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Visualizing the multifractal wave functions of a disordered two-dimensional electron gas
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The wave functions of a disordered two-dimensional electron gas at the quantum-critical Anderson transition
are predicted to exhibit multifractal scaling in their real space amplitude. We experimentally investigate the
appearance of these characteristics in the spatially resolved local density of states of the two-dimensional
mixed surface alloy BixPb(1−x)/Ag(111), by combining high-resolution scanning tunneling microscopy with
spin- and angle-resolved inverse-photoemission experiments. Our detailed knowledge of the surface alloy’s
electronic band structure, the exact lattice structure, and the atomically resolved local density of states enables
us to construct a realistic Anderson tight binding model, and to directly compare the measured local density of
states characteristics with those from our model calculations. The statistical analyses of these two-dimensional
local density of states maps reveal their log-normal distributions and multifractal scaling characteristics of
the underlying wave functions with a finite anomalous scaling exponent. Finally, our experimental results
confirm theoretical predictions of an exact scaling symmetry for Anderson quantum phase transitions in the
Wigner-Dyson classes.
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I. INTRODUCTION

Multifractality is an ubiquitous phenomenon in nature that
characterizes a variety of physical phenomena from turbu-
lence [1] to fluid flow and surface growth [2]. It describes
the power-law scaling of fractal quantities with not one but
a continuous (infinite) set of anomalous scaling exponents.
Multifractality also governs the physics of the Anderson
quantum phase transition in disordered systems [3,4], which
separates phases with Anderson localized [5] and extended
wave functions in insulators and metals, respectively. In this
sense, Anderson transitions are substantially richer than ordi-
nary quantum phase transitions, where the set of anomalous
scaling exponents is finite.

At Anderson criticality, multifractality characterizes the
real space amplitude fluctuations of the underlying quantum
mechanical wave functions �(�r) [6] and thereby the real space
distribution of the corresponding local electronic density of
states (LDOS) [7,8]. Geometrically, it accounts for the
spectrum of fractal dimensions associated with topographic
lines in the real space distribution of |�(�r)|2, as illustrated
in Fig. 1(a). Defining such lines by |�(�r)|2 = const. × L−α
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(L is the system size) [9,10] the probability distribution for
the observation of a real space LDOS scaling at a given
singularity strength α is called the “singularity spectrum”,
f (α). [9,11,12]; i.e., by changing the system size L, |�(�r)|2
scales with the same exponent along one topographic line.
In the presence of multifractality at the Anderson transition,
f (α) describes a continuous set of scaling exponents, which,
away from the quantum critical point in the metallic phase,
collapses onto a line for scaling with a single exponent
[Fig. 1(b)].

Scanning tunneling microscopy (STM) experiments can
probe the LDOS with atomic resolution, and they are partic-
ularly useful to study wave function multifractality of two-
dimensional (2D) systems. Previous STM experiments on dis-
ordered two-dimensional quantum Hall systems [13,14], on
the surface of bulk GaAsMn [15], and on 2D layers of transi-
tion metal dichalcogenides [16] reported f (α) spectra, calcu-
lated from differential tunneling conductance, dI/dV , maps,
whose broadened characteristics were consistent with an inter-
pretation of multifractal scaling at criticality [cf., Fig. 1(b)].

However, such dI/dV maps do not necessarily reflect the
pure LDOS, but commonly contain contribution from other
phenomena such as charge density waves [17], quasiparticle
interference [16], and electronic correlation [15], thereby ob-
scuring the underlying eigenstate distribution characteristics.
Without a sufficiently large measurement window [13] or full
access to the wave-function decay in the three-dimensional
bulk [15], a complete picture of the eigenstate real space decay
cannot be captured. Since little is known about the underlying
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FIG. 1. Multifractal wave-function scaling in two dimensions.
(a) Calculated LDOS (|�(�r)|2) map (approx. 50 × 50 lattice sites)
of a two-dimensional electron gas exhibiting multifractal scaling
behavior with power-law decay characteristics. The LDOS scales
with different exponents α along different topographic lines (black
solid lines). (b) Schematic plot of the singularity spectrum f (α) for
a d = 2 dimensional system with multifractal (purple) and metallic
(black) scaling behavior.

local electronic structure in the presence of disorder in most
material systems studied to date, experimental results cannot
be compared with theoretical expectations, which all together
render the interpretation of a multifractal analysis challenging.

