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Theory of field emission from dielectric coated surfaces
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This paper presents an exact analytical theory for field emission from dielectric coated cathode surfaces, by
solving the one-dimensional (1D) Schrödinger equation with a double-triangular potential barrier introduced by
the coating. The effects of the cathode material (work function and Fermi energy), dielectric properties (dielectric
constant, electron affinity, and thickness), applied dc field strength, and cathode temperature are analyzed in
detail. For 1D flat cathode surfaces with coating, it is found that the emission current density can be larger than
the uncoated case when the dielectric constant is smaller than a certain value εth

diel and the dielectric thickness
is larger than the threshold value dth[nm] ≈ εdielW/eF with the dielectric constant εdiel < εth

diel, where W is the
work function of the cathode material, F the applied dc field, and e the elementary charge. Our quantum model
is also compared with a modified Fowler-Nordheim equation for a double barrier, showing qualitatively good
agreement. Our study provides insights for designing field emitters with higher efficiency and better stability.
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I. INTRODUCTION

Electron field emission [1,2] attracts intensive attention in
many applications, such as flat panel display [3–5], electron
microscopes [6–8], vacuum microelectronics [9,10], x-ray
sources [11], high power microwave sources and amplifiers,
and high current cathodes [12–19], for its high efficiency,
high brightness, low emittance, and miniaturized device size
[20,21]. Field emission is also important to the emerging
vacuum nanodevices [22–26]. Common challenges of field
emission include the operation requirement of high vacuum
condition and current instabilities [27,28]. To overcome these
problems, ultrathin coatings, such as graphene, graphene ox-
ide, and zinc oxide [29–32], are fabricated onto the emitter to
provide chemical and mechanical protection. Coated emitters
are demonstrated to not only have longer current stability,
but also smaller turn-on electric field (i.e., field at which the
cathode starts appreciable electron emission) and enhanced
current emission due to the lowering of the effective poten-
tial barrier [30–35]. In addition to the artificially fabricated
coatings, native oxides or foreign adsorbates can be easily
formed on the surface of the emitter at low vacuum condition
[36]. The thin oxide film or the coated dielectric layer on the
cathode surface forms a double-layer potential barrier, which
strongly influences the field emission properties. The het-
erostructure in the emission barrier introduced by the coating
also has its potential to change the electrons’ mean transverse
energy behavior that affects beam quality, which makes it an
active area for photoinjectors for future x-ray free electron
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lasers (XFELs) [37,38]. A modified Fowler-Nordheim equa-
tion was constructed to account for the double-barrier field
emission scenario [39,40]. However, there is still a lack of
systematic analysis on the parametric scaling of field emission
from coated surfaces and comprehensive understanding of
the interplay of various parameters to optimize the design of
coated field emitters.

In this study, we develop a quantum analytical solution for
field emission from the dielectric coated cathode surface, by
solving the one-dimensional (1D) Schrödinger equation sub-
ject to the double barrier introduced by the coating layer. The
solution is applicable for arbitrary electric dc field, cathode
properties (i.e., work function and Fermi level), and dielectric
coating properties (i.e., dielectric constant, electron affinity,
and thickness). It includes not only field emission but also
thermionic emission, and can be further extended to include
photoemission. The model predicts that for 1D flat surfaces,
coatings of small dielectric constant and large electron affinity
tend to enhance the field emission current, which provides
insights for the design of a stable and efficient field emitter.

II. THEORETICAL FORMULATION

The energy diagram for electron emission from a 1D
dielectric coated metal surface is shown in Fig. 1. Elec-
trons inside the metal would see a double-triangular potential
barrier,

V (x) =

⎧⎪⎨
⎪⎩

0, x < 0,

V0 − χ − eFdielx, 0 � x < d

V0 + e(F − Fdiel )d − eFx, x � d,

, (1)

where V0 = W + EF , with W and EF being the work function
and Fermi level of the metal, respectively; χ is the electron
affinity of the dielectric; e is the positive elementary charge; F
is the applied dc electric field in the vacuum; Fdiel = F/εdiel is
the dc electric field inside the dielectric with εdiel the dielectric
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FIG. 1. Field emission from a metal surface coated with a di-
electric. The metal-dielectric interface is located at x = 0, and the
coating’s thickness is d . The metal has Fermi level EF and work
function W . The dielectric has electron affinity of χ and dielectric
constant of εdiel. The electron initial longitudinal energy is ε. The
external dc field of F (in the vacuum) is applied to the emitter
surface. The field in the dielectric is Fdiel = F/εdiel.

constant of the coating layer; and d is the thickness of the
dielectric coating layer.

