful unitary matrix representation of G̃′
Z � Z4,

given by

Uŝ4 = e
2π i
4 σ3 , Uŝ4

σ3U
−1
ŝ4

= −(−1)σ3. (58)

Here, in order to spare the reader of excess notation, we
identified the generator of G̃′

Z with the ŝ4 generator of Z8 �
ĜZ � G̃′

Z . This SU(2) action is clearly the t2
8 + t6

8 ungraded
representation, which leads to the Z2-graded representation,
[ai0,0(1b)]Z = [t2

8 − t6
8 ], in Eq. (49). This is where the incon-

sequential global sign ambiguity comes about.
All the other diagonal entries of [ai0,0(1)]kx, given in

Eq. (49), are similarly derived.
c. Application of K-theory multiplication. Once ai

0,0(1)
is attained, one wishes to compute ai

−q,0(u) = u · ai0,0(1) ∈
KR−q,0

Ĝ
(T̄ 3), for all u ∈ AI−q,0 and all AZ symmetry classes,

q. This provides the image of the ai map, that is, the
full classification of AI ground states and thus ASS−q,0 =
KR−q,0

Ĝ
(T̄ 3)/AI−q,0. It thus suffices to find the images of the

generators of AI−q,0, as given in Table IX, corresponding to
the irreducible representations of Ĝx.

We thus focus on each block-diagonal entry of [ai]kx and
expand that block into a matrix [ai]ρkρx = [ai(uρx )]ρk whose
entries are the contributions of the AI, uρx ∈ KRp,q

Ĝx
(pt), to

the ρk-component of KRp,q
Ĝk

(S̄dk ). Each ρk and ρx correspond

to irreducible Z2-graded representations of Ĝk and the irre-
ducible representations of Ĝx as given in Tables VII and IX.
We find that the blocks, [ai]ρkρx = [ai(uρx )]ρk , for space-group
P4̄ are as follows: [ai]	a is always the identity matrix,

( [t8 + t7
8

]
a

[
t5
8 + t3

8

]
a[

t8 + t7
8

]
	

u 0[
t5
8 + t3

8

]
	

0 u

)
, (59)

[ai]Rg is the zero matrix, and the rest are given by

( [t8 + t7
8

]
b

[
t5
8 + t3

8

]
b[

t8 − t5
8 + t7

8 − t3
8

]
Z −u u

)
(60)

( [t4 + t3
4

]
g[

1 − t2
4

]
X −r(ξ 3 · u)

)
, (61)
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⎛⎜⎝
[
t8 + t7

8

]
c

[
t5
8 + t3

8

]
c

[1]M r(ξ 3 · u) 0[
t4
8

]
M 0 r(ξ 3 · u)[

t2
8 + t6

8

]
M ξ 3 · u ξ 3 · u

⎞⎟⎠, (62)

( [t8 + t7
8

]
d

[
t5
8 + t3

8

]
d[

1 − t4
8

]
A r(ξ 2 · u) −r(ξ 2 · u)[

t2
8 − t6

8

]
A r(ξ 3 · u) −r(ξ 3 · u)

)
. (63)

Here we have presented only the results for the spinful compo-
nents in Tables VII and IX; the spinless results are analogous.

In order to obtain these results, we utilize the multiplicative
structure of the equivariant K-theory. In particular, one finds
that the inherent equivariant spectra constrain the ai map to
such an extent that it is uniquely determined by the multiplica-
tive structure of the ungraded complex representations, as we
immediately demonstrate using an explicit example.

Consider [ai]Ad = [ai(uρd )]A. Let us find the image of

u ∈ KC−q,0(pt)t8+t7
8

⊂ KR−q,0
Ĝd

(pt), (64)

within

KR−q−4,0(pt)1−t4
8
⊕ KR−q−6,0(pt)t2

8 −t6
8

� K̃R
−q,−1

(S̄3)1−t4
8
⊕ K̃R

−q−1,0
(S̄3)t2

8 −t6
8

⊂ KR−q,0
ĜA

(T̄ 3); (65)

cf. Eq. (56). Following the discussion in Sec. IV A, the only
possible K-theory map, stemming from a module-spectra
homomorphism of type KC → KR ⊕ KR, is given by the
realification map,[

t8 + t7
8

]
d u

ai�−→ [
1 − t4

8

]
An′r(ξ 2 · u) + [

t2
8 − t6

8

]
An′′r(ξ 3 · u),

(66)
where n′, n′′ ∈ Z are integers. Moreover, from the relevant
entry of Eq. (49), we know that

[1]d
ai�−→ [

t8 − t5
8 + t7

8 − t3
8

]
Aξ 3. (67)

In order to extract the integers, n′ and n′′, we observe that
Eq. (66) translates to the complex K-theory in Tables VIII and
X as follows:

[t8]d u
ai�−→ [

1 − t4
8

]
An′ξ 2 · u + [

t2
8 − t6

8

]
An′′ξ 3 · u,

[t7
8 ]d u

ai�−→ [
1 − t4

8

]
A
n′ξ 2 · u − [

t2
8 − t6

8

]
A
n′′ξ 3 · u. (68)

The complex K-theory maps are determined by the multi-
plication rules of the ungraded complex representations of
Z8. Specifically, we recall that ai(u) = u · ai(1), and thus by
setting ξ = 1, we may utilize

t8 ⊗ (
t8 − t5

8 + t7
8 − t3

8

) = (
t2
8 − t6

8

)+ (
1 − t4

8

)
, (69)

to conclude that n′ = n′′ = 1. All other entries of Eqs. (59)–
(63) are similarly obtained using the correspondences be-
tween the real and complex K-theories which are provided
in Table XVI in Appendix B.

Note that since r(u) �= η for all u ∈ KC−q,0(pt), the only
type of K-theory maps undetermined by the complex repre-
sentation theory is v �→ nη · v. Nevertheless, by 2η = 0, one

has nη · v = (n mod 2)η · v, such that this map is completely
determined by the dimensionality (modulo 2) of the represen-
tation.

d. Classification of anomalous surface states. Once in
full possession of ai(u), for all u ∈ AI−q,0, it is but a sim-
ple manner of picking a particular AZ symmetry class, q,

and quotienting out the image of the ai map, AI−q,0 ai−→
KR−q,0

Ĝ
(T̄ 3), in order to finally obtain all anomalous surface

states ASS−q,0 = KR−q,0
Ĝ

(T̄ 3)/AI−q,0.
As discussed above, the complete classification results are

presented in Table VI. In order to demonstrate the Abelian
calculations leading to it, let us focus on the A-point HSM in
AZ symmetry class AII of q = 4, where

KR−4,0
Ĝd

(pt)
ai−→ K̃R−4,0

ĜA
(S̄3). (70)

For any particular AZ class, ai−q,0 is an Abelian-group
homomorphism. For our case, it takes the form

Z × Z
ai−→ Z × Z2. (71)

This is obtained using Tables VII and IX and Table XVI in
Appendix B, by focusing on spinful-electrons; specifically,

KC−4,0(pt)t8+t7
8

� Z · ξ 2, Z � K̃R−4,−1(S̄3)1−t4
8
,

KC−4,0(pt)t5
8 +t3

8
� Z · ξ 2, Z2 · η2 � K̃R−5,0(S̄3)t2

8 −t6
8
;

(72)

cf. Eq. (56). Using our explicit results in Eq. (63), and setting
u = ξ 2 = ξ−2 (by ξ 4 = 1 as discussed above), we find that the
[ai]Ad matrix is given by

[ai]ρAρd =
(
r(ξ 2 · ξ−2) −r(ξ 2 · ξ−2)
r(ξ 3 · ξ−2) −r(ξ 3 · ξ−2)

)
=
(

2 −2
η2 −η2

)
.

(73)
Here we have evaluated the realification map as given in
Table III.

In general, in order to find the quotient by the image of
an integer-valued matrix, i.e., its cokernel, one brings it to
its Smith normal form, where the elementary divisors are
the diagonal entries. The [ai]kx matrix is KR∗,∗(pt)-valued;
nevertheless, we may always manually impose 2η = 2η2 = 0
and bring it to a pure integral formulation. In our case, this
amounts to adding an extra

(
0

2η2

)
-column. We find(

2 −2
η2 −η2

)
�→
(

2 −2 0
1 −1 2

)
�−−−→
Smith

(
1 0 0
0 4 0

)
.

(74)
Finally, since Z1 × Z4 � Z4, we conclude that

[ASS−4,0]A = Z × Z2

ai(Z × Z)
� Z4. (75)

In particular, we find that if we stack four copies of the
elementary topologically distinct ground state of the [1 − t4

8 ]A

representation we get a state which is topologically equivalent
to an AI. All other invariants in Table VI or obtained via
analogous calculations.

5. Summary

This completes our “top to bottom” derivation of the
full classification of topologically distinct ground states and
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topological phases with anomalous surface states for space-
group P4̄. We have constructed the following data:

(i) The identification of the HSM with π -integer primitive
coordinates, their reciprocal Wyckoff positions, and their sta-
bilizer double point-groups (little groups); see Table V.

(ii) The decomposition of the full K-theory classification
into components corresponding to each HSM via our equiv-
ariant spectra paradigm; see Eq. (38).

(iii) The decomposition of the K-theory component cor-
responding to each HSM into Z2-graded representations; see
Tables VII and VIII.

This yields the complete classification of topologically dis-
tinct ground states; see Table VI.

(iv) The identification of all AIs at each Wyckoff position
for all AZ classes via ungraded representations; see Tables IX
and X.

(v) The determination of the topologically distinct ground
state within the K-theory classification corresponding to the
(spinless) trivial AI at each Wyckoff position; see Eq. (49).

(vi) The conclusion of the full image of all (spinful) AIs
at all Wyckoff positions within the K-theory ground-state
classification for all AZ classes at once via the multiplicative
structure; see Eqs. (59)–(63).

(vii) Computation of the resulting quotients; see, e.g.,
Eq. (75).

This yields the complete classification of topological
phases with anomalous surface states; see Table VI.

Such calculations were implemented as a GAP4 [132] lan-
guage algorithm and yielded all the topological classification
tables in Table II and Appendix A. A much deeper mathemat-
ical perspective is provided in Appendix B but the gist of all
crucial steps have been explicitly demonstrated.

Before concluding our paper in Sec. V, we depart from the
theoretical algebraic perspective taken so far, which have been
extremely useful in obtaining quantitative results, and use our
test case of space-group P4̄ to provide the reader with tight-
binding Hamiltonians manifesting our predicted anomalous
surface states.

C. Model Hamiltonians

The constructive isomorphism in Eq. (20) provides ex-
plicit model Hamiltonians for all classes of topologically
distinct ground states and hence for all topological phases with
anomalous surface states; see Ref. [62]. Let us demonstrate
this for the Z2 invariant of the A-point HSM at AZ symmetry
class DIII; see Table VI. This is depicted in Fig. 6.

AZ class DIII consists of time-reversal invariant chiral
superconductors with broken spin rotation SU(2) symmetry
(e.g., via spin-orbit coupling). We thus construct a Dirac-like
tight-binding Bogoliubov de Gennes Hamiltonian which re-
spects the antiunitary symmetries, �2 = −1 and �2 = 1 (see
Fig. 1), as well as the S4 spinful roto-reflection symmetry,
(ŝ4)4 = −1:

�H (k)�−1 = H (−k),

�H (k)�−1 = −H (−k),

ŝ4H (kx, ky, kz )ŝ−1
4 = H (ky,−kx,−kz ). (76)

FIG. 6. The band structure of a model Hamiltonian [Eq. (77)]
in AZ class DIII for the Z2 bulk topological phase at the A-point of
space-group P4̄. We take 50 unit-cells with open boundary conditions
along the z-axis and plot the energy levels εn(kx ) at ky = 0.

In momentum-space, it is given by

H (k) = �(γx sin kx + γy sin ky) + �′γz sin kz

+ γ0[μ − t (cos kx + cos ky) − t ′ cos kz], (77)

where γx, γy, γz, γ0 are Dirac matrices and �,�′, t, t ′, μ are
real parameters.

The isomorphism [Eq. (20)] guarantees the existence of
a matrix representation for ŝ4 such that the eight operator
combinations, γx, γy, γz, iγ0,�, i�, i��, ŝ4γze

π
4 γxγy , are all

mutually anticommuting and square to ±1. They thus form
an ungraded presentation of the Clifford algebra, Cl4,4 �
M16×16(R). The fundamental real representation of this al-
gebra is 16-dimensional; it is isomorphic to the following
eight-dimensional complex representation:

� = iσ2 ⊗ σ0 ⊗ σ0K, � = σ0 ⊗ σ1 ⊗ σ0K,

γ0 = σ2 ⊗ σ2 ⊗ σ0, γx = σ1 ⊗ σ0 ⊗ σ1,

γy = σ1 ⊗ σ0 ⊗ σ3, γz = σ3 ⊗ σ0 ⊗ σ0,

ŝ4 = iσ2 ⊗ σ0 ⊗ e
π
4 iσ2 . (78)

Here K is the complex conjugation operator, σ1,2,3 are the
Pauli matrices, and σ0 is the 2 × 2 identity matrix.

With this choice of matrices, the Hamiltonian [Eq. (77)]
exhibits topologically protected anomalous surface states and
topological phase transitions for various values of μ. These
surface states are clearly visible in Fig. 6 where we aestheti-
cally set t ′ = t , �′ = � = 2t , and μ = 2t . The Dirac cone is
fourfold degenerate and is topologically protected by �, �,
and ŝ4.

As discussed in Sec. III B 4, the topology of this chiral su-
perconductor cannot be captured by the symmetry indicators,
as there are no symmetry indicators for gapped systems in
AZ class DIII. Moreover, it is straightforward to check that
it has a zero winding number and hence also eludes the Z
winding number invariant of 3D chiral TSCs in AZ class DIII;
see Table I. This is also evident without explicit calculation
by noting that the only possible homomorphism from the Z2

classification of CTISCs we found to the Z winding number
of TISCs, Z2 → Z, is the zero homomorphism.
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Finally, we emphasize that there is nothing unique about
the choice of AZ class DIII, and the same procedure of con-
structing Dirac matrices and tight-binding Hamiltonians may
be applied to all 10 AZ symmetry classes.

V. DISCUSSION AND OUTLOOK

A. Comparison with other works

1. Topologically distinct ground states

We have obtained unified results for the classification of
topologically distinct ground states for the full tenfold way
of the two complex and eight real AZ nonspatial symmetry
classes; see Fig. 1. Nevertheless, there have been numerous
works that obtained results in specific AZ classes.

In Ref. [114], Shiozaki, Sato, and Gomi utilized long ex-
act sequences of complex K-theory, e.g., Mayer-Vietoris and
Gysin, to classify all wallpaper-groups in the two complex AZ
classes, A and AIII. Our results are in complete agreement
with their results; see Appendix A 1.

In Ref. [60], Kruthoff et al. utilized band-structure combi-
natorics and Segal’s formula [137] for complex K-theory in
order to classify all wallpaper-groups and some space-groups
in AZ class A. Our results are in complete agreement with
their results; see Appendix A.

In Refs. [98,99], Shiozaki et al. have explicitly calculated
the Atiyah-Hirzebruch spectral sequence for all space-group
symmetries for the two complex AZ classes as well as sev-
eral other examples for the real AZ classes. In general, the
E∞-page of the Atiyah-Hirzebruch spectral sequence approx-
imates the K-theory. Our K-theory results consistently fit their
spectral sequence results.

2. Topological phases with anomalous surface states

One of our main results (see Table II) is the unified clas-
sification of topological phases with anomalous surface states
for the full tenfold way of all AZ symmetry classes, A, AIII,
AI, BDI, D, DIII, AII, CII, C, and CI; see Fig. 1.

However, over the past couple of years, two independent
works have presented a classification of anomalous surface
states for AZ class AII using different methods: In Ref. [25],
Khalaf et al. have studied surface Hamiltonians and stacked
(doubled) strong TIs. In Ref. [63], Song et al. have stud-
ied topological crystals using group cohomology. Our results
are in complete agreement with the results of both research
groups.

Moreover, in Ref. [102], Shiozaki studied the surface
states of CTISCs with magnetic point-group symmetry; see
Sec. V B 2. These correspond to the contribution of the vol-
ume cell (cf. the R-point cell in Fig. 4), analogous to strong
TISCs in the noncrystalline case. These results for magnetic
point-group symmetries may be compared with our results for
AZ classes, A, AI, BDI, D, DIII, and AII, and are in complete
agreement.

3. Symmetry indicators

The majority of SI studies have naturally focused on
Dyson’s threefold-way of AZ classes A, AI, and AII [14,129];
see, e.g., Refs. [65,66]. Nevertheless, an extension to the

other AZ classes has been successfully achieved; see, e.g.,
Refs. [72,75–77].

However, as discussed in Sec. II, the anomalous surface
states do not necessarily have to be indicated by the SI; see
Fig. 2. Moreover, it is possible for SI to indicate a gapless state
such as a (semi-)metal. Nonetheless, we find that whenever
the SI indicate gapped states (i.e., CTISCs) we find them to be
quotients of our K-theory classification as required by Eq. (1).

B. Extensions

1. Strongly interacting fermions and more spectra

Many of the theoretical results derived here [e.g., Eq. (21)]
are not limited in their applicability only to KR-spectra but,
in fact, may be either directly applied or easily generalized to
many spectra corresponding to other classification problems
beyond weakly interacting fermions [26,29–37,99].

In particular, a direct nontrivial extension of this work may
be in the study of invertible symmetry protected topological
phases of strongly interacting fermions which are classified
by real cobordisms [26].

There is an intriguing sense in which one may gradually
interpolate between K-theory and real cobordisms, by mean
of the chromatic filtration [138]. Accordingly, it is natural
to hypothesize that the topological phases of fermions with
higher-order interactions (e.g., quartic interactions), are clas-
sified by cohomology theories of higher chromatic heights.
We unfortunately as yet have no evidence for such a relation,
other than the two extreme cases.