In this article, we experimentally investigate the LDOS
of the 2D mixed surface alloy BixPb1−xAg and report mul-
tifractal wave function scaling in a disordered 2D electron gas
with strong Rashba spin-orbit coupling (SOC). To this end,
we combine high-resolution STM measurements with inverse-
photoemission experiments (IPE). This combined approach
provides us with detailed knowledge on the local electronic
properties and the atomic scale lattice structure of the dis-
ordered surface alloy with chemical contrast. On this basis,
we construct a realistic Anderson tight binding model, which
allows us to compare the measured dI/dV map characteristics
with the calculated LDOS maps. The quantitative analyses
of these maps reveal their log-normal distributions and the
multifractal scaling of the mixed surface alloy LDOS. Finally,
our experimental results are in agreement with theoretical
expectations of an exact symmetry of the scaling exponents
for Anderson quantum phase transitions in the Wigner-Dyson
classes.

II. RESULTS

The BixPb1−x/Ag(111) mixed surface alloy is a 2D alloy of
randomly mixed bismuth, Bi, and lead, Pb, atoms on the (111)
facet of a silver, Ag, surface [18]. The atomically resolved
STM topography of the surface alloy is shown in Fig. 2(a).
It visualizes the random arrangement of Bi and Pb atoms
on the triangular

√
3 × √

3 R30◦ alloy lattice, where they
substitute every third Ag atom of the surface layer, leading
to strong compositional disorder at any mixing ratio without
clustering [19]. The Bi and Pb atoms retain their individual
relaxation position outside the plane of the Ag(111) surface
plane [Fig. 2(b)] by which they can be distinguished in terms

of their topographic height contrast, �z, in STM topography
maps [20]. Such analysis applied to the topography shown in
Fig. 2(a) is illustrated by the histogram in Fig. 2(c) and reveals
a Bi0.79Pb0.21/Ag(111) mixing ratio.

The 2D electronic structure of this type of surface alloys
is characterized by a set of three bands, spz, mj = 1/2, and
mj = 3/2 [18]. We performed inverse-photoemission experi-
ments on the Bi/Ag(111) (BixPb1−x/Ag(111), x = 1) surface
alloy to characterize the band dispersions along the � K direc-
tion (see Appendix A) [21]. The measured dispersions of the
unoccupied mj = 1/2 and mj = 3/2 bands shown in Fig. 2(d)
are consistent with results from ab initio calculations for that
platform [18]; please refer to Ref. [22] for the photo-emission
data of the occupied spz band in previous work. The band
structure is visibly affected by strong SOC [22], and it is con-
fined within the first atomic layer at the sample surface [22],
evidencing the 2D character of the surface alloy’s electronic
properties.

Complete substitution of Bi atoms by Pb atoms in their
lattice sites results in the formation of the pure Pb/Ag(111)
surface alloy (BixPb1−x/Ag(111), x = 0). Owing to the dif-
ferent number of valence electrons in Bi (6s2 6p3) and Pb
(6s2 6p2), the bands of a pristine (x = 0) Pb/Ag(111) alloy
(spz onset at E ≈ 650 meV) will shift by about 0.8 eV to lower
energy, when going to a pristine (x = 1) Bi/Ag(111) alloy
(spz onset at E ≈ −135 meV) [18,23]. The partial substitution
of Bi by Pb in the mixed surface alloy Bi0.79Pb0.19/Ag(111),
therefore, results in a random disorder potential, whose spatial
characteristics are determined by the position of the Pb atoms
on the alloy lattice [Fig. 2(a)].

Scanning tunneling spectroscopy measurements can be
used to characterize the influence of this random disor-
der potential on the LDOS. Figure 2(e) shows selected
dI/dV spectra, which were recorded in different regions of the
sample surface, exhibiting a varying local Bi concentration
[cf., Fig. 2(a)]. The spectra, all of which were recorded with
the STM tip located on top of a Bi atom, exhibit similar
spectral features that can be associated with the onsets of the
respective electronic bands [cf., Fig. 2(d)]. However, we find
the energetic position of these peaks to be shifted with respect
to each other in the different tunneling spectra; their posi-
tions shift from higher to lower energy, when moving from
regions of locally high Pb concentration to regions of locally
high Bi concentration [23], consistent with the presence of
a locally varying electrostatic potential. In passing we note
that the tunneling spectra also do not exhibit a suppression
of spectral weight around the Fermi level typically associated
with electron-electron interactions in the presence of disorder
[15,24–27].

