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The domain wall problem in the axion solution of strong CP violation has condensed-matter-based analogy
in nafen-distorted superfluid 3He. The Kibble-Lazarides-Shafi (KLS) domain wall, which appears during the
temperature of the early universe cooling down to QCD scale, attaches to the string defect that appeared in
the first time symmetry breaking phase transition. Recent experiments in rotating superfluid 3He produced the
network of the KLS string walls in a human controllable system. In this system, the half quantum vortices
(HQVs) appear the first time symmetry breaking from a normal phase vacuum to a polar phase, while the KLS
domain walls appear and attach on the HQVs in the phase transition from the polar phase to polar-distorted
B-phase. Based on the method of relative homotopy group, the KLS string walls have turned out to be the
descendants of HQVs of the polar phase. Here we further show the KLS string walls smoothly connect to
spin solitons with a length scale around ξD when the spin orbital coupling is taken into account. This means
HQVs are one-dimensional (1D) nexuses, which connect the spin solitons and the KLS domain walls. This is
because the subgroup G = π1(S1

S, R̃2) of relative homotopy group describing the spin solitons is isomorphic
to the group describing the half spin vortices—the textures of the spin degree of freedom of the KLS string
wall. In the nafen-distorted 3He system, 1D nexus objects and the spin solitons with topological invariant 2/4
have two different types of networks, which are named as pseudorandom lattices of inseparable and separable
spin solitons. These two types of pseudorandom lattices correspond to two different representations of G. We
discuss the condition under which the pseudorandom lattice model works. The equilibrium configuration and
surface densities of free energies of pseudorandom lattices are calculated by numeric minimization. Based on the
equilibrium spin textures, we calculate their transverse spin dynamic response of NMR, the resulted frequency
shifts, and

√
� scaling of the ratio intensity exactly coincide with the experimental measurements. We also

discuss the mirror symmetry in the presence of the KLS domain wall and its explicit breaking. Our discussions
and considerations can be applied to the composite defects in other condensed matter and cosmological systems.

DOI: 10.1103/PhysRevResearch.2.043356

I. INTRODUCTION

The composite objects formed by topological defects
with different dimensions, such as the Kibble-Lazarides-Shafi
(KLS) string wall [1,2], play significant roles in Grand uni-
fied theories and cosmological models. The KLS string wall
typically appears when two different symmetries with well
separated energy scales are spontaneously broken [3–5]. An
example of spin(10) gauge theory breaking to H = {H0, K}
was provided in Ref. [1], where H0 = spin(6)⊗spin(4) and
K = H0iσ67. Thus the string defects in the spin(10) model are
described by π1(R) = π0(H ) = Z2, where R = spin(10)/H
is vacuum manifold and the nontrivial element of π1(R) corre-
sponds to 1-loops containing charge-conjugated state, which
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is generated by charge-conjugation transformation C∈H . This
means the string defect is the Alice string, around which par-
ticle converts to its charge conjugation [1,6,7]. In the second
time symmetry breaking from H , the Alice strings become
boundaries of domain walls because of the spontaneous break-
ing of charge-conjugation symmetry.

Similar two-step symmetry breaking patterns may happen
in different unified gauge theories and cosmological models.
Particularly it induces the domain wall problem of the axion
solution of the CP violation in QCD [5]. In the axion solution,
two phase transitions successively occur in our universe dur-
ing its temperature cools down. In the first time transition, the
U (1)PQ symmetry of Peccei-Quinn mechanism spontaneously
breaks, then the axion and string defect appear. When the
cosmic temperature reaches the QCD temperature, the U (1)PQ

symmetry is explicitly broken by QCD instanton to discrete
symmetry and then the domain wall appears. As a result, the
cosmic strings formed in the first time symmetry breaking
attach on the domain walls formed under QCD temperature
[3]. This string wall system is topologically protected and then
stable during the evolution of universe. The universe which
has this stable structure will be very different with what we
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have observed. A lots of ideas have been reported to solve this
problem, and the corresponding decay dynamics of the string
wall system also be researched [8–12].

On the other side, the similar ideas about string wall system
are introduced into condensed matter system and soft matter
system. These systems may provide very stable instances of
string wall with human controllable methods. For example,
the ferroelectric nematic liquid crystal was observed recently
[13]. The molecules of this liquid crystal have big enough
dipole moments and show ferroelectric-like polar arrangement
of polarization vectors. The formation of the string wall by
two successive phase transitions during cooling down in this
new system was expected [14]. In this paper, we focus on the
nafen-distorted 3He superfluid system [15]. This system gen-
erally belongs to nanoconfined superfluid 3He. In this kinds
of system, the objects with nanometers geometric sizes are
immersed into liquid 3He. In the low temperature at which
the liquid 3He is superfluid, these objects, which geomet-
ric sizes are less than the coherent length of p-wave triplet
cooper paring, will strongly modify the microscopic scatting
properties of quasipaticles and then induce new stable phases
such as the stripe phase [16–20]. The nafen is one of these
kinds of nanostructured materials that consists of randomly
distributed parallel Al2O3 strands with the 8-nm diameter.
This geometric size is far less than the typical coherent length
ξ0 (∼20–80 nm). The polar phase, which can never be stable
in bulk 3He, was predicted to be a stable vacuum state in this
system [16] and latter can be experimentally identified [21].
Recently, the Anderson-Fomin theorem, which is the exten-
sion of the Anderson theorem [22], further explains the reason
of the domination of the polar phase in this uniaxial system
[23,24]. Moreover, the observation of the T 3 dependence of
the gap amplitude of the polar phase verified the Anderson-
Fomin theorem [25]. In multiorbital superconductors, similar
extension of the Anderson theorem was also discussed [26].