2. Magnetic space-groups and topological superconductivity

In this paper we have limited our scope to symmetry
actions where the spatial symmetries all commute with the
antiunitary nonspatial symmetries, � and �; see Fig. 1. How-
ever, although more complicated, our analysis is generalizable
to treat cases where these symmetries intertwine [139].

One manifestation is when considering the intertwin-
ing of time-reversal symmetry, �, and spatial symmetries
[140]; these are the so-called “magnetic space-groups”; see
Refs. [67,77,92,101,102] for related classification works.

Recently, in Refs. [75–77], Geier et al. and Ono et al. have
studied the SI of superconducting systems where they had
also treated the possibility of intertwining the particle-hole
antisymmetry, �, and the spatial symmetries. Since � and �

are both manifestations of ZT
2 with different actions on the

underlying KU spectrum, both intertwinings should be akinly
treated in our paradigm; see discussion in Sec. II B 1.

3. Higher order topological insulators and superconductors

One of the most intriguing properties of CTISC phases
is the existence of higher-order surface-states which are
supported on the lower-dimensional edges or corners of a
crystalline material [74,78–92].

In Refs. [89,90], Trifunovic, Brouwer, and Geier have pre-
sented a theoretical formulation for the classification of such
HOTISCs using a filtration of the K-theory. In Ref. [99],
Shiozaki, Xiong, and Gomi have shown that this filtration nat-
urally fits within the Atiyah-Hirzebruch spectral sequence. We
expect that the knowledge of the full K-theory classification
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provided in this paper would be used to resolve the sequence
and obtain a complete classification of HOTISC phenomena.

4. Hexagonal space-groups

While the general machinery used in this paper is rele-
vant also for the hexagonal space-groups, one key ingredient
breaks down. Namely, the free G-equivariant spectrum of a
torus with a hexagonal action does not decompose into a direct
sum according to its cells, and so the G-equivariant K-theory
does not reduce to equivariant spheres. Nevertheless, there are
still advantages in the equivariant spectra paradigm.

If T̄ d is a torus with an action of a group G, one can always
equivariantly construct T̄ d out of cells [63,98]; cf. Fig. 4. For
example, consider layer-group p6mm, where C6v acts on the
2D torus, T̄ 2. This resulting G-equivariant torus may be de-
composed into two equilateral triangles, permuted transitively
by the C6v-action. While the G-equivariant attaching data of
the triangles to their boundary no longer stably trivializes, the
part of the data determining the G-equivariant K-theory of the
torus is computable and depends only on a small number of
parameters. Hence, we expect that our methods will prove
advantageous in the classification of topological phases for
hexagonal symmetry as well.

C. Summary

In this paper, we have utilized the mathematical equivariant
spectra paradigm to obtain explicit quantitative results for
the classification of topologically distinct ground states as
well as topological phases with anomalous surface states of
crystalline topological insulators and superconductors. This
is done in a unified manner, which captures the full tenfold
way of Altland-Zirnbauer nonspatial symmetry classes; see
Fig. 1. In Table II we have focused on the full classification
of key 3D space-groups, but our analysis naturally captures
2D layer-groups and 1D rod-groups as well; see Appendix A.
These full classification results are exhaustive and thus extend
beyond the symmetry indicators of band topology.

We have established both the theoretical and the computa-
tional benefits of the equivariant spectra paradigm:

First, we have successfully utilized the modern mathemat-
ical framework of equivariant spectra to obtain a geometric
equivariant spectra formulation of crystalline systems; see
Eq. (21). These infrastructural spectra are independent of the
specific classification of topological phases we set out to com-
plete.

Next, we emphasized the K-theory multiplication which
physically translates to the hidden multiplicative structure
within the periodic table of topological insulators and su-
perconductors, mixing the different AZ symmetry classes.
This fundamental multiplicative structure is independent of
any crystalline symmetry. Nevertheless, this generalizes to the
crystalline case and unveils further relations between different
CTISC phases; see Sec. III B 4.

Furthermore, by treating the atomic insulators and super-
conductors within the same equivariant spectra paradigm,
we provide a deeper understanding of the AIs’ classification
and thus of the anomalous surface states. This understand-
ing translates to an efficient computational approach [see

TABLE XI. The layout of Table XII.

Space-group · · · HSM · · ·
...

AZ class K → ASS
...

Sec. IV B 5] which allowed us to attain results for the full
tenfold way of AZ symmetry classes in a unified manner.

To conclude, as discussed above, we showed that our re-
sults consistently broaden the existing knowledge of CTISC
phases and that the paradigm we have established holds the
potential to lead the path towards the discovery and the under-
standing of other diverse topological phenomena.
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APPENDIX A: CLASSIFICATION TABLES

In this Appendix, we present the full classification tables
which provide detailed information that complements the
main results presented in Table II.

In Table XII below we present the complete K-theory
classification of topologically distinct ground states for the
signed-permutation representation space-groups as well as the
complete classification of topological phases with anomalous
surface states, ASS = K/AI. Each entry of the table is laid out
as in Table XI, which provides both classifications for each
AZ symmetry class and each of the high-symmetry momenta
at the center of the equivariant cell component of the BZ torus;
see Fig. 4. The complete classification for each AZ class is a
direct sum of the Abelian groups for all tabulated HSM. We
use the naming convention of Ref. [125] for the HSM in the
BZ.

The Abelian groups presented in Table XII may be easily
used to obtain the full classification of many layer-groups
and rod-groups as well. Since any layer-group/rod-group is
a subgroup of some space-group, it is straightforward to
extract their topological classification. This is discussed in
Appendix A 1.

1. Layer-groups and rod-groups

The BZ of either a layer-group or a rod-group system is
correspondingly either a 2D or a 1D subtorus of some embed-
ding 3D space-group. Therefore its topological classification
is a direct sum of the topological invariants corresponding
only to the HSM of the subtorus.

As an example, consider space-group P4̄ discussed in
Sec. IV B. Its topological classification is obtained as a direct
sum over the 	, Z, X, R, M, A-points. The layer-group p4̄ is
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TABLE XII. For each space-group in Table II, we provide the complete classification of topologically distinct ground states as well as the
complete classification of topological phases with anomalous surface states. Each entry of the table is of the form K → ASS; see discussion
in Appendix A. The “·” symbol indicates a trivial classification, i.e., 0 → 0.

P1 	 Z Y X T U S R

A Z → 0 · · · Z → Z Z → Z Z → Z ·
AIII · Z → Z Z → Z Z → Z · · · Z → Z
AI Z → 0 · · · · · · ·
BDI Z2 → 0 Z → Z Z → Z Z → Z · · · ·
D Z2 → 0 Z2 → Z2 Z2 → Z2 Z2 → Z2 Z → Z Z → Z Z → Z ·
DIII · Z2 → Z2 Z2 → Z2 Z2 → Z2 Z2 → Z2 Z2 → Z2 Z2 → Z2 Z → Z
AII Z → 0 · · · Z2 → Z2 Z2 → Z2 Z2 → Z2 Z2 → Z2

CII · Z → Z Z → Z Z → Z · · · Z2 → Z2

C · · · · Z → Z Z → Z Z → Z ·
CI · · · · · · · Z → Z

P1̄ 	 Z Y X T U S R

A Z2 → 0 Z → 0 Z → 0 Z → 0 Z2 → Z Z2 → Z Z2 → Z Z → Z2

AIII · · · · · · · ·
AI Z2 → 0 Z → 0 Z → 0 Z → 0 Z → 0 Z → 0 Z → 0 Z → 0
BDI Z2

2 → 0 Z2 → 0 Z2 → 0 Z2 → 0 · · · ·
D Z2

2 → 0 Z2 → 0 Z2 → 0 Z2 → 0 Z → Z Z → Z Z → Z ·
DIII · · · · · · · ·
AII Z2 → 0 Z → 0 Z → 0 Z → 0 Z → Z2 Z → Z2 Z → Z2 Z → Z4

CII · · · · · · · Z2 → Z2

C · · · · Z → Z Z → Z Z → Z Z2 → Z2

CI · · · · · · · ·
P2 	 B Z Y D A C E

A Z2 → 0 Z → 0 · Z → 0 · Z2 → Z · ·
AIII · · Z2 → Z2 · Z → Z · Z → Z Z2 → Z2

AI Z → 0 · · · · · · ·
BDI · · Z → Z · · · · ·
D Z → 0 Z → Z2 · Z → Z2 · Z2 → Z×Z2 · ·
DIII · Z2 → Z2 Z → Z Z2 → Z2 Z → Z Z2

2 → Z2
2 Z → Z Z2 → Z2

AII Z → 0 Z2 → 0 · Z2 → 0 Z2 → Z2 Z2
2 → Z2 Z2 → Z2 Z2

2 → Z2
2

CII · · Z → Z · Z2 → Z2 · Z2 → Z2 Z2
2 → Z2

2

C Z → 0 Z → 0 · Z → 0 · Z2 → Z · ·
CI · · Z → Z · Z → Z · Z → Z Z2 → Z2

C2 	 A V L Z M

A Z2 → 0 Z → 0 · Z → Z · ·
AIII · · Z → Z · Z → Z Z2 → Z2

AI Z → 0 · · · · ·
BDI · · Z → Z · · ·
D Z → 0 Z → Z2 Z2 → Z2 Z → Z · ·
DIII · Z2 → Z2 Z2 → Z2 Z2 → Z2 Z → Z Z2 → Z2

AII Z → 0 Z2 → 0 · Z2 → Z2 Z2 → Z2 Z2
2 → Z2

2

CII · · Z → Z · Z2 → Z2 Z2
2 → Z2

2

C Z → 0 Z → 0 · Z → Z · ·
CI · · · · Z → Z Z2 → Z2

Pm 	 B Z Y D A C E

A Z2 → 0 · Z → 0 · · Z2 → Z2 · Z → Z
AIII · Z2 → Z2 · Z2 → Z2 Z → Z · Z → Z ·
AI Z → 0 · · · · Z → Z · Z → Z
BDI · Z → Z · Z → Z · · · ·
D Z → 0 · Z → Z2 · · Z → Z · ·
DIII · Z → Z Z2 → Z2 Z → Z Z → Z · Z → Z ·
AII Z → 0 · Z2 → 0 · Z2 → Z2 Z → Z Z2 → Z2 Z → Z
CII · Z → Z · Z → Z Z2 → Z2 · Z2 → Z2 Z2 → Z2

C Z → 0 · Z → 0 · · Z → Z · Z2 → Z2

CI · Z → Z · Z → Z Z → Z · Z → Z ·
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TABLE XII. (Continued.)

Cm 	 A V L Z M

A Z2 → 0 · · Z → Z · Z → Z
AIII · Z2 → Z2 Z → Z · Z → Z ·
AI Z → 0 · · · · Z → Z
BDI · Z → Z Z → Z · · ·
D Z → 0 · Z2 → Z2 Z → Z · ·
DIII · Z → Z Z2 → Z2 Z2 → Z2 Z → Z ·
AII Z → 0 · · Z2 → Z2 Z2 → Z2 Z → Z
CII · Z → Z Z → Z · Z2 → Z2 Z2 → Z2

C Z → 0 · · Z → Z · Z2 → Z2

CI · Z → Z · · Z → Z ·
P2/m 	 B Z Y D A C E

A Z4 → 0 Z2 → 0 Z2 → 0 Z2 → 0 Z → 0 Z4 → Z2 Z → 0 Z2 → Z
AIII · · · · · · · ·
AI Z2 → 0 Z → 0 Z → 0 Z → 0 Z → 0 Z2 → Z Z → 0 Z2 → Z
BDI · · · · · · · ·
D Z2 → 0 Z → 0 Z → 0 Z → 0 · Z2 → Z · ·
DIII · · · · · · · ·
AII Z2 → 0 Z → 0 Z → 0 Z → 0 Z → Z2 Z2 → Z Z → Z2 Z2 → Z×Z2

CII · · · · Z2 → Z2 · Z2 → Z2 Z2
2 → Z2

2

C Z2 → 0 Z → 0 Z → 0 Z → 0 Z2 → 0 Z2 → Z Z2 → 0 Z2
2 → Z2

CI · · · · · · · ·
C2/m 	 A V L Z M

A Z4 → 0 Z2 → 0 Z → 0 Z2 → Z Z → 0 Z2 → Z
AIII · · · · · ·
AI Z2 → 0 Z → 0 Z → 0 Z → 0 Z → 0 Z2 → Z
BDI · · Z2 → 0 · · ·
D Z2 → 0 Z → 0 Z2 → 0 Z → Z · ·
DIII · · · · · ·
AII Z2 → 0 Z → 0 Z → 0 Z → Z2 Z → Z2 Z2 → Z×Z2

CII · · · · Z2 → Z2 Z2
2 → Z2

2

C Z2 → 0 Z → 0 · Z → Z Z2 → 0 Z2
2 → Z2

CI · · · · · ·
P222 	 Z Y X T U S R

A Z → 0 · · · · · · ·
AIII · Z → Z Z → Z Z → Z Z2 → Z2 Z2 → Z2 Z2 → Z2 Z4 → Z4

AI Z → 0 · · · · · · ·
BDI · · · · · · · ·
D · · · · · · · ·
DIII · Z → Z Z → Z Z → Z Z2 → Z2 Z2 → Z2 Z2 → Z2 Z4 → Z4

AII Z → 0 Z2 → 0 Z2 → 0 Z2 → 0 Z2
2 → Z2 Z2

2 → Z2 Z2
2 → Z2 Z4

2 → Z3
2

CII Z2 → 0 Z2 → 0 Z2 → 0 Z2 → 0 Z2
2 → Z2 Z2

2 → Z2 Z2
2 → Z2 Z4

2 → Z3
2

C Z2 → 0 · · · · · · ·
CI · Z → Z Z → Z Z → Z Z2 → Z2 Z2 → Z2 Z2 → Z2 Z4 → Z4

C222 	 Z S R Y T

A Z → 0 · Z → 0 · · ·
AIII · Z → Z · Z → Z Z2 → Z2 Z4 → Z4

AI Z → 0 · · · · ·
BDI · · · · · ·
D · · Z → Z2 · · ·
DIII · Z → Z Z2 → Z2 Z → Z Z2 → Z2 Z4 → Z4

AII Z → 0 Z2 → 0 Z2 → 0 Z2 → Z2 Z2
2 → Z2 Z4

2 → Z3
2

CII Z2 → 0 Z2 → 0 · Z2 → Z2 Z2
2 → Z2 Z4

2 → Z3
2

C Z2 → 0 · Z → 0 · · ·
CI · Z → Z · Z → Z Z2 → Z2 Z4 → Z4
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TABLE XII. (Continued.)

Pmm2 	 Z Y X T U S R

A Z → 0 · · · Z → Z Z → Z · Z2 → Z2

AIII · Z → Z Z → Z Z → Z · · Z2 → Z2 ·
AI Z → 0 · · · Z → Z Z → Z · Z2 → Z2

BDI · Z → Z · · · · · ·
D · · · · · · · ·
DIII · · Z → Z Z → Z · · Z2 → Z2 ·
AII Z → 0 · Z2 → 0 Z2 → 0 Z → Z Z → Z Z2

2 → Z2 Z2 → Z2

CII Z2 → 0 Z → Z Z2 → 0 Z2 → 0 Z2 → Z2 Z2 → Z2 Z2
2 → Z2 Z2

2 → Z2
2

C Z2 → 0 Z2 → Z2 · · Z2 → Z2 Z2 → Z2 · Z2
2 → Z2

2

CI · Z2 → Z2 Z → Z Z → Z · · Z2 → Z2 ·
Cmm2 	 Z S R Y T

A Z → 0 · Z → 0 · · Z2 → Z2

AIII · Z → Z · Z → Z Z2 → Z2 ·
AI Z → 0 · · · · Z2 → Z2

BDI · Z → Z · · · ·
D · · Z → Z2 · · ·
DIII · · Z2 → Z2 Z → Z Z2 → Z2 ·
AII Z → 0 · Z2 → 0 Z2 → Z2 Z2

2 → Z2 Z2 → Z2

CII Z2 → 0 Z → Z · Z2 → Z2 Z2
2 → Z2 Z2

2 → Z2
2

C Z2 → 0 Z2 → Z2 Z → 0 · · Z2
2 → Z2

2

CI · Z2 → Z2 · Z → Z Z2 → Z2 ·
Amm2 	 Z S R Y T

A Z → 0 · · · Z → Z Z2 → Z2

AIII · Z → Z Z2 → Z2 Z → Z · ·
AI Z → 0 · · · Z → Z Z2 → Z2

BDI · · Z → Z · · ·
D · · · · · ·
DIII · Z → Z Z → Z Z → Z · ·
AII Z → 0 Z2 → 0 · Z2 → Z2 Z → Z Z2 → Z2

CII Z2 → 0 Z2 → 0 Z → Z Z2 → Z2 Z2 → Z2 Z2
2 → Z2

2

C Z2 → 0 · · · Z2 → Z2 Z2
2 → Z2

2

CI · Z → Z Z → Z Z → Z · ·
Pmmm 	 Z Y X T U S R

A Z2 → 0 Z → 0 Z → 0 Z → 0 Z2 → Z Z2 → Z Z2 → Z Z4 → Z3

AIII · · · · · · · ·
AI Z2 → 0 Z → 0 Z → 0 Z → 0 Z2 → Z Z2 → Z Z2 → Z Z4 → Z3

BDI · · · · · · · ·
D · · · · · · · ·
DIII · · · · · · · ·
AII Z2 → 0 Z → 0 Z → 0 Z → 0 Z2 → Z Z2 → Z Z2 → Z Z4 → Z3

CII Z2
2 → 0 Z2 → 0 Z2 → 0 Z2 → 0 Z2

2 → Z2 Z2
2 → Z2 Z2

2 → Z2 Z4
2 → Z3

2

C Z2
2 → 0 Z2 → 0 Z2 → 0 Z2 → 0 Z2

2 → Z2 Z2
2 → Z2 Z2

2 → Z2 Z4
2 → Z3

2

CI · · · · · · · ·
Cmmm 	 Z S R Y T

A Z2 → 0 Z → 0 Z2 → 0 Z → 0 Z2 → Z Z4 → Z3

AIII · · · · · ·
AI Z2 → 0 Z → 0 Z → 0 Z → 0 Z2 → Z Z4 → Z3

BDI · · · · · ·
D · · Z → 0 · · ·
DIII · · · · · ·
AII Z2 → 0 Z → 0 Z → 0 Z → Z2 Z2 → Z Z4 → Z3

CII Z2
2 → 0 Z2 → 0 · Z2 → Z2 Z2

2 → Z2 Z4
2 → Z3

2

C Z2
2 → 0 Z2 → 0 Z → 0 Z2 → 0 Z2

2 → Z2 Z4
2 → Z3

2

CI · · · · · ·
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TABLE XII. (Continued.)

