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In isolated quantum systems that have conserved quantities, such as energy and total magnetization, the
conserved quantities cannot vary their values with their own dynamics. To violate conservation laws of
the system keeping the unitary nature in the system’s dynamics, quantum coherence must be supplied from the
outer environment. This provides a general and abstract interpretation of the underlying mechanism of unitary
operations on systems of interest. In this paper, we consider the amount of quantum coherence cost to realize
the desired unitary operation. We derive upper and lower bounds for the coherence cost to implement arbitrary
unitary operation within the desired error. These two bounds asymptotically match each other in a small error
regime, and give an asymptotic equality. We present applications of our theories to several physical situations

such as quantum heat engines and entanglement erasure.

DOLI: 10.1103/PhysRevResearch.2.043374

I. INTRODUCTION

Conservation laws indicate that conserved quantities do
not change their values with the unitary dynamics of isolated
quantum systems. To violate the conservation law without
breaking the unitary nature in dynamics, some aid from the
outer environments is necessary. Time-dependent parameter
control to the system is regarded as a physical phenomenon
where the experimental apparatus acts as outer environment.
Conceptually, one can interpret this phenomenon as the viola-
tion of conservation law by supplying the quantum coherence
from the outer environment. A tractable example that has
been studied in this context is the realization of the bit flip
unitary under the energy conservation law. To realize a bit flip
unitary between the ground and excited states on a qubit, an
ancillary quantum system which works as an “energy reser-
voir” is required. Aberg showed that if the ancillary has no
quantum coherence, it is impossible to implement the bit flip
with high accuracy [1]. The conservation laws restricts the
implementation whereas quantum coherence supplied from
the outer environment alleviates the restriction.

There have been two main streams of studies regarding
this topic. The first type is categorized into studies focusing
on sufficient conditions for ancillary coherence to overcome
conservation laws and to achieve desired and specific unitary
dynamics. These studies mainly aim to coherently control
atoms via coherent light [2-9]. These results were further gen-
eralized by Aberg in a general framework [1]. This framework
clarified what type of quantum superposition is sufficient to
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achieve arbitrary unitary operation with arbitrary precision
under the conservation law. This idea is applied to several
fields such as clocks [10] and heat engines [11]. The second
type of research is categorized into studies to clarify necessary
conditions for ancillary coherence to overcome the restrictions
of the conservation laws [12—16]. This direction of study was
initiated by Ozawa who studied the implementation of the
controlled-NOT (CNOT) gate [12]. Subsequently, after several
researches [13-15], a general lower bound of the required
coherence for implementing an arbitrary unitary gate has been
obtained [16].

In this paper, we unify these independent studies by
providing necessary and sufficient amount of coherence to
realize an arbitrary unitary operation. Following previous re-
searches [1,10-16], we regard the unitary operation in the
target system as partial dynamics in the composite system.
Here, the composite system consists of a target system and
an external system (external apparatus) that operates as a
“coherence battery.” We assume that total dynamics satis-
fies the conservation law of some physical quantity which
is denoted by A. (See the schematic in Fig. 1.) We derive
upper and lower bounds for the coherence cost, the necessary
and sufficient amount of quantum coherence in the battery to
achieve unitary time evolution in the target system within the
desired error. The upper and lower bounds always converge
in the small error limit, and reach an asymptotic equality on
the coherence cost. The precise cost can be expressed by only
two quantities: implementation error and degree of violation
of the conservation law of the desired unitary operation. Fur-
thermore, we derive lower and upper bounds for the coherence
cost of nonunitary gates. These bounds show that the tradeoff
relations between the coherence cost and the accuracy of
operations under conservation laws exist for a broader class
of quantum operations than unitary dynamics.

Our result is also significantly related to “channel im-
plementation cost,” that is essential in resource theories. In
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FIG. 1. Schematic of implementation of the unitary operation
under the conservation law of physical quantity A (e.g., energy). We
aim to implement a unitary operation in the system S that does not
conserve the quantity As. Therefore, we attach an external system E
that operates as a coherence battery to the system. Although we do
not assume that the composite system SE is isolated, we assume that
the dynamics of the total system including the environment satisfies
the conservation law of A, and the environment does not have quan-
tum fluctuation of A, i.e., the environment is classical with respect to
A. In experimental situations, an experimental apparatus that induces
the time-dependent Hamiltonian of the system is expected to serve as
E. We aim to estimate the amount of quantum coherence (measured
by the quantum Fisher information) in E required to implement
the desired unitary operation on S. We present a resource theoretic
formulation that expresses this situation (see Fig. 2).

resource theories, we classify some operations and states that
can be easily performed and prepared as free, and some states
that cannot be created from free states by free operations as
resource. Then, operations that are not realizable with only
free operations and free states are often possible by using
resource states. One of the main subjects in resource theories
is to estimate the implementation cost, i.e., the amount of
resource required to implement the desired operation by free
operations [17]. This problem has been extensively studied
for various operations [18-23], such as quantum thermody-
namics [18,19], resource erasure [20], and resource theory
of coherence [21]. However, the implementation cost in the
resource theory of asymmetry [24—-35], which considers oper-
ations under conservation laws, is not fully understood. Our
result fits this category when the implemented channel is
unitary and the symmetry is U(1). In our framework, unitary
operation is implemented by combining resource states and
covariant operations, which are free operations in the resource
theory of asymmetry. We use the quantum Fisher informa-
tion [36] as a measure of coherence that also serves as a
resource measure of the resource theory of asymmetry. There-
fore, our results can be interpreted in terms of resource cost for
implementing nonfree unitary operations by free operations.
This paper is organized as follows. In Sec. II, we explain
the setup and define the quantity of coherence, error of the de-
sired operation on the system, and asymmetry which measures
the degree of conservation law violations. In Sec. III, we show

the main results of the relations between several quantities
defined in Sec. II. In Sec. IV, we discuss the underlying
physics of several quantum manipulations. In Secs. V and VI,
we briefly present the proof of the main results in Sec. II.
Finally, conclusions are presented in Sec. VII.

II. MOTIVATION AND FORMULATION

We consider a quantum system S. We assume that the sys-
tem contains a finite-dimensional Hilbert space Hg. Suppose
that the system comprises a conserved quantity that commutes
with the system Hamiltonian. We consider a conserved quan-
tity A and denote its operator by As. Here, A is used as a
symbol to denote the conserved quantity, such as energy and
total magnetization.

We consider the mechanism to implement the desired uni-
tary operation on the target system S which does not commute
with the conserved quantity Ag. Since time evolution of an
isolated system driven by a static system Hamiltonian can-
not be such a noncommutative unitary operation, an external
resource is necessary. Thus, we attach an external system
E that operates as a coherence battery for the system. See
the schematic in Fig. 1. As shown later, our theory does not
require that the total composite system is completely isolated.
We show our results in the most general setup where the com-
posite system is dissipative, being attached to an additional
environment. The assumptions that we make are that dynam-
ics of the total system including the additional environment
satisfies the conservation law of A, and the environment does
not have quantum fluctuation on A. In experimental situations,
an experimental apparatus that induces the time-dependent
Hamiltonian of the system is expected to serve as the external
system E.

The above general setting is expressed in a concise
manner using the language of the resource theory of asym-
metry [24-35], which is a branch of resource theory that
considers operations under conservation laws. In the subse-
quent subsection, we briefly explain the framework of the
resource theory of asymmetry, and, thereafter, more concrete
formulation of the above physical situation will be presented.
We address the following problem: What is the fundamen-
tal limitation to implement unitary dynamics violating the
conservation law using the resource stored in the external
system? In our formulation, the required resource is measured
by the quantum Fisher information, which is a well-known
resource measure in the resource theory of asymmetry. Using
the measure, we clarify the necessary and sufficient amount of
the required resource to implement a given unitary operation.
Because the quantum Fisher information is well known as a
measure of the quantum fluctuation (i.e., quantum coherence),
our result will also clarify the relation between the amount of
coherence in the external system and implementation error of
the unitary operation.

A. Preliminary: Symmetric state, covariant operation,
and quantum Fisher information

In this subsection, we introduce the basic notions of the
resource theory of asymmetry. We introduce symmetric states,
covariant operations, and the quantum Fisher information,
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which are, respectively, free states, free operations, and one of
the resource measures in the framework of the resource theory
of asymmetry. We here explain these using a general quantum
system Q. In the subsequent sections, the formulation made
for the general system Q here is applied to the specific systems
S, E, or SE. We consider a Hermitian operator Ap on the
system Q as a conserved quantity in Q. A quantum state pg
of O is symmetric with respect to Ap when pg satisfies the
following condition:

Up(D)lpol = po. Vi € R, (1)

where Up(t)[p] := e~2 pe'to! and R is the total set of real
numbers. Note that Eq. (1) holds if and only if the state pp
is block-diagonal, or incoherent relative to the eigenspaces
of Ay, i.e., [Ag, pp] = 0. That is, symmetric states are states
without quantum fluctuation of Ay because it does not
have superposition between the eigenvectors with different
eigenvalues.

We next explain the covariant operations. To this end, we
introduce invariant unitary operations that are in a special
class of the covariant operations. Unitary dynamics Vp[p] :=
VQ,OVQT is invariant with respect to A if and only if the unitary
operator conserves Ap:

[V, Agl = 0. )

The name invariance is given because the invariant unitary is
invariant with respect to the unitary time evolution generated
by Agp:

VQ OZ/[Q(I)[...] = Z/{Q(I) o VQ[], VvVt € R. 3)

By generalizing this framework to the completely positive
and trace-preserving (CPTP) map, we define the covariant
operation. We say that a CPTP map Ay is covariant with
respect to Ay if and only if the map satisfies the covariance
condition

Agolp..]=Uy(t)o Agl...]l, VieR. ()

It is known that a CPTP map is covariant if and only if the
map can be realized by combining invariant unitary operation
and symmetric state [28,37]. In other words, the covariance
condition (4) is equivalent to the existence of an additional
quantum system Q’, a Hermitian operator Ay on Q’, a sym-
metric state popr with respect to Ay, and an invariant unitary
Voo with respect to Ag + Ay on the composite system QQ’
satisfying the following relation:

Agl..]=Trg Voo (... ® pg Vool (5)

Note that pp are the incoherent (i.e., classical) state with
respect to Ay and Vpo is the interaction between Q and
the additional system Q' satisfying the conservation law of
Ag + Ay . Therefore, we interpret any covariant operation as
an open dynamics under the conservation law the environment
of which is classical in view of the conserved quantity. In
Sec. V (the proof section), the above equivalence between
covariant condition (4) and existence of Q', Ay, and Vo
satisfying (5) is used to show that the coherence cost of unitary
implementation for the case where SE is isolated is the same
as that of the case where SE is not isolated simultaneously.
(For details, see the beginning of Sec. V.)

Symmetric states and covariant operations are free states
and free operations in the resource theory of asymmetry. Par-
ticularly, from (1) and (4), we note that a symmetric state
cannot be transformed into a nonsymmetric state by covariant
operations. In resource theories, we refer to such nonfree
states that we cannot create from free states and free opera-
tions as resource states, and evaluate the amount of resource in
the resource states by using resource measures. In the resource
theory of asymmetry, the quantum Fisher information [36]
with respect to Ay is a well-known resource measure [32-35]
defined as

(Pa — Pb)?

Aw|? 6
Pa+ Db Mol ©

FolAg) =2
a,b

for a given state p. Herein, p, is the ath eigenvalue of the den-
sity matrix p with the eigenvector v,, and Ay, := (V4lAp| V).
The quantum Fisher information satisfies several desirable
features as a resource measure in the resource theory of asym-
metry. For example, it does not increase through the covariant
operation, and it is zero if and only if p is symmetric with
respect to Ap [32]. Roughly speaking, the quantum Fisher
information JF,(Ag) represents the asymptotic conversion rate
from e-bit state |) = (|0) + |1>)/f2 to the state p by the
covariant operation with respect to Ag [35]. Namely, the quan-
tum Fisher information plays a significantly similar role as
the entanglement cost [38] in the entanglement theory. Hence,
it can be used to evaluate the cost of the state formation via
covariant operations.

The quantum Fisher information is also known as a mea-
sure of quantum coherence [35,36,39-41], which satisfies the
following relation [39,40]:

Fo(Ap) := min 4 V2 (Ap). (7)
pee {q‘/,¢/}ip=z,-q/¢/ Xj:qj 9i @

Here the minimization is taken over all possible decomposi-

tions {g;, |¢;)} of the given density matrix p, and V,(Ap) is

the standard deviation of the quantity Ay for the pure state

p;), i.e.,
Ve, (Ag) := \/(¢le2(~)|¢1-) — (¢;lA0l8;). ®)

If the decomposition ¢; for the density matrix is identical
to the eigenstates of Ap (i.e., p is symmetric), the Fisher
information F is exactly zero. Note that in this case, the
origin of the fluctuation of Ay in the state p is the classical
probability {g;}. The Fisher information F takes a nonzero
value if |¢;) is a superposition of eigenstates with different
eigenvalues of Ap. In particular, if p is a pure state given by
|¢) (|, the quantum Fisher information is equal to 4V¢2 (Ag).