The observation of a stable polar phase provides an ideal
platform to research the Alice string, i.e., half quantum vortex
(HQV). In the 1970s, HQVs were predicted to appear in 3He
A-phase [27,28]. Unfortunately, HQVs have higher energy
than phase vortices in A-phase, then it actually never be ob-
served in bulk A-phase. Nevertheless, many researches about
the structures, spin dynamics and spin polarization of HQV
in A-phase were reported in last few decades years because
its unusual properties [29–34]. Now this novel string defect
can be easily observed in polar phase and polar-distorted
A-phase of nafen-distorted 3He system [35,36]. The funda-
mental group π1(RP ) of the polar phase is isomorphic to
Z̃ = {n/2|n ∈ Z}, where RP is a vacuum manifold of polar
phase [37]. The coset {n′/2|n′ = 2n + 1} of π1(RP ) charac-
terizes the topological stability of HQVs. The appearance of
HQVs in the polar phase during cooling down from a nor-
mal phase is an instance of the formation of cosmic strings
by symmetry breaking phase transition in a p-wave super-
fluid system. When the temperature of polar phase superfuid
reaches the transition temperature of polar-distorted B-phase
(PdB), the second time symmetry breaking phase transition
occurs [36]. In some spatial regions of polar phase, which
has HQVs generated in the first time transition, the degenerate
parameter d̂ of spin degree of freedom asymptotically trends
to be constant. Thus the vacuum manifold R2 of PdB, which

FIG. 1. Illustration of vacuum manifolds with length scales ξH <

r < ξD and r > ξD in the vicinity of transition from the polar to
PdB phase. As been discussed in Ref. [37], the vacuum manifolds
of PdB in the vicinity of the phase transition from the polar to
PdB phase are R1 and R2 in the region with r < ξH . The hierarchy
of length scales extends in the presence of magnetic energy and
SOC energy. We have known there is KLS string wall described by
π1(R1, R2) ∼= Z̃. In larger region with length scale ξH < r < ξD, R1

reduces to RH
1 = S1

S × U (1)� by magnetic energy. To minimize the
magnetic energy, spin vector d̂ is perpendicular to static magnetic
field H(0), while the R2 is unchanged. When taking in account the
SOC energy, RH

1 further reduces to R̃SOC
1 = RSOC

s × U (1)� and R2 re-
duces to R̃2 = ZS−�

2 . As a results, there are linear topological objects
described by π1(RH

1 , R̃SOC
1 ), in which the relative 1-loop (black solid

curve) is mapped to RH
1 while its end points 0-loop is mapped to

R̃SOC
1 .

appears in the second time symmetry breaking in regions with
constant d̂, is smaller than the PdB vacuum manifold R1 of the
whole system. In other word, the inhomogeneous distribution
of the polar phase degenerate parameter reduces the original
vacuum symmetry of the normal phase to vacuum symmetry
of the polar phase in some parts of the system [37]. This
mechanism is quite similar with the explicit breaking of the
U (1)PQ symmetry by the appearance of a QCD instanton in
the cosmic domain wall problem [11,12]. In the vicinity of
the second time symmetry breaking, it is clear that the HQVs
formed in the polar phase turn to be string-wall composite
topological objects described by the relative homotopy group
π1(R1, R2), i.e.,

π1(RP ) = π1(R1, R2), (1)

here the disconnected subsets of R2 form the KLS domain wall
as shown in Fig. 1 [37,38].

Earlier the non-axial-symmetric core of quantized vortex
was suggested be the string-wall system [39–42]. However,
the wall between the separated cores is merely around few
coherent lengths [43]. Similar string-wall-like double cores el-
liptic vortex also be proposed in spin-1 BEC [44]. In contrast,
the KLS string wall formed by the two-step phase transition
in PdB phase has around 10 to 20 times of dipole lengths,
and the length of wall can be controlled by changing the
angular velocity of the system. These perfect properties allow
the KLS string wall be experimentally observed in continuous
wave NMR experiments [36]. The reason why PdB phase
has these features is the pinning effect of HQVs by nafen
strands [36,45]. The HQVs are strongly pinned and never
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move once they appear, thus the KLS domain walls formed
in the second time symmetry breaking do not shrink even they
have tensions. Another significant consequence of this strong
pinning results from the randomness of distribution of nafen
strands. This randomness makes KLS string walls connect to
each other randomly and form a random network of composite
string-wall system. Because the geometric size of KLS string
wall is around dipole length, the spin orbital coupling (SOC)
energy further reduces the vacuum manifold of PdB to dis-
crete sets. This gives rise to spin solitons, which are described
by relative homotopy group [46]. Here in this paper, we show
the subgroup of the relative homotopy group of spin solitons is
isomorphic to the group, which characterizes the spin degree
of freedom of KLS string wall. And then the spin soliton
smoothly connect to KLS domain wall via the HQV i.e., HQV
is one-dimensional (1D) nexus [37]. As a results, the network
of KLS string walls is also the network of 1D nexus objects,
in which randomly distributed spin solitons connect to each
others by KLS domain wall. We show under the low angular
velocity limit, the randomly distributed spin soliton network
can be mapped to models of regular lattices consisting of spin
solitons. We named these kinds of models as pseudorandom
lattices. We calculate the dimensionless frequency shifts of
spin dynamic response of different pseudorandom lattices un-
der continuous wave drive and the results exactly coincide
with the experimental measurements in Ref. [36].