P4 	 Z X R M A

A Z4 → 0 · Z → 0 · Z4 → Z ·
AIII · Z4 → Z4 · Z → Z · Z4 → Z4

AI Z2 → 0 · · · Z → 0 ·
BDI · Z2 → Z2 · · · Z → Z
D Z2 → 0 · Z → Z2 · Z3 → Z×Z2 ·
DIII · Z2 → Z2 Z2 → Z2 Z → Z Z2

2 → Z2
2 Z3 → Z3

AII Z2 → 0 · Z2 → 0 Z2 → Z2 Z×Z2
2 → Z2 Z2

2 → Z2
2

CII · Z2 → Z2 · Z2 → Z2 · Z×Z2
2 → Z×Z2

2

C Z2 → 0 · Z → 0 · Z3 → Z ·
CI · Z2 → Z2 · Z → Z · Z3 → Z3

P4̄ 	 Z X R M A

A Z4 → 0 Z2 → 0 Z → 0 · Z4 → Z Z2 → Z2

AIII · · · Z → Z · ·
AI Z2 → 0 Z → 0 · · Z → 0 Z → 0
BDI · · · · · ·
D Z2 → 0 Z → 0 Z → Z2 · Z3 → Z×Z2 Z → Z2

DIII · · Z2 → Z2 Z → Z Z2
2 → Z2

2 Z2 → Z2

AII Z2 → 0 Z → 0 Z2 → 0 Z2 → Z2 Z×Z2
2 → Z2 Z×Z2 → Z4

CII · · · Z2 → Z2 · Z2 → Z2

C Z2 → 0 Z → 0 Z → 0 · Z3 → Z Z×Z2 → Z2

CI · · · Z → Z · ·
P4/m 	 Z X R M A

A Z8 → 0 Z4 → 0 Z2 → 0 Z → 0 Z8 → Z2 Z4 → Z
AIII · · · · · ·
AI Z4 → 0 Z2 → 0 Z → 0 Z → 0 Z4 → Z Z3 → Z
BDI · · · · · ·
D Z4 → 0 Z2 → 0 Z → 0 · Z4 → Z Z → 0
DIII · · · · · ·
AII Z4 → 0 Z2 → 0 Z → 0 Z → Z2 Z4 → Z Z3 → Z×Z2

CII · · · Z2 → Z2 · Z2
2 → Z2

2

C Z4 → 0 Z2 → 0 Z → 0 Z2 → 0 Z4 → Z Z×Z2
2 → Z2

CI · · · · · ·
P422 	 Z X R M A

A Z2 → 0 · · · Z → 0 ·
AIII · Z2 → Z2 Z → Z Z2 → Z2 Z2 → Z2 Z5 → Z5

AI Z2 → 0 · · · Z → 0 ·
BDI · · · · · ·
D · · · · · ·
DIII · Z2 → Z2 Z → Z Z2 → Z2 Z2 → Z2 Z5 → Z5

AII Z2 → 0 Z2
2 → 0 Z2 → 0 Z2

2 → Z2 Z×Z2
2 → Z2 Z5

2 → Z3
2

CII Z2
2 → 0 Z2

2 → 0 Z2 → 0 Z2
2 → Z2 Z3

2 → Z2 Z5
2 → Z3

2

C Z2
2 → 0 · · · Z2 → 0 ·

CI · Z2 → Z2 Z → Z Z2 → Z2 Z2 → Z2 Z5 → Z5

P4mm 	 Z X R M A

A Z2 → 0 · · Z → Z Z → 0 Z2 → Z2

AIII · Z2 → Z2 Z → Z · Z2 → Z2 Z → Z
AI Z2 → 0 · · Z → Z Z → 0 Z2 → Z2

BDI · Z2 → Z2 · · · Z → Z
D · · · · · ·
DIII · · Z → Z · Z2 → Z2 ·
AII Z2 → 0 · Z2 → 0 Z → Z Z×Z2

2 → Z2 Z2 → Z2

CII Z2
2 → 0 Z2 → Z2 Z2 → 0 Z2 → Z2 Z3

2 → Z2 Z×Z2
2 → Z×Z2

2

C Z2
2 → 0 Z2

2 → Z2
2 · Z2 → Z2 Z2 → 0 Z3

2 → Z3
2

CI · Z2
2 → Z2

2 Z → Z · Z2 → Z2 Z2 → Z2
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TABLE XII. (Continued.)

P4̄2m 	 Z X R M A

A Z2 → 0 Z → 0 · · Z → 0 Z2 → Z
AIII · · Z → Z Z2 → Z2 Z2 → Z2 Z → Z
AI Z2 → 0 Z → 0 · · Z → 0 Z2 → Z
BDI · · · · · ·
D · · · · · ·
DIII · · Z → Z Z2 → Z2 Z2 → Z2 Z → Z
AII Z2 → 0 Z → 0 Z2 → 0 Z2

2 → Z2 Z×Z2
2 → Z2 Z2×Z2 → Z×Z2

CII Z2
2 → 0 Z2 → 0 Z2 → 0 Z2

2 → Z2 Z3
2 → Z2 Z3

2 → Z2
2

C Z2
2 → 0 Z2 → 0 · · Z2 → 0 Z2

2 → Z2

CI · · Z → Z Z2 → Z2 Z2 → Z2 Z → Z

P4̄m2 	 Z X R M A

A Z2 → 0 Z → 0 · Z → Z Z → 0 Z2 → Z
AIII · · Z → Z · Z2 → Z2 Z → Z
AI Z2 → 0 Z → 0 · Z → Z Z → 0 Z2 → Z
BDI · · · · · ·
D · · · · · ·
DIII · · Z → Z · Z2 → Z2 Z → Z
AII Z2 → 0 Z → 0 Z2 → 0 Z → Z Z×Z2

2 → Z2 Z2×Z2 → Z×Z2

CII Z2
2 → 0 Z2 → 0 Z2 → 0 Z2 → Z2 Z3

2 → Z2 Z3
2 → Z2

2

C Z2
2 → 0 Z2 → 0 · Z2 → Z2 Z2 → 0 Z2

2 → Z2

CI · · Z → Z · Z2 → Z2 Z → Z

P4/mmm 	 Z X R M A

A Z4 → 0 Z2 → 0 Z → 0 Z2 → Z Z4 → Z Z5 → Z3

AIII · · · · · ·
AI Z4 → 0 Z2 → 0 Z → 0 Z2 → Z Z4 → Z Z5 → Z3

BDI · · · · · ·
D · · · · · ·
DIII · · · · · ·
AII Z4 → 0 Z2 → 0 Z → 0 Z2 → Z Z4 → Z Z5 → Z3

CII Z4
2 → 0 Z2

2 → 0 Z2 → 0 Z2
2 → Z2 Z4

2 → Z2 Z5
2 → Z3

2

C Z4
2 → 0 Z2

2 → 0 Z2 → 0 Z2
2 → Z2 Z4

2 → Z2 Z5
2 → Z3

2

CI · · · · · ·
R3 	 L F Z

A Z3 → 0 · Z → Z ·
AIII · Z → Z · Z3 → Z3

AI Z2 → 0 · · ·
BDI Z2 → 0 Z → Z · Z → Z
D Z×Z2 → 0 Z2 → Z2 Z → Z ·
DIII · Z2 → Z2 Z2 → Z2 Z2 → Z2

AII Z2 → 0 · Z2 → Z2 Z2 → Z2

CII · Z → Z · Z×Z2 → Z×Z2

C Z → 0 · Z → Z ·
CI · · · Z2 → Z2

R3̄ 	 L F Z

A Z6 → 0 Z → 0 Z2 → Z Z3 → Z2

AIII · · · ·
AI Z4 → 0 Z → 0 Z → 0 Z2 → 0
BDI Z2

2 → 0 Z2 → 0 · ·
D Z2×Z2

2 → 0 Z2 → 0 Z → Z Z → 0
DIII · · · ·
AII Z4 → 0 Z → 0 Z → Z2 Z2 → Z4

CII · · · Z2 → Z2

C Z2 → 0 · Z → Z Z×Z2 → Z2

CI · · · ·
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TABLE XII. (Continued.)

R32 	 L F Z

A Z3 → 0 Z → 0 · ·
AIII · · Z → Z Z3 → Z3

AI Z2 → 0 · · ·
BDI · · · ·
D Z → 0 Z → Z2 · ·
DIII · Z2 → Z2 Z → Z Z3 → Z3

AII Z2 → 0 Z2 → 0 Z2 → Z2 Z3
2 → Z2

2

CII Z2 → 0 · Z2 → Z2 Z3
2 → Z2

2

C Z×Z2 → 0 Z → 0 · ·
CI · · Z → Z Z3 → Z3

R3m 	 L F Z

A Z3 → 0 · · Z → Z
AIII · Z2 → Z2 Z → Z Z → Z
AI Z2 → 0 · · Z → Z
BDI · Z → Z · Z → Z
D Z → 0 · · ·
DIII · Z → Z Z → Z ·
AII Z2 → 0 · Z2 → Z2 Z → Z
CII Z2 → 0 Z → Z Z2 → Z2 Z×Z2 → Z×Z2

C Z×Z2 → 0 · · Z2
2 → Z2

2

CI · Z → Z Z → Z Z2 → Z2

R3̄m 	 L F Z

A Z6 → 0 Z2 → 0 Z → 0 Z3 → Z
AIII · · · ·
AI Z4 → 0 Z → 0 Z → 0 Z3 → Z
BDI · · · ·
D Z2 → 0 Z → 0 · ·
DIII · · · ·
AII Z4 → 0 Z → 0 Z → Z2 Z3 → Z×Z2

CII Z2
2 → 0 · Z2 → Z2 Z3

2 → Z2
2

C Z2×Z2
2 → 0 Z → 0 Z2 → 0 Z3

2 → Z2

CI · · · ·
P23 	 X M R

A Z3 → 0 · · ·
AIII · Z → Z Z2 → Z2 Z4 → Z4

AI Z2 → 0 · · ·
BDI · · · Z → Z
D Z → 0 · · ·
DIII · Z → Z Z2 → Z2 Z3 → Z3

AII Z2 → 0 Z2 → 0 Z2
2 → Z2 Z2

2 → Z2

CII Z2 → 0 Z2 → 0 Z2
2 → Z2 Z×Z2

2 → Z×Z2

C Z×Z2 → 0 · · ·
CI · Z → Z Z2 → Z2 Z3 → Z3

Pm3̄ 	 X M R

A Z6 → 0 Z → 0 Z2 → Z Z4 → Z
AIII · · · ·
AI Z4 → 0 Z → 0 Z2 → Z Z3 → Z
BDI · · · ·
D Z2 → 0 · · Z → 0
DIII · · · ·
AII Z4 → 0 Z → 0 Z2 → Z Z3 → Z
CII Z2

2 → 0 Z2 → 0 Z2
2 → Z2 Z2

2 → Z2

C Z2×Z2
2 → 0 Z2 → 0 Z2

2 → Z2 Z×Z2
2 → Z2

CI · · · ·
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TABLE XII. (Continued.)

P432 	 X M R

A Z3 → 0 · Z → 0 ·
AIII · Z2 → Z2 Z2 → Z2 Z5 → Z5

AI Z3 → 0 · Z → 0 ·
BDI · · · ·
D · · · ·
DIII · Z2 → Z2 Z2 → Z2 Z5 → Z5

AII Z3 → 0 Z2
2 → 0 Z×Z2

2 → Z2 Z5
2 → Z2

2

CII Z3
2 → 0 Z2

2 → 0 Z3
2 → Z2 Z5

2 → Z2
2

C Z3
2 → 0 · Z2 → 0 ·

CI · Z2 → Z2 Z2 → Z2 Z5 → Z5

P4̄3m 	 X M R

A Z3 → 0 Z → 0 Z → 0 Z2 → Z
AIII · · Z2 → Z2 Z → Z
AI Z3 → 0 Z → 0 Z → 0 Z2 → Z
BDI · · · Z → Z
D · · · ·
DIII · · Z2 → Z2 ·
AII Z3 → 0 Z → 0 Z×Z2

2 → Z2 Z2 → Z
CII Z3

2 → 0 Z2 → 0 Z3
2 → Z2 Z×Z2

2 → Z×Z2

C Z3
2 → 0 Z2 → 0 Z2 → 0 Z3

2 → Z2
2

CI · · Z2 → Z2 Z2 → Z2

Pm3̄m 	 X M R

A Z6 → 0 Z2 → 0 Z4 → Z Z5 → Z2

AIII · · · ·
AI Z6 → 0 Z2 → 0 Z4 → Z Z5 → Z2

BDI · · · ·
D · · · ·
DIII · · · ·
AII Z6 → 0 Z2 → 0 Z4 → Z Z5 → Z2

CII Z6
2 → 0 Z2

2 → 0 Z4
2 → Z2 Z5

2 → Z2
2

C Z6
2 → 0 Z2

2 → 0 Z4
2 → Z2 Z5

2 → Z2
2

CI · · · ·

a subgroup of P4̄ and its 2D BZ contains only the 	, X,

M-points; see Fig. 5. The direct sum of the topological invari-
ants of these HSM, which are tabulated in Table XII, provide
the complete classification for layer-group p4̄. Similarly, the
rod-group p4̄ is a subgroup of P4̄ and its 1D BZ contains only
the 	-point and the Z-point; see Fig. 5. The direct sum of
the topological invariants of these HSM provide the complete
classification for rod-group p4̄. This is explicitly demonstrated
in Table XIII.

APPENDIX B: MATHEMATICAL BACKGROUND

The main objects of study in this paper is the G-equivariant
real K-theory KRp,q

G (T̄ ) of a torus T̄ and the image of the AI-
map ai

p,q : AIp,q → KRp,q
G (T̄ ) in it; see Sec. III B. For every

value of (p, q), the map ai
p,q is a map of Abelian groups, and

it is not so easy to compute these maps independently. One
of the insights that we present is that these maps are highly
interlaced. They are all different manifestations of a single
map of objects, which depend on a much smaller number
of parameters then a tuple of maps of Abelian groups for
every value of (p, q) ∈ Z2. To explain this common origin and

dependencies between the various degrees, let us first give a
“shadow” of it on the level of cohomology groups.

As discussed in Sec. III B 4, the graded ring KR∗,∗(pt),
given explicitly in Eq. (B22) ahead, acts on AI∗,∗ and
KR∗,∗

G (T̄ ), turning them into bigraded modules over the bi-
graded ring KR∗,∗(pt). In other words, if v ∈ AIp,q and u ∈
KRp′,q′

(pt) then

ai(u · v) = u · ai(v) ∈ KRp+p′,q+q′
G (T̄ ). (B1)

This fact already provides many relations between the maps,
ai

p,q, for various (p, q)’s. As a first trivial application, using
the multiplication by μ and β, we see that the map depends
only on its (p, 0) component for 0 � p � 7, recovering the
classical observation that the computation of the entire ai map
reduces to those degrees.

However, and especially for summands of AI∗,∗ of the form
KC∗,∗(pt), this is not enough to entirely determine the map
ai. Specifically, the module KC∗,∗(pt) is not a free module
over KR∗,∗(pt), and is not generated by a single element, but
rather it is minimally generated by 1, ξ , ξ 2, and ξ 3. This defi-
ciency naturally leads to the question of whether every map of
KR∗,∗(pt)-modules, i.e., a map that respects the multiplication
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TABLE XIII. Obtaining the complete topological classification of layer-group (LG) No. 51 p4̄ and rod-group (RG) No. 27 p4̄ from the
invariants classifying space-group (SG) No. 81 P4̄ which are provided in Table XII. The “·” symbol indicates a trivial classification, i.e., 0 → 0.

SG P4̄ LG p4̄ RG p4̄
SG P4̄ 	 Z X R M A 	, Z, X, R, M, A
LG p4̄ 	 X M 	, X, M
RG p4̄ 	 Z 	, Z

A Z4 → 0 Z2 → 0 Z → 0 · Z4 → Z Z2 → Z2 Z13 → Z × Z2 Z9 → Z Z6 → 0
AIII · · · Z → Z · · Z → Z · ·
AI Z2 → 0 Z → 0 · · Z → 0 Z → 0 Z5 → 0 Z3 → 0 Z3 → 0
BDI · · · · · · · · ·
D Z2 → 0 Z → 0 Z → Z2 · Z3 → Z × Z2 Z → Z2 Z8 → Z × Z3

2 Z6 → Z × Z2
2 Z3 → 0

DIII · · Z2 → Z2 Z → Z Z2
2 → Z2

2 Z2 → Z2 Z × Z4
2 → Z × Z4

2 Z3
2 → Z3

2 ·
AII Z2 → 0 Z → 0 Z2 → 0 Z2 → Z2 Z × Z2

2 → Z2 Z × Z2 → Z4 Z5 × Z5
2 → Z2

2 × Z4 Z3 × Z3
2 → Z2 Z3 → 0

CII · · · Z2 → Z2 · Z2 → Z2 Z2
2 → Z2

2 · ·
C Z2 → 0 Z → 0 Z → 0 · Z3 → Z Z × Z2 → Z2 Z8 × Z2 → Z × Z2 Z6 → Z Z3 → 0
CI · · · Z → Z · · Z → Z · ·

by classes of the real Bott-periodicity, can appear as a matrix
entry in a matrix representation of ai∗,∗. For example, one can
ask whether every map KC∗,∗(pt) → KR∗,∗(pt) can appear
in the computation. It turns out that this is not the case. For
example, the map given by

ξ 4k+mμ� �→ βkμ� ×

⎧⎪⎨⎪⎩
2 m = 0,

0 m = 1,

α m = 2,

0 m = 3,

(B2)

cannot appear as such a matrix entry, even though it is entirely
consistent with the KR∗,∗-module structure. The reason for
this phenomenon is that the map ai must come from a map
of modules over the ring-spectrum KR itself, not just the
cohomology ring KR∗,∗(pt). Namely, the map ai intertwines
the operation of tensoring with a real vector space on the
geometric level, before passing to homotopy groups. To make
this idea precise, one needs to explain in what sense, and
where, the object KR is a ring, the objects AI and KRG(T̄ )
are modules over KR and ai : AI → KRG(T̄ ) is a map of
modules over KR. A natural context to make these notions
precise is that of ZT

2 -equivariant spectra. It turns out that
thinking about the classification problem in terms of equiv-
ariant spectra has many other advantages that we shall later
explain.