To capture the real space characteristics of these disorder
induced LDOS variations, we have performed spectroscopic
imaging with the STM, where we record dI/dV maps over a
larger surface area highlighted in Fig. 3(a) (see Appendix A).
The normalized dI/dV map measured at the spz-band onset at
E = 80 meV, Fig. 3(b), exhibits a highly irregular pattern with
significant amplitude variations over nanometer length scales.
We find that a high dI/dV signal is predominantly accumu-
lated in areas of high Pb concentration, consistent with the
characteristics of the dI/dV spectra in Fig. 2(e). Conversely,
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FIG. 2. Electronic properties and atomic lattice structure of the mixed surface alloy. (a) STM topography of the Bi0.79Pb0.21/Ag(111)
mixed surface alloy (setpoint V = 3 mV, I = 7 nA). Scale bar 5 nm. (b) Schematic sketch of the mixed surface alloy’s atomic lattice structure.
The alloy atoms substitute every third Ag atom of the surface layer, forming a

√
3 × √

3 R30◦ lattice structure. �z denotes the apparent
height difference between the Bi and Pb atoms as measured with the STM; X denotes an alloy lattice vacancy. (c) Histogram analysis of
the topography in (a) displaying the occurrence of the relative STM tip apparent height. (d) Band structure of the Bi/Ag(111) surface alloy
along �K measured by spin-resolved IPE. The data points indicate the peak positions with the solid lines as guides to the eye. Purple (blue)
colors refer to the spin-quantization axis forming a right (left) handed coordinate system with the �K line, and the sample normal. (e) dI/dV
tunneling spectra (setpoint V = −1 V, I = 1 nA, Vmod = 25 mV) measured with the STM tip located at different surface locations, which are
indicated in (a). The spectral features are labeled according to their band character.

the corresponding dI/dV map measured deep inside the spz

band at E = −400 meV, Fig. 3(c), lacks a pronounced spatial
structure, which is in agreement with the location-independent
appearance of the individual dI/dV spectra at this energy. We
further find that the dI/dV maps do not exhibit periodically
ordered real space patterns, indicating the absence of charge
density wave formation in the mixed surface alloy.

Knowledge of disorder induced LDOS characteristics from
model calculations can help to reveal the origin of the irregular
dI/dV pattern near the spz-band edge. We have constructed a
realistic 2D Anderson tight binding model of the mixed sur-
face alloy to calculate LDOS maps [5]. Commonly, numerical
investigations of the Anderson transition in two dimensions
rely on artificial disorder distributions for the calculation of
the eigenstates [28,29]. In our study, we create a realistic
Anderson model with a binary distribution of on-site disorder
potentials, which is based on our detailed knowledge of the
electronic properties and the alloy lattice structure from IPE
and STM experiments, respectively. We obtain the nearest-
neighbor hopping potentials and Rashba terms from fits to the
measured band dispersion in Fig. 2(d). Moreover, our ability
to distinguish between Bi and Pb atoms in STM measurements
[cf., Fig. 2(c)] enables us to extract the exact atomic lattice

structure of the topography in Fig. 3(a). The reconstructed lat-
tice is shown in Fig. 3(d); we use it as a structural model input
to solve for the wave functions �(�r) and to calculate realistic
LDOS |�(�r)|2 maps (see Appendix B). We also included a
Rashba term, to account for the effect of strong SOC in the
2D mixed surface alloys [22,30].

The calculated LDOS map near the spz-band edge is
shown in Fig. 3(e). It is in very good agreement with the
corresponding dI/dV map, Fig. 3(b), down to the very detail.
The measured and calculated maps deep inside the spzband,
Figs. 3(c) and 3(f) respectively, exhibit a comparable amount
of agreement despite their rather featureless appearance.