B. Implementation of unitary operations under
conservation law

Now, we formulate the implementation of unitary opera-
tions on the target system S using the resource in the external
system E under the conservation law of the physical quantity
A. In resource theory of asymmetry, this situation corresponds
to the implementation of a nonfree unitary operation on S by
combining a free operation on SE and a resource state on E
(see Fig. 2).
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FIG. 2. Schematic of the resource theoretic formulation for im-
plementing the unitary operation under the conservation law of A.
This formulation precisely corresponds to the situation explained in
Fig. 1. We consider the target system S and the external coherence
battery E, and denote the Hermitian operator of A on S and E by
Ag and Ag, respectively. We aim to implement the desired unitary
operation Us on S by combining the covariant operation on SE and
the initial nonsymmetric state pg on E. Our purpose is to evaluate the
necessary and sufficient amount of the quantum Fisher information
(QFI) F,,(Ag) to implement Us within error §. Because covariant
operations and the quantum Fisher information are free operations
and a resource measure in the resource theory of asymmetry, we aim
to clarify the necessary and sufficient amount of resource to imple-
ment the desired unitary operation in resource theory of asymmetry.

We denote the Hilbert space of E by Hg. We assume
that there also exists a Hermitian operator of the conserved
quantity A on E denoted by Ag. We do not assume that the
composite system SE is isolated, and use the CPTP map
satisfying the conservation law for the composite system.
Dynamics of the composite system SE becomes a covariant
operation with respect to the conserved quantity Ag + Ag. We
refer to this dynamics as Agg [42]. We also define the CPTP
map of the target system Ag as follows:

As(ps) :=Trg[Ase(ps ® pe)l, )

where pg and pg are initial states of the target system and the
external system, respectively.

We implement a unitary operation Ug that violates the
conservation law in the target system. The implementation of
Us is fully determined by the set

1 :=Hg,Ag, pE, AsE), (10

called the implementation set for the unitary operation. If
As(ps) approximates US,OSUST accurately for any initial den-
sity matrix pg, we say that the set Z is a good implementation
set.

We need to quantify the accuracy of the implementation.
To this end, we first introduce a measure of the error in the
implementation of the desired unitary dynamics by using the
entanglement Bures distance [43]:

Le(ps, A) := /2[1 = Fo(ps, A)], an

F.(ps, A) := /(¥ [sx[1r ® Al(Wsr) 1Y) s, (12)

where |Y)gr i a purification of pg. The symbol R denotes
the reference system. The symbol gz is an abbreviation
of |Ysg){(¥sg| that will be frequently used in this paper.
The operator A is an arbitrary time-evolution operator that
acts only on the Hilbert space of the target system. The

entanglement fidelity F,(ps, A) provides an amplitude of the
overlap between the initial state and the final state driven
by the time-evolution operator A. The entanglement Bures
distance L.(ps, A) quantifies the distance between these two
states. For this general setup of the Bures distance, we next set
the time evolution as A = A uj © Ag, where Ag is the CPTP
map defined in Eq. (9) and A uj is an inverse time evolution of
the desired unitary dynamics, i.e.,

Ay (ps) = Ug psUs. (13)

The operator A is a successive application of these two maps.
With this setup, we can quantify the error by the Bures dis-
tance between the final state driven by the desired unitary time
evolution and the actual final state. We write this error as a
function of the initial state pg as

8(ps) = Le(ps. Ay o As). (14)

In addition, we define the error of implementation as the worst
case over all initial states:

87 := max 8(ps). (15)
Ps

If the error §7 of an implementation set Z is less than a value
8, we say that the implementation set I realizes Ug within
error é.

As already discussed, we can regard the quantum Fisher
information as an amount of coherence (or resource). We
here define the amount of coherence cost that the external
system must bear to achieve the desired unitary operation
in the system. We consider the situation wherein the desired
unitary operation is achieved within the error 6. We define
the coherence cost f§°S‘[U5] as the minimal value of the
quantum coherence over all possible implementation sets that
implements the desired unitary operation within error §:

F5Us] := zf?zi‘%a F o (AE). (16)

We finally define the degree of asymmetry of the desired
unitary Us. The asymmetry in the present context implies
a degree of violating the conservation law inside the target
system by the unitary operation Us. We quantify this through
the amount of noncommutativity between Us and Ag:

o (17)

2

where A} := USTASUS, and Ay is the absolute value of the
difference between maximum and minimum eigenvalues of
the operator X, respectively. Note that the maximum (min-
imum) eigenvalue of A5 — Ag is the maximum (minimum)
value of the difference between expectation values of Ag for
ps and Us psU ST . Therefore, the quantity Ay, shows the ability
of the desired unitary Us to change the expectation value of
the conserved quantity Ag. This quantity is non-negative, and
becomes zero if and only if Us and Ag commute with each
other [44]. Hence we can interpret that a finite Ay, reflects
the violation of the conservation law by unitary operation.

In the next section, we derive an asymptotic equality
among Fi*'[Us], &, and Ay,. It clarifies the necessary
and sufficient amount of resource to implement a desired
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nonfree unitary by free operations in the resource theory of
asymmetry.

III. MAIN RESULTS

A. Coherence cost for unitary operations

We present the main results of this paper and discuss their
physical consequences. The proof of the results will be pro-
vided later.

Theorem 1. Let (F, &) be a tuple of positive real numbers
satisfying 0 < 8 < +/2. If the tuple of positive numbers (F, &)
satisfies the following inequality, then there is no implemen-
tation set Z satisfying 67 < 6 and F,, (Ag) = F:

VF < “‘;US — 6A4,. (18)

Theorem 2. Let (F, §) be a tuple of positive real numbers
satisfying 0 < 8 < 4v/2Ay, /(9A4,). If the tuple satisfies the
following inequality, then there exists an implementation set
7 such that Agg is an invariant unitary operation, §7 < § and
Fo(Ag) = F:

JF > %%—ﬁAAS. (19)

Theorem 1 presents a necessary condition for the existence
of the implementation set. It indicates that to realize Uy within
error §, the quantum Fisher information of the implementation

device F,, (Ag) should be larger than or equal to % — 6A,,.
Theorem 2 shows a sufficient condition for the existence of
the implementation set. It guarantees that there exists an im-
plementation device that achieves Us within error § and the
quantum Fisher information of which is less than or equal to
% + ﬁA 4s- From Theorems 1 and 2, we can derive lower
and upper bounds for the coherence cost in implementation of
Us within error §:

AU 'COSI AU
S~ 604 <\ FIUs < = + V274, (20)

where the upper bound holds for the region 0 < 6§ <
4«/5./41]5 /(9A,,). We emphasize that we do not impose any
conditions on the unitary operation Uy and hence the two
theorems hold for any desired unitary operation. The desired
implementation set, the existence of which is guaranteed by
Theorem 2, will be given constructively in Sec. VI.

We numerically demonstrate Theorems 1 and 2 by tak-
ing a specific example. We consider S as a qubit, Ag as a
Hamiltonian |1) (1] (i.e., the energy eigenvalue of |0) is zero),
and Uy as a bit flip unitary |0)(1| + |1)(0|. Thereafter, the
inequality (18) in Theorem 1 draws a regime of the imple-
mentation error and the quantum Fisher information that we
cannot achieve. We depict the unachievable regime as the
region A in Fig. 3. In the region A, one cannot implement
the desired unitary operation within error § by any implemen-
tation set Z satisfying F,, (Ag) = F. That is, in the region
A, the amount of coherence F is insufficient to implement
the desired unitary operation within error §. Moreover, the
inequality (19) in Theorem 2 indicates an achievable region
that is shown as the region B in Fig. 3. In the region B, we
can implement the desired unitary operation within error &
using an implementation set Z satisfying F,, (Ag) = F. That

\ Region B
(achievable)

Region A
_[ | (unachievable)

—

Z/N (Idyst] wnueng)) 90UIYO))

Implementation error &

FIG. 3. A graph indicating (18) and (19) for the specific model.
The system is a qubit system the Hamiltonian of which is |1)(1] (i.e.,
the energy eigenvalue of the ground state |0) is zero) and the desired
unitary operation is the bit flip unitary |1)(0| + |0)(1]. In the region
A, no set achieves the desired unitary operation, as indicated from the
inequality (18), whereas in the region B at least one set achieves the
desired unitary operation.

is, in the region B, the amount of coherence F is sufficient to
implement the desired unitary within the error § [45].

As illustrated in Fig. 3, the two regions A and B (achievable
and unachievable regimes) converge to the same line as the
implementation error § approaches zero. This implies that the
coherence cost }'gos‘[Us] approaches the bound in Theorem 1.
The upper and lower bounds in (20) indicate the following
asymptotic relation for the coherence cost:

A
VEUs = =2+ 0(D), @n

where O is Bachmann-Landau notation as § — 0. The asymp-
totic equality (21) explicitly shows a closed relation among
the coherence cost, and the degree of asymmetry and the im-
plementation error of the desired unitary operation. For a fixed
asymmetry, a large coherence is necessary for an accurate
implementation of the unitary operation. The equation (21)
represents the tradeoff relation between them. Also, large
asymmetry requires large coherence.

The asymptotic equality (21) shows that the coherence
cost quadratically depends on the asymmetry Ay,. From the
definition (17), the asymmetry Ay, is of the same order as
the conserved quantity Ag. Suppose that the system of interest
is a macroscopic system, and the conserved quantities satisfy
extensivity with respect to the system size. In this case, the
coherence cost for achieving the desired operation must be
the square of the system size. Remarkably, this implies that
the implementation of unitary operations for macroscopic sys-
tems requires significantly large coherence cost.

B. Coherence cost for restricted initial states

In the previous subsection, we established an asymptoti-
cally tight relation among the coherence cost, error of the
unitary operation, and amount of asymmetry. Note that in
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the previous subsection, we have quantified the error as that
of the worst case over all possible initial states. However,
sometimes we are interested in the implementation of desired
unitary dynamics for specific initial states. In this case, what
conditions must be imposed on the coherence cost in external
systems? We herein address this question.

Let Uy be a transformation providing the desired final state
from the initial state pg. We herein discuss the properties of
transformation on the implementation set Z. For the goal, we
take reference state {i;} that is an orthonormal basis of the
system satisfying r; := (V| ps|¥;) < 1 for all i. We have the
following inequality that presents a necessary condition for
the implementation set similar to Theorem 1:

m> x (ps, {¥i})
PE =

5/8(ps)? + Y rid(Y;)?

— 4y, (22)

where A := USTASUS, and r; := (Y;|ps|¥;) quantifies the
weight of |;) in ps. In the above, x is defined as the fluc-
tuation of the change in Ag with respect to the reference states
{1} as follows:

x(os, {¥i}) == \/Z ri((Ay — Ag)y, — (A5 — As) ps )%,
(23)

where (...)y, = tr(...|¥;) (¥;]) and (...) o, = tr(...p5).

The inequality (22) shows that for various nronunitary
CPTP maps, much coherence is necessary to implement the
CPTP map within small error. In general, the inequality (22)
guarantees that there is a tradeoff relation between the error
and the coherence cost for an arbitrary implementation of an
arbitrary CPTP map & satisfying the following three condi-
tions [46].

(1) &€ acts as unitary dynamics Uy for a certain initial state
Ps-

(2) £ acts as unitary dynamics Uy for the orthonormal states
{¥ }rexc that span the support of pg

(3) For states ; satisfying r; > 0, at least one of
{{Ag — A/S>wk e has a different value from others.

A typical example of CPTP maps satisfying the above
three conditions is a CPTP map that acts as an asymmetric
unitary for a subspace of the Hilbert space of S. To illus-
trate this, we consider the gate on a d-level system S that
behaves as a bit flip unitary only for the space spanned by
the ground state and the first excited state but behaves as a
nonunitary gate for other states. Because this is not a unitary
operation for the entire Hilbert space, we cannot apply The-
orem 1. However, the inequality (22) is available to estimate
the required coherence cost for implementing this nonunitary
gate within error 6 under the energy conservation law. We
examine how (22) works for this bit flip example. We refer
to the ground state and the first excited state as ¥y and ¥y,
respectively. We also define the energy eigenvalues of
and Y, as Ey and E,, respectively. Let pg be defined by
ps = YTV Then, x (ps. {¥i)) = V/(Bo — E1)?/2, 8(ps) < 5.
and §(¥x) < & for k =0, 1 hold. Because r, = 0 holds for
all k > 2 in this case, \/5(,05)2 + >, r8(¥)? < /28 holds.
Therefore, the inequality (22) guarantees that the necessary

coherence is larger than or equal to |Ey — E|/106 — 4|/ Hs],
where Hg is the Hamiltonian of the system S.

IV. APPLICATION

In this section, based on the relations (21) and (22), we
discuss the underlying physical mechanisms in manipulating
quantum states. For several cases, special attention is paid
to the coherence cost that must be prepared in the external
system. The cases in subsections A and B are discussed with
the relation (21) and the case in subsection C is discussed with
the relation (22).

A. Underlying physics to implement the time-dependent
Hamiltonian

Our results clarify the coherence cost for realizing unitary
dynamics that changes the conserved quantity. Since energy is
a conserved quantity, our theory is of course applicable to the
implementation the following unitary dynamics Uy, which is
caused by a time-dependent Hamiltonian Hg(¢) that changes
the energy inside the system:

Us := T exp (—i/T dt I:Is(t)), (24)
0

where 7 implies the time-ordered operator.