The rest of this Appendix is organized as follows: In Ap-
pendix B 1 we recall the classical theory of rings, modules,
and representations of groups, both in the usual and the Z2-
graded settings. In Appendix B 2 we discuss real and complex
K-theory, their multiplicative structure, and the relations be-
tween them. In Appendix B 3 we consider the notions of
spectra and G-equivariant spectra. We discuss the tensor prod-
uct of spectra and the resulting theory of commutative rings
and modules internally to spectra. We then specialize to the
case of G-equivariant real K-theory and explain how to define
it as a commutative ring in G-equivariant spectra. In Ap-
pendix B 4 we study the G-equivariant K-theory of the torus
associated with a special type of equivariant lattices which
we call signed permutation representations. We show that the
G-equivariant spectrum generated from such a torus splits as
a direct sum of representation spheres, hence reducing our

calculations to the case of spheres. In Appendix B 5 we study
the G-equivariant K-theory of representation spheres endowed
with a Pin-structure. We show how a Pin-structure on the
representation allows us to compute the G-equivariant K-
theory of the representation sphere as a real K-theory module
using only representation-theoretic considerations. Finally, in
Appendix B 6 we use all the machinery introduced in the
previous sections, and Shiozaki’s formula, to give a uniform
classification, in representation-theoretic terms, of the atomic
insulators for crystals with signed permutation representation
symmetry.

1. Rings, representations, and gradings

In the next sections, we shall discuss some “brave new
algebra,” i.e., algebra done in the category of spectra. Hence,
as a warm-up, we recall some classical notions from classical
algebra.

a. Rings and modules

Recall that a ring is a set R with two binary associative op-
erations + and ·, such that + makes R into an additive Abelian
group and the distributive laws hold: (a + b)c = ac + bc and
a(b + c) = ab + ac. We also demand the existence of a unit
for the multiplication, 1 ∈ R, such that 1a = a1 = a. A typ-
ical example is the ring of real n by n matrices, Mn×n(R)
with addition and matrix multiplication. Note that we do not
require the multiplication to be commutative. If it does, i.e.,
if ab = ba, we say that R is a commutative ring. A typical
example is the commutative ring Z of integers with addition
and multiplication.

If R is a ring, we can form the ring of polynomials, R[x] =
{∑i rixi : ri ∈ R}, with its natural addition and multiplication
of polynomials. More generally, if R is a commutative ring
and f1(x1, . . . , x�), . . . , fm(x1, . . . , x�) are polynomials with
coefficients in R, we can form the ring,

R[x1, . . . , x�]

( f1(x1, . . . , x�), . . . , fm(x1, . . . , x�))
, (B3)

given by adding formal variables xi subject only to the re-
lations, f j (x1, . . . , x�) = 0, for j = 1, . . . , m. This will be
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a common way for us to present the rings involved in our
computations. For example, in this convention, we have C �
R[x]/(x2 + 1). In fact, the ring in Eq. (B3) is an R-algebra,
i.e., endowed with a ring map from R. More precisely, it is the
R-algebra with generators xi and relations f j (x1, . . . , x�).

A module over a ring R is an Abelian group M on which
R acts linearly. More precisely, we have a binary operation,
(r, m) �→ rm, which satisfies (rr′) · m = r · (r′ · m), (r + r′) ·
m = r · m + r′ · m and r · (m + m′) = r · m + r · m′. Finally,
we demand that 1 · m = m. Equivalently, if M is an Abelian
group, the set of homomorphisms, HomAb(M, M ), of Abelian
groups from M to M admits a ring structure, for which
the addition and multiplication are given by ( f + g)(m) =
f (m) + g(m) and ( f g)(m) = f (g(m)), the multiplicative unit
is the identity map IdM . An R-module structure on M is
just a ring homomorphism R → HomAb(M, M ). The collec-
tion of modules over R organizes into a category ModR(Ab)
of R-modules in Abelian groups. This means that for ev-
ery two R-modules M, M ′ there is a set of R-linear maps,
HomR(M, M ′), i.e., group homomorphisms for which f (r ·
m) = r · f (m). In fact, HomR(M, M ′) has a canonical addition
turning it into an Abelian group. If R is moreover com-
mutative, then HomR(M, M ′) admits an R-module structure,
via (r · f )(m) = r · f (m) = f (r · m), and we always consider
HomR(M, M ′) as endowed with this module structure. In
the case where M ′ = M we also denote HomR(M, M ) by
EndR(M ).

b. Group rings and representations

If G is a group and R is a ring with a G-action given by r
g�−→

g(r) ∈ R, one can produce the twisted group ring, R[G], given
by formal sums,

∑
i rigi, with addition, rg + r′g = (r + r′)g,

and multiplication,

rg · r′g′ = (r · g(r′))(gg′). (B4)

In the special case where G acts trivially, so that g(r) = r, we
obtain the (nontwisted) group ring, R[G].

The seemingly arbitrary construction of the twisted group
ring is characterized up to Morita equivalence via a very
simple property of the category of modules. Since the ingredi-
ents involved in the characterization play a crucial role in the
passage from groups and algebras to spectra and ring spectra,
we shall discuss it before moving on to graded objects. Let
AbG denote the category of Abelian groups with G-action. We
can think of R as a ring in AbG, i.e., a ring with a G-action.
More precisely, groups with G-action have a tensor product,
(M, N ) �→ M ⊗ N , given by the usual tensor product with the
G-action g(m ⊗ n) = g(m) ⊗ g(n). Then the action of G on
the ring R is encoded via a multiplication, R ⊗ R → R, where
both the source and target are in AbG, and the tensor product
is the tensor product in AbG. Since R is a ring in AbG, it
makes sense to talk about modules over R internally to AbG.
We denote this category by ModR(AbG). Explicitly, this is
an object, M ∈ AbG, together with action map, R ⊗ M → M,
satisfying the usual module identities. We have an equivalence
of categories

ModR[G](Ab) � ModR(AbG). (B5)

In the special case where R = R or R = C with the trivial
G-action, we recover the usual group rings R[G] and C[G].
The categories ModR[G](Ab) and ModC[G](Ab) are the cate-
gories of real and complex representations of G respectively.
For a finite group G, the algebra C[G] has a very simple
description. If ρ1, . . . , ρ� are the different irreducible complex
representations of G, and if dim(ρi) = di, then

C[G] �
∑

i
Mdi×di (C). (B6)

To describe this isomorphism in a canonical way, we shall
discuss the notion of group representation in more detail. If G
is a finite group, a (complex) representation of G is a complex
vector space U and a group homomorphism, ρ : G → GL(U ),
where GL(U ) is the group of invertible linear maps from U
to U . It is always possible to choose a Hermitian metric on U
which is preserved by the G-action. By choosing such a metric
and an orthonormal basis to U , we can depict a d-dimensional
representation as a group homomorphism ρ : G → U(d ).

A representation, U , of G is irreducible if there is no G-
invariant decomposition, U � U1 ⊕ U2. Let ρ1, . . . , ρ� be the
set of pairwise nonisomorphic irreducible representations of
G. The map ρi, given in some orthonormal basis, by ρi : G →
U(di ) ⊆ Mdi×di (C), extends by linearity to a map, C[G] →
Mdi×di (C). The isomorphism in Eq. (B6) is then the direct
sum of the these extended maps.

In the real case, the situation is slightly more complicated,
as real irreducible representations naturally split into three
kinds. To describe those, we shall consider some standard
linear algebra constructions related to real and complex vector
spaces.

A real vector space, V , has a complexification, c(V )
def=

V ⊗R C. Similarly, a complex vector space, U , has a realifica-
tion, r(U ) � U , considered as a real vector space by forgetting
the multiplication with complex scalars. Accordingly, a real
representation, τ : G → GL(V ), can be complexified, so that

c(τ ) : G
τ−→ GL(V ) ⊂ GL(c(V )) (B7)

and a complex representation, ρ : G → GL(U ), can be reali-
fied via

r(ρ) : G
ρ−→ GL(U ) ⊂ GL(r(U )). (B8)

Finally, a complex vector space U has a complex conjugate
Ū , which is the same real vector space with the scalar multi-
plication defined by a · v

def= āv. Moreover, this construction is
functorial, i.e., a complex-linear map, A : U1 → U2, induces a
linear map, Ā : U1 → U2. Accordingly, a complex representa-
tion, ρ : G → GL(U ), has a complex conjugate,

ρ̄ : G
ρ−→ GL(U ) � GL(Ū ). (B9)

In coordinates, the map ρ̄ : G → U(d ) is the composition

G
ρ−→ U(d )

A�→Ā−−→ U(d ). The operations, c and r, satisfy the
identities, c(r(U )) � U ⊕ Ū and r(c(V )) � V ⊕ V .

Let τ : G → GL(V ) be an irreducible real representation.
The representation, ρ

def= c(τ ), is equipped with an involutive
isomorphism, κ : ρ̄

∼−→ ρ, coming from the complex conjuga-
tion on C. In fact, a real representation can be identified with
a complex representation endowed with such an involutive
isomorphism with the complex conjugate. If c(τ ) decomposes
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as a direct sum of two different irreducible representations,
c(τ ) � ρ1 ⊕ ρ2, then EndG(τ ) � C, and τ contributes a sum-
mand of the form Md×d (C) to R[G]. We say in this case
that τ is of complex type. Moreover, in this case ρ2 � ρ̄1 and
r(ρ1) � r(ρ2) � τ .

If ρ = c(τ ) is an irreducible complex representation, then
the involutive isomorphism, κ : ρ̄

∼→ ρ, endows ρ with a
real structure, and so τ contributes a summand of the form
Md×d (R) to R[G], with d = dim(τ ). In this case, we say that
τ is of real type, and one has r(ρ) � τ ⊕ τ .

Finally, it is possible that c(τ ) � ρ ⊕ ρ for a single com-
plex irreducible representation, ρ. In this case we have an
isomorphism, κ : ρ̄

∼→ ρ, but we can not choose κ to be invo-

lutive. Rather, the composition, ρ
κ̄−→ ρ̄

κ−→ ρ, can be chosen to
be the scalar linear map, −Idρ . Then the representation τ con-
tributes a copy of Md/4×d/4(H) to R[G], where d = dim(τ )
and H is the quaternion algebra, i.e., the R-algebra generated
by i and j with i2 = −1, j2 = −1, and i j = − ji. We say that
τ is of quaternionic type; one has r(ρ) � τ and c(τ ) � ρ ⊕ ρ.

To conclude, we have an isomorphism,

R[G] �
⊕
τ real

Mdτ ×dτ
(R) ⊕

⊕
τ complex

M dτ
2 × dτ

2
(C)

⊕
⊕

τ quaternionic

M dτ
4 × dτ

4
(H). (B10)

Representations of different groups are related. If H ⊆ G
is a subgroup and τ is a real, or complex, representation of G,
we can regard it as a representation of H , which we denote
by ResG

H (τ ). In the other direction, if ρ is a representation
of H , we can form the induced representation, IndG

H (ρ)
def=

HomR[H ](R[G], ρ). The induction and restriction functors are
related via the adjunction relation,

HomG
(
τ, IndG

H (ρ)
) � HomH

(
ResG

H (τ ), ρ
)
. (B11)

Representation theory provides us with interesting ex-
amples of rings. If G is a group, we denote by CRep(G)
the Grothendieck ring of complex representations of G.
Namely, elements of CRep(G) are formal integral combina-
tions,

∑
i mi[ρi], of complex representations, subject to the

relation, [ρ ⊕ ρ ′] = [ρ] + [ρ ′]. The product of two elements
in the ring is given by the tensor product of representations,
[ρ][ρ ′] def= [ρ ⊗ ρ ′]. Specifically, if ρ1 : G → GL(U1) and ρ2 :
G → GL(U2) then ρ1 ⊗ ρ2 : G → GL(U1 ⊗ U2) is given by
(ρ1 ⊗ ρ2)(g)

def= ρ1(g) ⊗ ρ2(g).
Similarly, we denote by RRep(G) the Grothendieck ring

of real representations of G. There is a ring homomor-
phism, c : RRep(G) → CRep(G), turning CRep(G) into an
RRep(G)-algebra. In the opposite direction, we have a map,
r : CRep(G) → RRep(G), of RRep(G)-modules. Namely,
for u ∈ CRep(G) and v ∈ RRep(G) we have

r(c(v)u) = vr(u). (B12)

Moreover, since the complexification is a ring homomor-
phism, one has

c(vv′) = c(v)c(v′). (B13)

Importantly, the realification is not a ring homomorphism
but rather a module homomorphism and hence no analogous

relation exists for r; cf. Eq. (B12). Furthermore, the ring
CRep(G) admits an involution, u �→ ū, reflecting the complex
conjugation of complex representations. The operations, c(v),
r(u) and ū, satisfy the relations,

r(c(v)) = 2v,

c(r(u)) = u + ū, (B14)

r(ū) = r(u).

c. Z2-gradings

Computations within the G-equivariant K-theory of spaces
requires not only representations and rings but also with their
Z2-graded versions.

A Z2-graded Abelian group is an Abelian group, A, with
a decomposition, A = A0 ⊕ A1. We call A0 the even part of A
and A1 the odd part of A. We let AbZ2 denote the category of
Z2-graded Abelian groups. For A ∈ AbZ2 , we say that a ∈ A
is homogeneous if either a ∈ A0 or a ∈ A1. In this case the
parity of a is simply

|a| =
{

0 a ∈ A0,

1 a ∈ A1.
(B15)

We also have a tensor product, A⊗̂B, on AbZ2 given by

(A⊗̂B)0 = (A0 ⊗ B0) ⊕ (A1 ⊗ B1),

(A⊗̂B)1 = (A0 ⊗ B1) ⊕ (A1 ⊗ B0). (B16)

Accordingly, we can define Z2-graded rings and modules
over such. A Z2-graded ring is a Z2-graded Abelian group R
endowed with an associative and distributive multiplication,
R⊗̂R → R, as well as a unit, 1 ∈ R0. We say that R is super-
commutative if ab = (−1)|a||b|ba for homogeneous a, b ∈ R.
We denote the category of Z2-graded modules over R by
ModR(AbZ2 ). Specifically, an object, M ∈ ModR(AbZ2 ), is a
Z2-graded Abelian group M endowed with an associative and
distributive action, R⊗̂M → M.

One way to produce, not necessarily supercommutative,
Z2-graded rings, is as group rings of Z2-graded groups. Here
a Z2-graded group is a group, G, endowed with a homomor-
phism, � : G → Z2. We then set G0 def= �−1(0) and G1 def=
�−1(1), such that G0 is the even subgroup and G1 is the odd
part which is not a group. If G is a Z2-graded group, a Z2-
graded (complex or real) representation of G is a (complex or
real) representation, ρ : G → GL(U ), for a Z2-graded vector
space U , such that |ρ(g)(u)| = (−1)� (g)|u| for every g ∈ G
and homogeneous u ∈ U .

The Z2-graded complex representations of G are encoded
in the Z2-graded group ring, C� [G], which is Z2-graded via
C� [G]0 def= C[G0] and C� [G]1 def= C[G1] (note that the latter
is not a group ring). Similarly, we have R� [G]0 def= R[G0] and
R� [G]1 def= R[G1]. The Z2-graded group ring, C� [G], factors
into a sum of simple Z2-graded algebras according to the
classification of the irreducible complex Z2-graded represen-
tations. In order to provide this factorization, we recall the
notion of Clifford algebras.
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TABLE XIV. Real Clifford algebras, Clp,q. The even part of each
algebra is isomorphic to Clp−1,q found one row above it. The first
few algebras are explicitly displayed, all others are obtained via
Bott-periodicity, Clp+1,q+1 � M2×2(Clp,q ) and Clp+4,q � Clp,q+4 �
M2×2(H) ⊗ Clp,q.

p\q 0 1 2 3 4 · · ·
R C H H ⊕ H

0 R R ⊕ R M2×2(R) M2×2(C) M2×2(H)
1 C M2×2(R) M⊕2

2×2(R) M4×4(R)
2 H M2×2(C) M4×4(R)
3 H ⊕ H M2×2(H)
4 M2×2(H)
...

d. The Clifford algebras

For p ∈ N, we denote by Clp the Clifford algebra on
p generators. Namely, Clp is the Z2-graded algebra over
C generated by the odd elements, e1, . . . , ep, with e2

i =
−1, and eie j = −e jei for i �= j. Similarly, for p, q ∈ N, the
real Clifford algebras, Clp,q, are generated by the elements,
e1, . . . , ep, ep+1, . . . , ep+q, subject to the relations,

e2
i = −1, i = 1, . . . , p,

e2
i = +1, i = p + 1, . . . , p + q, (B17)

eie j = −e jei, i �= j,

and such that the generators are all odd, i.e., |ei| = 1. Particu-
larly, one has Clp+q = C ⊗R Clp,q. The first few real Clifford
algebras are presented in Table XIV.