This paper is organized as following sequence. In Sec. II,
we introduce the gradient energy density and all orientation
energy densities in our question. The healing length ξH of
magnetic energy and healing length ξD of SOC energy are
introduced [47]. Based on these well separated characteristic
lengths we describe the reduced vacuum manifolds of degen-
erate parameters in different length scales. In Sec. III, we
utilize the exact sequences of relative homotopy group of the
reduced vacuum manifolds to find out the linear topological
defects. We calculate the group which describes the spin de-
gree of freedom of KLS string wall in the region ξH < r < ξD

and the relative homotopy group of spin solitons when r > ξD.
We prove the former is isomorphic to the subgroup of the
latter, thus the spin soliton is smoothly connected to the KLS
domain wall by HQV. This means HQV is 1D nexus. Because
this subgroup has two different representations, there are two
classes of 1D nexus objects. One is formed by inseparable spin
solitons and the other is formed by separable spin solitons.
In Sec. IV, we discuss the condition under which the 1D
nexus objects and spin solitons form pseudorandom lattices.
The equilibrium configurations of pseudorandom lattices and
the corresponding surface densities of free energy are calcu-
lated with BFGS optimization. In Sec. V, we calculate the
spin dynamic response properties of different types of pseu-
dorandom lattices of spin solitons. The results are exactly
coincide with the experimental observations. In Sec. VI, we
discuss the mirror symmetry, which results from the reduc-
tion of vacuum manifold in the presence of KLS domain
wall, and its explicit breaking. In Sec. VII, we summa-
rize our main results and discuss the observation of soliton
glasses in the presence of coupling between spin solitons with
high angular velocities. We also discuss the possible planar
spin solitons attached on string monopole networks in PdB
phase.

II. VACUUM MANIFOLDS IN THE PRESENCE OF
MAGNETIC ENERGY AND SPIN-ORBITAL COUPLING

ENERGY

The PdB phase achieved by two-step continuous phase
transition, which starts from uniaxial anisotropy normal phase
vacuum, has two well separated length scales ξ and ξ/q in
the vicinity of transition from the polar to PdB phase [37].
In the Ref. [37], we discussed the vacua of order parameters
of superfluid in the nafen-distorted 3He. These vacua have
dramatically different characteristic lengths determined by the
energy gaps. As a result, the PdB phase in the vicinity of
transition from the polar to PdB phase has several composite
topological objects within different dimensions. These novel
composite objects are classified by relative homotopy groups
πn(R1, R2) between vacua R1 and R2, where R1 and R2 are
vacuum manifolds of PdB phase achieved from the normal
phase and polar phase vacua, respectively. The stable objects
of the polar phase are stabilized again in PdB phase by form-
ing composite objects described by relative homotopy groups
πn(R1, R2).

More length scales appear additionally if we take into
account more orientation energies. In the nafen-distorted 3He
systems, these length scales are the magnetic length ξH and the
dipole length ξD [15,47]. These two length scales characterize
the spatial ranges in which the gradient energy are larger
than orientations energies. When the length scale of spatial
variations is larger than these characteristic lengths, the vacua
of order parameters are reduced to minimize the orientation
energies. We discussed the consequence of these kinds of
reduction by magnetic energy and magnetic length, ξH i.e.,
the vortex skyrmions in Ref. [37]. We will see that there are
more interesting results when dipole length ξD is introduced
in addition to ξH in rest parts of this paper. ξH is determined
by gradient energy density

fgrad = 1
2 K1∂iAα j∂iA

∗
α j + 1

2 K2∂ jAαi∂iA
∗
α j

+ 1
2 K3∂iAαi∂ jA

∗
α j, (2)

where

Aαi ≡ APdB
αi = ei�

[
	Pd̂α ẑi + 	⊥1ê1

α x̂i + 	⊥2ê2
α ŷi

]
(3)

is the order parameter of PdB phase. d̂ ≡ d̂α and ê1(2) ≡
ê1(2)
α are the spin degenerate parameters and they form the

triad in spin space. � and x̂i ≡ x̂, ŷi ≡ ŷ, ẑi ≡ ẑ are the phase
and orbital degenerate parameters, respectively. Here |	⊥1| =
|	⊥2| = |q|	P with |q| � 1, and K1 = K2 = K3 [47]. The
magnetic energy density is

fH = −1

2
χαβHαHβ = 1

2
γ 2SaSb(χ−1)ab − γ HaSa, (4)

here the χαβ is uniaxial tensor of magnetic susceptibility
of PdB phase, Hα are magnetic field strengths with α =
1, 2, and 3, Sa are spin densities with a = 1, 2, and 3, and γ

is gyromagnetic ratio [47]. With the help of Eqs. (2) and (4),
the magnetic length is given as