III. DISCUSSION

The remarkable agreement between the dI/dV maps and
LDOS maps shows that the measured dI/dV signal predomi-
nantly reflects the spatial distribution of the 2D mixed surface
alloy LDOS, with contributions coming from the Bi and Pb
atoms only. This agreement is not least promoted by the
absence of signatures of electronic correlations and charge
density wave order in our experimental data in Figs. 2(e)
and 2(b)–2(c), respectively. While the absence of these
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FIG. 3. (a) STM topography of the Bi0.79Pb0.21/Ag(111) mixed surface alloy (setpoint V = 3 mV, I = 7 nA). Scale bar 10 nm. The purple
box (20 × 20 nm2) highlights the area in which the normalized dI/dV maps have been measured: (b) at the spz-band edge (+0.08 eV),
(c) within the spz band (−0.4 eV) (setpoint I = 1 nA, Vmod = 25 mV). (d) Reconstructed lattice model of the mixed surface alloy, where the
topography in (a) serves as structural input for the Anderson tight-binding model calculation. Panel (e) and (f) show the calculated normalized
LDOS maps at the spz-band edge and inside the spz band, respectively (please refer to Table I for numerical parameters).

phenomena could be explained by the elevated temperature of
our experiment (100 K), it is also consistent with the metallic
character and the relatively simple topology of the spz band
[cf., Fig. 2(d)] [18].

Deviations between the measured and calculated spatial
LDOS distributions likely result from the simplicity of our
Anderson tight binding model described in Appendix B.
This model considers only isotropic nearest-neighbor hop-
ping terms within a single band. It further neglects coupling
between alloy atoms and Ag substrate, which should di-
rectly influence the electronic structure, and which we identify
as a major source of these deviations. We anticipate that
an extension of the model by next-nearest-neighbor terms
would, by contrast, cause comparably smaller corrections to
the electronic structure of the mixed surface alloy and can,
therefore, be neglected. This choice is, further, justified by the
good agreement between the experimentally determined, see
Fig. 2(d), and calculated, Fig. 5, free-electron-like spz-band
structure, respectively.

The agreement between experiment and theory, therefore,
emphasizes the predominant influence of the Pb atom in-
duced random disorder potential on the spatial distribution
of the mixed surface alloy’s LDOS. This finding is also re-
flected in the individual dI/dV spectra in Fig. 2(e), where
the local Pb concentration affects the energetic position of
the spz-band edge. Consequently, these spectra miss the
sharp Rashba-induced van-Hove singularity at the band onset,
which was previously observed for both the pure Bi/Ag(111)

and Pb/Ag(111) surface alloys [23]. Importantly, we empha-
size that the characteristic length scale of the measured and
calculated LDOS near the band edge, see Figs. 3(b) and 3(e)
respectively, is much larger than the atomic length scale of the
disorder potential. The LDOS does not merely follow the local
potential; instead, its structure emerges from the antagonistic
interplay of localizing Pb impurities and delocalizing kinetic
energy.

Theoretically, for binary alloys, a disorder induced expo-
nential tail in the average density of states is expected inside
the (clean) band gap [31]. This tail is formed by spatially
localized impurity states, which (for the present case of a 2D
system with spin-orbit coupling) are energetically separated
by a sharp mobility edge from extended states far inside the
band [32]. This picture is corroborated by our detailed anal-
ysis of the wave function decay characteristics based on the
normalized partition ratio, NPR [33]: We find that the average
wave-function decay length is of atomic scale at the spz-band
edge, and reaches the size of our measurement frame (20 nm)
at E ≈ −100 meV (see Appendix D). The picture of a mo-
bility edge also manifests in the spatial characteristics of the
LDOS distributions; while the LDOS inside the localized im-
purity band and near the mobility edge exhibits a spatially ir-
regular pattern, Figs. 3(b) and 3(e), the LDOS deep inside the
the spz band, Figs. 3(c) and 3(f), appears more homogeneous,
characteristic for the extended wave function of a metal.

These observations can be further quantified by investi-
gating the LDOS distribution function, which illustrates the
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FIG. 4. Multifractal analysis of the measured and calculated LDOS maps. (a) Left panel: Statistical distribution of the dI/dV amplitude
for the map measured at V = 80 mV near the spz-band edge in Fig. 3(b). Right panel: The same analysis applied to the map measured at
V = −400 mV inside the spz band in Fig. 3(c). The black lines represent the corresponding calculated distribution functions. (b) Left panel:
Statistical distribution of the LDOS amplitude for the map calculated at the spz-band edge in Fig. 3(e). Right panel: The same analysis applied
to the calculated map inside the spz-band in Fig. 3(f). (c) f (α) of the dI/dV maps in Fig. 3(b) (purple circles) and Fig. 3(c) (blue diamonds).
(d) f (α) of the calculated LDOS maps in Fig. 3(e) (purple circles) and Fig. 3(f) (blue diamonds). (e) Bottom panel: Magnification of the f (α)
spectra shown in (c). The black solid lines are the quadratic fits to the data. Top panel: Magnified view around the f (α) maxima.