To calculate the probability of electron tunneling through
the barrier, we solve the 1D time-independent Schrödinger
equation,

− h̄2

2m

∂2

∂x2
ψ (x) + [V (x) − ε]ψ (x) = 0, (2)

where ψ (x) is the complex electron wave function, h̄ is the
reduced Planck’s constant, m is the electron mass, V (x) is
the potential given in Eq. (1), and ε is the initial longitudinal
energy of the electrons incident on the metal surface. Here, for
simplicity, the electron mass m in all three regions (i.e., metal,
dielectric, and vacuum) is set equal to the electron rest mass.

For x < 0, the solution to Eq. (2) is

ψI (x) = eik0x + R1e−ik0x, (3)

where k0 =
√

2mε/h̄2, and R1 is the reflection coefficient
at the metal-dielectric interface. Equation (3) represents the
superposition of an incident wave and a reflected wave.

For 0 � x < d , Eq. (2) can be solved by transforming
it into the form of d2ψ/dη2

1 + η1ψ = 0 [1,41–43], and the
solution is expressed in terms of Airy functions as

ψII (x) = aAi(−η1) + bBi(−η1), (4)

where η1 = ( 2meFdiel

h̄2 )1/3(x + ε−V1
eFdiel

), with V1 = V0 − χ ; Ai and
Bi are the Airy functions of the first kind and second kind,
respectively. ψII represents the superposition of the transmit-
ted wave from the metal-dielectric interface and the reflected
wave from the dielectric-vacuum interface.

For x � d , the Schrödinger equation, Eq. (2), is trans-
formed into d2ψ/dη2

2 + η2ψ = 0, whose solution is

ψIII (x) = T3[Ai(−η2) − iBi(−η2)], (5)

where η2 = ( 2meF
h̄2 )1/3(x + ε−V2

eF ), with V2 = V0 + e(F −
Fdiel )d . Equation (5) represents an outgoing wave traveling
into the vacuum.

The imposition of the boundary conditions that ψ and
dψ/dx are continuous at both the metal-dielectric interface
x = 0 and the dielectric-vacuum interface x = d gives

1 + R1 = aA1 + bB1, (6a)

1 − R1 = ζ (aA′
1 + bB′

1), (6b)

aA2 + bB2 = T3(A3 − iB3), (6c)

aA′
2 + bB′

2 = ξT3(A′
3 − iB′

3), (6d)

where A1 = Ai[−η1(x = 0)], B1 = Bi[−η1(x = 0)], A′
1 =

Ai′[−η1(x=0)], B′
1=Bi′[−η1(x = 0)], A2 = Ai[−η1(x = d )],

B2 = Bi[−η1(x = d )], A′
2 = Ai′[−η1(x = d )], B′

2 = Bi′
[−η1(x = d )], A3 = Ai[−η2(x = d )], B3 = Bi[−η2(x = d )],
A′

3 = Ai′[−η2(x = d )], B′
3 = Bi′[−η2(x = d )], Ai′ and Bi′

are the first derivative of Ai and Bi with respect to their
arguments, ζ = i

k0
( 2meFdiel

h̄2 )1/3, and ξ = (F/Fdiel )1/3. The
transmission coefficient T3 is

T3 = 2

π [P(U + ζY ) − ξQ(V + ζZ )]
, (7)

where P = A3 − iB3, Q = A′
3 − iB′

3, U = A1B′
2 − B1A′

2, V =
A1B2 − B1A2, Y = A′

1B′
2 − B′

1A′
2, and Z = A′

1B2 − B′
1A2.

Note that the heterostructure in Fig. 1 can be easily solved
numerically using transfer matrix approaches [2,44]; here, we
expand such a setup analytically.