ξH =
[

K1	
2
P

(χ⊥ − χ‖)H2

] 1
2

, (5)
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where χ⊥ and χ‖ are transverse and longitude spin magnetic
susceptibilities of PdB phase, respectively. In the experiment
for PdB phase, a static magnetic field H(0) with fixed direction
is turned on [36]. Then the degenerate space of PdB order
parameter reduces to

RH
1 = S1

S × U (1)� (6)

from R1 in the region in which length scale of spatial variation
is larger than ξH [37]. Because the magnetic energy locks
the d̂ vector into the plane perpendicular to H(0), R2 keeps
the same form as it is inside the region with length scale
ξH . Then we still have R2 = SO(2)S−L × ZS−�

2 in the region
where condition |δd̂| � 1 is satisfied. In Fig. 1, we illustrate
the RH

1 and ξD in the presence of KLS string wall.
Following the same idea, the dipole length ξD is determined

by the gradient energy density fgrad and SOC energy density

fSOC = 3
5 gD

(
A∗

iiA j j + A∗
i jA ji − 2

3 A∗
i jAi j

)
, (7)

where gD is strength of spin orbital coupling. Then we have

ξD =
(

5K1

6gD

) 1
2

. (8)

When the spin-orbit coupling is taken into account, degenerate
vacuum manifolds of order parameters are further reduced
from RH

1 and R2. In general consideration, the requirement
of minimizing SOC energy in region with length scale larger
than ξD fixes the relative directions between spin vectors and
orbital vectors. The resulted vacuum manifold always could
be represented by spin degree of freedom because the broken
symmetry is relative symmetry [47]. Thus RH

1 reduces to

R̃SOC
1 = RSOC

S × U (1)� (9)

in the region with length scale larger than ξD, where RSOC
S is

the reduced vacuum manifold of spin degree of freedom. In
general case, RSOC

S is a complicated space. However RSOC
S may

be simplified by using parametrization of d̂ and ê1(2) vectors
of APdB

αi . To facilitate comparison between experimental obser-
vations and our theoretical analysis, the parameterizations

d̂ = x̂ cos θ − ẑ sin θ,

ê1 = −x̂ sin θ − ẑ cos θ, (10)

ê2 = ŷ, H(0) = Hŷ

would be used in this work, where θ is the angle between d̂
and local orbital-coordinate frame [36]. In this case, we find
RSOC

S = {θ0, π − θ0,−θ0, π + θ0}, where θ0 = arcsin[q/(1 −
|q|)]. There is a discrete symmetry for free energy of the sys-
tem and this discrete symmetry turns out to be the symmetry
between the parametrization in Eq. (10) and the alternative
in the presence of the KLS domain wall. We will discuss the
details of this discrete symmetry and its violation in Sec. VI.
Before Sec. VI, we mainly use the parametrization in Eq. (10).
In the region where condition |δd̂| � 1 is satisfied, SOC en-
ergy fixes the relative rotation of SO(2)S−L, thus R2 reduces to
R̃2 = ZS−�

2 in the region with length scale larger than ξD.
From illustrtion of RH

1 , R̃SOC
1 , and R̃2 in Fig. 1, we find

again the possibility of utilizing the relative homotopy group
to investigate the novel topological objects because of the

presence of multiple characteristic length scales [38]. This
multilength-scales system belongs to type (i) of the classifi-
cations in Ref. [37]. Other example of this class is solitons
terminated by HQVs observed in spinor Bose condensate with
quadratic Zeeman energy [48,49]. Both of these systems can
be described by the first relative homopoty group. In next
section, we discuss this topic.

III. 1D NEXUS OBJECTS AND SPIN SOLITONS
CLASSIFIED BY RELATIVE HOMOTOPY GROUPS

A. Relative homotopy groups of spin solitons and 1D nexus
objects

1. Spin configuration of the KLS string wall—half spin vortices

In the region with length scale ξH � r � ξD, we have the
long exact sequence (LES) of homomorphism of π1(RH

1 , R2)

(11)
where i∗ projects spin vortices of π1(R2) to the spin vortices
of π1(RH

1 ) [38,50]. And boundary homomorphism ∂∗ maps
all relative 1-loops of π1(RH

1 , R2) to their 0-loops of π0(R2).
Because π0(R2) = Z2, the end-points of relative 1-loop may
take values from connected or disconnected subsets of R2.
This LES can be split to the short exact sequence (SES)

(12)

where ι and π are inclusion and surjection respectively. Equa-
tion (12) suggests π1(RH

1 , R2) ∼= Z̃, which is isomorphic to
π1(R1, R2) in the region smaller than ξH [37]. This means that
the KLS string wall, which determined by two length scales
ξ and ξ/q in the two-step phase transition, extends into the
region with the length scale ξH � r � ξD. However, Eq. (12)
only contains the degree of freedom (DOF) of the phase factor
�, all information about spin degree of freedom lose because
they are trivial elements of π1(RH