relative occurrence of LDOS amplitudes in a given area [7,8].
Whereas the LDOS of extended wave functions follows a
Gaussian distribution, wave function multifractality yields a
log-normal LDOS distribution, anticipating the broad distri-
bution of the insulating state [9]. Applying such an analysis to
the measured LDOS maps of the spz band, Figs. 3(b) and 3(c),
reveals their log-normal characteristics near the band edge,
μ = log(0.975) and σ = 0.25), and, by contrast, their Gaus-
sian characteristics, σ = 0.13, inside the band [Fig. 4(a)].
We obtain similar characteristics for the LDOS distribution
from model calculations, Fig. 4(c). Even though both LDOS
maps follow a log-normal distribution, their skewness is more
pronounced near the spz-band edge as compared to inside the
spz band, Fig. 4(c).

The corresponding multifractal singularity spectrum, f (α),
can be directly calculated from the LDOS maps as a func-
tion of the singularity strength, α, see Appendix C [34]. In
Fig. 4(c) we plot f (α) of the measured LDOS maps. The
broadened parabolic appearance of f (α), centered at α > 2,
supports that the mixed surface alloy LDOS exhibits mul-
tifractal scaling behavior. f (α) of the LDOS map near the
spz-band edge, Fig. 4(c), is significantly wider than the f (α)
of the LDOS map measured inside the spz band. This obser-
vation is consistent with the different character of the LDOS

distribution functions in Fig. 4(a) and with the highly irregu-
lar (homogeneous) real space pattern of the LDOS maps in
Figs. 3(b) [Fig. 3(c)]. f (α) of the calculated LDOS maps,
Fig. 4(d), exhibit a wider shape than their experimental coun-
terparts, consistent with the corresponding deviations between
the LDOS distributions, Figs. 4(a) and 4(b), but show overall
very good qualitative agreement. The deviations could, on the
one hand, be rooted in the discussed simplifications of the
Anderson model. On the other hand, the finite temperature of
our experiment (100 K) promotes electron-phonon scattering
induced quantum decoherence, weakening the eigenstate mul-
tifractality in the measured LDOS maps.

The anomalous eigenstate scaling distinguishes the quan-
tum critical wave functions from those in the metallic phase at
α = 2 [10]. It has been theoretically shown that the anomalous
scaling of the Wigner-Dyson classes exhibits an exact sym-
metry [35], which, for a 2D system, manifests in the relation,
f (α) = f (4 − α) − 2 + α. At weak multifractality, the asso-
ciated singularity spectrum, f (α) = 2 − (α − 2 − γ )2/(4γ ),
is parabolic, where γ is a measure for the strength of mul-
tifractality and defines both the maximum at α = 2 + γ and
the opening angle of the parabola [10]. We note that the
mixed surface alloy, which preserves time-reversal symmetry
and whose electronic states are strongly influenced by SOC
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[18,22], falls into the symplectic Wigner-Dyson class AII for
which numerical calculations predict γ = 0.172 [10].

Our quantitative analysis of the experimental f (α) in
Fig. 4(e) reveals their predominently parabolic characteristics
and consistency with the theoretical expectation of an
exact anomalous scaling symmetry. Applying a quadratic
fit to f (α) we obtain γexp = (6.3 ± 0.4) × 10−3 (γcalc =
(21.6 ± 1.1) × 10−3) and γexp = (1.30 ± 0.05) × 10−3

(γcalc = (2.60 ± 0.05) × 10−3) for the experimental
(calculated) LDOS map near the edge and inside the spz

band. We note that nonparabolic corrections for f (α) < 1.5,
Figs. 4(c) and 4(d), are in agreement with previous theoretical
work on the scaling symmetry [29].