The transmission probability, defined as D(ε) =
J3(ε)/Ji(ε), is the ratio of the transmitted probability current
density to the incident probability current density, with proba-
bility current density J = ih̄/2m(ψ∇ψ∗ − ψ∗∇ψ ), given by

D(ε) = 1

π

1

k0

(
2meF

h̄2

)1/3

|T3|2 = 4αξ

π3

1

�2 + �2
, (8)

where � = A3U + αB3Y −ξ (A′
3V + αB′

3Z ), and � =
B3U−αA3Y + ξ (αA′

3Z−B′
3V ), with α = |ζ | = 1

k0
( 2meFdiel

h̄2 )1/3.
The electron emission current density can therefore be

obtained by

J = e
∫ ∞

0
D(ε)N (ε)dε, (9)

where D(ε) is given in Eq. (8) and N (ε) =
mkBT
2π2 h̄3 ln[1 + exp( EF −ε

kBT )] is the number density of electrons
impinging normal to the metal surface across a unit area per
unit time, which is calculated from the free electron theory
of metal [2,45], with kB the Boltzmann’s constant and T the
temperature.

III. PROBABILITY OF ELECTRON TUNNELING FROM
DIELECTRIC COATED SURFACE

Figure 2 shows the tunneling probability for electrons with
initial longitudinal energy of ε = EF , as a function of dielec-
tric thickness d and dielectric constant εdiel, under various
combinations of dc electric field F and dielectric electron
affinity χ , calculated from Eq. (8). The metal is assumed to
be gold, with work function W = 5.1 eV and Fermi energy
EF = 5.53 eV. Unless stated otherwise, these values are the
default cathode metal properties in this study. When F = 1
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FIG. 2. Electron tunneling probability D(ε = EF ) as a function of the dielectric thickness d and dielectric constant εdiel, under various
combinations of dc electric field F and the dielectric electron affinity χ : (a)–(c) F = 1 V/nm, (d)–(f) F = 5 V/nm, (g)–(i) F = 10 V/nm;
with χ = 1 eV in (a), (d), (g), χ = 2 eV in (b), (e), (h), and χ = 3 eV in (c), (f), (i). The electron initial longitudinal energy is assumed to be
Fermi energy ε = EF . The metal is assumed to be gold, with work function W = 5.1 eV and Fermi energy EF = 5.53 eV.

V/nm, as shown in Figs. 2(a)–2(c), the electron tunneling
probability D(EF ) decreases with the dielectric constant εdiel

for a given d . For εdiel > 2, D(EF ) decreases as d increases;
however, for εdiel < 2, D(EF ) increases as d increases. As the
dc electric field increases to F = 5 V/nm or F = 10 V/nm, as
shown in Figs. 2(d)–2(i), it is obvious that the tunneling prob-
ability D(EF ) increases, due to the narrowing of the surface
potential barrier by the dc electric field. More importantly,
there appear strong resonant peaks in D(EF ). For a given F
and χ , the resonant peaks shift to a larger value of εdiel as d
increases. The resonant peaks extend to a larger area in the
d − εdiel domain as either F or χ increases.

The effects of dielectric thickness d , dielectric constant
εdiel, and dielectric electron affinity χ on the electron tun-
neling probability D(EF ) are further shown in line plots in
Fig. 3. The solid curves, which give D(EF ) as a function
of d in Figs. 3(a)–3(c), show a parabolalike shape when
0 < d < d0, with a rough estimation of d0[nm] ∼ εdielW/eF .
When d > d0, D(EF ) oscillates around a constant and the
oscillation amplitude decays with d . For a given set of εdiel and
χ as in Fig. 3(a), when F increases, the tunneling probability
increases, due to the narrowing of the potential barrier by the
dc electric field. The resonance peaks shift towards smaller
dielectric thickness values as F increases, indicated by the
dashed line in Fig. 3(a). For fixed F and χ as in Fig. 3(b),
the tunneling probability decreases with increasing εdiel, due
to the smaller dc electric field Fdiel = F/εdiel inside the dielec-
tric. The dashed line in Fig. 3(b) indicates that the resonance
peaks shift to a larger dielectric thickness value as εdiel in-

creases, which is also consistent with the rough estimation
of d0(nm) ∼ εdielW/eF . For a given combination of F and
εdiel as in Fig. 3(c), the tunneling probability increases with
electron affinity χ , due to the lowering of the potential barrier
at the metal-dielectric interface. It is shown that increasing
χ makes the oscillation stronger; meanwhile, the resonance
peaks slightly shift to a small dielectric thickness.