Let G be a group which is Z2-graded by � : G → Z2.
The Z2-graded algebra C� [G] decomposes as a direct sum
of Z2-graded algebras of the form Md×d (Clp). Similarly, the
Z2-graded algebra R� [G] decomposes as a direct sum of Z2-
graded algebras of the forms, Md×d (Clp) and Md×d (Clp,q).
This decomposition is tied with the vital notion of Z2-graded
representations which we now explain.

e. Z2-graded representations

Let us begin with complex representations. First, if � is
trivial, so that G0 = G, then C� [G] is entirely even, and the
decomposition coincides with the one in Eq. (B6).

Otherwise, the construction, U �→ U 0, induces an identifi-
cation [141],

ModC� [G]
(
AbZ2

) � ModC[G0](Ab), (B18)

with inverse given by U �→ U ⊗C[G0] C[G] � IndG
G0

(U ).
Hence, irreducible Z2-graded representations of G are in di-
rect correspondence with irreducible representations of G0.
Let us fix an arbitrary odd element, g ∈ G1. If τ is an ir-
reducible representation of G0, so that ρ = IndG

G0 (τ ) is an
irreducible Z2-graded representation of G, we can use g to
twist the representation τ and obtain a new representation,
τ g, such that τ g(h)

def= τ (ghg−1). The relation between τ and
τ g determines the contribution of τ to C� [G]. As with the
classification of real representations, there are two types of
irreducible representations of G0.

TABLE XV. The 10 irreducible Z2-graded representations and
their corresponding matrix algebras. For each irreducible ungraded
representation τ of G0, there is a Z2-graded representation, ρ =
IndG

G0 (τ ), of G. It is determined by the real, complex, and quater-
nionic structures on τ and ρ, and on whether τ and τ g are isomorphic
or not for g ∈ G1.

τ\ρ R-type C-type H-type

τ = τ g Mdτ×dτ
(Cl0,1) Mdτ×dτ

(Cl1,0 )
R-type

τ �= τ g Mdτ×dτ
(Cl1,1)

τ = τ g M dτ
2 ×dτ

2
(Cl1)

C-type
τ �= τ g M dτ

2 ×dτ
2

(Cl0,2) M dτ
2 ×dτ

2
(Cl2 ) M dτ

2 ×dτ
2

(Cl2,0 )

τ = τ g M dτ
4 ×dτ

4
(Cl0,3) M dτ

4 ×dτ
4

(Cl3,0)
H-type

τ �= τ g M dτ
4 ×dτ

4
(Cl4,0 )

If τ g � τ , we necessarily have IndG
G0 (τ ) � ρ1 ⊕ ρ2 for two

different irreducible representations, ρ1 and ρ2, of G. In this
case, the Z2-graded representation ρ contributes a copy of
Md×d (Cl1) to C� [G] for d = dim τ . The underlying un-
graded C-algebra is then isomorphic to Md×d (C) ⊕ Md×d (C)
and corresponds to the summands of C[G] coming from ρ1

and ρ2.
If τ and τ g are different irreducible representations, then

IndG
G0 (τ ) is irreducible as an ungraded representation. In

this case, as ungraded representations we have IndG
G0 (τ ) �

IndG
G0 (τ g) � ρ and so, there are two nonequivalent Z2-

gradings on ρ. In this case, the pair (τ, τ g) contributes a copy
of Md×d (Cl2) to C� [G]. The underlying ungraded algebra
is M2d×2d (C), which is the summand of C[G] corresponding
to ρ.

To conclude, if � : G → Z2 is nontrivial, we have

C� [G] �
⊕
τ �=τ g

Mdτ ×dτ
(Cl1) ⊕

⊕
τ=τ g

Mdτ ×dτ
(Cl2). (B19)

Moving on to real representations, one finds that the de-
composition of a Z2-graded group ring R� [G] into real
Clifford algebras is more complicated as it involves both the
complex conjugation and the twisting by g ∈ G1. First, if
G0 = G, then R� [G] is entirely even, and the decomposition
coincides with the one in Eq. (B10). Otherwise, there are 10
different types of real Z2-graded representations which are
summarized in Table XV. These correspond to the 10 AZ
symmetry classes.

2. Real and complex K-theory

a. The ring structure on KU

Complex K-theory is a classical generalized cohomology
theory introduced by Atiyha and Hirzebruch [142]; see also
Ref. [120]. Recall that a vector bundle on a topological space
X is a choice of a finite dimensional complex vector space
Ux for every x ∈ X , depending continuously, in an appropri-
ate sense, on x ∈ X . We let KU0(X ) be the Abelian group
generated by all complex vector bundle on X , subject to the
relation, [U1] + [U2] = [U1 ⊕ U2]. Every element in KU0(X )
can be written as a formal difference, [U1] − [U2], which we
refer to as a virtual bundle, i.e., an hypothetical object that,
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if added to the vector bundle U2, yields the honest vector
bundle U1.

The functoriality of KU0 is described via the pullback of
vector bundles, i.e., if f : X → Y is a continuous map and
U is a complex vector bundle on Y , one can form the vector
bundle, ( f ∗U )x = Uf (x). We hence obtain a homomorphism
of Abelian groups, f ∗ : KU0(Y ) → KU0(X ).

It turns out that KU0(X ) = π0(Map(X, C0)), and so one
can extend KU to a cohomology theory by setting KU−q(X ) =
π0(Map(X, Cq)); see discussion in Sec. II B. While the def-
inition based on maps to the classifying space Cq exhibits
the additive structure on K-theory through loop concate-
nation in Cq � �Cq−1, the cohomology theory KU also
admits a multiplicative structure. The tensor product of vec-
tor bundles, given by (U1 ⊗ U2)x

def= (U1)x ⊗ (U2)x endows
KU0 with a multiplicative structure, and this in turn ex-
tends to all other degrees, turning KU into a multiplicative
generalized cohomology theory. Namely, we have a multi-
plication, KUp(X ) ⊗ KUq(X ) → KUp+q(X ), for every space
X , which is also supercommutative, i.e., uv = (−1)pqvu for
u ∈ KUp(X ) and v ∈ KUq(X ). This multiplication endows
KU∗(X )

def= ⊕
q KUq(X ) with a supercommutative graded ring

structure. In the case where X = pt, the ring structure on
KU∗(pt) reveals a tight relationship between the different
levels of K-theory. In fact, there is a class ξ ∈ KU−2(pt) =
K̃U0(S2), which is invertible in the ring KU∗(pt) and such
that KU2�(pt) = Z · ξ−�. One summarizes this situation by
the following shorthand notation,

KU∗(pt) = Z[ξ, ξ−1], |ξ | = −2. (B20)

Here the elements in the brackets represent generators of
the ring KU∗(pt) and |ξ | stands for the degree of ξ in the
cohomology ring, e.g., if |u| = q then u ∈ KUq(pt). The com-
plex Bott-periodicity is now just multiplication by ξ−1; see
Table III.

b. Complex conjugation and real K-theory

The cohomology theory KU admits a canonical action of
ZT

2 , through its compatible action on the Cq-s. At degree
q = 0, this action corresponds to the conjugation of complex
vector bundles. Namely, a complex vector bundle U has a
complex conjugate Ū , given by Ūx

def= Ux. On KU∗(pt), this
action is given by

ξ̄ k = (−1)kξ k. (B21)

Using the ring structure, we see that this formula is imposed
by the simple fact that ξ̄ = −ξ , along with the observation
that U �→ Ū is a ring homomorphism: U1 ⊗ U2 � U1 ⊗ U2.

The action of ZT
2 through complex conjugation on complex

vector bundles endows the cohomology theory KU with a
ZT

2 -equivariant structure, i.e., turns it into a cohomology the-
ory defined on topological spaces endowed with a ZT

2 -action.
The resulting ZT

2 -equivariant cohomology theory, introduced
by Atiyah in Ref. [143], is denoted by KR. Being ZT

2 -
equivariant, the cohomology theory KR is naturally bigraded;
we can form the (p, q)-cohomology, KRp,q(X ), for a space
X with a ZT

2 -action. This bigrading is induced from the two
natural based circles with ZT

2 -action: The one with the triv-
ial action, denoted simply S1, and the one with the action

by reflection along an axis, denoted S̄1. Namely, we have
KRp,q(Sd ∧ S̄d ′ ∧ (X � pt)) � KRp−d,q−d ′

(X ), where X � pt
is the disjoint union of X and a point.

The bigraded KR-theory of the point is slightly more
complicated than its nonequivariant counterpart KU. Namely,
KR∗,∗(pt)

def= ⊕
p,q KRp,q(pt) admits the following presen-

tation, as a supercommutative graded ring [119,120], by
generators and relations:

KR∗,∗(pt) = Z[η, α, β, β−1, μ, μ−1]

(2η, η3, ηα, α2 − 4β )
, (B22)

where the (p, q)-degrees of the generators are given by

|η| = (−1, 0), |α| = (−4, 0),

|β| = (−8, 0), |μ| = (−1,−1), (B23)

see Refs. [144,145]. These generators span the Abelian groups
summarized in Table III (cf. Table I) and the relations yield the
multiplication rules summarized in Table IV.

The group KR0,0(X ) for a space X with a ZT
2 -action given

by the involution, ι : X → X , can be interpreted as follows.
It is the Abelian group spanned by complex vector bun-
dles U on X and endowed with an involutive identification,
κ : Ux

∼→ Uι(x), which depends continuously on x ∈ X . The
classes of complex vector bundles are subject to the relation
[U ] + [U ′] = [U ⊕ U ′]. In particular, if ι acts trivially on X ,
we recover the group of real vector bundles on X , hence we
have an identification of KRp,0(X ) with the real, eightfold
periodic, K-theory of X , usually denoted KOp(X ).

In fact, via this relation, one is ought to think of KO as
being the fixed points of KR by the ZT

2 -action. Similarly,
we introduce a ZT

2 -equivariant cohomology theory KC, by
assigning a ZT

2 -space its KU-cohomology, regardless of the
ZT

2 -action. Then we can view KU as the fixed points of
KC. The bigraded KC-cohomology of the point consist of
infinitely many shifted copies of KU∗(pt), namely,

KC∗,∗(pt) � Z[ξ±1, μ±1]. (B24)

The above cohomology theories are related by some maps
between them, reflecting operations on real and complex vec-
tor spaces. We have a complexification map, c : KR → KC,
which forgets the identification of a vector bundle with its
twisted complex conjugate. In the other direction, we have a
(nonmultiplicative) realification map, r : KC → KR, which
takes a vector bundle U to the sum, U ⊕ ι∗Ū , on which the
map κ is given by

κ : U ⊕ ι∗Ū � Ū ⊕ ι∗U

(
0 1

1 0

)
−−−−→ ι∗U ⊕ Ū

� ι∗(U ⊕ ι∗Ū ). (B25)

Note that these operations descend to the fixed points and
provide maps KO � KU, but we shall consider only the ZT

2 -
equivariant versions in this paper.

The effect of these maps on the generators is summarized
in Table III. We shall explore the precise role and origin of
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these maps via the language of ZT
2 -spectra, introduced in the

next section.

3. Spectra and equivariant spectra

a. The category of spectra

To define a cohomology theory, such as KU, one have to
provide an infinite delooping of a pointed space X0. Namely,
to find a sequence of pointed spaces Xi and homotopy equiv-
alences, �Xi � Xi−1, which extrapolates the sequence X−i

def=
�iX0 to all integers. From such a sequence, we get a gener-
alized cohomology theory by taking the ith cohomology of
X ′ to be π0(Map(X ′, Xi )). A sequence of the form {Xi}i∈Z as
above is classically known as a spectrum, and in this case X0

is an infinite loop space. To see that this construction provides
a cohomology theory, one has to introduce an Abelian group
structure on π0(Map(X ′, Xi )). This structure is induced from
the identification,

π0(Map(X ′, Xi )) � π2(Map(X ′, Xi+2)), (B26)

via the canonical Abelian group structure on π2 of a space by
concatenation of loops-of-loops.

The above description of the addition in the cohomology
theory KU is, however, unnecessarily complicated. We have
defined the additive group structure on KU0(X ) via the direct
sum operation on complex vector bundles. Thinking of this
operation as a result of a loop concatenation in a delooping of
the classifying space C0 is a less straightforward construction.
One may think of the situation as the exact opposite. We can
consider the existence of the addition of vector bundle as the
reason, rather than the consequence, of a delooping to C0

[146]. This line of thought leads to a model of spectra which
is much more algebraic, as we shall now see.

As mentioned above, the notion of a spectrum is analogous
to that of an Abelian group. We can think of spectra as a ver-
sion of Abelian groups where one replaces the set of elements
with a space of elements, i.e., a nice enough topological space,
well defined up to homotopy equivalence. For every two
spaces, X and Y , we can form the space of maps Map(X,Y ),
allowing continuous families of maps, X → Y , depending on
a continuous parameter. We denote the collection of spaces
by Sps. Such a structure, in which maps between objects
form a space, is called an ∞-category; see Ref. [147]. We
shall not get into the details of what that precisely means, but
informally, this is a machinery designed to encode algebraic
and geometric structures in which identities are satisfied only
up to coherent homotopy. We shall soon see examples of this
phenomenon.

It is now natural to ask what a commutative group in Sps
should be. We start with the notion of a commutative monoid.
Recall that a commutative monoid is a set, M, with a commuta-
tive and associative binary operation, +, which admits a zero
element, 0. Similarly, one can define a commutative monoid
in Sps, to be a space M endowed with a binary operation, +,
which is associative and commutative up to coherent homo-
topy and with a zero object, 0, which is neutral to the addition
up to coherent homotopy. Let us denote the collection (in fact,
∞-category) of such commutative monoids by CMon(Sps).
To give a flavor of what that means, we replace, for exam-

ple, the demand that the associativity relation (a + b) + c =
a + (b + c) holds, with the structure of a specified homotopy
between the left-hand side and the right-hand side of this
equation, varying continuously in (a, b, c) ∈ M3. Similarly,
we require a choice of a homotopy between the expressions,
a + b and b + a, depending continuously on (a, b) ∈ M2, and
a further hierarchy of higher homotopies connecting these
basic ones.

A (usual) commutative monoid M is an Abelian group,
precisely when the map, M × M → M × M, given by

(a, b) �→ (a, a + b), (B27)

is a bijection. Similarly, we say that a commutative monoid,
M ∈ CMon(Sps), is group-like if the map, M × M → M ×
M, given by the same formula is a homotopy equivalence. It
turns out that a group-like commutative monoid is the same as
a spectrum with only non-negative homotopy groups. Namely,
to specify a group-like commutative monoid, one has to spec-
ify a sequence of pointed spaces {Xi} with chosen homotopy
equivalences, �Xi � Xi−1, and such that the connectivity as-
sumption, πi(Xj ) = 0 for i < j, holds. This is a special case of
a general principle called the May recognition principle [148],
saying concisely that

{group-like commutative monoids}
�

{Infinite loop spaces}.
(B28)

In other words, all group-like additions on a space are canoni-
cally given by concatenation of loops in a suitable delooping.
Nevertheless, it is usually more natural to allow other types
of group-like monoid structures, without explicitly identifying
them with loop concatenation, as mentioned above.

We shall be interested in spectra which have negative ho-
motopy groups, such as KU. To achieve this, we note that
if M ∈ CMon(Sps), then �M is automatically a group-like
commutative monoid, and the loop concatenation and point-
wise addition on �M coincide up to homotopy. Spectra are
obtained from commutative monoids in Sps by formally in-
verting the loop operation,

Spct def= CMon(Sps)[�−1]. (B29)

Objects of Spct then correspond to sequences {Xi} without
the connectivity assumption. The operation �−1 is denoted
�, as it is related, but not to be confused with, the suspension
operation on pointed spaces. If E is a spectrum, we can now
define its homotopy groups πi(E ) for all integer values i ∈ Z.
If i � 0, we take πi(E ) to be the ith homotopy of the commu-
tative monoid corresponding to E . For negative homotopies,
we set π−i(E ) = π0(�iE ).

b. Constructions in the category of spectra

The analogy, Spct ≈ Ab, suggests that constructions in
Abelian groups may be adapted to spectra. For example, an
Abelian group A has an underlying set of elements, obtained
by forgetting the addition. Similarly, a spectrum E has an
underlying space, E ∈ Sps. It has the property that πi(E ) =
πi(E ) for i � 0. For every two spectra, E and E ′, there is a
mapping space, Map(E ′, E ) ∈ Sps. In fact, similarly to the
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fact that HomAb(A, B) for Abelian groups, A and B, has a
canonical Abelian group structure, there is a mapping spec-
trum,

E (E ′) def= HomSpct(E
′, E ) ∈ Spct, (B30)

with an underlying space Map(E ′, E ).
The Abelian group, Z, has as an analog the sphere spec-

trum, S. It is the free spectrum on a point, just like Z is the
free Abelian group on a point. More generally, if X is a set,
we have the free Abelian group,

Z[X ]
def=
{∑

i

nixi : xi ∈ X, ni ∈ Z

}
. (B31)

Similarly, there is a free spectrum on a space, S[X ], char-
acterized by the property

HomSpct(S[X ],Y ) � MapSps(X,Y ). (B32)

For historical reasons, this operation is usually denoted �∞,
but we use S[−] to emphasize the analogy with the free
Abelian group construction.