As an example, let us consider the Jaynes-Cummings (JC)
model. In the JC model, we consider a two-level atom inter-
acting with the electromagnetic field. The Hamiltonians are
written as

Hs = €0, Hsg = AMora+ a'o_), Hy = 2¢a’a, (25)

where A is the amplitude of the interaction, and the operator
o, is the z component of the Pauli matrix. The operator o
(0_) flips the z spin from down (up) to up (down), and the
operators a' and a are, respectively, the creation and annihi-
lation operators of the photon. In the JC model, the coherent
light approximately induces the time-dependent Hamiltonian
on the atom that changes the energy. By setting Ag and Ag in
Theorems 1 and 2 to Hs and Hg, we figure out the fundamental
bounds for the amount of coherence of the coherent light that
is necessary to realize the desired time-dependent Hamilto-
nian on the two-level atom. Let us consider the case where the
initial state of the electromagnetic field is the coherent state:

pE = la)(al, |a) =@ 90), (26)

where |0) is the vacuum state, and the parameter « is a real
number. If we take the limit of A — 40 setting Ao to a
constant, the reduced dynamics converges to the unitary time
evolution (24), where the Hamiltonian Hg(z) is

Hs(t) = €0, + ra(ope 2 + o_e). 27

If we do not take the above limitation, namely, if we take a
finite A, there is an error between the reduced dynamics of
the two-level atom and the unitary dynamics Ug. Our results
clarify the tradeoff relation between the amount of coherence
in the external system (in this case, the external electromag-
netic field) and the error of realization of the time-dependent
Hamiltonian [in this case (27)] on the target system.
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From the above example, our results show that to realize
the time-dependent Hamiltonian accurately, we need to pre-
pare much quantum fluctuation in the external system. This
fact gives a resource-theoretic interpretation for the so-called
classicalization of external systems. When we implement a
time-dependent Hamiltonian, we usually treat the external
system as a classical system. Our results indicate that to treat
the external system as a classical system, the external system
must have much coherence. In the implementation of the
time-dependent Hamiltonian using an external apparatus, the
apparatus typically uses the classical electromagnetic interac-
tion with the target system. And the classical electromagnetic
fields are obtained in the limit of large amplitude of the coher-
ent state. Therefore, it is consistent with the present theory.

Since a classical electromagnetic field has a uniquely de-
termined value, it is important to understand how the above
large quantum fluctuations and the classicalization are con-
sistent. Let us consider the above JC model again. If the
reduced dynamics of the atom (= S) changes its energy, the
amount of change must be compensated by the energy in the
electromagnetic field (= E). Moreover, to make the reduced
dynamics close to unitary, the state in the external system
should not be damaged by exchanging energy between S and
E. This is possible if the external state has a large variance
with respect to the energy scale of S [47], while the variance
is small with respect to the energy scale of E. Therefore, if
we realize a time-dependent Hamiltonian on the target system
using a “classical” external system, the external system has
quantum energy fluctuation much larger than the energy scale
of the target system, while fluctuation is negligibly small with
respect to the energy scale of the external system itself.

B. Quantum heat engines: Quantum work storage

In this subsection, we consider the application of our re-
sults to quantum cyclic heat engines, which is particularly
suggestive. In the analysis of quantum heat engines, a model
called the standard model is widely used [48-57]. In the
standard model, we consider a composite system of a working
body and a heat bath as a target system S, and assume that
the dynamics of the target system is described by the time-
dependent Hamiltonian. Namely, the time evolution of the
target system is described as

ps(t) = Us(t)ps(O)U{ (1), (28)

Us(t) =T exp (—i/ ds Fls[k(s)]> (29)
0

where A(¢) is a control parameter of the system Hamiltonian,
e.g., the strength of the magnetic field and/or the position
of a piston, etc. In the standard model, we also assume that
the work extracted from the target system is stored in an
external work storage (it is often called the “external agent™)
through the back action of control parameters. Namely, the
conservation law of energy in the composite system of the
target system and the work storage is assumed. The amount of
extracted work is defined by the difference of the expectation
value of energy in the target system:

(W) := Tr{psHs[A(0)] — UspsUgHs[A(D)]}.  (30)

o\

1
I
I
I
Working body ;
|
I
|

External work storage E

Standard model assumes the dynamics of £~~~ to be unitary

Quantum thermodynamics assumes the dynamics of (] to be unitary
What is the condition for E to obtain standard model
from quantum thermodynamic setup?

FIG. 4. Schematic diagram of how we apply our result to the
quantum heat engine and work storage. We consider three systems:
working body, heat bath, and work storage. In quantum thermo-
dynamics, we consider all of these three as quantum systems, and
assume the time evolution of the composite system of these three
to be energy-preserving unitary. On the other hand, in the standard
model, we consider only the composite system of the working body
and the heat bath as a quantum system (that we call “target system”),
and assume the time evolution of the target system to be energy-
nonpreserving unitary. The problem is to clarify conditions that work
storage must satisfy to obtain a standard model from the quantum
thermodynamic setup as a kind of macroscopic limit. Since the total
system (the target system and the work storage) satisfies the conser-
vation law of energy, we can apply our theory to clarify conditions. In
order for the standard model to be a good approximation, the work
storage must contain a much larger fluctuation of energy than the
amount of extracted work.

In the standard model, we do not usually treat the external
work storage as a quantum system. This treatment of the
external work storage goes well with experimental setups, in
that the work storage is a classical experimental apparatus that
controls parameters [58]. On the other hand, in the frame-
work of purely quantum thermodynamics, the work storage
is explicitly treated as a quantum system [11,59-67]. In the
quantum thermodynamic setup, dynamics of the composite
system of the target system and the work storage is described
as an invariant unitary operation, and the work storage stores
the work. It is important to understand when and with what
condition the setup of the standard model can be justified
from the viewpoint of purely quantum thermodynamic setups.
Note that purely quantum thermodynamic setup fits our gen-
eral framework by regarding the work storage as an external
system. When the dimension of the Hilbert-space dimension
of the bath is large but finite, we can use our theory to clarify
what conditions the work storage must satisfy to justify the
framework of the standard model (see Fig. 4).

We now apply Theorem 1 to the setup by setting Ag to the
Hamiltonian of target system Hg and Ap to the Hamiltonian
of work storage. Then, according to Theorem 1, the external
system must have sufficiently large energy fluctuations when
realizing a time-dependent Hamiltonian. As argued in the pre-
vious subsection, for a perfect unitary control on the system,
the required energy fluctuation must be large such that the
energy gain of the work storage is negligibly small compared
to the energy fluctuation of the work storage.
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When Agis close to unitary

System A
() 7
Pa

System B Uas L (i)
PB T op

ag) becomes almost

independent of p’

FIG. 5. Schematic diagram of the inequality (40). If the dynam-
ics of the system A is close to unitary, the final state of B is close to
independent of the initial state of A.

A similar argument to the above also provides an important
message regarding the detectability of work of quantum heat
engines, that is analyzed in previous results [68,69]. Again,
we consider a heat engine that is a composite system of a
working body and heat baths, and an external work storage
that stores the work extracted from the heat engine. Consider
the situation wherein we aim to detect the energy gain in the
work storage by measuring the work storage. For example,
this situation corresponds to determining the amount of work
by comparing the initial and final positions of the weight
lifted by the heat engine. Using the tradeoff relation between
information gain and disturbance in measurements, previous
studies [68,69] showed that if the time evolution of the heat
engine can be described in terms of unitary dynamics as
assumed by the standard model, the amount of work cannot
be detected by measuring the storage. Our result provides an
intuitive explanation on why such loss of detectability occurs.
As discussed above, the work storage must exhibit a much
larger energy fluctuation than the energy gain from the heat
engine so that the energy gain of the work storage does not
damage the overall energy distribution of the work storage:
Thus, we cannot detect the amount of energy gain.

C. Coherence cost for entanglement erasure

Our main result (21) provides the coherence cost for the
implementation of unitary gates. However, we can also con-
sider the coherence costs for nonunitary state transformations
using the relation (22). As a typical example, we apply our re-
sults to entanglement erasure. Given an entangled initial state
«|00) + B|11) with arbitrary «, B satisfying |a|? + |8]> =1,
we perform the following entanglement erasure process:

«|00) + BI11) — «|00) + B|10). 31)

This erasure process might be a nonunitary CPTP operation,
since the state transformation is not specified for initial states
except for the states written in the form of «|00) + 8|11).
Therefore, the formula (21) cannot evaluate the necessary
coherence for the state transition (31). Even for this case, our
second main result (22) is still valid and claims that if some
devices can perform the state transition (31) within the error &
for arbitrary «, the device must contain much coherence (i.e.,
quantum Fisher information) in proportion to 1/52.

In order to apply our framework to this case, we set the two
qubits as the system S, and an implementation device as the
external system E. We assume that the total magnetization,
i.e., the amount of z component of the two spins, is con-
served. We here write the magnetization as Ag = 2|1)(1 |®2 4
[1)(1] ® |0)(0] + ]0){0] & |1)(1|. We also assume that an im-
plementation set Z = (Hg, Ag, pg, Usg) realizes the state
transition (31) within the error § for arbitrary «, and that
the total dynamics Usg satisfies [Usg, As + Ag] = 0. Subse-
quently, for arbitrary o and g such that |a|> 4 |8|> = 1, three
inequalities §(]00)) < 8, 8(]11)) < 8 and 6(«|00) + B|11)) <
§ are satisfied by setting the specific unitary transforma-
tion U :=100)(00] + |01)(01]| + [11){10] + [10)(11|. Note
that the states |00) and |11) are the eigenstates of Ay — Ag with
A% = U AgUy. Substituting the above into (22), we obtain the
following inequality for an arbitrary pair of («, B):

x («|00) + B|11), {|00), |11)})

-7:/)5 (AE) 2 5\/58 - 4AA5- (32)
Since we have assumed that 7 satisfies §(«|00) + B|11)) < &
for any (¢, B), the initial state pg of E must satisfy (32) for
all («, B8). Therefore we obtain

00 11), {|00), |11
V@) > max X )+ﬂ5|¢z>5{| NI

1
>
~ 54268

In the second inequality, we used the fact that the maximum
value of x («]|00) + B|11), {|00), [11)})is 1. In this derivation,
we only assume that the CPTP map implemented by Z is
closed to Ug only for the special initial states «|00) 4 B|11).
Even when the CPTP map given by Z is far from unitary for
other initial states, inequality (33) holds. The inequality (33)
demonstrates that a large coherence is required for entangle-
ment erasure, even considering the implementation of gates
that are not unitary gates.

—dA,. 33)

V. DERIVATION OF LOWER BOUNDS
OF COHERENCE COST

Here, we derive the lower bounds of coherence cost, i.e.,
Theorem 1 and the inequality (22). We initially show that
it is enough to show the case that Agg is an invariant uni-
tary, since a covariant operation can always be realized by
combining an invariant unitary and a symmetric state [28]
as we have explained in Sec. II A (note that the quantum
Fisher information of a symmetric state is zero and that the
quantum Fisher information is additive for a product state).
Therefore, in this section, we treat the case where Agg is
invariant unitary dynamics such that Agg[...] = USE[...]USTE,
where Usg satisfies [Usg, As +Ag] = 0. In this case, the
expectation value of Ag+ Ag is conserved, and hence in
this dynamics the quantity Ax must compensate the change
inA S-

A. Main idea of proof of lower bounds of coherence cost

Before discussing the proofs of Theorem 1 and (22), we
will present the main idea (outline) of these proofs. The key
ingredient in these proofs is the following.
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Lemma 1. Consider two quantum states, o7 and o7, and an
observable X. We define the difference between the expecta-
tion values of X for oy and 0, as A := |Tr[X (o) — 07)]|, and
the Bures distance

L(o1, o) == \/ 2(1 - T\ Varoy/arl).  (34)

We obtain the following key relation, that was first presented
in Ref. [16]:

A < L(o1, 02)(Vo, (X) + Vo, (X) + A), (35)

where V,; (X) is the standard deviation of o with respect to X.

The key relation (35) claims that the expectation values
of X can differ significantly in two states only if (i) these
two states differ significantly, or (ii) at least one of the stan-
dard deviations of X in these states is large. To understand
the meaning of the condition (ii), we provide an example:
Consider (0|X|0) =0, (x|X|x) =x, and set |o7) = |0) and
|oa) = /1 — £]|0) + /¢|x). The distance between these two
states, L(o1, 02), depends only on ¢, not on x. Hence, even
if ¢ is small (i.e., two states are close to each other), A can
increase by setting x large. In this case, the standard deviation
of X in o, increases with x.

In the derivation of the lower bounds for coherence, we
use the key relation (35) by setting X as Ag, the conserved
quantity in £, and 0| and o, as the two final states of £ with
different initial states of S. In addition, we use the following
three relations.

(a) If the time evolution of S is well approximated by a
unitary operation, then any two final states of E with different
initial states of S are close to each other (See Fig. 5).

(b) If the variance of Ag for a final state of E is large, then
that for the initial state of E is also large.

(c) If the fluctuation of the exchange of the conserved
quantity A between S and E is large, then the expectation value
of Ag for the final state of E largely varies depending on the
initial states of S.

The relation (a) is given as a consequence of the fact that
a very small correlation between S and E is formed when
the time evolution of S is close to unitary. To describe this
relation quantitatively, we use an important lemma shown
in Appendix A. The relations (b) and (c) are given as the
consequences of the conservation law [Usg, As + Ag] = 0. In
deriving Theorem 1, the relation (a) connects L(o, 07) and §,
(b) connects V,,(X) (i =1, 2) and F,,(Ag), and (c) connects
A and Ay;.

B. Proof of Theorem 1

In this subsection, we explain the proof of Theorem 1.
As pointed out at the beginning of this section, it is enough
to prove Theorem 1 for the case where Agg is unitary. We
show the following proposition that is the contraposition of
Theorem 1.