It is interesting to find that the tunneling probability from
coated cathodes can be larger than that from the uncoated
ones. Some specific cases are highlighted by the yellow block
in Figs. 3(b) and 3(c). For these cases, the dielectric coated
cathode has larger electron tunneling probability than the
uncoated one, regardless of the thickness of the coating. Fig-
ures 3(b) and 3(c) show that the dielectric coating with small
εdiel and large χ tends to enhance field emission from 1D flat
cathode surfaces.

Figures 3(d)–3(f) show D(EF ) as a function of εdiel for
various F , d , and χ . It is obvious that the tunneling probability
decreases with dielectric constant, for a given combination of
F , d , and χ , due to the smaller dc electric field inside the
dielectric. For fixed F and χ in Fig. 3(e), as d increases, there
appear more resonance peaks for D(EF ) as a function of εdiel.
The curves for dielectric thickness d > 2 nm start to overlap.
That is because D(EF ) gradually becomes constant against d
for a given combination of εdiel, χ , and F , which has been
shown in Figs. 3(a)–3(c). Increasing χ results in more and
stronger resonance peaks on curves for D(EF ) vs εdiel, and
extends those resonance peaks to large εdiel values, as shown
in Fig. 3(f).
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FIG. 3. Effects of dielectric thickness d , dielectric constant εdiel, dielectric electron affinity χ , and dc electric field F on the electron
tunneling probability D(ε = EF ) from dielectric coated metal surface. D(ε = EF ), calculated from Eq. (8), as a function of (a)–(c) dielectric
thickness d; (d)–(f) dielectric constant εdiel; and (g)–(i) dielectric electron affinity χ . The electron initial energy is assumed to be Fermi level
EF . The metal is assumed to be gold, with work function W = 5.1 eV and Fermi energy EF = 5.53 eV.

D(EF ) as a function of χ is shown in Figs. 3(g)–3(i) for
various F , εdiel, and d . The tunneling probability increases
with χ , for a given set of F , εdiel, and d , due to the lowering
of the potential barrier at the metal-dielectric interface. When
εdiel increases, D(EF ) decreases, as shown in Fig. 3(h), due to
the smaller dc electric field inside the dielectric and therefore
wider potential barrier for an electron to tunnel through. When
F = 6 V/nm and εdiel = 4 in Fig. 3(i), the slope of the curves
increases with d . It can be observed that the tunneling proba-
bility for cases of d = 2 nm and 4 nm are larger than that for
cases of d = 0.5 nm and 1 nm for larger χ , which has also
been shown in Figs. 3(a)–3(c). Additionally, more resonance
peaks are observed on curves for D(EF ) as a function of χ ,
when d increases.

Figure 4(a) shows the electron tunneling probability D(ε)
as a function of electron initial longitudinal energy ε, for var-
ious combinations of dielectric coating thickness d , dielectric
constant εdiel, and electron affinity χ , with the applied dc elec-
tric field F = 7 V/nm. The tunneling probability increases as
ε becomes larger, due to the lower potential barrier seen by

electrons with larger ε. Resonances appear at certain electron
initial longitudinal energies, e.g., at ε ≈ EF , 7 eV, and 9 eV
for the case of d = 1 nm, εdiel = 1.5, and χ = 2 eV [orange
curve in Fig. 4(a)]. It is interesting to note that similar reso-
nance behavior is also observed in previous studies in electron
tunneling through the metal-oxide-semiconductor structures
[46], double-barrier semiconductors [47], metal surfaces with
closely positioned positive ions [48], and nanostructured
semiconductor film cathodes [49]. Figure 4(b) shows the elec-
tron emission current density per energy J (ε) = eN (ε)D(ε)
as a function of ε for three temperatures at T = 100, 300, and
2000 K. It is obvious that when T = 2000 K, more electrons
with initial energies above the Fermi level are emitted, since
more electrons are populated above the Fermi level at higher
temperature. The contribution due to thermionic emission
(i.e., emission of electrons with ε above the vacuum level)
can be observed for T = 2000 K, as indicated in the red
shaded area. The total emission current density [calculated
from Eq. (9)] is J = 3389, 3497, and 21150 A/cm2 at T =
100, 300, and 2000 K, respectively.
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FIG. 4. (a) Electron tunneling probability D(ε) as a function of electron initial longitudinal energy ε, for various combinations of dielectric
thickness d , dielectric constant εdiel, and electron affinity χ , at the applied dc field of 7 V/nm; (b) the emission current density per energy
J (ε) = eN (ε)D(ε) under various temperatures T = 100, 300, and 2000 K, for fixed d = 1 nm, εdiel = 1.5, χ = 1 eV, and F = 7 V/nm.