The extracted small values of γ , on the one hand, re-
flect moderate multifractality below the theoretically expected
extent. It is likely that the previously discussed finite ex-
perimental temperature (100 K) weakens the multifractal
characteristics. What is more, our measurement also integrates
the eigenstates over a 70 -meV window, including those states
deeper inside the band, which exhibit extended state charac-
teristics; cf. normalized partition ratio analysis in Appendix D.
In particular, the normalized disorder strength in the mixed
surface alloy W/t = 0.7 (W is the difference between Bi and
Pb onsite potentials, t is the nearest-neighbor hopping) such
that most eigenstates in the mixed surface alloy spz band are
delocalized and away from the critical point. By comparison,
highly accurate model calculations at criticality with W/t > 5
show an enhancement of γ by almost a factor of 10 that
manifests in an accordingly larger degree of wave-function
multifractality [28,29].

Finally, in order to estimate the impact of the men-
tioned experimental limitations, we analyze the dI/dV map
measured at E = 1 eV near the mj = 3/2-band onset. Here
one would also expect multifractal wave function charac-
teristics similar to those observed near the spz-band edge,
Figs. 3(b) and 4(a), but these characteristics are not detected,
Appendix E. Even though the real space pattern of the dI/dV
map, Fig. 7(a), appears irregular, areas of high and low dI/dV
amplitude, respectively, are found with similar occurrence;
this is also reflected in the quasi-Gaussian distribution in
Fig. 7(b). This discrepency of observations can be understood
in terms of Fermi liquid theory, according to which quasipar-
ticle scattering is strongly enhanced at 1 eV away from the
Fermi energy. This process promotes eigenstate decoherence,
which is detrimental to the observation of multifractality char-
acteristics. Argumentum a contrario, we take this discussion
as evidence for sufficient quantum coherence for the detection
of multifractality at the spz edge.

IV. CONCLUSION

We combined STM and IPE experiments with Anderson
model calculations to study the real space LDOS
characteristics of the 2D mixed surface alloy
Bi0.79Pb0.21/Ag(111). Spectroscopic measurements of the
LDOS with the STM reveal a strong influence of a locally
varying disorder potential on the electronic states that is
induced by the different valency of the Bi and Pb atoms.

The effect of disorder-induced wave function localization
in the mixed surface alloy is quantified by the statistical

analysis of the spatial LDOS distributions. We observe the
log-normal characteristics of localized states near the spz-
band edge, and the Gaussian characteristics of metallic states
inside the spz band, indicating the presence of a mobility edge.
The singularity spectra further reveal multifractal scaling of
the eigenstate amplitude, which we find to be significant near
the spz-band edge.

We can reproduce these observations with very good agree-
ment through realistic Anderson model calculations, which
are based on our detailed knowledge of the electronic prop-
erties and the atomic scale lattice structure of the surface
alloy. The same analysis further confirms the symmetry of
the anomalous eigenstate scaling at criticality in the Wigner-
Dyson classes, which was theoretically predicted.

Looking ahead, realizing a larger disorder strength in this
material system–for instance by moving beyond a binary
alloy and by combining suitable elements with enhanced on-
site potential differences–would be desirable, because such
systems could provide deeper insights into strong multifrac-
tal eigenstate scaling [10,29]. We anticipate that performing
these and related experiments at much reduced temperatures
should suppress scattering-induced eigenstate decoherence
and enhance the detection of multifractal characteristics. Re-
cent experiments on 2D films of disordered transition-metal
dichalcogenides also suggest the existence of multifractal su-
perconductivity [16,36]. Applying our methodology to these
systems could provide unique insights on the underlying nor-
mal state eigenstate multifractality and its correlation with the
superconducting critical temperature [37–41]. In this regard,
the actively studied material class of the superconducting high
entropy alloys could represent avenues to explore the interplay
of wave function multifractality at strong compositional disor-
der with the properties of the superconducting order parameter
[42,43].
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APPENDIX A: MATERIALS AND METHODS

Preparation of the BixPb1−x/Ag(111) mixed surface alloys
was done by the coevaporation of sub-monolayer amounts
of Bi and Pb atoms on an atomically clean Ag(111) sur-
face. The Ag substrate was cleaned by subsequent cycles
of argon sputtering and thermal annealing. During the alloy
deposition, the sample was kept at a temperature of 573 K
for optimal mobility of the atoms to form a long-range or-
dered alloy. Sample preparation and measurements were done
in the ultrahigh vacuum environment, p � 10−10 mbar, of a
home-built scanning tunneling microscope. The temperature
of tip and sample during measurements was 100 K. The tunnel
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conductance spectra and maps were measured at appropri-
ate bias V and current I setpoints, respectively, which are
indicated in the figure captions, using a lock-in modulation
amplitude, Vmod = 25 mV. A flat background was subtracted
from the tunnel conductance map to account for the finite and
spatially homogeneous background LDOS from the Ag(111)
bulk states. The overall energy resolution of our experiment
was determined to be about 70 meV.