Proposition 1. Let § be a real positive number sat-
isfying 0 <8 < +/2. For any implementation set Z =
(HEg, Ag, pe, Usg) satisfying 67 < §, the following inequality
holds:

VFp Ap) > “‘;US — 644, (36)

To prove this proposition, we introduce some symbols.
We prepare three initial states of S; pg 4, ps,}; and pg 44| =
(ps,4 + ps,y)/2. The state pg 4 (0s,,) maximizes (minimizes)
the loss of the quantity A in the system through the unitary
dynamics Us:

ps.4 = argmax,, Tr[ps(Ag — As)],
(37)
ps,y := argmin, Tr[ps(Ag — As)],

where we used the abbreviation A = U;'ASUS. Using the
definition (37), Ay, is expressed as

(A& _AS>PM + (AZS _AS>PS.¢

Ay = 7

(38)

We write the final state of E in actual dynamics with the initial
state ps; (i =1, 1, 1T + ) as

g = Trs[Use (05 ® pr)Ugg]. (39

We now state the aforementioned three relations (a)—(c) in
a concrete form. First, the relation (a) is represented by the
following inequality:

L(og 1, 0£.1) < 2V28(ps.141)- (40)
For § < 1/2+/2, a stronger inequality,

L(og 4, 0E,)) < 28(0s,4+44)s 41

is satisfied. These inequalities indicate a clear connection be-
tween the distance of two final states in £ and the accuracy
of implementation (for the initial state pg 44). We note that
these inequalities apply even if Usg does not commute with
Ag + Ag, and even if the dynamics of SE is not unitary.
We prove the generalized version of these inequalities in
Appendix A.

Next, the relation (b) is represented by the following in-
equality:

Vor,(Ap) + Vi (Ap) < 2(Vp, (Ap) + Ayy).  (42)

The term Ay, is a correction term. This inequality connects
the variance in the final state and that in the initial state.

Finally, the relation (c) is represented by the following
inequality:

2Ay, — 48(psp44 )04y < A < 204, (43)

where we set A :=|Tr[(og 4 —og )Ag]l. Again
8(ps,4+4)Ax, is a correction term. This inequality connects
the degree of violation of the conservation of A and the
difference between the expected change in Ag with the
initial state ps 4 and ps ;. We prove these two inequalities in
Appendix B.
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Proof. Theorem 1 We initially note that 6z > 8(pos,4+)-
Therefore, to prove (36), we only have to show the inequality

JErGn > 2 g, (44)

8(pstty)

for any implementation set (Hg, Ag, pg, Usg) satisfying §7 <
8 for the desired unitary Us. We divide the problem into
two cases: § > Ay, /6A4, and § < Ay, /6A4,. The former
is trivial because in this case the right-hand side of (44) is
negative while the quantum Fisher information F is always
non-negative. Therefore, if we prove (44) for the case of
0 <8 < Ay, /6A4,, the inequality (44) holds for arbitrary
0<d< /2. In the following, we consider the latter case:
8 < Ay, /6A4.

We first show (44) in the case that pg is a pure state. Since
8 < Ay, /6A4, < 1/6, the stronger inequality (41) is satisfied,
that suggests

L(og,y,0E,,) < 28(0s,141)- (45)
Substituting the above relation, (42), and (43), into Lemma 1,
A < L(og,1, 08,)) Vo, (AE) + Vo, [ (Ap) + A)  (46)

and, using A < 2A4,, we obtain
Avs < 8(05.14)[2Vo (Ap) + 644, . @7)

Note that (47) holds for all 0 < §(ps,1+,) < V2, since (47) is
trivial in the case of Ay, /6A4, < 8(p0s,4+,). By definition of
the quantum Fisher information (7), 2V, (Ag) = \/F,. (AE)
holds for a pure state p. Thus, we obtain (44) for the case that
PE 1S pure.

Next, we show (44) in the case that pg is a mixed state.
We expand the initial state of the external system as pg :=
>, pide,; satistying Fp (Ap) =43, p;Vy, (Ap). We de-
note 8(ps,1+,) for the case that the initial state of E is ¢ ;
by 4;:

3j = Le(pS,TJw, AUST o As,j), (48)

where Ag ; is the dynamics of S for the case that ¢; is the
initial state of E, ie., Ag(...) = Trg[Usg(... ® g )HUJZ].
The inequality (44) for pure states, which we earlier proved,
yields

Ay,

J

2V, (Ap) > — 6A4, (49)

‘AUS

for any j. By defining k(x) := (max{0, - 6AAS})2, 49)

and the downward convexity of k(x) yield

X

Foe(AR) =4 " piVy, (Ap)* 2> pik(s)) > k(Z p,-S,-).
j J J

J
(50)

Hence, to prove (44) for a mixed state, it suffices to show

> " pid; < 8(pspl): (51)
J

because the function k is nonincreasing.

T

FIG. 6. Graphs of the functions y = g(x) = (1 — x*/2)* and
16+/2/27(+/2 — x). The function y = I(x) := 16+/2/27(~/2 — x) is
the tangent line on y = g(x) at the point (x,y) = («/5/3, 64/81).
Since g(x) is upward convex for 0 < x < +/2/3, the function g’
defined in (53) is upward convex and satisfies g < ¢.

Finally, we shall show (51). We employ the following
equality:

1 8(psas)\’
2

= (Vs 1+ 1Ud As(¥rsr 14)Us|¥sg 111)

= Z PiWsr 1+ 1US As j(Wsr 1) Us|¥sk 141
J
2

52
:ij(l—?]) , (52)
J

where ¥sg 14 18 the purification of pg 44 .

To show (51) from (52), we define g(x) := (1 — x2/2)%. As
we show in Fig. 6, the function y = [(x) := 165/2/27(~/2 —
x) is the tangent line on at the point (x, y) = («/5/3, 64/81).
Since g(x) is upward convex for 0 < x < V2 /3, the following
function g is upward convex and satisfies g < ¢':

e (0<x <),
g(x):{ (<r< (53)

Therefore, by using Jensen’s inequality, we obtain the follow-
ing inequality for any probability distribution {g;} and real
numbers 0 < x; < J2:

Y aig) <Y qidx) < g (Z 61_7%’)- (54)
j j j

As we have pointed out at the beginning of this proof, we only
have to show (44) for the case of § < A% Due to Ay, < Ay,

GAAS
we have % < 1/6. Therefore, from (53) and 8§(ps44,) <
Ag

6 < 1/6, we obtain

g (8(ps,141)) = &l8(ps,344)1- (55)
Due to (52), we obtain

gl8(ps 1)l =Y pig(8)). (56)

J
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Combining (54)—(56), we obtain

gI8(ps 1) < & (Z p,»a,»). (57)
J

Since ¢ is a nonincreasing function of x, we obtain (51). W

C. The proof of (22) for pure states

We consider the inequality for a single initial state (22).
Because the complete proof is a little complicated, we here
only prove it for pure states pg and pg using several inequali-
ties that are shown in Appendix. We shall present a complete
proof in Appendix D.

We first introduce some symbols used in the proof. We
denote the desired final state and realized final state by

lps) := Uslps), (58)
|Wsp) := Uselps) ® |pE), (59
or = Trs[Wge], (60)
og := Trg[W,]. (61)

In a similar manner, the final state corresponding to the initial
state y; is denoted by

) := Uslyn), (62)
Wi p) = Usel¥i) ® |oE), (63)
OiE = Trs[\IJi',SE], (64)
ois 1= Tre[W] ;1. (65)
Note that now pg, pg ¥, and ¥/ are pure and that
1= 20 _ pag. ). (66)
1- 8(%)2 = F(0is, V) (67)

hold. Therefore, due to Uhlmann’s theorem [43], there are two
pure states ¢y and ¢; ; satisfying

5 2

(Wi |0 ® )l = Flos, pl) = 1 — (p;), ©68)
S(yY?

KW o 10! ® ¢ = Flois, ) =1 — % 69)

where we wrote |p) ® |¢) as |p ® ¢). We also employ the
abbreviation

3 (ps. AYih) 1= 8(ps > + Y rid (). (70)

x(pv w,

Since (22) becomes trivial if § > , we hereafter focus

< X (s {¥i})
on the case of § < oA

Similar to (36), the Sderivation of (22) is based on the
relations corresponding to Lemma 1 and the relations (a)—(c).
Let us start from the relation (c). The relation (c) in this case

is represented as

Xos VD < D nA?+ A +45(ps)As, (7D

where we defined
Ai = I(AE)U,"E
A" = |(AE)o,

— (AE)g, s
— (Ag)g, . (72)

To bound A; gnd A, we use Lemma 1. Using Lemma 1, (68),
and 8(ps) < & < 1, the quantity A’ is bounded as follows:

A/ < 5(/0S)

S T=800m) [V (AE) + Vi (Ap)]. (73)

We also bound Y, r;A? by using Lemma 1 in the following
form:

S ral <3 rL(oip, 83 Vo, (Ar) + Vo, (Ar) + A

(74)

The third term A; in the right-hand side of (74) is bounded by
A’ and Ay, as follows (its proof is in Appendix D):

A <A+ 27, (75)
We note that V. (Ag) has a direct connection to the Fisher
information F,, (Ag) in the case with a pure state. There-
fore, we obtain (22) by bounding the three remaining terms
Y. ril(oi g, 9f)*, Vi, (Ag), and Vs, (Ag) by V,, (Ap) and
8(ps, {i}). To do this, we use the relations (a)—(c).
The relation (a) in this case is represented as

> ¢y, i) < 48(ps. (Wih)’ (76)
that is close to the relation (40). The version relation (b) in
this case is represented as

Vo (AE) <V, (Ap) + Ang, (77)
JEAL A+ Vo (Ap)?
Ve, (Ap) < T (78)
2

that are close to the relation (42). These relations are shown
in a similar manner to those for (40) and (42), and shown
in Appendix D. Combining these relations and evaluating all
correction terms, we arrive at the desired relation (22).

VI. DERIVATION OF THE SUFFICIENT CONDITION
OF COHERENCE COST (THEOREM 2)

We prove Theorem 2 by using the following lemma:

Lemma 2. For ¢ > 9 Ay, /2+/2, there exists an implemen-
tation set Z, = (Hg,Ag, ¢, Usg) the Hgp of which is a
finite-dimensional system, and Z; provides a good implemen-
tation of Uy in the following sense:

Ay, < AAS>
o, < — 1+ s 79
N : NT: (79

Ty (Ap) = 482 (80)

We leave the proof of Lemma 2 to Appendix C.

043374-11



TAJIMA, SHIRAISHI, AND SAITO

PHYSICAL REVIEW RESEARCH 2, 043374 (2020)

Proof. Theorem 2 Given an arbitrary Us on S, arbi-
4ﬁAUS

trary precision § with 0 < 6 < — ;
N

number F satisfying ~/F > % + ﬁAAS, we construct an

implementation set Z for Uy satisfying 67 < & and F, (Ag) =
JF. We set a real positive number ¢ as follows:

20 = VT @1

, and an arbitrary real

Here, we show that the implementation set Z, =
(HE, Ag, ¢, Usg) constructed in Lemma 2 is Z which we
seek. Namely, we show ]-"4,; (Ap) = F and 87, < 8. The re-
lation Fy, (Ag) = F is easily derived from (80) and (81). To
show &7, < 8, let us substitute (81) into (79):

% + +/2A4, into the above, we

5z, < (82)

By substituting ~/F >
obtain

Ay, V28 A4
87, <8
Ay + V28 A, Ay + V284,

(AL +2v/2Au,8A4,)

=94
2
(Auvy + V28 A4,)
<6, (83)
which means that Z, implements Us within error §. |

VII. SUMMARY AND DISCUSSION

In this paper, we established simple relations between
quantum coherence and asymmetry (violation of a conserva-
tion law). The coherence cost to realize unitary dynamics in
a partial system under a symmetry (a conservation law) in
a total system is asymptotically equal to the ratio between
the degree of asymmetry of the implemented unitary and the
implementation error. We derive the upper and lower bounds
for the coherence cost that are asymptotically identical in
the region where the error is small. This asymptotic equation
quantitatively links two fundamental concepts in physics, i.e.,
symmetry and coherence.

Our results are applicable even when the whole system has
multiple conservation laws. If the desired unitary dynamics
alters two physical quantities and if the two physical quantities
are conserved in the total system, then the external system
must have the coherence required by Theorem 1 for each
quantity.

Since our results are valid for any unitary operation, there
are various applications of our results. In this paper, applica-
tions to the implementation of quantum heat engines, resource
theories, and entanglement erasure are described as examples.
In addition, our results are applicable to implementation of a
time-dependent Hamiltonian and some controls while main-
taining the quantum superposition.

The relation between our results and previous tradeoff re-
lations in implementation of unitary dynamics [12-16] is as
follows. The results given by Ozawa showed a tradeoff rela-
tion between accuracy of implementation of the CNOT gate and
fluctuation of a conserved quantity [12]. Although these re-

sults were generalized to other various unitary gates [13-15],
it was an open problem whether there is a similar tradeoff
relation for general unitary gates. In Ref. [16], this open
problem was solved. Reference [16] also showed that the
fluctuation must have quantum origin. However, the bound
given by Ref. [16] was not tight. In this paper, we improve
the bound in Ref. [16]. We show the asymptotic optimality
of the improved bound, and give an asymptotic equality of
coherence cost.

The given asymptotic equality for the coherence cost
also has a close relation to the Wigner-Araki-Yanase the-
orem [70-74], that is a very famous theorem for quantum
measurements. Particularly, an asymptotic equality of the co-
herence cost for quantum measurements under conservation
laws was recently given [74]. The equality given in Ref. [74]
has the same form as (21).