IV. EMISSION CURRENT DENSITY FROM DIELECTRIC
COATED METAL SURFACE

Figure 5 shows effects of dielectric thickness d , dielectric
constant εdiel, electron affinity χ , and dc electric field F on the

emission current density J calculated from Eq. (9). Since most
of the emitted electrons are with initial energies near the Fermi
level at room temperature, indicated in Fig. 4(b), the emis-
sion current density follows similar trends as the tunneling

FIG. 5. Effects of dielectric thickness d , dielectric constant εdiel, dielectric electron affinity χ , and dc electric field F on the electron
emission current density from dielectric coated metal surface. The electron emission current density, calculated from Eq. (9), as a function of
(a)–(c) dielectric thickness d; (d)–(f) dielectric constant εdiel; and (g)–(i) dielectric electron affinity χ . The metal is assumed to be gold, with
work function W = 5.1 eV and Fermi energy EF = 5.53 eV.
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probability D(EF ) in Fig. 3. The emission current density, as
a function of dielectric thickness, shows a parabolalike shape
in the range of 0 < d � d0[nm] = εdielW/eF . When d >∼ d0, J
oscillates around a constant. The behavior where the emission
current density settles to a constant value for thick dielectric
coatings under a fixed electric field is because the potential
in the vacuum region drops below the electron initial energy,
which does not contribute to the potential barrier for electron
tunneling. As a result, the emission current is determined
by the barrier inside the dielectric region only and does not
depend on the dielectric thickness, when the thickness is large.
The oscillation can be ascribed to the interference between
incident electron waves and reflected waves inside the dielec-
tric layer [46]. It is found that resonance peaks on the curves
for emission current density J in Fig. 5 are not as sharp as
those on electron tunneling probability D(EF ) in Fig. 3. This
can be explained by the emission of electrons with different
initial energies, which, in combination, smooths the curve.
The possible physical cause is the broadening of the reso-
nances associated with the interference between reflected and
transmitted waves for different initial energy of the electrons
[44]. As F increases, the emission current density increases,
and resonance peaks shift towards smaller dielectric thickness
d , as shown in Fig. 5(a). When the dielectric constant εdiel

increases, the emission current density becomes smaller due to
the smaller dc electric field in the dielectric, so that the barrier
inside the dielectric is less narrowed. Meanwhile, an increased
εdiel shifts the resonance peaks to a large thickness d , as shown
in Fig. 5(b). When the electron affinity χ of the dielectric
increases, the emission current density increases because of
the lowering of the potential barrier at the metal-dielectric
interface, and resonance peaks shift slightly to small thickness
values. Similar to the tunneling probability in Fig. 3, a rela-
tively small εdiel or a larger χ may induce a larger emission
current density than the bare metal, as highlighted by the yel-
low blocks in Figs. 5(b) and 5(c). For the case of F = 6 V/nm,
εdiel = 2, and χ = 2 eV in Fig. 5(c), J is larger than that of the
uncoated case only near a few resonant peaks, whereas D(EF )
for this case in Fig. 3(c) is almost continuously larger than
the uncoated case for d > 1.5 nm. It can be explained by the
fact that more electrons are emitted with initial longitudinal
energies below Fermi level at room temperature, as shown in
Fig. 4(b). For electrons with ε < EF , the tunneling probability
from coated metals with dielectric thickness d highlighted
in Fig. 3(c) can be smaller than that from bare metal, thus
yielding a smaller overall emission current density.