Spin-resolved IPE was performed at room temperature
using spin-polarized electrons emitted from a GaAs photo-
cathode [44]. The photons were detected with a Geiger-Müller
counter at E = 9.8 eV [45]. The overall IPE energy resolution
was 350 meV and the angular resolution ±2◦ [46].

APPENDIX B: ANDERSON TIGHT BINDING MODEL

We calculate theoretical LDOS maps using a realistic An-
derson tight binding model of the 2D mixed surface alloy
[5,47,48]. We use a single pz-orbital model with on-site po-
tential εi and a nearest-neighbor hopping potential t , which
is isotropic on the alloy’s 2D hexagonal lattice. To simplify
the model calculation, we also assume identical hopping po-
tentials for all different nearest-neighbor pairs and we neglect
coupling of the alloy atoms to the Ag substrate. Strong SOC
in the BixPb1−x/Ag(111) mixed surface alloy [22] is consid-
ered by a nearest-neighbor Rashba-type spin-splitting with
coupling constant αR [30,49]:

H =
∑

i,σi

εi |i, σi〉〈i, σi| +
∑

〈i, j〉,σi=σ j

t |i, σi〉〈 j, σ j | +
∑

〈i, j〉,σi �=σ j

αR(�σ × �τi j )z|i, σi〉〈 j, σ j |. (B1)

The angle parentheses in the second sum limits indicate
summation over nearest-neighbor, �σ is the vector of Pauli
matrices, �τi j is a unit vector connecting two neighboring
atoms, and σi is the spin index. We use the reconstructed
atomic lattice structure in Fig. 3(d) as structural model input
to assign the Bi and Pb specific on-site potentials εi. The
tight-binding calculation gives access to the complete set of
eigenstates �(�r, E ) of the mixed surface alloy that can be
used to calculate spatially resolved eigenstate density from
eigenstate spinors,

|�(�r, E )|2 = |�(�r, E ,↑)|2 + |�(�r, E ,↓)|2. (B2)

Realistic LDOS maps [cf., Figs. 3(e) and 3(f)] are obtained
by convolving the spatially resolved eigenstate densities with
a Gaussian function (σ = 35 meV) to account for the finite
temperature and energy resolution of our experiment.

We obtain realistic values for the Rashba and hopping
potentials by fitting the calculated surface alloy bands to the
experimentally determined band dispersions [Fig. 1(d)]. The
band dispersion in momentum space can be calculated by a

FIG. 5. Calculated band structure of the spz band. The corre-
sponding tight-binding parameter are given in Table I. The energy
scale is given in units of E/t .

Fourier transformation of the eigenstates obtained from the
Anderson tight-binding model under periodic boundary con-
ditions [50–53]. The calculated spz-band dispersion, which
is shown in Fig. 5, is consistent with results from ab initio
calculations [18] and from photoemission experiments [22].
Additionally, we find good agreement between the resulting
hopping parameter, t = 0.4 eV, and the full spz bandwidth,
W ≈ 3.5 eV, which was determined in photoemission experi-
ments [54]. W/t = 8.75 closely matches the bandwidth of the
calculated spz band shown in Fig. 5.

Finally, we obtain a realistic estimate for the Bi and Pb
on-site potential difference �ε = εPb − εBi from the relative
energy shift of the band onsets in the dI/dV spectra in
Fig. 2(e). The complete parameter set for the Anderson tight-
binding model is given in Table I.

APPENDIX C: MULTIFRACTAL ANALYSIS

The multifractal singularity spectrum f (α) can be calcu-
lated from 2D maps using a method developed by Chhabra
and Jensen [34]. This analysis is based on the numerical
evaluation of the normalized local box probabilities μj(λ, q),

μ j (λ, q) = 1
∑N (λ)

k=1 Pk (λ)q
Pj (λ)q, (C1)

TABLE I. Parameters used in the tight-binding calculation for the
different local density of states (LDOS) maps. The first column indi-
cates the band character. Eexp is the energy at which the experimental
LDOS map has been measured, εBi and εPb are the on-site potentials
for the Bi and Pb atoms, respectively. εdef is the on-site potential of
an defect site, where no alloy atom is substituted (black dots in the
topography). t is the hopping parameter, αR is the Rashba parameter,
Epos is the energy shift from the band edge at which the LDOS map
has been calculated, and Ebroad is the full width at half maximum
value for the Gaussian broadening with which the calculated data
has been convoluted. All values are given in electronvolts.