Is there a similar tradeoff equality for arbitrary CPTP
maps? Here, we present a possible extension of our result.
Let us consider an arbitrary CPTP map & on S. We will
implement this CPTP map by using the same type of im-
plementation set Z = (Hg, Ag, pg, Usg). Its total dynamics
Use conserves Ag + Ag and the initial state pr might have
coherence, i.e., [Usg, As + Ag] must be zero and F,, (Ag) can
be zero. To define the degree of asymmetry (violation of the
conservation of Ag), we consider another type of implemen-
tation J = (Hg, Ag, ng, Vse), the initial state of which does
not have coherence, that is, F,, (Ag) must be zero, and Vsg
might not conserve As + Ag, that is, [Vsg, As + Ag] might be
nonzero. We define the degree of asymmetry of & as the min-
imum degree of asymmetry in all possible 7 that implement
&g with no error [75]:

Ag,'= min  Ay,,. (84)

J:87=0
We also define the coherence cost of £ as

FoMEs] = Ir'giags Fpi(Ap). (85)

Note that if & = Us, the quantities Ax, and F5*'[Es] reduce
to Ay, and F$°'[Us], respectively. Hence, A, and F5*'[Ag]
are generalizations of Ay, and F5*'[Us]. Theorem 2 provides
the same form of inequality with these quantities:

JEE <t s,

However, unfortunately we do not have an inequality similar
to Theorem 1. If such an inequality is shown, we obtain the
following asymptotic relation in a concise form:

Conjecture: / F*[Es] = % + O(Ayy). (87)

We leave this problem as a future work.
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APPENDIX A: PROOF OF (40)
AND (41)—NO-CORRELATION LEMMA

In this Appendix, we prove (40) and (41). More precisely,
we prove the following generalized version of (40) and (41).
This lemma is an improved version of Eq. (16) in Ref. [16].

Lemma 3. Consider two quantum systems A and B. Let
Aap be a CPTP map on the composite system AB and let Uy
be a unitary o eratlon on A. We consider three ossible initial
states of A: p,”, ,o/gl), and p(OH) (,ow) + ,oA )/2. We write
the initial state of B as pg. We refer to the final states of AB
and B with the initial state p(’) (i=0,1,0+1)as

@ . X) ® pB)’

Oup ‘= AAB( (Al)
of) = Tfol3].

(A2)

We refer to the time evolution of A determined by Aap
and pp as Aa(p) := Trp[Aas(p ® pp)]. Using this symbol,
we define the accuracy of implementation of Uy by Aup for
the initial states p(’) i=0,1,0+1)as

85 = L(py, Ay o Ag). (A3)
In this setup, we have the following results.
(1) The following inequality holds:
Lo, UspUL @ o)) < 28 (A4)
(2) There exists a state o (OH) of B such that
L(og”, 05" V) + Loy, 05”) < 2v26570. (AS5)

Moreover, if Bg) +1) <
70+1)
Op of B such that

L(O‘éo), Ul;(0+1)) +L( /(0+1) (1)) < 28[(]0-4-1)'

If pp is a pure state and Aup is a unitary operation, the
aforementioned oy 0D s a pure state.

Proof. Lemma 3 We first introduce some symbols. We take
the purification 111(’) of p(’)(z =0, 1,04 1) such that ,o(o) :
Trul wlg%] and ,o(l) = TrA[w/gR)A] are pure states and orthog-
onal to each other. In that case, | D), = (¥ @), x +
[ (D) 12)/+/2 holds. We write the purification of pp as ¥pg,.
We employ the Steinspring representation [43] of A4p, that is,
we describe Ayp(p) by using a pure state ¥¢ and a unitary
transformation Uapc as Aap(p) = Tre[Uapc(p ® wc)U;BC].
We denote the initial and final states of the total system
ARABRBC by

1 /Zﬁ holds, there exists a state

(A6)

o= Wf% ® Vpr, ® Y, (A7)
W= Uapc¥ilU e (A8)

respectively. We also denote the final states of AR4 and BRgC
by
oxr, = Traryc[ Vi ], (A9)

s = Trar, [Vid ], (A10)

respectively.

From Uhlmann’s theorem, the definition of 63),
) _ o (@)
SU = (UA 1/fARA A’ ARA)
has another expression with a proper pure state ¢B(1’e) c as
@) _ i) gri 1(i) (i)
8y = L(Un¥a,Us ® P, Vit )- (A12)

Owing to the contractivity of the Bures distance, by taking the
partial trace of AR4 in (A12) we obtain

(i) /(i) (i)
Sy = (¢BRBC’ BRBC) (A13)

We now derive (AS) and (A4) by using (A13). We first
derive (A4). We start from the following triangle inequality:

/(i) (l) (i)
L( ot » Ua WARA GBRBC)
/(i) (i) /(i)
S L(Wigts Us Wi, UL © dp.c)

+ L(UA%%A Ul ® ¢§QRC, Uy lﬂf\l;)eAUT ® zglzgﬁc)

(Al1)

(A14)

The first and second terms of the right-hand side are bounded
by (A12) and (A13), respectively, which yields

1(i) (z) (i) (t)
L( tot vUA‘/’ARA BRBC) 25

By taking the partial trace of AR, in the above inequality, we
obtain the desired relation (A4):

(A15)

Lo, UspUj @ o) < 269 (A16)
Next we show (A5). We note the following relation:
0) ()
o +o
Ué(z)e:é) _ 9BRrsC . BRiC (A17)

which comes from a relation Tragg,c[Vi '] = pgy for a =

0, 1, and the fact that p(O) and p(l) are orthogonal to each other.
Then, (A13) implies
(1)

(0+1) 7(0+1) _(0+1) /(0+1)  OBrycTOBRyC
8y (¢BRBC ’ BREC) (¢BREC ’ %)7
(A18)

or, equivalently,

(1) (0+1))2
+o )
F(qséﬁjé%—””cz B”) s1-B ) )

2

Noting that qbggjcl) is a pure state, the left-hand side of the

above inequality is transformed into

©) ) \?2
0+1) OBRyc T OBRyC
¢BRBC ’ 2

© L o
_ (D) TR + UBRBC 104D

BRpC BRpC
1 O+ () )2
= 5 Z F BRBC > BIRBC) : (A20)
i=0,1

Combining the above equations and the relation (1 —
x?2/2)? > 1 — x%, we obtain

1 , N \2
O+1) (@)
) § :F(¢BRBC ’GBRBC) 21
i=0,1

— (85D, (A21)

043374-13
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which can be evaluated as

2 1 HoN2
G0 > 1- L Y Fem o)

i=0,1
1 /
O+1) ()
> 1- 2 Z (¢BRBC ’ BRBC)
i=0,1
1 , 2
_ O+1) _(@)
- Z L(¢BRRC ’ BRRC)
i=0,1
1 2
1(0+1) (i)
2 g( L(¢BRBC ’ BRBC)>
i=0,1

2
1 / i
> §< L(oB@“),ag))) . (A22)
i=0,1

This is equivalent to the desired relation (AS). Here, we

defined ‘71;(0+]) = TrRBC[¢§g:C])], and we used the relation

X2 4+v2> w for positive numbers X and Y in the fourth
line, and the contractivity of the Bures distance in the last
line. We remark that if pp is pure and A,p is unitary, by
following the above derivation without RgC, we obtain the
fact that 0'(0“) is a pure state.
We finally derive (A6) when 8\ " < 1/2+/2 holds. Using
7(0+1)

again the fact that ¢pp -’ is a pure state, (A19) reads

, ; 2 2
> (1 L@ ;,zgcf) . (1 - (850*”)2)
2 2 ~ 2 ’

i=0,1
(A23)

Noting the relation

1 X2\? Y2\?2 X +Y)?\?
(-3) +(-5) [« (-557) @

for real numbers X and Y satisfying0 < X + Y < 1, we arrive

at

H0+1) () 2 (0+1))2
- , )
1 — (21701 (¢BRBC BRBC)) 2 1— ( U ) (A25)
8 2
Here we used the relation L((]bggjcl), é(}g)ﬂc) +
L(gppie’ osp ) < 25/285"D < 1, which follows from (A5),

in apphcatlon "of (A24). By taking the partial trace of RgC, the
above inequality directly implies the desired relation (A6). B

APPENDIX B: PROOF OF (42) AND (43)
Proof. (42) The conservation of Ag + Ag under Ugg yields

Ve (As)+ V2 (Ap) = V7 (As) + V. (Ap)
+2CoVaa, [Use (05, @ pe)Ugx], (B1)

where i € {1, }} and o5, := Tre[Usg (ps.i ® pp)Ugg]. V,(As)
represents the standard deviation of the quantity Ag in p,
and Covge44,(0) is the covariance between Ag and Ag

with the state o. Using a basic property of covariance

Vi (As)Vay, (AE) < Covagia, (Use (psi ® pe)UJy), we ar-
rive at

Vor (Ap) — Vo, (As)

< V2, (Ag) + V2 (Ap) = 2V, (A5)Voy, (AF)

< V2 AR + V2 (As)
< Vo (AE) + Y, (As). (B2)

Using a relation V,(Ag) < Ay, /2 for any state o and taking
the sum of i € {#, |}, we obtain (42). |

Proof. (43) Let us introduce the following quantities:
A= Tr[Ag (o, —

pe)] = Tr[As(psi — 0s5)],  (B3)

Ay, = Tr[As(ps,i — UspsiU{)], (B4)
where i€ {1, ]} and oy, := Trg[Usg (ps; ® p)Ugpl. The

three quantities appearing in (43) can be written or evaluated
in terms of the above quantities:

A=A, — Ayl (B5)

Ay, = SULS0L (B6)
28(ps,i)Aas = 2Lp(0s i, USpS,iU_gT)AAS
> los; — Usps,iUg Il Aug

2 A — Ay il, B7

where i € {1, |}, I X|l1 := Tra/X7X is the trace norm, and we

used [|p — o1 <2y/1—F2(p,0) < 2Ls(p, o) [43]in (B7).
Combining (B5)—(B7), we obtain

24y, = |Au s — Ay y
<AL = A+ 2[8(ps,2) + 8(ps, )] Aug
= A +2[6(ps )+ 8(ps, )] Ay (B8)

Hence, proving

8(ps,p) + 8(ps.) < 26(ps.r+1) (B9)

suffices to show the left-hand side inequality of the de-
sired (43). We first define some symbols. We take purifi-
cation Ysge; of ps; (i=1,{,1 + ) such that pg 4 :=
Trs[Ysre,+]1 and pgg. | 1= Trg[Vsg,, ] are pure states and or-
thogonal to each other. In this case, [Vsr; 141) = ([Wsrg,4) +
|¥sks.1))/~/2 holds. We denote the purification of pz by
YEer,. We denote the initial and final states of the to-
tal system SRSERE by Yiori := Ysgry.i ® YEr, and Y, i=
USEwmt,iUSTE, respectively. We also denote the final states
of SRs and ERg by osg,.i:= Trer, [V, ;] and ogg,.i:=
Trsrs [V ;1> respectively.

We recall the fact that §(p) is expressed in terms of fidelity:

8(ps,i)*
2

1— = F(Osry,is UstRSJU;)'

(B10)
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Uhlmann’s theorem implies that there is a proper pure state
®g, on ERg such that
F(0sgg 141> UsWsrg 14+, Ud)
= (Viot. 144 [Us|¥srs. 141 ® P, -

Using [Wsro 140 = (Wsre ) + [Wsrg 1))/ V2 and

[Viot, 141 ) = (Vo r) + |wtot,¢>)/\/§, the right-hand side
of the above relation is bounded from above as

Kot 144 1 Us | Wsrgt 41 ® Ppg, )

(B11)

1 /
- 5 Z (1//t0t,m|US|wSR5,m ® ¢ERE>
m="1.{

1
<5 2 [WounlUslirse,m ® b,
m=1.{

< 3 m;¢ F (0sgg.m> UsWsig.mU3).

Combining (B10)—(B12), we obtain (B9).
Next, let us show the right-hand side inequality of (43). It
is easily shown as follows:

A <A+ A4
= |Tr[As(ps,y — os.)1| + [Tr[As(ps., — o5 )]
<2Ay,.

(B12)

(B13)
Here we use (B3) in the second equality in (B13). |

APPENDIX C: PROOF OF LEMMA 2

In this section, we prove Lemma 2 in the main text. In the
proof, we use the following abbreviation for convenience:

Ax = Apax(X) — )\min(X)s (C])

where Apax (X) and Ay (X) are the maximum and minimum
eigenvalues of X. Note that Ay, = A As—UJAsUs /2.

1. Strategy of the proof: How to construct a “good”
implementation set

In Appendix C, we prove Lemma 2 implementation set Z,
which satisfies (79) and (80). In this subsection, we explain
our strategy for how to construct such an implementation set.

To define an implementation set, we have to give an exter-
nal system E, an initial state on E, and an interaction unitary
dynamics Usg between S and E. Our external system E is
divided into five subsystems: S’, Ey, Ey, Eg, and E,,.