The electron emission current density J as a function of
dielectric constant εdiel is shown in Figs. 5(d)–5(f). When εdiel

increases, J decreases. As shown in Fig. 5(e), for the case of
F = 6 V/nm and χ = 2 eV, the curves for d > 2 nm start
to get overlapped, since the emission current density becomes
almost constant as d becomes large, as shown in Figs. 5(a)–
5(c). When χ increases in Fig. 5(f), more resonance peaks
appear and extend towards larger values of εdiel.

Figures 5(g)–5(i) show the electron emission current den-
sity as a function of dielectric electron affinity χ . When χ

increases, the emission current density increases. There is a
sharp increase of the slope at χ ≈ 2.5 eV for F = 6 V/nm
in Fig. 5(g). The sharp increases of the slope are also shown
in Fig. 5(h) at χ ≈ 1.8 eV and χ ≈ 2.8 eV for the case of

εdiel = 3, and at χ ≈ 2.6 eV for the case of εdiel = 4. These
features are consistent with the resonant peaks of D(EF ) ob-
served in Figs. 3(g) and 3(h). When the dielectric thickness
increases, the slope of the curves in Fig. 5(i) increases. At
χ = 3 eV, the emission current density with d = 2 and 4 nm
exceeds that with d = 0.5 and 1 nm in Fig. 5(i). This shows
that at large χ surfaces with thicker dielectric become better
emitters, which is because a higher χ would lower the surface
barrier, and a thicker dielectric layer would provide an overall
smaller tunneling barrier (see, e.g., the barriers in Fig. 7).

As already seen in Figs. 3 and 5, coating with a relatively
small εdiel or a larger χ may induce a larger emission current
density than the uncoated cathode. Figure 6 provides more
calculations to determine the threshold values of dielectric
thickness dth and dielectric constant εth

diel, at which the emis-
sion current density J is equal to that from the bare metal, for
a given dielectric electron affinity χ and dc electric field F .
When χ = 1 eV and F = 5 V/nm, the thresholds are found
to be dth = 1.5 nm and εth

diel = 1.38, as shown in Fig. 6(a). A
dielectric constant smaller than εth

diel would enhance the elec-
tron emission compared to the uncoated case, with thicknesses
corresponding to the curves above the horizontal dashed line.
When the dielectric electron affinity increases to χ = 2 eV,
the dielectric thickness and dielectric constant thresholds be-
comes larger, i.e., dth = 1.77 nm and εth

diel = 2.09 in Fig. 6(b).
When the dc field increases to 10 V/nm, the dielectric thick-
ness and dielectric constant threshold shift towards smaller
values, i.e., dth = 0.86 nm and εth

diel = 1.35 in Fig. 6(c).
Although it is difficult to give an exact expression to determine
the dielectric constant and thickness thresholds, it is found that
all three cases in Fig. 6 roughly follow the empirical relation
at room temperature,

dth[nm] = εth
dielW

eF
, (10)

whose physical origin will become clear from the analysis of
the potential barrier profiles in Fig. 7.

Figures 7(a)–7(c) show the potential profile induced by
the dc electric field F = 5 V/nm, for the coated metal with
various dielectric thicknesses. The dielectric constants for
Figs. 7(a)–7(c) are εdiel = 1.2, 1.38, and 1.5, respectively,
where εdiel = 1.38 is the dielectric constant threshold for the
case of χ = 1 eV and F = 5 V/nm in Fig. 6(a). In the
dielectric layer, the slope of the potential profile is F/εdiel.
To evaluate how the potential barrier affects the tunneling
probability, the potential barrier width w(ε), indicated by the
double-arrow line at initial energy ε in Fig. 7(a), and the
corresponding tunneling probability D(ε) at ε = EF are plot-
ted as a function of dielectric thickness d in Figs. 7(d)–7(f).
The potential barrier width w(EF ) increases with the dielec-
tric thickness d when d < εdiel(W −χ )/eF [for arbitrary ε,
this is εdiel(W + EF − ε−χ )/eF ], due to the smaller electric
field in the dielectric than that in the vacuum. w(EF ) de-
creases in the dielectric thickness range of εdiel(W −χ )/eF <

d < εdielW/eF , where electrons need to tunnel through two
separate barriers—one in the dielectric and the other in the
vacuum. When d > εdielW/eF [this is εdiel(W + EF − ε)/eF
for arbitrary ε ], electrons with initial longitudinal energy of
EF can be emitted by tunneling through only the barrier in the
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(a) (b) (c)

FIG. 6. Emission current density as a function of dielectric thickness d under various dielectric constants εdiel for (a) χ = 1 eV and
F = 5 V/nm, (b) χ = 2 eV and F = 5 V/nm, and (c) χ = 1 eV and F = 10 V/nm. The metal is assumed to be gold, with work function
W = 5.1 eV and Fermi energy EF = 5.53 eV.

dielectric and therefore the barrier width w(EF ) reaches a
constant for the same applied dc electric field.