For two Abelian groups, A and B, we can form their
direct sum, A ⊕ B. There is a similar operation for spec-
tra, compatible with homotopy groups. Moreover, we have
S[X � Y ] � S[X ] ⊕ S[Y ]. There is also a tensor product of
Abelian groups, A ⊗ B, classifying bilinear maps from A × B.
Similarly, Spct has a symmetric monoidal structure, ⊗, which
is uniquely characterized by the property that S[X ] ⊗ S[Y ] �
S[X × Y ] for X,Y ∈ Sps and is compatible with the gluing of
spectra in the appropriate sense; see Sec. 4.8.2 of Ref. [38].
This operation is classically known as the smash product and
usually denoted E ∧ E ′ for spectra E and E ′. In particular, the
tensor product of spectra distributes over the direct sum,

(E ′ ⊕ E ′′) ⊗ E � (E ′ ⊗ E ) ⊕ (E ′′ ⊗ E ). (B33)

Having a symmetric monoidal structure ⊗, we can define
commutative rings and modules over them, as in Sec. 4.5 of
Ref. [38]. Namely, a commutative ring in Spct is a spectrum
R endowed with a multiplication map, R ⊗ R → R, and a unit,
S → R, which are associative, commutative, and unital up to
coherent homotopy. Similarly, a module over such a ring R is a
spectrum M endowed with an action, a : R ⊗ M → M, which
is associative up to coherent homotopy, and for which the unit
of R acts as the identity up to coherent homotopy.

Spectra also give rise to cohomology theories. If E is a
spectrum and X is a space, we can form the spectrum,

E (X )
def= HomSpct(S[X ], E ). (B34)

Then, we obtain the cohomology by setting

E−i(X )
def= πi(E (X )). (B35)

It can be shown that this definition give a cohomology theory
for every spectrum E , hence relating spectra to cohomology
theories, cf. Eq. (11). Similarly, one can turn a spectrum E
into a homology theory by setting

Ei(X )
def= πi(E ⊗ S[X ]). (B36)

c. The K-theory spectrum and the monoid of vector spaces

The cohomlogy theory KU, determined by the infinite loop
space {Cq}, has a multiplicative structure turning it into a

multiplicative cohomology theory. Our aim now is to directly
describe a construction of the spectrum KU as a commutative
monoid and lift its multiplicative structure to Spct.

Let VectC denote the collection of complex vector spaces.
We can view VectC as a space, whose points are complex
vector spaces and the space of maps from U1 to U2 is the
(possibly empty) space of invertible linear transformations
from U1 to U2.

The direct sum operation of vector spaces turns VectC into
a commutative monoid in Sps. Of course, it is not group-like,
as one cannot subtract vector spaces. To turn it into a group-
like commutative monoid, one formally adds inverses to the
elements of VectC . This operation, known as group comple-
tion, is the homotopy-theoretic analog of the way KU0(X ) is
obtained from the monoid of vector bundles on X by adding
inverses to the elements. We denote the group completion
of a commutative M by Mgrp. The spectrum Vectgrp

C is then
a version of KU with only non-negative homotopy groups.
To get KU, one then inverts the class, ξ ∈ π2(Vectgrp

C ). More
precisely, the tensor product of vector spaces endows the
group-like commutative monoid Vectgrp

C with a commutative
ring structure in Spct and π2(Vectgrp

C ) � Z is generated by
a class ξ . Then, formally adding its inverse, we get KU =
Vectgrp

C [ξ−1], which is a commutative ring spectrum lifting the
cohomology theory KU∗(X ) to the spectral level; namely,

KUq(X ) � π−q(KU(X )). (B37)

d. G-spectra

Similarly to the spectra, we can define an ∞-category,
SpctG, of spectra with a G-action. To do so, we mimic the
line of thought presented in the previous section, but replacing
spaces with G-spaces, i.e., spaces endowed with a G-action.
Namely, let SpsG be the ∞-category whose objects are CW-
complexes with action of the finite group G, and whose
mapping spaces MapSpsG (X,Y ) consist of maps, f : X → Y ,
for which f (g(x)) = g( f (x)) for every g ∈ G and x ∈ X .

As for the nonequivariant version, we can define (group-
like) G-commutative monoids. The reader is warned that these
are not just commutative monoids in SpsG. Namely, to define
such a monoid, one should specify summation maps not only
for I-indexed families of elements of the monoid, whenever
I is a finite set of indices. Rather, we should have such a
map for every finite set I with, possibly nontrivial, G-action.
For example, if G = Z2, then a G-monoid, E , should have
not only a G-equivariant summation map, E × E → E , but
also a trace map, into the Z2-fixed points, given informally
by a �→ a + ι(a) for ι the generator of Z2. See Ref. [149] for
further details.

To obtain the category SpctG, one inverts the formation of
loops on G-commutative monoids:

SpctG def= CMonG[�−1]. (B38)

The ∞-category, SpctG, is endowed with a tensor product,
⊗, and moreover, for every pair, E , E ′ ∈ SpctG, there is a
spectrum of homomorphisms, HomG(E , E ′) ∈ Spct. There is
a free G-spectrum construction, S[−] : SpsG → SpctG, anal-
ogous to the nonequivariant version, which similarly turns
disjoint unions to direct sums and products to tensor products.
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The constructions of SpsG and SpctG for various groups,
G, interact. Namely, if X is a G-space and H ⊆ G, we can
regard X as an H-space by restriction of the G-action to H . We
denote this operation by either ResG

H (X ) or X |H . Conversely,
if X is an H-space we can turn it into a G-space in two
different ways. On one hand, we can turn X into a G-space via
X �→ G ×H X , informally described as the quotient of G × X
by the relation (gh, x) ∼ (g, h(x)), where G acts via the first
coordinate. This construction satisfies MapG(G ×H X,Y ) �
MapH (X,Y |H ). On the other hand, we can consider the con-
struction, X �→ MapH (G, X ), with G acting on the source.
This construction satisfies

MapG(X, MapH (G,Y )) � MapH (X |H ,Y ). (B39)

Shifting our attention to spectra, the spectral analog of the
functor, G ×H X , is the functor, IndG

H : SpctH → SpctG. It
satisfies

IndG
H (SH [X ]) � S[G ×H X ], (B40)

as well as an adjunction relation,

HomG
(
IndG

H (E ′), E
) � HomH

(
E ′, ResG

H (E )
)
, (B41)

similar to the induction and restriction of representations.
The spectral analog of the functor, MapH (G, X ), is more

complicated and called the Hopkins-Hill-Ravenel norm; see
Ref. [150]. It is informally defined by NG

H (E ) = ⊗
G/H E for

E ∈ SpctH , with the action of G given by permuting the
factors and acting on each of them simultaneously. The norm
is related to MapH (G, X ) via

NG
H (S[X ]) � S[MapH (G, X )]. (B42)

The Hopkins-Hill-Ravenel norm interacts with the direct
sum and tensor product of H-spectra in a way which we shall
now describe. Namely, first of all, being itself an iterated
tensor product, it commutes with the tensor product, so that

NG
H (E ⊗ E ′) � NG

H (E ) ⊗ NG
H (E ′). (B43)

The interaction with the direct sum operation is more compli-
cated. If H ⊆ G is a subgroup, and E1, . . . , Em are H-spectra,
we want to decompose NG

H (
⊕m

i=1 Ei ). To explicitly present
this decomposition, more notation is needed. For a function,
f : G/H → {1, . . . , m}, denote

G f = {g ∈ G : f ([gg′]) = f ([g′])∀g′ ∈ G}. (B44)

The set, G/H , decomposes into G f -orbits, and we denote the
set of orbits by G f \G/H . We then have

NG
H

(⊕m

i=1
Ei

)
�
⊕

f
IndG

G f

[⊗
[g]∈G f \G/H

NG f

G f ∩gHg−1 (E ′
[g] )
]
,

(B45)
where the external sum run over all representatives of or-
bits of G on the set of functions f : G/H → {1, . . . , m}, and
E ′

[g] is the gHg−1-spectrum corresponding to E f ([g]) under the
conjugation isomorphism, gHg−1 � H . To illustrate what this
formula means for two summands, we have

NG
H (E1 ⊕ E2) �

⊕
A�B=G/H

E⊗A
1 ⊗ E⊗B

2 , (B46)

with an appropriate G-action.

If E ∈ SpctG, then we can define πn(E ) =
π0(HomG(S,�nE )). More generally, if ρ : G → O(d ) is
a real linear representation of G, we can define a G-spectrum,
Sρ , as follows. Denote by Sρ ∈ SpsG the G-space obtained
from Rd via one point compactification, on which G acts
via ρ. We set Sρ to be the fiber of the map, S[Sρ] → S,
obtained from the constant map Sρ → pt by applying S[−].
In particular, since Sρ has a G-fixed point at the north pole of
the one point compactification, we have

S[Sρ] � S ⊕ Sρ. (B47)

The construction, ρ �→ Sρ , nicely interacts with the tensor
product and the norm of G-spectra. For example,

Sρ0 ⊗ Sρ1 � Sρ0⊕ρ1 . (B48)

This allows us to define the RRep(G)-graded homotopy
groups,

πρ (E )
def= π0(HomG(Sρ, E )). (B49)

In fact, this makes sense also when ρ is a virtual represen-
tation. The behavior of the Hopkins-Hill-Ravenel norm on
representation spheres is also relatively simple. Namely, we
have

NG
H

(
Sρ

H

) � SIndG
H (ρ), (B50)

where IndG
H stands for the induction of real representations.

e. The G-equivariant K-theory spectrum

Having the language of G-spectra set up, we can discuss
the spectral versions of equivariant K-theory. We start with
KR. The commutative monoid in spaces, VectC , admits an
involution, given by complex conjugation of complex vector
spaces. This involution is obtained from a ZT

2 -equivariant
commutative monoid structure on VectC , for which the fixed
points are VectR and the trace map, VectC → VectR, is the
realification map.

Applying an equivariant version of group completion, we
get a ZT

2 -commutative ring in SpctZ
T
2 . We get KR by in-

verting the classes β and μ. Since Rep(ZT
2 ) � Z ⊕ Z, the

homotopy groups of KR assemble to a bigraded commutative
ring, KRp,q(pt) = π−p,−q(KR); cf. Eq. (B49). Hence, KR

is a commutative ring in SpctZ
T
2 , lifting the ZT

2 -equivariant
cohomology theory, X �→ KR∗,∗(X ).

A more complicated, yet similar, construction provides
the G-equivariant K-theory, KRG. It is a G × ZT

2 -equivariant
commutative ring spectrum obtained via G-group comple-
tion (and inverting certain classes) from a G-commutative
monoid structure on VectC , whose H-fixed points, for H ⊆ G,
are the monoids in Sps consisting of H-representations. For
H0 ⊆ H1 ⊆ G, the trace map associated with the surjection,
G/H0 → G/H1, for this G-commutative monoid, is given by
induction of representations from H0 to H1.

To get the analogous KCG, one applies the general in-
duction and restriction machinery constructed in the previous
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TABLE XVI. All possible KR-module homomorphisms. Any particular spectra-homomorphism descends to a KR∗,∗(pt)-linear map, for
which the images of all v ∈ KRp,q(pt) and u ∈ KCp,q(pt) in all bidegrees (p, q) are determined by at most two elements, either v′ ∈ KR∗,∗(pt)
or u′, u′′ ∈ KC∗,∗(pt). The last column contains the complexified KC∗,∗(pt)-linear maps.

Spectra-homomorphism Elements KR-theory map KC-theory map

HomKR(KR, KR) � KR v′ v �→ v′ · v u �→ c(v′) · u
HomKR(KR, KC) � KC u′ v �→ u′ · c(v) u �→ (u′ · u) ⊕ (ū′ · u)
HomKR(KC, KR) � KC u′ u �→ r(u′ · u) u1 ⊕ u2 �→ u′ · u1 + ū′ · u2

HomKR(KC, KC) � KC ⊕ KC u′, u′′ u �→ u′ · u + u′′ · ū u1 ⊕ u2 �→ (u′ · u1 + u′′ · u2) ⊕ (ū′ · u1 + ū′′ · u2)

section. Namely,

KCG
def= IndG×ZT

2
G ResG×ZT

2
G KRG. (B51)

In particular, the underlying spectrum of KRG is KU, while
the underlying spectrum of KCG is KU ⊕ KU. The ZT

2 ac-
tion for KRG corresponds to the conjugation action on KU,
while for KCG it corresponds to the action, (u, u′) �→ (u′, ū),
on KU ⊕ KU. The complexification map, c : KRG → KCG,
then corresponds to a map, KU → KU ⊕ KU, given by u �→
(u, ū). Similarly, the realification map, r : KCG → KRG, cor-
responds to a summation map, KU ⊕ KU → KU, given by
(u, u′) �→ u + ū′. The reader might find these formulas similar
to the realification and complexification maps on R and C.
Indeed, the relation between KC and KR is a categorification
of the relation between C and R, replacing real/complex
numbers by real/complex vector spaces, addition by direct
sum, and multiplication by tensor product.

We shall now return to the main reason we are interested
in these spectral level constructions, that is, the classification
of maps between KR-modules (see Table XVI). Note that
the map, r : KC → KR, is a map of KR-modules. This is
a consequence of the obvious fact from linear algebra that
tensoring with a real vector space commutes with realification.
Similarly, the map, c : KR → KC, is a map of commutative
rings in SpctZ

T
2 . If M, N are modules over KR, we have a

KR-module of linear maps between them, HomKR(M, N ) ∈
ModKR(SpctZ

T
2 ). Indeed, we can multiply a KR-linear map

with a scalar from KR to get a new KR-linear map, just like
we do for classical, nonequivariant rings. In fact,

HomKR(KR, KR) � KR,

HomKR(KR, KC) � KC,

HomKR(KC, KR) � KC,

HomKR(KC, KC) � KC ⊕ KC. (B52)

Note that these identifications are of KR-modules, and hence
contain all the needed information on the maps of arbitrary
(p, q)-degrees. For example,

π0(HomKR(KR, �p,qKR)) � π0(�p,qKR) � KRp,q(pt).
(B53)

To get these formulas, we note that KR is free over itself,
and so HomKR(KR, M ) � M ∈ ModKR(SpctZ

T
2 ). To see that

HomKR(KC, KR) � KC, we note that

HomKR(KC, KR) � HomKR

(
IndZ

T
2

1 (KU), KR
)

� IndZ
T
2

1 HomKU(KU, KU)

� IndZ
T
2

1 KU � KC. (B54)

Finally, by scalar extension, we have

HomKR(KC, KC) � HomKC (KC ⊗KR KC, KC),

KC ⊗KR KC � KC ⊕ KC, (B55)

analogous to the fact that C ⊗R C � C ⊕ C.
While derived from fairly abstract considerations, it is not

hard to translate those formulas into maps of cohomology
theories. We consider them as constraints on the possible
maps of the associated ZT

2 -equivariant cohomology theories
in presence of a genuine KR-linear structure on the map,
lifting the naïve π∗,∗(KR)-modules structure. Specifically, a
map, KR → KR, of bidegree (p, q) is given by multiplica-
tion by a class in πp,q(KR) � KR−p,−q(pt). A map, KR →
KC, of any bidegree is of the form v �→ u′c(v) where u′ ∈
π∗,∗(KC). A map, KC → KR, is of the form u �→ r(u′u) for
u′ ∈ π∗,∗(KC). Finally, a map, KC → KC, is of the form
u �→ u′u + u′′ū for u′, u′′ ∈ π∗,∗(KC). Any of these maps
may be complexified by tensoring with KC. This produces
π∗,∗(KC)-linear maps by the identifications,

KR ⊗KR KC � KC, KC ⊗KR KC � KC ⊕ KC,

v′ ⊗ u ↔ c(v′)u, u′ ⊗ u ↔ u′u ⊕ ū′u. (B56)

The above is summarized in Table XVI.
This is the precise meaning of our claim that the map ai in

all bidegrees depend on a small number of parameters: Being
a map of KR-modules, it is specified by a class, or at most
two classes, in either complex or real K-theory per matrix
coefficient, for all bidegrees (p, q) combined.

4. Signed permutation representations

Each space-group symmetry has a normal subgroup of
translations corresponding to a Bravais lattice. Its reciprocal
lattice, �, defines the geometry of the BZ torus, BZ = R3/�,
with an action of the point-group, G. Since T̄ 3 = S[BZ] plays
an important role in the topological classification, we hereby
describe the generic construction of T� for any G-lattice �.

One way to produce periodic lattices with G-action is by
starting with a linear representation, ρ : G → O(d ), and a
basis, b1, . . . , bd , such that for every i = 1, . . . , d there is
j = 1, . . . , d for which ρ(g)bi = ±b j . We call such a lattice,
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a signed permutation lattice for G, and ρ a signed permutation
representation. If G acts on a lattice � ⊆ Rd , one may form
the torus, T� = Rd/� ∈ SpsG. Applying S[−], we obtain a
G-spectrum, T�

def= S[T�] ∈ SpctG.
Let ρ : G → Aut(�) be a signed permutation representa-

tion, with basis, b1, . . . , bn, for which ρ(g)bi = ±b j and let
� be the lattice generated by this basis. We wish to describe
the G-spectrum, T�. The construction, � �→ T�, satisfies

T�⊕�′ � S[T� × T�′ ] � T� ⊗ T�′ ∈ SpctG, (B57)

and so it essentially suffices to describe T� for indecompos-
able lattices �.

In light of the previous discussion, we may assume
that � is indecomposable, so that G permutes the lines
spanned by the bi-s transitively. Let �1 = Z · b1 ⊆ R and
G1 be the stabilizer of the line R · b1 in Rd . We have
a G1-equivariant projection, P : T� → R/Z · b1, given by
P(a1b1 + · · · + anbd ) = a1b1. By Eq. (B39), this projection
determines a G-equivariant map,

T� → MapG1

(
G, T�1

)
. (B58)

The map in Eq. (B58) is a G-equivariant homeomorphism and,
in particular, a G-equivariant homotopy equivalence. Using
Eqs. (B42) and (B58), we see that

T� � S
[
MapG1

(
G, T�1

)] � NG
G1

(
T�1

)
. (B59)

To finish the analysis, let ρ1 : G1 → O(1) denote the rep-
resentation of G1 on the line R · b1. We have a direct sum
decomposition,

T�1 � SG1 [Sρ1 ] � SG1 ⊕ Sρ1
G1

∈ SpctG. (B60)

It follows that T� � NG
G1

(SG1 ⊕ Sρ1
G1

).
Combining Eqs. (B45), (B48), and (B50), we can finally

give the following description of T� for arbitrary signed
permutation lattices. Each orbit of G on b1, . . . , bd may
be represented by a set Ik ⊆ {1, . . . , d} such that

⊔�
k=1 Ik =

{1, . . . , d}. Let Gk be the stabilizer of Ik and ρk : G → O(|Ik|)
be the representation of Gk on the linear span of {bi}i∈Ik . We
have the stable equivariant splitting,

T� �
⊕�

k=1
IndG

Gk
(Sρk ). (B61)

Hence, the study of the G-equivariant K-theory of the torus
of a signed permutations representation reduces to that of
representation spheres, which is covered by Refs. [62,127].