1 , R2). To understand the spin
part of the KLS string wall, we should take in to account
the continuity of the order parameter. The continuity of order
parameter APdB

αi requires spin vectors simultaneously change
by (2n + 1)π in the present of KLS string wall [42]. This
consideration suggests that the spin textures of KLS string
wall in the spatial region with length scale ξH � r � ξD are
classified by group

M ≡ {ns/2|ns ∈ Z}, (13)

such that M/π1(S1
S ) ∼= Z2 = {[0], [1/2]}. The cosets [1/2]

and [0] correspond to the presence or absence of the KLS
tring wall in the region ξH < r � ξD, respectively. Coset [0] ∼=
2Z contains all free spin vortices. While Coset [1/2] ∼= {n +
1/2|n ∈ Z} contains all spin vortices with half-odd winding
number i.e., it is set of half spin vortices.

2. Spin solition described by π1(RH
1 , R̃SOC

1 )

When taking into account SOC, RH
1 reduces to R̃SOC

1 =
RSOC

S × U (1) as mentioned in Sec. II. As a result, there are lin-
ear objects which classified by π1(RH

1 , R̃SOC
1 ). π1(RH

1 , R̃SOC
1 )

043356-4



ONE-DIMENSIONAL NEXUS OBJECTS, NETWORK OF … PHYSICAL REVIEW RESEARCH 2, 043356 (2020)

FIG. 2. Illustrations of the long exact sequence of homomor-
phism for π1(RH

1 , R̃SOC
1 ) and the short exact sequence of homo-

morphism for π1(S1
S, R̃2). The black arrows represent the image of

homomorphisms between homotopy groups. This mapping diagram
demonstrates the linear objects of π1(RH

1 , R̃SOC
1 ) are spin solitons.

This is because the mapping between π1(R̃SOC
1 ) and π1(RH

1 ) is pro-
jection, the image of homomorphism i∗ : π1(R̃SOC

1 ) → π1(RH
1 ) = Z�

i.e., topological invariant of all phase vortices. As a result, the trivial
linear objects of π1(RH

1 , R̃SOC
1 ) are all phase vortices because of

im i∗ ∼= ker j∗. We found there are one kind of spin vortices and
three kinds of spin solitons because ker k∗ ∼= im ∂∗ = Z4 and j∗ is
projection. Moreover, we found form this illustration that the sub-
group G = {{n}, {n + 2/4}} of π1(RH

1 , R̃SOC
1 ) is extension of ZS by

π0(R̃SOC
2 ) = Z2 and then isomorphic to M. In the orange dash line

panel, we shows the corresponding short exact sequence of G. As
a result, HQV is 1D nexus between spin soliton of coset [2/4] and
KLS domain wall in PdB phase.

has LES

(14)
where i∗ is projection and ∂∗ is boundary homomorphism
[37,38,50]. Figure 2 depicts the mapping relation of Eq. (14).
The relative 1-loop of π1(RH

1 , R̃SOC
1 ) and the boundary 0-loop

are shown in Fig. 1. Because im ∂∗ ∼= kerk∗ = Z4, the bound-
ary 0-loop (two end points) of 1-loop takes values from four
disconnected subsets of R̃SOC

1 . For every element of R̃SOC
1 ,

there are four possible combinations of elements of R̃SOC
1 for

0-loop because of π0(R̃SOC
1 ) = Z4. As a result, we found there

are four kinds of linear objects in general, which might be dis-
tinguished by four boundary homotopy classes of π0(R̃SOC

1 ).
Moreover Eq. (14) can be split into SES

(15)

Then we find π1(RH
1 , R̃SOC

1 ) = {nS/4|nS ∈ Z} ∼= Z, such that
π1(RH

1 , R̃SOC
1 )/ZS ∼= Z4. Because Eq. (15) is merely deter-

mined by ZS = π1(S1
S ) and Z4 = π0(RSOC

S ), π1(RH
1 , R̃SOC

1 )
actually is isomorphic to π1(S1

S, RSOC
S ), i.e.,

π1
(
RH

1 , R̃SOC
1

) ∼= π1
(
S1

S, RSOC
S

)
. (16)

(a) (b)

FIG. 3. Illustrations of three kinds of spin solitons described by
π1(S1

S, RSOC
S ). The black dot lines represent the four elements of

RSOC
S i.e., ±θ0 and π ± θ0. The dash, dot, dash-dot, and solid lines

correspond to π -soliton, soliton, KLS-soliton, and big-soliton, re-
spectively. (a) Spin solitons with topological invariants 1/4, 2/4, and
3/4 for θ0 (orange) and π − θ0 (blue), respective. (b) Spin solitons
with topological invariants 1/4, 2/4 and 3/4 for −θ0 (pink) and
π + θ0 (green) respective.