The corresponding electron tunneling probability, shown
as blue curves in Figs. 7(d)–7(f), decreases as w(EF ) in-
creases, and increases when w(EF ) decreases. D(EF ) reaches
its first resonance peak at d ≈ εdielW/eF , where electrons
only need to tunnel through one potential barrier to emit. The
red dashed lines in Figs. 7(d)–7(f) indicate that the maximum
resonance peak of D(EF ) is roughly at the same thickness
d = εdielW/eF [cf. Eq. (10)], where w(EF ) starts to become
a constant. More calculations (not shown) for various combi-

(a) (d)

(c) (f)

(b) (e)

FIG. 7. (a)–(c) Potential profile for coated metal with dielectric
constants of (a) εdiel = 1.2, (b) εdiel = 1.38, and (c) εdiel = 1.5 for
various dielectric thicknesses d (nm). (d)–(f) Barrier width w seen
by the electron with initial longitudinal energy of ε = EF , and the
corresponding electron tunneling probability D as a function of
dielectric thickness d for coatings with dielectric constants of (d)
εdiel = 1.2, (e) εdiel = 1.38, and (f) εdiel = 1.5. The applied dc electric
field F = 5 V/nm. Blue dotted lines are from Eq. (11).

nations of F and χ show that the maximum resonance peak
of D(EF ) can deviate but remain close to d = εdielW/eF . It is
also found that the location of the zeros of the Airy function
for the electron wave functions approximately matches with
the coating thickness predicted by Eq. (10), where the max-
imum resonant peak occurs. The oscillation in D(EF ) after
the maximum is due to the interference between the incident
waves and reflected wave at the dielectric-vacuum interface. It
is also observed that when εdiel = 1.38, D(EF ) by the coated
metal with the dielectric thickness d = εdielW/eF = 1.41 nm
is larger than that by the bare metal, although the potential
barrier width of the coated case is larger than that of the bare
one. By observing the potential profiles in Figs. 7(a)–7(c), it is
expected that the average constant value around which D(EF )
oscillates at large d may be estimated by

D(ε) = 4α

π

1

(A1 + αB′
1)2 + (αA′

1 − B1)2 , (11)

with all the terms as defined in Sec. II [in Eqs. (6) and (8)],
which is the electron tunneling probability due to a single tri-
angular barrier (i.e., Fowler-Nordheim field emission [43,50])
with potential barrier height W −χ and electric field Fdiel.
Equation (11) is plotted as blue dotted lines in Figs. 7(d)–7(f).

Thus, by comparing Eq. (11) and the tunneling probability
from the uncoated cathode, one may determine the threshold
value of dielectric constant εdiel, which is then used in Eq. (10)
to give the threshold value of dielectric constant dth, in order
to have field emission current larger than the uncoated case
from 1D flat surfaces.

V. COMPARISON WITH MODIFIED DOUBLE-BARRIER
FOWLER-NORDHEIM EQUATION

In this section, we compare our quantum model with the
modified Fowler-Nordheim (FN) equation with a double-
barrier potential profile, developed for cathode surfaces with
an oxidation layer [39,40],

J = e3F 2

16π2 h̄W B2
exp

[
−4

√
2m

3eh̄F
W

3
2 C

]
, (12)
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with

B = εdiel

[√
Weff

W
− H (Weff − eFdield )

√
Weff − eFdield

W

]
+ H (W − eFdield )

√
W − eFdield

W
, (12a)

C = εdiel

[(
Weff

W

) 3
2

− H (Weff − eFdield )

(
Weff − eFdield

W

) 3
2

]
+ H (W − eFdield )

(
W − eFdied

W

) 3
2

, (12b)

where e and m are the positive elementary charge and electron
mass (set equal to electron rest mass in all three regions
of metal, dielectric, and vacuum), h̄ is the reduced Planck’s
constant, F is the applied dc electric field in the vacuum,
Fdiel = F/εdiel is the electric field inside the dielectric layer,
W is the nominal work function of the metal, Weff = W −χ is
the effective work function at the metal-dielectric interface,
d is the thickness of the dielectric layer, and H (x) is the
Heaviside function. In case of no dielectric layer, Weff = W ,
d = 0, εdiel = 1, B and C become 1, and Eq. (12) recovers the
Fowler-Nordheim equation [1].