5. Spins and representations

a. Quadratic representations and pin-structures

For a finite group G, the representations of G come into
play in the computation of the G-equivariant K-theory in two
different, interacting ways. First, as seen in Eq. (B61), the G-
spectrum T� decomposes as a sum of representation sphere
spectra. Second, the G-equivariant K-theory spectrum itself
encodes G-representations. Hence, we shall now review some
of the features of the theory that come into play in both aspects
and in the interaction between them.

Recall that we can think of a real representation of G as
a map, ρ : G → GL(V ), for a real vector space V . We are
mostly interested in representations which are orthogonal with

respect to a symmetric bilinear form. Namely, let Q = Qi j

be a symmetric bilinear form on V . We denote by O(Q) the
group of linear maps, A : V → V , such that AQAT = Q, or,
in terms of a basis, such that

∑
i j AkiQi jA� j = Qk�. For exam-

ple, if Q = Idp ⊕ −Idq then O(Q) = O(p, q). By a quadratic
representation of G we mean a linear space V endowed with
a nondegenerate bilinear form Q and a homomorphism, ρ :
G → O(Q). Note that O(Q) = O(−Q) and so a quadratic
representation ρ on (V, Q) gives a quadratic representation ρ−
on (V,−Q).

We recall the notion of a Pin-structure on a quadratic rep-
resentation. For a quadratic form Q on a linear space V , let the
Clifford algebra of Q, denoted ClQ, be the free algebra gener-
ated by V , subject only to the relations, v2 + Q(v, v) = 0, for
v ∈ V . In particular, if Q = Idp ⊕ −Idq then ClQ � Clp,q. We
denote by Pin(Q) ⊆ Cl×Q the Pin group of Q, i.e., the subgroup
of invertible elements in ClQ of the form, a = v1 · v2 · · · v�, for
vi ∈ V . Recall that we have a canonical double cover,

1 → Z2 → Pin(Q)
π−→ O(Q) → 1, (B62)

where the map, π : Pin(Q) → O(Q), takes v ∈ V to the
reflection along the hyper-plane orthogonal to v. A Pin-
structure on a quadratic representation, ρ : G → O(Q), is a
homomorphic lift, ρ̃ : G → Pin(Q) of ρ, i.e., such that the
diagram,

ρ : G
ρ̃−→ Pin(Q)

π−→ O(Q), (B63)

commutes. We warn that this notion depends heavily on Q.
In particular, depending on whether Q is positive or nega-
tive definite, it coincides with the classical notion of Pin+
and Pin−-structures respectively. Note, moreover, that a Pin-
structure on a representation does not always exist. Even when
it exists, a Pin-structure might not be unique; however, this
will not affect our computations.

If ρ admits no Pin-structure, one can always construct
a double cover, Z2 → G̃

π−→ G, such that the composition,
G̃

π→ G
ρ→ O(Q), admits a Pin-structure. For example, if ρ is

injective, we can take G̃ to be the preimage of G in Pin(Q) un-
der π . In practice, we shall always assume that a Pin-structure
exists on our representations, replacing G with G̃ if necessary.
This replacement have the effect of adding some irrelevant
components to the K-theory that later will have to be identified
and ignored; this technicality poses no practical troubles.

Another advantage of passing to such double covers, apart
from allowing for a Pin-structure, is a convenient description
of spinful fermions captured by twisted K-theory [109,114].
The intrinsic spin-structure of spinful fermions, such as elec-
trons, imply that they transform under the so-called double
point-group corresponding to the double cover,

1 → Z2 → Ĝ → G → 1. (B64)

In general, recall that, if ω is a Z2-valued 2-cocycle on G,
then one can form the ω-twisted K-theory, KRω

G, classifying
ω-twisted vector bundles [109,114]. Here by a 2-cocycle we
mean a function, ω : G × G → Z2, satisfying

ω(g2, g3) + ω(g1, g2g3) + ω(g1g2, g3) + ω(g1, g2) = 0,

(B65)
for every g1, g2, g3 ∈ G.
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The 2-cocycle ω determines the double cover, Ĝ. Accord-
ingly, for a G-space X we have a splitting,

KRĜ(X ) � KRG(X ) ⊕ KRω
G(X ). (B66)

Hence, replacing G by Ĝ, we may reduce the computation of
twisted K-theory to the computation of untwisted K-theory.
For spinful fermions, all the formulas presented in Secs. II
and III apply for KRĜ; the results in Table II are easily
obtained by dropping the Abelian groups stemming from the
unphysical KRG(X ) summand in Eq. (B66). This is explicitly
demonstrated in Sec. IV B.

b. The Clifford group-algebra of a quadratic representation

In Ref. [62] the G-equivariant K-theory of a representation
sphere Sρ was described in terms of the Z2-graded algebra
ClQ[G], i.e., the algebra generated from G and ClQ subject
to the relation, gvg−1 = ρ(g)(v). To exploit this description,
the authors had to decompose ClQ[G] into a sum of Clifford
algebras. the result becomes cleaner given Pin-structure on the
representation ρ. Namely, for Z2-graded algebras, A and B, let
A⊗̂B be their Z2-graded tensor product, i.e., the algebra gen-
erated from A and B subject to the relation, ab = (−1)|a||b|ba.
Then, if ρ : G → O(Q) is a quadratic representation which
admits a Pin-structure, we have

ClQ[G] � ClQ⊗̂R�ρ [G]. (B67)

Note that, in particular, the algebra ClQ[G] depends only on
�ρ .

This “separation of variables” results from a change of
coordinates [62,127]. Given a real representation ρ of G, one

obtains a Z2-grading, �ρ : G → Z2, on G, for which g
�ρ�−→

det(ρ(g)), i.e., the parity of g ∈ G is sign of the determinant.
Let ρ̃ : G → Pin(Q) be a Pin-structure on ρ. For every g ∈ G,
set

g′ def= gρ̃(g)−1. (B68)

We claim that these elements generate a copy of R�ρ [G]
in ClQ[G] which supercommutes with ClQ. To see this, first
note that the conjugation action of Pin(Q) on itself, is given
by ava−1 = (−1)|a|π (a)v for v ∈ V and a ∈ Pin(Q); see
Eq. (B63). Hence, for every v ∈ V , we have

g′v = (−1)�ρ (g)vg′. (B69)

Similarly, the elements g′ satisfy the same multiplication table
as that of G:

g′
1g′

2 = g1ρ̃(g1)−1g2ρ̃(g2)−1 = g1ρ̃(g1)−1g2ρ̃(g2)−1

= g1g2ρ̃(g2)−1ρ̃(g1)−1ρ̃(g2)ρ̃(g2)−1

= g1g2ρ̃(g1g2)−1 = (g1g2)′. (B70)

These two identities prove that the generators, v ∈ V and g′,
together generate an algebra isomorphic to ClQ⊗̂R�ρ [G].

c. Diagrammatic formulation

Let us make things more explicit by focusing on a 3D
physical system. On one hand, for any G ⊂ O(3) we may
always construct the double point-group, Ĝ ⊂ Pin−(3), that
encodes the physical twist corresponding to the intrinsic
spin-structure of spinful fermions. On the other hand, any sub-
group, Gk ⊆ G, which stabilizes a d-dimensional subtorus,

acts on it via Gk � G′
k ⊂ O(d ). It therefore has a different

double cover, G̃′
k ⊂ Pin−(d ), required for the separation of

variables Eq. (B67). Nevertheless, one can always replace
Gk with its quadruple-cover, ˆ̂Gk, which admits both Pin-
structures:

(B71)
In particular, for any Gk ⊆ G with geometric actions via O(3)
and O(d ), one can always explicitly construct (e.g., as a GAP4
[132] language algorithm) all the above groups and homo-
morphisms such that the diagram commutes and all sequences
along straight lines are short (or long) exact sequences.

d. The equivariant K-theory of representation spheres

For a quadratic representation, ρ : G → O(Q), we as-
sociate a G × ZT

2 -equivariant spectrum Sρ , generalizing
the construction of the representation sphere from Ap-
pendix B 3 d.

Let ρ : G → O(Q) be a quadratic representation of G. We
can always decompose Q as a G-invariant direct sum Q =
Q1 ⊕ Q2 such that Q1 is positive definite and Q2 is negative
definite. We then set

Sρ = Sρ1 ⊗ S̄ρ2 ∈ SpctG×ZT
2 . (B72)

The uniqueness of the decomposition, Q = Q1 ⊕ Q2, up to
homotopy, shows that this association is well defined. Our aim
now is to give a description of KRG(Sρ ) ∈ ModKR(SpctZ

T
2 )

for a quadratic representation ρ in elementary terms.
Assume from now on that ρ admits a Pin-structure, ρ̃ :

G → Pin(Q). As we have seen in Appendix B 1 e, we have a
decomposition of R�ρ [G] into a sum of matrix algebras over
Clifford algebras of the form

R�ρ [G]�
⊕
ρR

MdρR
×dρR

(
ClpρR

,qρR

)⊕
⊕
ρC

MdρC
dρC

(
ClpρC

)
.

(B73)
If Q is of signature (p, q) then the above decomposition,
together with the separation of variables [Eq. (B67)],
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implies that ClQ[G] � ⊕
ρR

Mdi×di (Clp+pρR
,q+qρR

) ⊕⊕
ρC

MρC×ρC
(Clp+q+pρR

). This determines a decomposition
of the G-equivariant K-theory spectrum:

KRG(Sρ ) �
⊕

ρR

�−p−pρR
,−q−qρR KR

⊕
⊕

ρC

�−p−pρC
,−qKC. (B74)

It thus provides a lift of Eq. (20) to the ∞-category of modules
over KR.

While the computation above describes KRG(Sρ ) com-
pletely as a KR-module, we shall need in our computation of
the ai map, a slightly more canonical description of its homo-
topy groups. By doing it for all representations, ρ, together, it
suffices to describe the 0th homotopy group of KRG(Sρ ).

Let RRepZ2
(ClQ[G]) be the Z2-graded representation ring

of ClQ[G], so that an element of RRepZ2
(ClQ[G]) is a formal

integral combination of Z2-graded representations. Given a
Z2-graded representation, V = (V 0,V 1), of ClQ[G], we can
construct a G-equivariant vector bundle, W , on Sρ , as follows:
We take the constant G-bundle, V 0, on the upper hemisphere
of Sρ , and take the constant G-bundle, V 1, on the lower hemi-
sphere. We then glue these two G-bundles along the equator of
Sρ in the following way. Every point on the equator of Sρ can
be seen as a unit vector in the representation space of ρ, and
hence as an odd element, e ∈ ClQ. We identify V 0 and V 1 at e
using the module structure of V over ClQ, which in particular

provides a linear isomorphism, e : V 0 ∼→ V 1.
By sending the class of [V ] ∈ RRepZ2

(ClQ[G]) to the class
[W ] − dim(W ) ∈ K̃RG(Sρ ) one obtains a map,

RRepZ2
(ClQ[G]) → π0(K̃RG(Sρ )) � π0(KRG(Sρ )),

(B75)

which is the G-analog of the Atiyah-Bott-Shapiro map [119].
In fact, the resulting map factors through the quotient of
RRepZ2

(ClQ[G]) by the image of the restriction map, and
induces an isomorphism,

π0(KRG(Sρ )) � RRepZ2
(ClQ[G])

Im(Res)
, (B76)

Res : RRepZ2
(Cl1,0⊗̂ClQ[G]) → RRepZ2

(ClQ[G]). (B77)

This isomorphism is functorial with respect to maps of
representations. A morphism, f : ρ0 → ρ1, of quadratic rep-
resentations, with corresponding quadratic forms, Q0 and Q1,
induces a map, Sρ0 → Sρ1 , which in turn gives a map, f ∗ :
KRG(Sρ1 ) → KRG(Sρ0 ). The map induced from f ∗ on the
zeroth homotopy group translates via Eq. (B76) to the re-
striction map, RRepZ2

ClQ1 [G] → RRepZ2
ClQ0 [G], along the

algebra homomorphism, ClQ0 [G] → ClQ1 [G] induced from f .

6. Atomic insulators

As discussed in Sec. II A, besides the determination of the
G-equivariant K-theory of the BZ torus T̄ d , or equivalently, of
the free G × ZT

2 -spectrum T̄ d generated from it, we are also
interested in the identification of the AI-bundles on the BZ.
Namely, we wish to compute the map,

ai
p,q : AIp,q

G → KRp,q(T̄ 3). (B78)

We shall now explain how this map is computed uniformly in
(p, q) for sign permutation representations.

a. Definition of AI-bundles

Let us first recall the definition of the AI-bundle associated
with a representation of the little group Gx for a Wyckoff
position x. For such a data, We define the fundamental AI-
bundle associated with x as follows. Let � denote the lattice
of unit cell origins in the real (Euclidean) space, Ed . For every
g ∈ Gx, we have by definition that g(x) − x belongs to �.
Hence, the function,

νg
x (k)

def= exp{i(g(x) − x) · k}, (B79)

is well defined on the BZ torus, T̄ d .
Consider the trivial one-dimensional vector bundle V on

the BZ, with a nowhere vanishing global section, |ψ (k)〉. We
endow V with the G-equivariant structure determined by the
condition,

g|ψ (k)〉 = νg
x (k)|ψ (g(k))〉. (B80)

This way, we obtain a Gx-equivariant vector bundle on the BZ
torus, whose underlying nonequivariant vector bundle is the
trivial one-dimensional bundle. This bundle is represented by
a class, v1

x ∈ KR0,0
Gx

(T̄ d ). Recall that KRGx (T̄ d ) is a module
over KRGx (pt), so that one may multiply the class v1

x with
classes in KRp,q

Gx
(pt). The map, ai, is now given by the for-

mula,

aix(v) = IndG
Gx

(
v · v1

x

) ∈ KRp,q
G (T̄ d ), (B81)

for v ∈ KRp,q
Gx

(pt). We warn the reader that here, as in
the previous sections, we assume that the representation
of G on the euclidean space Ed is endowed with a Pin-
structure, replacing G with a further cover, Ĝ, if necessary;
see Appendix B 5 a. Hence, we eliminated the twisting of
the K-theory we consider, and work with classes of usual,
untwisted, representations of Gx.

b. Reduction to representation spheres

For a general system, in order to compute the map, ai, one
needs to consider all possible Wyckoff positions in Ed . It turns
out, that for sign permutation representations, there is a canon-
ical choice of Wyckoff positions that exhaust the AI-bundles
for every choice of G. Specifically, consider the set, WP , of
vectors, x ∈ Ed , for which all components, (x1, . . . , xd ), of
x = x1a1 + · · · + xd ad , in primitive lattice vector coordinates,
are either 0 or 1

2 . Note that in this convention a Wyckoff po-
sition corresponding to a high-symmetry line/plane/volume
in the BZ will be represented by a discrete set of points.
Nevertheless, we show that the AI-bundles associated with
the Wyckoff positions in WP generate the entire subgroup
of AI-bundles in KRp,q

G (T̄ d ). Namely, the image of ai on⊕
x∈Ed /� KRp,q

Gx
(pt) and on the subgroup

⊕
x∈WP KRp,q

Gx
(pt)

coincide.
To achieve this, we use some relations satisfied by the map,

ai, with respect to different Wyckoff positions. Suppose we
are given a one-parameter family, x(t ), of Wyckoff positions,
for which Gx(t ) is constant for 0 � t < 1 and Gx(0) ⊆ Gx(1).
Then we have

v1
x(0) = ResGx(1)

Gx(0)

(
v1

x(1)

)
. (B82)
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Let v ∈ KRp,q
Gx(0)

(pt) and set v′ = IndGx(1)

Gx(0)
(v). The compatibil-

ity of the restriction, induction, and product in K-theory yields

aix(0)(v) = IndG
Gx(0)

(
v1

x(0) · v
)

= IndG
Gx(1)

[
IndGx(1)

Gx(0)

(
ResGx(1)

Gx(0)

(
v1

x(1)

) · v
)]

= IndG
Gx(1)

(
v1

x(1) · IndGx(1)

Gx(0)
(v)

) = aix(1)(v
′). (B83)

In particular, we can compute the class in K-theory of every
AI-bundle associated with the Wyckoff position x(0) using
a corresponding class coming from x(1). It follows that, to
compute the image of ai, it suffices to consider points which
have a maximal little group in their neighborhood. In the case
of a signed permutation representation, it is straightforward to
check that WP contains all such points in Ed/�.

In view of the discussion above, it makes sense to set the
source of ai to be the sum,

⊕
x∈WP KRp,q

Gx
(pt). Hence, from

now on we adapt the convention that

AIp,q def=
⊕

x∈WP
KRp,q

Gx
(pt). (B84)

Let HSM denote the subset of high symmetry momenta
located at the centers of the cells of the BZ torus; cf. Fig. 4.
There is a bijection, x �→ k = x∗, from WP to HSM,
sending the vector x = x1a1 + · · · + xd ad in primitive lat-
tice vector coordinates to the vector k = k1b1 + · · · + kd bd

in terms of the reciprocal basis, such that (x1, . . . , xd ) =
( k1

2π
, . . . , kd

2π
). Since WP and HSM are reciprocal sets, we

may now write ai as a “square matrix”:

ai
p,q :

⊕
x∈WP

KRp,q
Gx

(pt) → KRp,q
G (T̄ d ) �

⊕
k∈HSM

KRp,q
Gk

(Sρk ),

(B85)
where ρk denotes the representation corresponding to the cell
with center k. Let us denote by aikx the (k, x) component of
this matrix. Namely, aikx is the composition,

ai
p,q
kx : KRp,q

Gx
(pt) ↪→ AIp,q

G
ai−→ KRp,q

G (T̄ d ) � KRp,q
Gk

(Sρk ).
(B86)

The map, ai, in not diagonal, i.e., in general, aikx �= 0 even
if k �= x∗. However, we shall now show that the quotient of
KRp,q

G (T̄ ) by the image of of the map, ai, does not change if
we replace the matrix by its diagonal. To obtain this, we shall
use some dependencies between the different matrix entries of
ai.