This means the linear objects classified by π1(RH
1 , R̃SOC

1 ) are
spin solitons [46]. The four cosets of π1(S1

S, RSOC
S ) by ZS are

[0] = {nS}, [
1
4

] = {
nS + 1

4

}
,[

2
4

] = {
nS + 2

4

}
,

[
3
4

] = {
nS + 3

4

}
. (17)

The cosets in Eq. (17) give out the topological invariants
of the four different kinds of linear objects distinguished by
homotopy classes of boundary 0-loop of π0(RSOC

S ). They cor-
respond to free spin vortices and three kinds of spin solitons,
respectively. Figure 3 shows the representatives of these three
classes of spin solitons for every element of RSOC

S . We omit
the spin vortices of [0] from now on because it is not energy-
favored stable spin textures. From Fig. 3, we found there are
four types of spin solitons distinguished by |	θ |. Following
the terminologies in Ref. [36], they are big-soliton (|	θ | =
π + 2θ0), soliton (|	θ0| = π − 2θ0), KLS-soliton (|	θ0| =
2θ0), and π -soliton (|	θ | = π ). To avoid terminological con-
fusion, we claim here that we use phrase “spin soliton” to
denote spin textures of π1(S1

S, RSOC
S ) in rest of this paper, while

use phrases “solitons,” “big-solitons,” “KLS-solitons,” and
“π -solitons” to denote particular spin textures with different
|	θ |.

3. Short exact sequence of π1(S1
S, R̃2 ) and 1D nexus

A significant property of π1(S1
S, RSOC

S ) is that it has a sub-
group G ≡ {[0], [2/4]} such that G/ZS ∼= Z2. The SES of G
is given as

(18)

by Eq. (15). The mapping diagram of Eq. (18) is shown in the
dash panel of Fig. 2. Because π0(R̃2) ∼= Z2, Eq. (18) can be
written as

(19)

This LES suggests

G = π1
(
S1

S, R̃2
) ∼= Ẑ = M, (20)

here Ẑ ≡ {nS/2|nS ∈ Z}. Eq. (20) is one of main results of this
paper. This relation means spin solitons, which are classified
by coset [2/4] of π1(S1

S, R̃2) can continuously transform to
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half spin vortices of M. In other word, KLS domain wall
smoothly connects to [2/4] spin soliton via HQV. Similar
with 2D nexus which connects string monopole and vortex
skyrmion, the HQV is 1D nexus which connects KLS domain
wall and [2/4] spin soliton [37]. The composite object formed
by [2/4] spin soliton and KLS domain wall is then named
as 1D nexus object. In Sec. III B, we will see there are two
possible configurations for [2/4] spin solitons i.e., one π -
solitons or a combination between KLS-soliton and soliton.
As a result, there are two different types of 1D nexus objects.

B. Two different configurations of [2/4] spin soliton of 1D nexus
object—separable and inseparable

Because π1(S1
S, RSOC

S )/ZS ∼= Z4, we have [2/4] = [1/4] +
[1/4]. Thus π1(S1

S, R̃2) could also be represented as
{[0], [1/4] + [1/4]} besides π1(S1

S, R̃2) ∼= {[0], [2/4]}. This
means there are two kinds of spin soliton configurations con-
necting with KLS domain wall via HQV for a given element
of π1(S1

S, R̃2). When the topological invariant is literally 2/4,
the spin soliton is spatially inseparable π -soliton as shown in
Fig. 3. When the topological invariant is 1/4 + 1/4, the spin
soliton is combination of two spatially separable spin solitons
with topological invariant 1/4. To identify these two spatially
separable spin solitons, we take in account the requirement
of continuity of the order parameters. This requirement is
equivalent to the requirement of single-value and continuity
of θ . Then the accumulation of |	θ | of those two spin solitons
must equal to π . Based on the discussions of Sec. III A 2 and
Fig. 3, these two spin solitons are KLS-soliton and soliton.

We will see these two dramatically different spin textures
of 1D nexus objects have different equilibrium free energies,
different spin dynamic response properties and different NMR
frequency shifts in Secs. IV and V. These properties help us
to identify the objects which be observed in experiment.

IV. EQUILIBRIUM TEXTURES OF PSEUDORANDOM
LATTICES CONSISTING OF SPIN SOLITONS

For the PdB phase results from symmetry breaking of
nonuniform polar phase, we can use the Ginzburg-Landau
model to describe the system when |q| is small enough. The
Ginzburg-Landau free energy consists of gradient energy and
orientation energies [47]. In order to quantitatively analyze
the equilibrium configurations of 1D nexus objects containing
spin solitons with length scale around ξD, we must find out the
extreme point of Ginzburg-Landau free energy under given
external parameters. Because ξD  ξ0 and the strongly uni-
axial anisotropy in the presence of nafen strands, we actually
did this procedure under London limit [17,47,51]. In London
limit, all gap parameters attain equilibrium structures and then
their magnitudes are constants over whole calculations. When
the static magnetic field H(0) is big enough, the magnetic
length ξH is far smaller than the dipole length ξD, then the
magnetic energy has achieved equilibrium over the PdB su-
perfluid. In this situation the Ginzburg-Landau free energy in
London limit is

FLondon =
∫

�

( fsoc + fgrad )d�, (21)

where � is the volume of the PdB phase sample.