The electron emission current density of the quantum
model, calculated from Eq. (9), is compared with that calcu-
lated from the modified FN equation, Eq. (12), as shown in
Fig. 8. The two models show good agreement in the scaling,
with the quantum model giving a higher emission current
density in general. This is because the quantum model con-
siders electron emission from all the energy levels at room
temperature T = 300 K, whereas the FN based model as-
sumes electron emission at 0 K. The quantum model shows
resonance behavior in J vs d , which cannot be revealed by the
modified FN equation.

VI. CONCLUSIONS

In summary, we have developed an exact theory for field
emission from dielectric coated cathode surfaces, by solving

FIG. 8. (a) The emission current density J from the dielectric
coated metal, calculated from Eq. (9) (solid lines), and the modified
Fowler-Nordheim equation, Eq. (12) (broken lines), as a function of
electric field under various combinations of dielectric thickness d ,
dielectric constant εdiel, and dielectric electron affinity χ . (b) J from
the dielectric coated metal, calculated from the quantum model (solid
lines) and the modified Fowler-Nordheim equation (broken lines), as
a function of dielectric thickness d . The dielectric has εdiel = 1.5 and
χ = 2 eV.

the one-dimensional time-independent Schrödinger equation
with a double-triangular barrier, which is formed by applying
dc electric field to the dielectric coated cathode surface. The
model includes both field emission and thermionic emission.
It is found that the combination of a small dielectric con-
stant and a large dielectric electron affinity tends to induce
a larger emission current density than bare metal for 1D flat
cathode surfaces, under a given dc electric field. It is found
the emission current density is larger than the uncoated case
when the dielectric constant is smaller than a certain value
εth

diel and the dielectric thickness is larger than the threshold
value dth[nm] ≈ εdielW/eF with εdiel < εth

diel. This relation is
consistent with the sharp transition of the potential barrier
width in the double-triangular barrier. Our quantum model
is also compared with a modified Fowler-Nordheim equation
for a double-triangular barrier, showing good agreement in the
scaling of the emission current. The theory provides insights
for designing the emitter with higher efficiency and better
stability.

Although our theory in Eqs. (1)–(9) is valid for arbitrary
electric fields inside the dielectric Fdiel and in the vacuum F ,
we would like to stress that the above results regarding the
determination of threshold dielectric constant and thickness
are applicable to 1D flat surfaces only, where electric field
enhancement is not considered. When the cathode surface
strongly deviates from a flat surface, e.g., sharp emitters,
the local electric field enhancement has to be taken account
of [35]. As the field profiles vary nonlinearly in this case,
the ratio of the electric field inside the dielectric layer and
in the vacuum does not simply follow Fdiel/F = 1/εdiel,
which needs to be calculated numerically from 2D or 3D
electrostatic modeling. Once the field profiles are determined,
our model can be directly used to calculate the electron
emission current for any shape of emitters.

In the future, our theory can be further improved by
including the image charge effect and charge trapping ef-
fects due to defects in the dielectric [39]. The material
defects may limit the maximum thickness of the dielectric
coating one can use. It is also interesting to explore the
application of the current model for dielectric coated cath-
odes with spatial variations on the surfaces and for emitters
of finite sizes [26,35,51]. It can also be extended to in-
clude photoelectron emission [45,52] in the model, which
may be used to test the validity of the simplified treatment
of an effective triangular barrier for photoemission from
coated surface [35]. Comparison of the resonance behav-
iors of tunneling from coated cathode surfaces with those
of resonant tunneling diodes [44,53] may be considered
in the future. Future research may also extend the theory
to study the effects of coating in small gaps or tunneling
junctions [54,55].
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