Band Eexp εBi εPb εdef t αR Epos Ebroad

spz 0.08 −0.14 0.14 0.32 0.4 0.3 −0.06 0.07
spz −0.40 −0.14 0.14 0.32 0.4 0.3 −0.6 0.07

013022-7
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FIG. 6. NPR as a function of the energy, E , from the band onset,
E0 = 0, for each calculated eigenstate in the spz band. The shaded
Gaussian shows the weighted integration interval for the calcula-
tion of the LDOS map in Fig. 3(e). The insets show the spatially
resolved eigenstate densities, |�(�r, E )|2, at the respective energies
(purple/white: high/low values, edge length 20 nm).

where Pk(λ)q denotes the probability of the qth moment of the
LDOS distribution to be located in box k. The square shaped
box with edge length, Lk, is characterized by its normalized
size, λ = Lk/Lm, determining the amount of boxes, N , in-
side a given square shaped LDOS map of edge length Lm.
Put into the context of the LDOS maps, Pk(λ)q denotes the
sum of the LDOS spectral weight inside a box of size λ at
position k.

Knowledge of μj(λ, q) enables the direct calculation of
f (α),

f (α(q)) = lim
λ→0

∑N (λ)
j=1 μ j (λ, q) ln (μ j (λ, q))

ln (λ)
, (C2)

and the singularity strength, α(q),

α(q) = lim
λ→0

∑N (λ)
j=1 μ j (λ, q) ln (Pj(λ)q)

ln (λ)
. (C3)

We used λ = 0.1 and a moment interval q = [−200, 200] for
the calculation of the f (α) shown in Figs. 4(c) and 4(d).

APPENDIX D: NORMALIZED PARTITION RATIO
ANALYSIS

The normalized partition ratio (NPR) can be used as a
measure to quantify eigenstate localization in a given physical

FIG. 7. (a) Normalized dI/dV map [area: purple box in STM
topography of Fig. 3(a)] measured around the band minimum of the
mj = 3/2-band (setpoint V = 1 V, I = 1 nA, Vmod = 25 mV, scale
bar 5 nm). (b) Statistical distribution of the corresponding dI/dV
amplitude.

system. For a given eigenstate of a tight-binding-model, it is
defined as

NPR = 1/(N
∑

�r
|�(�r)|4), (D1)

where N denotes the number of lattice sites and
∑
�r

|�(�r)|2 =
1 [33]. The NPR describes the fraction of system sites,
which contribute to the spectral weight of an eigenstate.
For a completely extended state, which exhibits plane wave
characteristics, NPR → 1. The more localized the state is,
the smaller the NPR becomes. For a fully localized state,
NPR → 0. Figure 6 shows the NPR, which was calculated
for the Anderson tight-binding model eigenstates of the spz

band as a function of the energy separation from the band
onset at E0 = 0 meV. We also plot the spatially resolved den-
sity distribution, |�(�r)|2, of selected eigenstates in the insets.
NPR ≈ 0.1 for the eigenstates near the band onset signals
eigenstate localization, which is consistent with the spatial
characteristics of the corresponding |�(�r)|2. Moving inside
the band, the NPR increases, until it plateaus at NPR ≈ 0.9
deep inside the spz band, a trend which is also reflected in the
real space characteristics of the |�(�r)|2.

APPENDIX E: QUASIPARTICLE LIFETIME EFFECTS

To illustrate the effect of quasiparticle scattering on the real
space characteristics of the LDOS away from Fermi energy,
we have recorded a dI/dV map near the mj = 3/2-band edge
at E = 1 eV shown in Fig. 7(a). The corresponding LDOS
distribution histogram is shown in Fig. 7(b). It is slightly
asymmetric, but its characteristics can be well described by
a Gaussian distribution, indicating the absence of multifractal
scaling of the eigenstate real space distribution.
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