For every k ∈ HSM, let T̄k denote the coordinate torus
containing k as its center. We have a Gk-equivariant pro-
jection map, Pk : T̄ d → T̄k. A key observation regarding the
AI-bundles is that they are functorial with respect to subtori.
Namely, for x ∈ WP , the position vector, g(x) − x, is orthog-
onal to the momenta in the cell with center x∗. Hence, we have

νg
x (k) = exp{i(g(x) − x) · k} = exp{i(g(x) − x) · Px(k)},

(B87)
and consequently, v1

x is in the image of the map, P∗
x∗ :

KRp,q
G (T̄x∗ ) → KRp,q

G (T̄ d ). More precisely, the pullback mor-
phism, P∗

x∗ , takes the fundamental AI-bundle of the Wyckoff
position x on the smaller torus, T̄x∗ , to the fundamental AI-
bundle corresponding to the same Wyckoff position x for the
BZ-torus, T̄ d . If v ∈ KRp,q

Gk
(T̄k ), we can decompose P∗

k (v) as

a sum of components associated with the cells of the BZ torus.
In fact, an element of the form P∗

k (v) has nonzero components
only for the cells which are contained in the closure of the
cell centered at k. It follows, that the matrix entries, aikx, are
nonzero only when x∗ � k coordinate-wise, i.e., x∗

i � ki for
all i = 1, . . . , d .

We now analyze the case where x∗ � k. The fundamental
AI-bundle associated with x is constructed using the function
ν

g
x (k); see Eq. (B79). Let x∗

0 = k0 denote a particular recipro-
cal pair. We wish to find the k0-component of the fundamental
AI-bundle for all x1 � x0. Every x1 � x0 can be written as
x1 = x0 + x⊥, where x⊥ is orthogonal to the torus with center
k0. For every g ∈ Gk0 and every k ∈ T̄k0 , since k · x⊥ = 0, one
has

νg
x1

(k) = exp{i(g(x1) − x1) · k}
= exp{i(g(x0 + x⊥) − x0 − x⊥) · k}
= exp{i(g(x0) − x0) · k + i(g(x⊥) − x⊥) · k}
= exp{i(g(x0) − x0) · k} = νg

x0
(k), (B88)

which is the function used to construct the fundamental
AI-bundle of the smaller torus, T̄k0 . It follows that, up to
appropriate inductions and restrictions, the entry, aik0x1 , of the
matrix ai is a multiple of the entry, aik0x0 , i.e., of the corre-
sponding diagonal entry. This readily implies that the upper
triangular matrix, aikx, can be diagonalized using invertible
column operations. Hence, we have an isomorphism of the
cokernel of ai and that of its diagonalized version,

⊕
x aix∗x.

c. The spectral lift of atomic insulators

We now show that the collection of Abelian groups, AIp,q
G ,

and the collection of maps, aip,q, are all the (p, q)-pieces of
a single map of KR-modules. We can view KRG as a ring
in SpctG×ZT

2 , and we shall construct a KRG-module, AIG,
together with a map of modules, ai : AIG → KRG(T̄ ), which
specialize to the desired lifts to KR-modules by forgetting the
G-action.

We start with the groups AIp,q
G . Let WPG denote the set

of points in Ed/� with half-integral entries in reciprocal
primitive lattice vector coordinates so that WP is the set of
representatives for each orbit of a point in WPG under the
G-action on WPG. We can view WPG as a discrete object
of the ∞-category SpsG×ZT

2 by letting ZT
2 act trivially. This

entices the definition,

AIG
def= KRG ⊗ S[WPG] ∈ ModKRG

(
SpctG×ZT

2
)
. (B89)

To see that π−p,−q(AIG) = AIp,q
G , with respect to the previ-

ous definition of the AI groups, we note that S[WPG] �⊕
x∈WP IndG

Gx
(S). Hence, by tensoring with KRG, we get

AIG �
⊕

x∈WP
IndG

Gx
(S) ⊗ KRG �

⊕
x∈WP

IndG
Gx

(KRG).

(B90)
Taking bigraded homotopy groups we find,

π−p,−q(AIG) �
⊕

x∈WP
π−p,−q

(
IndG

Gx
(KRGx )

)

�
⊕

x∈WP
KRp,q

Gx
(pt). (B91)
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Hence, AIG is a lift of the bigraded Abelian group of AI-
bundles.

We now turn to the maps ai
p,q. To define a lift of them

to a map of modules over KRG, we need to specify a
map, ai : KRG ⊗ S[WPG] → KRG(T̄ d ). The left-hand side
is the free KRG-module on the finite G × ZT

2 -set, WPG.
Hence, such a map is determined uniquely by a class
in KR0,0

G (WPG × T̄ d ) � ⊕
x∈WP KR0,0

Gx
(pt). Consider the

function, (x, g, k) �→ ν
g
x (k), defined on WPG × G × T̄ d . We

can associate with it, as in the construction of the fundamental
AI-bundles [Eq. (B80)], a G-equivariant vector bundle on
WPG × T̄ d . This bundle yields the fundamental AI-bundles
by restricting it to WP , which is the set of orbits of G on
WPG. This provides the desired class in KR0,0

G (WPG × T̄ d ).

d. Representation-theoretic interpretation

We end this Appendix by describing the fundamental
AI-class, v1

x , explicitly. Using such description, with the KR-
module lifts from the previous section, one may compute the
map, ai, uniformly in the bidegrees. Based on the reduction
of ai to its diagonal terms by column operations, we may
consider only the diagonal entries of the matrix ai. Fortu-
nately, an elegant computation scheme was given by Shiozaki
in Ref. [102].

Let us focus, from now on, on a single Wyckoff position
x and its associated high symmetry momentum k = x∗. Par-
ticularly, for simplicity’s sake, we take x = ( 1

2 , . . . , 1
2 ), where

G = Gk = Gx, other Wyckoff positions are treated completely
analogously.

Let ρ : G → O(Q) denote the quadratic representation of
G on the cell with center k with respect to a negative definite
G-invariant quadratic form. We then wish to compute the k-
component of v1

x , i.e., a class in KR0,0
G (Sρ ). By Eq. (B76),

such a class can be specified by a Z2-graded representation of
the Z2-graded algebra ClQ[G].

The representation sphere, S̄ρ , has opposite quadratic rep-
resentation to ρ, i.e., it is the same linear representation with
quadratic structure given by −Q. The algebra, ClQ⊕−Q �
ClQ⊗̂Cl−Q, has a natural action on ClQ via the left and
right multiplication of ClQ. This action is compatible with
the action of G, turning ClQ into a ClQ⊕−Q[G]-module. In
fact, using the Atiyah-Bott-Shapiro construction, Eq. (B76),
the isomorphism, KRG(pt)

∼→ KRG(Sρ ⊗ S̄ρ ), is given by
V �→ V ⊗ ClQ ∈ RRepZ2

(ClQ⊕−Q[G]), for V ∈ RRep(G). In
particular, the image of 1 ∈ KR0,0

G (pt) is represented by ClQ

as a Z2-graded representation of ClQ⊕−Q[G]. Hence, follow-
ing the discussion below Eq. (B77), if i : Sρ ↪→ Sρ ∧ S̄ρ is the
linear embedding, then the composition,

KRG(pt)
∼→ KRG(Sρ ⊗ S̄ρ )

i∗−→ KRG(Sρ ), (B92)

takes the generator, 1 ∈ KRG(pt), to the representation, ClQ,
of ClQ[G], cf. Eq. (28). The result of Shiozaki [102], regarding
the fundamental AI-bundle, can now be stated as follows: The
k-component of the fundamental AI-class, v1

x , is representable
by the ClQ[G]-module, ClQ.

As a module, ClQ is spanned by the monomials, (ei1 · · · eik ),
for i = 1, . . . , dim(Q); see Eq. (B17). The algebra ClQ acts on
itself by multiplication from the left. Similarly, the group G

acts on ClQ via its action on the quadratic representation space
of ρ and the functoriality of the construction of the Clifford
algebra. These two compatible actions combine to endow ClQ

with a structure of a ClQ[G]-module. Concretely,

(eg) · (ei1 · · · eik

) def= e · g
(
ei1

) · · · g
(
eik

)
, (B93)

for e, ei1 , . . . , eik ∈ ClQ and g ∈ G; cf. Eq. (B4).
This explicit description allows us to represent the funda-

mental AI-bundle as a direct sum of irreducible Z2-graded
representations of ClQ[G], and hence completely identify its
class in π0(KRG(Sρ )) via the G-equivariant isomorphism in
Eq. (B76). Once identified, one may easily quotient out the
AIs from the K-theory classification.

APPENDIX C: ISOMORPHISM

In this Appendix, we recapitulate the essentials of the
isomorphism Eq. (20). This isomorphism was originally pre-
sented in Ref. [62] by one of the present authors (E.C.)
and Chapman as part of the classification of Dirac Hamil-
tonians invariant under any point-group symmetry, G. In
Appendix B 5 we have presented the proof of this isomor-
phism in the K-theoretic context used in this paper. Here we
provide a succinct description and some explicit examples.

Before presenting the isomorphism, we alert the reader
that a working knowledge of Clifford algebras and Z2-graded
representation theory is required for the understanding of this
Appendix (this was not necessary for the understanding of
the main text). All the relevant mathematical background is
provided in Appendix B 1; we also refer the reader to Ref. [62]
where an extensive and detailed introduction to these subjects
is given.

1. Description of the isomorphism

The aim of the isomorphism is to decompose the
spin-twisted G-equivariant reduced K-theory of a sphere,
K̃Rω;p,q

G (S̄d ), into direct summands of nonequivariant K-
theories, K̃Rp−pρ ,q−qρ (S̄d ) and K̃Cp−pρ ,q(S̄d ), for some ex-
plicitly determined representations and degrees, ρ and pρ, qρ .

As discussed in Appendix B 5 d, the K-theory is com-
pletely determined by the Z2-graded real representation ring,

K̃R
−p,−q
G (S̄d ) � RRepZ2

(Clp,q⊗̂Cl0,d [G])

RRepZ2
(Clp+1,q⊗̂Cl0,d [G])

. (C1)

Here Cl0,d [G] is the algebra generated from G and
e1, . . . , ed ∈ Cl0,d such that G acts geometrically, i.e.,

geig
−1 =

∑
j
[Og]i je j, (C2)

where Og ∈ O(d ) is the geometric action of the point-group.
Moreover, if G admits a Pin−(d ) structure, then

Cl0,d [G] � Cl0,d⊗̂R� [G]; (C3)

for a proof by change of variables see Appendix B 5 b. Here
R� [G] is the Z2-graded real group ring of G, graded by the
determinant of the point-group geometric action,

� : G
g�→Og−−−→ O(d )

det−→ {±1} � Z2. (C4)
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The Z2-graded real group ring decomposes into direct sum-
mands of matrix algebras over Clifford algebras,

R�[G] �
⊕
ρR

MdρR
×dρR

(
ClpρR

,qρR

)⊕⊕
ρC

MdρC
×dρC

(
ClpρC

)
.

(C5)
Here each summand corresponds to an irreducible Z2-graded
representation; these may be readily determined by Table XV.

Finally, by combining Eqs. (C1), (C3), and (C5), we obtain
Eq. (20),

K̃R
p,q
G (S̄d )�

⊕
ρR

K̃R
p−pρR

,q−qρR (S̄d ) ⊕
⊕
ρC

K̃C
p−pρC

,q
(S̄d ).

(C6)
Here we have utilized Clp,q⊗̂Clp′,q′ � Clp+p′,q+q′ as well as
the Morita equivalence, RepZ2

(Mn×n(A)) � RepZ2
(A).

Formally speaking, there is an exception when � = 0, i.e.,
when all elements of G are of determinant +1. In that case,

R[G] �
⊕
ρ real

Mdρ×dρ
(R) ⊕

⊕
ρ complex

M dρ

2 × dρ

2
(C)

⊕
⊕

ρ quaternionic

M dρ

4 × dρ

4
(H). (C7)

Nevertheless, by noting that R � Cl0,0, C � Cl0 and
M2×2(H) � Cl4,0 � Cl0,4, this case may be treated using the
same framework.

a. Spins and twistings

Before moving on to the examples, let us be explicit about
spins and twistings in the K-theory. First, spinful fermions
have an intrinsic physical spin-structure of 3D space and the
action of a point-group G is hence twisted by it. This can be
easily accounted for by considering the double point-group,
Ĝ � G, and disposing the spinless contributions at the end,

R� [Ĝ] � R� [G] ⊕ R�[G]ωPin− (3) . (C8)

However, the attentive reader would notice that the Clif-
ford algebras, and hence, the K-theory, are oblivious to the
3D physical spin-structure and require a d-dimensional spin-
structure. In particular,

Cl0,d [G]ωPin− (3) � Cl0,d⊗̂R� [G]ωPin− (3)+ωPin− (d ) ; (C9)

cf. Eq. (C3). This may easily be solved by taking a
further double-cover, ˆ̂G � Ĝ � G, which admits both spin-
structures,

R� [ ˆ̂G] � R� [G] ⊕ R�[G]ωPin− (3)

⊕R�[G]ωPin− (d ) ⊕ R� [G]ωPin− (3)+ωPin− (d ) .

(C10)

This “quadruple” cover is uniquely defined by Eq. (B71). It
enables one to carry out all computations in terms of non-

twisted representations of ˆ̂G, as described above.

2. Examples

We hereby present three pedagogical examples of increas-
ing intricacy; many more examples are provided in Ref. [62].

a. 3D point-group Ci

This is one of the simplest possible examples. The point-
group, G � Z2, is generated by I2 = 1 and acts by OI =(−1 0 0

0 −1 0
0 0 −1

)
, hence det(OI ) = −1. In this case, there is no need

for taking any covers, and one simply finds

R[G] � [R]1 ⊕ [R]t2 , R�[G] � [Cl0,1]1−t2 ,

K̃R
p,q
G (S̄3) � K̃R

p,q−1
(S̄3)1−t2 , (C11)

cf. Eq. (35), where we have used Bott periodicity,
K̃Rp,q(S̄d ) � KRp−q+d,0(pt). Here, 1 is the trivial represen-
tation, and t2 is the sign representation of Z2, i.e., I �→ −1.

b. 3D point-group S4

This is the example discussed in Sec. IV B. The double
point-group, Ĝ � Z8, is generated by (ŝ4)4 = −1 and acts by
Eq. (37). In this case (since d = 3) the double point-group
suffices, and one finds

R[Ĝ] � [R]1 ⊕ [R]t4
8
⊕ [C]t2

8 +t6
8
⊕ [C]t8+t7

8
⊕ [C]t3

8 +t5
8
,

R� [Ĝ] � [Cl0,1]1−t4
8
⊕ [Cl1,0]t2

8 −t6
8
⊕ [Cl1]t8−t5

8 +t7
8 −t3

8
,

(C12)

where 1 is the trivial representation and t8 is the fundamental
complex representation of Z8, i.e., ŝ4 �→ e

2π i
8 . Notice, that

since ω is Z2-valued (see Appendix B 5 a) and since d = 3,
we have ωPin−(d ) + ωPin−(3) = 0. Therefore, by Eq. (C9), the
spinless representations of R� [Ĝ] span the spinful K-theory,
i.e.,

K̃R
ω;p,q
G (S̄3) � K̃R

p,q−1
(S̄3)1−t4

8
⊕ K̃R

p−1,q
(S̄3)t2

8 −t6
8
; (C13)

cf. Table VII.

c. 1D (rod) point-group C2h

The double point-group, Ĝ � Z2 × Z4, is generated by
inversions, Î2 = 1, and π -rotations around the crystal axis,
(ĉ2)2 = −1. In this case, the inversion symmetry acts as a
mirror on the 1D system, hence a further cover is required
for a Pin−(1)-structure; namely, ˆ̂G � Z4 × Z4 is generated by
ˆ̂I2 = −1 and ˆ̂c2 = ĉ2. One thus finds

R� [ ˆ̂G] � [R]1 ⊕ [R]t2
4

⊕ [C]t4+t3
4

⊕ [R]t ′2
4

⊕ [R]t2
4 t ′2

4
⊕ [C](t4+t3

4 )t ′2
4

⊕ [C]t ′
4+t ′3

4
⊕ [C]t2

4 (t ′
4+t ′3

4 ) ⊕ [C]t4t ′
4+t3

4 t ′3
4
⊕[C]t3

4 t ′
4+t4t ′3

4
.

(C14)

Here t4 and t ′
4 are the fundamental complex representations of

Z4 × Z4, i.e., ˆ̂I �→ i and ˆ̂c2 �→ i, respectively. The Z2-grading
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is determined by OI = (−1) and Oc2 = (+1), such that

R� [ ˆ̂G] � [Cl0,1]1−t2
4
⊕ [Cl1,0]t4−t3

4

⊕ [Cl0,1](1−t2
4 )t ′2

4
⊕ [Cl1,0](t4−t3

4 )t ′2
4

⊕ [Cl1](1−t2
4 )(t ′

4+t ′3
4 ) ⊕ [Cl1](t4−t3

4 )(t ′
4−t ′3

4 ). (C15)

By Eq. (C9), the spinful K-theory is spanned by the doubly
twisted representation of R� [ ˆ̂G]:

K̃R
ω;p,q
G (S̄1) � K̃C

p−1,q
(S̄1)(t4−t3

4 )(t ′
4−t ′3

4 ). (C16)

This provides the Z invariants of the cell centered at the Z-
point in space-group P2/m; see Table XII.
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