Plunging APdB
αi into Eq. (21) and substituting d̂, ê1 and ê2

with their parametrizations in Eq. (10), we get the gradient
energy density and SOC energy density in term of θ and �

fgrad(�, θ ) = K1

2

(
	2

P + 	2
⊥1 + 	2

⊥2

)
∂i�∂i�

+ K1

2

(
	2

P + 	2
⊥1

)
∂iθ∂iθ + 1

2
(K2 + K3)

× (
	2

P∂z�∂z� + 	2
⊥1∂x�∂x� + 	2

⊥2∂y�∂y�

+ 	2
P∂zθ∂zθ + 	2

⊥1∂xθ∂xθ
)
,

fsoc(θ ) = gD

5

(
	2

P + 	2
⊥1 + 	2

⊥2

)

− 3gD

5
(	P + 	⊥1)2 cos 2θ

− 6gD

5
(	P + 	⊥1)	⊥2 sin θ, (22)

where i = 1, 2, 3 are the summation indexes of spatial coor-
dinates. In London limit, the term (gD/5)(	2

P + 	2
⊥1 + 	2

⊥2)
is constant over the sample, thus we omit it in the rest of this
paper. Because spin degree of freedom does not couple with
phase degree of freedom, fgrad(�, θ ) is simply the summation
of fgrad(�) and fgrad(θ ), where fgrad(�) and fgrad(θ ) are the
gradient energy densities of phase and spin vectors, respec-
tively. Then we assume fgrad(�) has achieved equilibrium and
drop it in the rest part of this work. Moreover, because the
HQVs are pinned by nafen strands, the system is translation
invariant along the direction of nafen strands, thus all ∂zθ

terms vanish. Finally the free energy, which determines the
equilibrium textures in London limit is

F (θ )London =
∫

�

[ fSOC(θ ) + fgrad(θ )]d�, (23)

where fgrad(θ ) and fsoc(θ ) are given as

fgrad(θ ) = K1

2

(
	2

P + 	2
⊥1

)
(∂xθ∂xθ + ∂yθ∂yθ )

+ 1

2
(K2 + K3)	2

⊥1∂xθ∂xθ,

fsoc(θ ) = − 3gD

5
(	P + 	⊥1)2 cos 2θ

− 6gD

5
(	P + 	⊥1)	⊥2 sin θ. (24)

In this section, we utilize the nonlinear optimization BFGS
algorithm to minimize the free energy functional Eq. (23)
[52]. The saddle points θ of free energy under different pa-
rameters are the equilibrium textures of spin solitons of 1D
nexus objects. To facilitate minimization of free energy with
nonlinear optimization algorithm, we reduce Eq. (23) to

F̃ (θ )London = 1

ξD

∫
�

[
1

2
(γ1 + 2γ2)∂xθ∂xθ + 1

2
γ1∂yθ∂yθ

+ 1

ξ 2
D

(
−1

2
γ4 cos 2θ − γ3 sin θ

)]
d�

= 1

ξD

∫
�

( f̃grad + f̃SOC)d� (25)
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by multiplying (ξDK1	
2
P )−1, where

q = 	⊥2

	P
, γ1 = 1 + |q|2, γ2 = |q|2,

γ3 = q(1 + |q|), γ4 = (1 + |q|)2, (26)

and

f̃grad = 1

2
(γ1 + 2γ2)∂xθ∂xθ + 1

2
γ1∂yθ∂yθ,

f̃SOC = 1

ξ 2
D

(
−1

2
γ4 cos 2θ − γ3 sin θ

)
. (27)

ξDK1	
2
P also be used as the characteristic unit of London limit

free energy in this paper. Before talking about those numeric
results and analyzing the corresponding physics, we discuss
the random lattice of HQVs and 2/4 spin solitons formed
by the random pinning effect of nafen strands [36,45]. We
analyze the condition under which the effects of coupling
between spin solitons induced by random distributions of
HQVs can be neglected. The random lattice of spin solitons
is pseudorandom lattices as long as this condition is satisfied.
This allows us to understand the network of 1D nexus ob-
jects consisting of 2/4 spin solitons and KLS string walls by
calculating and analyzing unit cell of pseudorandom lattices
consisting of spin solitons.

A. Pseudorandom lattices consisting of spin solitons

In the experiment of polar-distorted B-phase, the HQVs
are pinned by nafen strands when they appear during cool-
ing down. Hence the HQVs and KLS string walls randomly
distribute in the PdB sample and form network. The statistic
distribution of HQVs is uniform because there is no reason
which provides preferable location for HQV. This means the
number of HQVs in unit area is constant for rotating PdB
superfluid with angular velocity �. Then the average area
occupied by one HQV is constant as well. We denote the
average area occupied by HQV as A = D(�)2, where D(�)
is the average distance between two HQVs and D(�) depends
on the angular velocity as

D(�) =
√

A =
√

κ0

4�
, (28)

where κ0 = h/2m is the circulation quantum of HQV and
m is mass of 3He atom [29,35]. In Figs. 4(a) and 4(c), we
illustrate the uniformly distributed HQVs with given �. These
HQVs, as we have known at Secs. III A and III B, are 1D
nexuses, which connect 2/4 spin solitons and KLS domain
walls. Because the random distribution of HQVs, the 2/4
spin solitons are also randomly distributed over the PdB su-
perfluid. Therefore the HQVs and spin solitons form a 2D
random lattice [53]. These spin solitons have almost identical
spin configuration and geometric size determined by gradient
energy and SOC energy. Their spin dynamic response under
weak magnetic drive are almost identical as well. As a result,
the spin dynamic response of these spin solitons under weak
drive is independent to the distribution of HQVs and spin
solitons. The NMR frequency shift under weak magnetic drive
is merely determined by the configuration of one spin soliton,
and the total ratio intensity of system is the summation of