Let us explain the role of each subsystem. S’ is an approx-
imate copy system of S, the Hilbert space of which has the
same dimension as S. The conserved quantity Ag is very close
to Ag, but all the eigenvalues of Ay are integer multiples of a
real positive number 1/M?. As we will see later, 1/M? is equal
to the minimum difference of eigenvalues of the conserved
quantity A in the main part of the external system. The sub-
systems E, and Eg are used to perform approximately a SWAP
gate between S and S’. As we will show in the next subsection,
when M is very large, we can perform the SWAP gate with
negligibly small coherence in E, and Eg. The subsystem Ej is

pPs

o3
|1>@— —~Ps —]
E on(@E)-{ [
WM,L)@— —n.ﬁ

FIG. 7. Schematic of the sequence of use of the subsystems
S, ..., Eg.

—~ USPSU;

—~UspsUL— —~|1)

|dar)

the main part of E, and is used to perform approximately Ug
on §'. The Ej, is a discrete finite-dimensional ladder system,
and contains an approximate Gaussian pure state, which will
be defined in (C14). The order of use of ', Ey, E,, and Ejp is
shown in Fig. 7.

As we will see later, with choosing parameters of S,
Ey, E,, and Eg properly, we can make the error SI{ and
the quantum Fisher information of S'EyE,Es smaller than

f;—?(l + %) and 4¢2, respectively. To make the total Fisher

information in E equal to 472 and obtain (80), we use a
two-dimensional system E,. Note that the two-dimensional
system E, does not interact with other systems. The role of
Eyzis only to make the total Fisher information in E equal to
4¢-.

2. Preparation: Construction of a good implementation set

In this subsection, we give a concrete definition of an im-
plementation set Z; ;. p.c = (Hé’M ,Aé’M’e, qﬁ{L’M , USLEM ) as a
function of real positive numbers ¢ and € and positive integers
L and M, satisfying M > L > 8dg max{ds||As||} and M/L €
N is a positive integer. As we will see later, L determines
the maximum and minimum eigenvalues of Ag,, and 1/M?
is equal to the minimum difference of eigenvalues of Ag,. In
the next subsection, we will construct Z, in Lemma 2 from
I{,L,M,e-

We define the Hilbert space of the external system as fol-
lows:

e = (@ HEY) @ HY, (€2)

where ds is the dimension of the Hilbert space of S, and the
dimensions of HE;M and H! are

8LM?> (i=0)
dim(?—lg;M) ={2M24+1 (1 <i<2dy) (C3)
2 (i=2ds+1),
dim(Hy) = ds. (C4)

S’, Ey, ®ZS:1E;<, ®Z5:1Ek+ds, and Ej44; correspond to §’, Ey,
E,, Eg, and E, in subsection C 1, respectively.
The conserved quantity A€ is defined as follows:

2d§
+Y AP +AY, (C)

i=1

Aé’M’é ZAéUM 4 AS

Erag+1
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where
8LM?
ARM =" xlm) (ml g, (C6)
MZ
AR = ARY = Y emlm)(mlg, (1<i<ds), (CT)
m=—M?
Agy = €l{llg,, (C8)
ds
AY =" hili)il. (C9)
Here, x,,, €, and ; are defined as
1 1
€ =h — Iy, (C11)
3 1
= aah (C12)

where n; := [M?h;] and h; is the ith eigenvalue of Ag. Note
that 0 < €; < 1/M? holds by definition. We will define € in
the next subsection.

The pure initial state q&f’M of E is given as follows:

prM = o™t @ (95,05™) @ 1)1y ® ¢, (C13)

where |1)g is the first eigenstate of AY and
65M¢) = Coom——— Y ¢ ) (C14)

\/— merL
o) : Z Im), (C15)
|0> Eagon "y 1D ey
|Orsy) = — 5 (C16)
where C; 1y is the normalized factor and

By i= {ml|xu| < 2L}. (C17)

To construct U, SLEM , we introduce two types of unitary oper-
ations:

Ugth =" Y wilid(jly ® Im—ni + nj)(mlg,

i (j,m)eB
+ Y 1iMly ® Im){mlg, (C18)
(j,m)¢B
B:={(j,m)| —3L <hj+x, <3L},  (Cl19)
where u;; is defined as u;; := (i|gUs|j)s:
LM L o e .
Ughegs = 2 1ils @104l
(@@, j {im})eC
® (®d5_ Imk +5ki — (Sk j)(mk|E)
+ Z )ils ® 1) (Jls
@, j,m)gC
® (& Imi) (mel ). (C20)

C 1= {(i. j. tmi)|

—2M < my+ 8 — 8, < 2M foreach k}. (C21)

With using these two unitary operations, we construct USLEM
as follows:

LM . LM LMy;LM
Usi" = (Usgiie,,, Us'ey Us§itrg) ® Mg (€22)

where U SLL;,[?Ed .,y 1s a unitary operation defined by substituting
E4s+i for Ey of (C20). In this section, we sometimes use the

abbreviation of USLéW , USLS,ME ,» and USLS’,A{lEk} as Uy, Uy, and

Utk 44y, TEspectively.
LM sLMe LM
Now, we have defined Z;pme= (Hg" ", Ap", ¢,
U LéM ). To show that Z; ; u . is well defined, we have to show

the unitarity of Us;" and [U5Y, As + ALY <] = 0. Due to

Uo, Ay +ARM =0, (C23)

ds
Uy As + AY + ZAZM =0 (C24)
Uk sds)» As + AY ZAgjde = (C25)

the relation [USL,;M ,As + Ag’M’e] = 0 clearly holds. Below, we
show the unitarity of U5,

Proof. the unitarity of U5;" To show this, we only have to
show the unitarity of Uy and Uy, respectively. We first show
the unitarity of Uy, i.e., UJU() = UOTUO = I. Let us refer to the
first and second summations in (C18) as Uy 4 and U p, re-
spectively. Due to Uy = Up 4 + Up g and U(;B =Upp = U&B,
we only have to show the following:

Up,aUpp = UppUpa =0, (C26)

Ug sUoa + Uos = UpaUy , + Ups = 1. (C27)

To show these relations, we show the following relation:

Uoa=Y_ > wililily ® [m)m+n; —nlp,.

i (jm)eB

(C28)

To obtain the relation (C28), we only have to note the follow-
ing relation:

(jm)e B& (i,m—n;+n;) €B. (C29)

Therefore, by relabeling (i, j, m — n; +m;) of the first term
of (C18) to (j, i, m), we obtain (C28). [Here, note that when
(j, m) € B holds, the inequality —3L < x;y4,; < 3L holds by
definition. Since ||As|| < L, the inequality 4L < Xm—nin; <
4L always holds. Therefore, |m —n; +n;), always exists
when (j, m) € B holds. Similarly, we can show that |m)g,
always exists when (i, m — n; +n;) € B holds, and thus the
above relation (C29) is well defined.]

Using the relation (C28) and the definition (C18), we ob-

tain the following relation:
Uo.a = lUpa = Up allp, (C30)

where Il := Z(j’m)eB [/){jlg ® Im){m|g,. Here, to derive
Up.a = MIgUp s in (C30), note that the left half of the
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right-hand side of (C28) has the same form as the right half
of the first term of the right-hand side of (C18). Due to (C30)
and Ug = I — I1p, we obtain (C26).

Next, we obtain (C27). Due to Ugp =1 — Ilp, we only
have to show U(;AUQ’A = UO,AUJ.A = [1p. By using (C18), we
obtain '

U&AUO,A=Z Z Z uy i j, m') (G, mlgg,

ii’ (jm)eB (j/.m')eB
x ({',m' —ny +nyli,m

=22 >

i (jm)eB(j,m')eB

—n; + nj)sE,

’uljl.] m <.]7 m|S’Eo

X 8m’+n,»r,m+n‘,v
> i m)
(j,m)eB
= Ilp.

Js mlgg,

(C31)
Similarly, by using (C30), we obtain
UOAUOA = Z Z Z u,/jrulj|z ) (i, g,
J.J' (,m)eB (i',m')eB
X (J/ m/ —+ ny — I/ljf|j, m—l— n; — nj)erU

=D > > wuliim)imlsg,

J (i,m)eB (i, m')eB

X 8 4y i-tn,

> li m) i, mlgg,

(i,m)eB

= M. (C32)

Therefore, Uy is unitary.

Next, we show the unitarity of Uy,. We refer to the first and
second summations in (C20) as Uy 4 and Uy, p, respectively.
In the same manner as the proof of unitarity of Uy, we only
have to show

Uiy aUpy,8 = Uy Uy 4 = 0, (C33)
U{z},AU{k},A + U = U{k},AU{-I/;}’A +Upnps=1. (C34)
Again, we note the following relation:
Una= Y. [ilsg, ® il
(@@, j. {mi})eCy
® (L, 7k (i + Sk — 8.1 )- (C35)
Therefore, U{k},A = U{k},A HC = U{k},AHC hOldS,
and thus (C33) holds. (Here we define Il :=

S jmnec i s lss ® @ Ime) (mlg).
Finally, we show (C34). Due to Uyyp =1 —Il¢, we

only have to show UJ(}’AU{/(}’A = U{k}»AU{L},A = Il¢. Due
to (C20), we obtain U;(},AU{;(},A = I1¢. Due to (C35), we ob-

tain U{k AU{k}A = Ilc. |

3. Three lemmas to prove Lemma 2

Using Z; 1 m.e, we prove Lemma 2. To prove it, we use the
following three lemmas.

Lemma 4. There exist positive real numbers b and ¢ such
that the following inequalities hold for arbitrary enough large
positive integers L and M:

eyl b e
(¢EO " |¢EO _”j+ni> e % ST + M’ (C36)
1
LM
|(¢E |¢E =1 < YR (C37)

where shifted |¢L M. ¥y and |¢§;M ) are defined as follows:

1 i
LM, = C - e “’\m+n)g, (C38)
|¢E0’n > {,L,MZﬁM m;;{ | )Eq
|¢E :I:l : Z m =+ g (€39)

And we define /1 as a real number satisfying [|As — A —

nl| = ﬂ = Ay, and also define

= |hM?], (C40)

k= M?n,. (C41)

Lemma 5. For ¢ > 9 Ay /2+/2, there exists a real pos-
itive number 7, such that for any sufficiently large posi-
tive integers L and M, the implementation set Z; ; p =
(Hp™, AR, oM, UGM) satisfies the following inequality
for an arbitrary initial state pg on S:

Fe(ps, Mgy o A"Y)

—(As— ffhi)z/S 2 Vd? }’dézv
> (7 [e s~ Ashi 5 M(l SIS e

where we set A" (ps) == Tre[Ug" (s ® ¢ UG,
Ag = USASUS, and & is a real number satisfying [|As —

A — ni | = = Ay. The symbol T represents the time-
ordering product (e.g., T[AGASAS] = A’SZAS).

Lemma 6. We consider a quantum system, and take an ar-
bitrary Hermitian X and arbitrary unitary U on the system. For
X and X' := UTXU, we define X, := xo1 such that [|[X — X' —
Xoll = Ax—x//2. When || X — X’ — Xp|| < ||X]|| < a holds for
a positive number a < 1/9, the following inequality holds:

AAS

A2 e — 1
z1-

—(X=X'—Xo)?
Dol 4 6a

min [(T [e (C43)
p

Let us prove Lemmas 4-6.
Proof. Lemma 4 We first show (C37):

(65105 — 1] =
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To show (C36), we note that
Mg | LM,
(@0 BE s )

x +>cm

_ C?’LsM )
= 2 2 "

m' €By; meByy

m /+np,m—nj+n;

2 2
( 2 St —n j—ny, T
LM S i o _
=2 42 +o(e7h).

T 4LM?

meB;;

(C45)

We transform the first term of the right-hand side of (C45) as
follows:

2 2
Ymni—nj—ny +in

¢,L.M -
ALM? 2 ¢

B Gm+hi—hj+hty P +33,
4r2

hi—hj+hty 5 (hj—hj+hty)?
_ 20m+ ! / 24— /
2

— bl 472

hi=h; +h+y
(hi— +h+y) C2 (ot~ )2

_ ¢ LM A —E—
—e w TaYe Z e 22 ,
mEBZL
where y := hi —fzj—l—fz— (hi — hj + h).
Let us evaluate the right-hand side of (C46). By defining
Ym := Xm + %, and noting that |y| < 2/M?, we obtain

(C46)

hi—hj +h+y

C? e AT Y )
¢.LM Z o
4LM?

mEBZL

CZL M (xr»ﬁud)Z
_ Z, M Z o

4IL.M

m:—2L—y [2<y,<2L—y /2
o A

1 2
_ e D om2L—y 2y <2y 2 € 25 a7

2
i

1 202
ALM2 Zm:—ngxr"gZLe x

To evaluate the right-hand side of (C47), we use the follow-
ing relation for a smooth function f, which was given by
Chui [76]:

1 < iB—a) (B—oa)
;;f< n o )

(B—a)
2

p 1
=/ Flodx + [f’(ﬂ)—f/(oe)]+0(n—2).
(C48)

When 8 — « is a positive integer taking n = n'(8 — o) with
an integer n’, we obtain the following relation from (C48):

1 M 1
n(B—a) Z f<f7_5>

= [ Jf(x)dx +

1
Lf'(B) = f()] + 0<ﬁ>

(C49)

24n”

Due to (C49), we can take a positive number r; which is
independent of M and L such that the following inequality
is valid for any sufficiently large M and L:

2L 2

—41;42 Z e % —/ e 2 dx

Mi—2L < 2L —2L

< L _2L2 + rl (C50)
= 6(M2)2§'2
2

Here, we substitute e 2>, M2, 2L, —2L, and m for f(x), n’, B,
o, and i in (C49).

2 2
e Pdx= [ e ¥dx— 2Erfc[2L/(x/20)]
and Erfc(x) = o(e’xz), there exist positive numbers r, and
r3 which are independent of M and L, and the following
inequality holds for any sufficiently large M and L:

. 2L
Since  [7;

oo 2

1 _ 3 _2
W Z e xu? —/ e 2rdx

m:—2L<x, <2L o0

V3L€_L
M2
Similarly, there exist positive numbers s;, 57, and s3 which

are independent of L and M such that the following inequality
holds for any sufficiently large L and M:
hi—h;+h

1 _omt———)? © 2
D S B
—2L—y /2<yn<2L—y /2 -

ry _L
< ]W + re 4+ (C51)

$1 _ ssLe L
Sttt on

Now, we can evaluate the right-hand side of (C45). Due to
lyl < 1/M?,

(hi=hj+h+y)? (hij—hj+h)? 1
e 8¢2 =e 82 1
+ 0 Yel

Due to (C45), (C46), and (C51)—(C53), there exist b, ¢ > 0
which are independent of L and M such that the following
inequality is valid for any sufficiently large L and M:

(C52)

(C53)

LME| LM, _ihy b

|(¢E[;,n;1 |¢E;),;nj+ni> —e 8¢2 | < I —+ M (C54)
|

Proof. Lemma 5 We expand the initial state as
ps = pr v )™ (C55)
W Z a i, (C56)
Wsr) ==Y v/ p@)a;”mmR (C57)
Using these symbols, we can describe F,(ps, AU;- o Ag) as

follows: ‘
Fo(ps, Ay o As)?

= (Ysr|Tre[U Use (Ysr ® ¢ UgiUsllyse). (C58)
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By defining shifted ¢CL24 as
$1 = S @ (@L65") @ 11)(1ly @ b, (C59)

we construct an orthonormal basis of E as {I¢§L’£4), 1), ...}, (Here, qj{L:’” depends on & through & = n,M?* and ¢é{’){‘ﬁf.)
Expanding |¢g) with this basis, we find '

F,(ps. Af];f-w o As)2 = (Ysr| Trg [UJ Us (¥rsk ® ¢§";?4)U;EUS]|WSR>
= U5z ® ¢, 1 |USUse (wse ® 917 ) UspUs|vrse © ¢)')
+ (¥sr ® ¢(El)’U5TUSE (Vs ® (bé‘:}{:/])U;EUS‘I/fSR ® ¢1(;1)> +..

> (Vsr ® ¢§L:,~]:4|USTUSE (Vsr ® ¢§L:£/I)U;EUS|¢SR ® ¢;L;}lw)
2

= sz ® o;3 |USUse |¥ise ® 5] (C60)
which is equivalent to
Fo(ps. Ay o As™) 2 (@77 ® vis|Us Use |[se @ ¢73)|- (Co1)
To evaluate the right-hand side of (C61), we transform the right-hand side of (C61) as
|(¢?24 ® Vsr|UJUsg | ¥rsk ® (bCL,],W)}
= | 2P 2w T (05105 s N 105 s ) - (80, 106,0 n) (C62)
A ijk

For arbitrary complex numbers {«,} and real positive numbers {f,} and (B} satisfying |Bx — Bx| <y (y is a real positive
number), the following inequality holds:

>

> B

S,
X
) (M)«

Therefore, due to Lemma 4 and the fact [Y ", py ) . q; ujia; u,.k| < 1, there exists a real positive number r which is
independent of L and M such that the following inequality holds:

(" ® wSR|USTUSE |5k ® ¢§24>|

—y ) lel: (C63)

¢h
_ (hj—h;—h)? dz d2
Z ZPA Zagk)”jial(ck)*”j'ke s [1 — (rﬁs + %)]
2 ijk
° ! 2\ ! 2 2
— W, o s N~ 5D (i = hy — 1) rd?  rd:
= XA:P/\%{:% Wjity " Ujy - T < 8§2 1= V—FT ) (C64)
Finally, applying
! N
W o s ((hi —hj—h)? N (As — Al — hi) N
Zaf )“ﬁal(c : ”jk(g—;z = <1//§ )‘T 8—;2 Wé )> (C65)
ijk

to the right-hand side of (C64), we obtain

00 1
ok (=) ((hi —h; — h)?
Dop Y a ! ) 87
T !

ijk =0

=9} 2 !
(=1 (As — Ay — hi)? A Al _pi
D e W T
A 1=0 ’
In conclusion, we arrive at the desired inequality
¢.LM —(As—AL—n1)?/8¢2 rd§ Vd§
Fo(ps, Ay; o Ag™™) = |(T[e s 1= < ) (C67)
[ |
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Proof. Lemma 6 The Taylor expansion of T[e~*—X'~%0’] reads

, 1 1
T[e_(X—X—XO)2]= 1—’1"24—5721_57164_"" (C68)

where we employed the abbreviation 7,, := T[(X — X’ — X;)™]. Using this expression, we have the following inequality:

’ 2 ’ 2 ad 1 ad 1
(TLem X0 | > Re((TLe™ X 07) ) > 1= 37 —1(Sa)pl > 1= 37— 1Sl (C69)
m=1 " m=1

where we denoted the Hermitian part of 75, by Sy, := (T, + T;n) /2. For convenience, we also define the anti-Hermitian part
of Ty, as Ay,,. The operator norms of S, and A,,, are bounded from above as

[S2m ]l < I1X — X' — XolI*(6a)™ ", (C70)
Azl < IX — X' = Xoll(6a)" " (C71)

We first see how (C70) leads to the desired inequality (C43), and then we prove the above inequalities. Using (C70), the left-hand
side of (C43) is evaluated as

, 1 1

. —(X—X'—Xo)? ’ 2 2
mmeT[e ( DI =1 - 1X - X = X (1 + 5;(6) + 7(60) +)
6a -1

6a

e

=1—[X-X - Xl

A% e —1
=1- X2 . C72
4 6a (€72)
We now prove (C70) by using the mathematical induction on m. We also prove (C71) as a byproduct. In this proof, we put

Y := X — X' — X, for brevity. We first show (C70) and (C71) for m = 1. Recalling > = T[(X — X’ — X;)?], we have

S, =Y% Ay =[X,X]=1[Y,X], (C73)
which directly imply
ISoll = (Y17, 1420l < 2alY ] < Y. (C74)

Hence, (C70) and (C71) hold for m = 1.
We next show the inductive step. Assume that (C70) and (C71) hold for m < k. We shall show that (C70) and (C71) also hold
for m = k + 1. Inserting the following recursion twice to the definition of 75,

T, =T X — X' +Xo)T—1 = [T-1,. X1+ YT,_4, (C75)

we obtain the recursion relation between T, and T5(,—1):

Ton = [Ton1, X1+ Y Touy = [Tan—1) X1, X1+ [Y Tagu1), X1+ Y [ Togu_1y, X1+ Y Tan1). (C76)
f T
Using the relations Tr(,—1y) = Sa—1) + A2(u—1)> S2n = % and Ay, = % we divide this recursion into the ones about S»,

and A,, respectively. From T5(,—1) = S2(u—1) + A2(n—1), We obtain
Ton = [[Sa0—1)s X1, X1+ [¥ Sau—1), X1+ Y [S20u—1), X1+ Y2201y + [[Azu—1), X1, X1+ [YAz(u—1), X ]
+ Y[As-1), X1 + Y Aoy
= [[S2tn-1), X1, X1+ 2Y S 1yX — XY Sagu1y — Y X S20u—1) + Y2201y + [[A2n—1y, X1, X1+ 2YAri-1nX — XY Ay 1)

—YXAso1) + Y2 As1y. (C77)
i 7t
From S5, = # and A,, = %, the above equality reads

Son = [[S20—1), X1, X1+ %(2YSZ(11—I)X — X, Y}S201y + V2S00 1)) + %(ZXSZ(n—l)Y — Sy {X, Y} + Sau-1)Y?)
+ 1Y Ay X — (X, Y} Aspm1y + Y Aro1) — 32X Asuo)Y — Ao )X, Y} + Asuey Y2,
Az =[[Az-1), X1, X1+ QY S0 yX — (X, Y}S20-1) + Y2820 1) — 22X Sa0-1)Y — Sau-1){X. Y} + S2u—1)Y %)
+ 1@V Ay X — (X, Y} Asmty + Y2 Arm1) + 32X Aso1yY — Aoy (X, Y} + Asuen Y ). (C78)
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By taking operator norms of the above relations, the following recursion relations are obtained:

15201 < IS26u- 1y 141X 1P + 1S200-n IAUXTIY T+ WY 1P+ Tz [GIXTIY I+ 1Y 1)1

< NS20-1y19a* + | A2y I5allY |,

1420 <UAzg-n 141X 1 + 1S26- 1y IGIXTIY 1T+ 1Y 1))+ (A2 IGIX Y I+ 1Y 1)) <

Finally, using the induction hypothesis, we find that (C70) and (C71) hold for m = k + 1:

_ _ 9a
IS20e0)ll < NY 17(6a)19a* + [|Y [|(6a)'5al|Y || < ||Y||2<6a>k(;+

9a
[Asrnll < IYI1(6a) 190 + [V [I*(6a)'SalY || < ||Y||(6a)"<g +

By mathematical induction, (C70) and (C71) hold for any m.

4. Proof of Lemma 2

These two lemmas directly imply Lemma 2 as follows.

Proof. Lemma 2 Let us take A’ such that the lowest eigen-
value of Ag — K'Is is zero. Substituting (As — h'Is)/(2v/2¢),
Us, and ||As — h/IS||/(2ﬁ§) for X, U, and a in (C43), we
obtain

min £, (ps, Ay; © Ayt
S

> (1 Afxs—AgeG"—l 1 dszr dszr
- 322 6a L M

Af e — 1 dir  dir
= (1— 82 6a )(“T—ﬁ)’ (C83)

where a = [[As — WIs||/(2v/2C) = Aay/(2V/20).
Due to ¢ > 9AUS/2ﬁ and Ay, < Ay, a <
and thus

1/9 holds,

6a_1
2
< (1 +2a).

(C84)

Therefore, there exist enough large Ly and M such that for
arbitrary L > Ly and M > M, the following inequality holds:

2

. LM 2
min Fo(ps, Ay; o AP > 1 8(;2 +2a)%.  (C85)
Therefore, when L > Ly and M > M, hold,
Ay ( Ay )
8 pme S 7|1+ — ). (C86)
T S 5 U

Now, let us give the implementation that we seek. We note
that

lim V¢L M.¢ (AM

M— o0

2L 2
)= chf xle 2dx < 2, (C87)

2L

u -2 . .
where C; 1 =1/ f_2L e »”dx. Hence, there exists a posi-

tive integer M} ¢ depending on L such thatif M > M o,

Vyeme (AgM) < ¢ (C88)

(C79)
A2 l19a* + [1S2ia—1) l15allY |-
(C80)
5 2 k
3 < 1Y 17 (6a)”, (C81)
a k
3 < 1Y [[(6a)”. (C82)
]
[
We also note that
ds So1 4
LM S
> V(A" < X 7 =g (C89)

i=1 i=1

Hence, there exists a positive integer My 1 > M| o such that if
M > ML,I;

ds
Vs (D) 43 Vyw(AEY) <2 (©90)
=1
Therefore, we take L > L, and define M} as
ML = max{Mo,Mqu}, (C91)
and then define ¢; as
e =2 |2 — VLML; ZVLML M), (C92)

Let us define Z; ; := Z; 1 um,,¢, and refer to its components as
(’HE-L), A(L) ¢>(L) UE). Then, Z; 1, satisfies

Ay As
8, < =21 =, €93
Ii.L 2C ( + \/zf) ( )
Fao(Ap") = 4V, (A) = 4¢2. (C94)
n

APPENDIX D: PROOF OF (22)

Proof. (22) We first consider the case where both pg and
pE are pure states. We here reshow some definitions of sym-
bols used in this proof. We denote the desired final state and
realized final state by

lps) = Uslps), (D1
|We) == Uselps)|oE), (D2)
o = Trs[W], (D3)
o5 1= Trg[Wi]. (D4)
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In a similar manner, the final state of y; is denoted by

l) := Uslyn), (D5)
W, sg) == Use|¥i)lpE), (D6)
oi = Trs[¥] gz, D7)
ois = Trg[ V] g 1. (D8)
Noting the definition of §(p), Uhlmann’s theorem leads to the fact that there are two pure states ¢ and ¢; ;. satisfying
(We 10 ® by = (1 - 8(‘;)2), (DY)
(W s/ ® ¢/ = (1 - @) (D10)

where we wrote |p) ® |¢) as [p @ ¢).
In the case of a pure state, 2V, (Ag) = \/F,, (Ag) holds by definition, and the pure state pg is written as |ps) = Y, o;[¥;). In

this case, r; = |;|? holds, and the desired inequality (22) follows from
X (ps. (Wid)? < 508(ps. {¥i})*(Vj, (Ap) + 244,)°, (D11)
where we used the abbreviation
3 (ps. AYi) 1= 8(ps > + Y rid (). (D12)

Since the above inequality (D11) reduces to a trivial relation V,, (Ag) > 0 when 3(,05, {¥:i}) > x(ps, {1/fi})2/ 10\/§AAS is

satisfied, in the following we prove (D11) only for the case of §(ps, {¥i}) < x (ps, {w,-})Z/loszAs.
We first employ (71) [the relation (c)], which is repeated below:

X(ps, (W) < Y rid? + A+ 48(ps)Aay, (D13)

where A; := [(Ag),  — (AE)qul and A’ := {AE) o, — (AE)¢/E|. The equation (D13) is shown as follows:

X (o5, WD = D ril{As)y, — (As)yyys + (Asdyspuus — (As)ye)?
<D rill{As)y, = (As)oys + (Ashas — (As) sl + 208(W) + 8(05)] An, Y,
= rilllAr)o, — (AE) p, + (AE) = (AE)o, |+ 208(¥0) + 8(ps)1An,)

=Y rill{AR) 6, — (AE)oy | + 2[8(¥) + 8(ps)1An,)

2

< \/Z Fi(Ag) gy, — (AE)g P +2 \/Z FIS(Y) + 8(ps) P A2,

2

IN

\/Z ri{AE)g,, — (AE)g ) + HAE) 5, — (AE)g | +2 \/Z ril8(¥i) + 8(ps)P A%,

2

= /Zr,-AiZ+A/+2\/Zri[8(1ﬂi)+8(,og)]2A§S , (D14)

where we used the conservation of A in the total system in the third line. We obtain (D13) since the third term in the right-hand
side of (D14) is easily bounded as

D o rls(i) + 8(ps)P AL, < 48(ps, (Y)Y A, (D15)

1
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Below we consider the first term in the right-hand side of (D14). This term is evaluated by using Lemma 1, or (74):

D rAF = ri(A)g, — (Ap)g) < Y riLl(0ig, $1) Ve, (AE) + Vi, (Ap) + AT (D16)

i i i
The first term in the bracket, V,. . (Ag), is bounded as (78) [relation (b)]:
Vour (AE) < Vp, (Ap) + Ay (D17)

i.E

In the subsequent analysis, we first bound the two correction terms, Vg (Ag) and [(Ag),,, — (AE) & |, by quantities independent

of i. We then evaluate ) , r;,L(0; g, ¢f; )2 by using (76) [relation (a)].
We first derive the bound for Vs, (Ag). We compare the fluctuation of A in ps ® pg and pg ® ¢ :

Visooe (As +Ap)? = Vi, (As + Ap)?
= Trl(As + Ap — (As + Ar)yy, ) W]
> Tr[(As + Ar — (As + Ar)wy, ) Pogos, Vi Poos ]
= Trl(As + Ag — (As + Ar)yy, )05 © Gp1TrlPyygs, V]

8(ps)?\
= Tr[(As + Ag — (As +AE>%E)ZP§®¢E](1 - (p;) )

2\ 2
_ 5_(25) ) , (D18)

> Vg, (As +AE>2<1

Here, Py gy, = |05 ® ¢r){ps ® @i | is the projection operator onto pg ® ¢. By substituting Ve, (As + Ag > =V, (As)* +
Ve (Ap)* < A%S/4 + Vi (Ag)? and Voioe, (As +Ap)? = Vpg(AS)2 + V¢’E(AE)2 > V¢E(AE)2, we arrive at an upper bound for

Vg (AE):
V1A% + Ve (Ap)? .

_ 8(ps)?
1 2

We next derive the bound for A; := [{Ag),,, — (AE) g, | We evaluate [(Ag),,, — (Ag)y, | as

(AE)o,, — (AE)g, | < HAE)s, — (AE) o, | + 1{AE) g, — (AE)y, | = [{As)y, — (As)o,s — (As)g, + (As) 5| + A" <284, + A

Vg (AE) <

(D20)
From Lemma | and L(og, ¢) < 8(ps), we derive the bound for A’ as follows:
[1 A2 2
/ L(UE’ ¢,E) 8(,05) ZAAS + VpE (AE)
AN =B TE 1y (Ap) 4V (Ap)] < —2 |V, (Ag) + A D21
\I_L(UE’(P/E)[ E( E)+ (1)5( E)]\ 1—8(,05) pE( E)+ AS+ ]_5(/;)2 ( )
At present, we have an upper bound for the right-hand side of (D16) as
> ril(0ik, $p) Vo, (Ap) + Vi, (Ap) + A
3 —28(ps) 1 D% + Ve (Ap)? ’ ,
—V, (A —A L(0i g, ¢F)°. D22
T A T 7% B B 179 Sy 75 2. nLGiE: 97) (D22)

We finally calculate the bound for ) . 1iL(oiE, 9F )2 Using a relation Tr[AB] > Tr[pApB] for positive Hermitian operators A, B
and a density matrix p repeatedly, we have

ri{@ploielgr) = Trl(ps ® ¢p) (Y] ® 0i k)]
> Tr[We (g ® ¢p)Wsp (V] @ 0;.5)]
= Tr[W, (05 ® Pp)ITr{Wp (Y] ® 0ik)]
> Tr[ Ve (05 @ )TV W, op (V] ® 07.2)V; g ]
= Tr[W, (05 ® )T W W, o 1Tr (Y] ® 0ip) V] g ]
> Tr[W (05 @ )T W W, s 1T (W] ® ¢ ) (W] ® 01, £) (W] ® ¢ )V ]
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= Tr[ W (05 ® ST Wep ] s 1Tr(Y] ® ¢; p) (¥ ® 00 ) Te[(Y] ® ¢ )V} 5]

= Tr[W, (0§ ® ¢p)ITr{ W,
2 2

= ri(l — 2(os) ) (1 -
2 2

We combine (¢ |0ig|¢p) = (1 — L(¢p, 01£)*/2)* and

5 ( 5(,0s)2>2< 8(%)2)4
ri 1 I — 1 - T 5
] 2 g

2 4
S (1 _ 5005)2) (1 _ M) ,
2 2

which follows from Jensen’s inequality, noting 0 < 1 —
L(¢f. 0i,£)*/2 < 1, and obtain

(D24)

- M+m = + 230
(D25)
which directly implies the desired bound
Z riL(¢. 01£)* < 2[8(ps)* +2 Z rid(¥i)’]
| < 43(ps. (¥}, | (D26)

In summary, by substituting all the obtained results into the
right-hand side of (D14) and noting §(ps) < 8(ps, {¥:}), we
obtain the following inequality:

x (ps, {¥:}) < 28ps, {¥i})
15 5.5 — 48(ps)
X [1 Tope) AT T T O

15 3% + Vo (Ar)?

T=8(ps) 1 dpr

(D27)

We note the inequality §(ps) < 1/ 10+/2, which follows
from the condition §(ps, {¥:}) < x(ps, {¥i})/10v2A4, <

1/10\/_. Then, using the relation 1/‘—‘AE\S%—V[,E(AE) <

% + V. (Ag), we obtain

X (ps, (i)
< 8(,05, {¥;Dl6.464... x VpE(AE) +12.84... x AAS]
< 3(ps, (WiDISV2V,, (Ag) + 10v/2A4,1, (D28)

which readily implies (D11) for the case where both pg and
PE are pure states.

Next, we consider the case where pg is mixed and
pe is pure. We take a purification of pg as [Ysgr) :=
Zx,i\/P—A [A)| o). We expand each pure state p; with the

orthogonal basis {;} as |0,) = ;@™ |y). Then, |yrsg) is

W AT (] ® 6] )W, s 1TH ) 201 k]
s\’

(D23)

(

rewritten as

[Wsk) = Y /Pre™ W) ). (D29)
i,h

By setting {,/pa™'} and {|A)|¥)} to {e;} and {|1;)} in the
derivation of (D28) for pure ps and pg, we obtain (D28) in
this case. Therefore, we obtain (D11) in the case where pg is
a pure state.

Finally, we show (D11) for the case where pg is a mixed
state. We prove this in a similar manner to the proof of The-
orem 1 in the case where pg is a mixed state. We employ
the decomposition of pg into pure states {p,} (i.e., pr =
>, dnoy) as satisfying F,, (Ag) = 43", q,V,, (Ap)*. We de-
note quantities 8(ps, {¥i}), 8(ps), and 8(v;), with the initial
state of £ as p, by putting the subscript n such as 8(ps, {(¥ihy,
8(ps)y- and 8(;),.

Since (D28) has already been proven for a pure pg, we have
that the following inequality holds for each p,,:

x(ps, {¥i})
52 x 8(ps, (¥i})y

where 3(ps, {i}),, has the following expression:

Vi, (AE) 2 —2A4, (D30)

8(ps, (i), = \/5(%)% + ) rid(ps)? (D31)

with 7, ==Y, pala™|?. With keeping (D30) in mind,
Voe (Ag) is evaluated with a downward convex function
I(x) := (max{0, mﬁ —2A4 D)% (x > 0) as
prE (Ap) =4,V (Ac)
n

> qyll8ps, (Yid)y]
n

(D32)

I[Z 03 (ps, {%})n}.
1
Here, we shall prove

> 4y8(ps. (Wib)y < V2 x 8(ps. {i}). (D33)
n

We start from the following simple inequality:

> 085, Wiy < \/Z a3(os, (Wi}
n n
\/Z 48(ps)2 + anr,awf,

(D34)
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Here, the following inequality holds for any p:

> " andp)y < 28(p), (D35)
n

which is proven as follows. We denote the purification of p by
| SR), and we define osg := As(sg) and osg,, as that with
the initial state of E as p,. We then have

<1 ()P
2

2
) = (Ysr|U{ osrUs|¥sr)

= Z qn <¢SR|U;USRJ]US|¢SR>
n

32\’
Eol-5)

. (1 - ann;(p)z)

2

which directly implies (D35). Applying (D35) to (D34), we
arrive at the relation (D33).

Finally, substituting (D33) into (D32), along with the non-
increasingness of /(x), we obtain

(D36)

VF o (Ap) > 2 Z[Z a3 (ps. {vn})n}
n

> 211V x 3(ps. (4]

— M —4Ay,, (D37)
58(ps)
which readily implies the desired result (D11). |

APPENDIX E: A GENERALIZED VERSION OF THEOREM
1 FOR THE CASE WHERE Ag + Ag IS NOT CONSERVED

In this section, we consider the case that the total dynamics
is unitary, but the quantity A is not conserved perfectly, i.e.,
the case of [Usg, As + Ag] # 0. In this case, we can define
the degree of asymmetry of Usg:

N
Ay, = %. (E1)
Then, we can obtain the following theorem.
Theorem 3. When an implementation set (Hg,Ag,

pe, Usg) implements Us within error &, the following
inequality holds:

JFES U] > w —6max{Ay,, 24y, ).  (E2)

We can obtain the proof of this theorem just by substituting
the following inequalities for (42), (43), and A < Ay, in the
proof of Theorem 1:

max{Vo, . (Ag), Vo, | (Ap)} < 8 + 2 max{Ax,, 2Ay,, },
(E3)

2(Ay, — Aug) < A 4+ 48(psp4) sy, (E4)
A< A + A, (ES)

We show these inequalities below. The inequality (ES) is
obvious. Let us show (E4). We define

Ai = Tr[As(ps,y — os.1)], (E6)
A = Tr{As(ps.y — p5,))]- (E7)

Then, clearly |Af — AY| < A +2Ay,. In the same manner
as the derivation of (BS8), we obtain

2Au; < |AY — A+ 48(0s.141) Ans- (E8)

Therefore, we obtain (E4).

Next, we show (E3). We use the following important fact:
Let us take an arbitrary positive operator A and arbitrary uni-
tary U. When ||[U, A]|| < x holds for a positive real number
X, the following inequality holds for an arbitrary state p:

V3(A) = VUTAU)| < x[2V,(A) +x].  (E9)

where V,(A) is the standard deviation of A in p.

Proof of (E9): Because of ||[A, U]|| = ||A — UTAU||, the
Hermitian X := A — UTAU satisfies | X| < x. By using X,
we can express V(U AU ) as follows:

VXUTAU) = (A— X)), — (A—X);

=V (A) —2Cov,(A: X) + V) (X),  (E10)
where Cov,(4;X) 1= %Tr[,o(AX + XA)] —(4),(X),. Be-
cause of V,(X) < |[IX|| < x and the quantum correlation
coefficient is lower than or equal to 1, we obtain

[VIUTAU) = V(A)| < 2|Cov,(A; X)| + V(X))
2V, (X)V,(A) + V; (X)

<
< X@2Vp(A) + 0.

(E11)

[ |

Let us show (E3). By using (E9), we first show that
the variances of Ag + Ag in the initial and the final states
are very close to each other. The variance of Ag+ Ag
in the initial state is szsvi(As) +V; (Ag), and corresponds
to sz(A) in (E9). The variance of Ag+ Ag in the fi-
nal state is ngs‘i(As) + V. (Ap) +2Covagia, (e 7 (05 ®
pe)e™™), and corresponds to V(UTAU) in (E9). Substitut-
ing Ag +Ag, e77, and pg; ® pg for A, U, and p of (E9),
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we obtain
V2 (As) + V2 (Ap)
> szs,; (AS)"'V[}EJ (Ap)+2Cova,ia, (e 7 (05.:®pE)e™T)

— 1 (2)/V2,(A5) + V2 (Ap) + %), (E12)

where V,(As) is the standard deviation of the quantity A in
p, and Covyia,(0) is the covariance of A of the state of o
on SE. Because —Vy ,(As)Vy, ,(Ap) < Covagia, (e M7 (ps; ®
op)eT) (this is a basic feature of the covariance) and

V,(As) < Ay /2 for any p, we obtain
Vop(Ag) — Vo, (As)

< V2, (As) + V2 (Ap) = 2y, (A5)Voy, (Ar)

< / V2 (AR)+V2 ()X (2, V2 (As)+V2 (Ar) + 1)
<V, (Ag) + 1.5max{Ay,, x}. (E13)

By substituting 2.4y, for x, we obtain (E3).
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