(a) (b)

(c) (d)

FIG. 4. Illustrations of pseudorandom lattices consisting of in-
separable and separable spin solitons and their equivalent regular
lattices. The black dots represent the HQVs and the black solid lines
represent the KLS domain walls. Because every HQV is 1D nexus,
two HQVs connect with each others via separable or inseparable 2/4
spin solitons. These topological objects with different characteristic
lengths and spatial dimensions give rise to the network of 1D nexus
objects with complex hierarchy of length scales. Thus this network
is an instance of the interplay between different homotopy groups
of topological objects with dramatically different length scales. The
small green filleted rectangles represent the inseparable spin soli-
tons, while pink and blue filleted rectangles represent separable spin
solitons. (a) Pseudorandom lattice of inseparable spin solitons (π -
solitons) when � � �c. The spin solitons are almost identical and
well spatially separated with each others. The spin dynamic response
properties of pseudorandom lattice is equivalent to (b) 2D regular
lattice of π -solitons. Similarly, (c) pseudorandom lattice of separable
spin solitons (KLS-solitons and solitons) has same spin dynamic
response with (d) 2D regular lattice consisting of KLS-solitons and
solitons.

ratio intensities of all spin solitons. We call this kind of a
random lattice of HQVs and spin solitons as pseudorandom
lattice. This means the spin dynamic response properties of
a pseudorandom lattice of 2/4 spin solitons are equivalent to
the spin dynamic properties of a regular lattice of 2/4 spin
solitons. There are two types of regular lattices as shown
in Figs. 4(b) and 4(d), which correspond to inseparable and
separable 2/4 spin solitons, respectively.

However, the pseudorandom lattice model is not correct
any more when the angular velocity of PdB system increase
around a critical value �c. To understand this, we notice that
the average distance D(�) between two HQVs is proportional
to 1/

√
� in Eq. (28). This means the configurations between

spin solitons overlap and couple with each others when � big
enough. This is because the characteristic thickness of a spin
soliton, i.e., ∼2ξD is constant under given external parameters.
The independence of the spin solitons between two 1D nexus
objects loses when D(ω) ∼ 2ξD and the static textures of spin
solitons strongly depend on the distribution of HQVs. As a
result, the spin dynamic response of the random lattice of spin
solitons under weak magnetic drive strongly depends on the
distribution of HQVs as well. Thus the upper limit of � under
which pseudorandom lattice model works is determined by
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FIG. 5. Equilibrium spin configurations of solitons (|	θ | =
2π − θ0) and big-solitons (|	θ | = 2π + θ0) in uniform domains.
Black solid line represents spin soliton of polar phase (|q| = 0). The
colored dash lines represent big-solitons of PdB phase with q < 0
from |q| = 0.04 until |q| = 0.2. The colored solid lines represent
solitons of PdB phase with q > 0 from q = 0.04 until q = 0.2.
The spin vectors of all solitons and big-solitons have same relative
direction respect to orbital frame because θ = π/2 is the stationary
point of ∂xθ .

√
κ0/4�c ∼ 2ξD and then

�c ∼ κ0

16ξ 2
D

. (29)

For PdB system with κ0 = 6.62 × 10−8 m2/s and ξD ∼ 10−6

to ∼10−5 m, Eq. (29) suggests �c ∼ 101 to ∼103 rad/s. These
values is larger enough than the angular velocity of PdB sys-
tem in the experiment of Ref. [36], then pseudorandom lattice
model is good enough and we keep working with it in the rest
parts of this paper.

B. Spin solitons in the absence of KLS string walls—solitons
and big-solitons

In order to understand the 1D nexus object consisting
of 2/4 spin soliton and KLS string wall, we start from the
simpler situation in which there is absence of KLS string
wall. We omit the spin solitons with topological invariant
larger than 1 because those kinds of spin solitons cost more
energy induced by the existences of spin vortices. In this case,
	⊥2 is single valued over the sample of superfluid, then only
solitons (|	θ | = π − 2θ0) with topological invariant 1/4(θ0 ),
3/4(π−θ0 ), and big-solitons (|	θ | = π + 2θ0) with topological
invariant 1/4(π+θ0 ), 3/4(−θ0 ) are possible in the system. These
two different cases correspond to spin solitons in uniform
domain with 	⊥2 = +|q|	P or 	⊥2 = −|q|	P, respectively.
Moreover, the spin textures have translation symmetry along
transverse direction of spin solitons, then the question reduces
to one-dimensional question. As mentioned before, we use the
BFGS nonlinear optimization algorithm on Eq. (25) to get the
equilibrium configuration of spin solitons [52].

In Fig. 5, we show the equilibrium configuration of solitons
and big-solitons from |q| = 0 to |q| = 0.2. The spin textures

with q > 0 are solitons, while the spin textures with q < 0 are
big-solitons. We find that the spin vectors of all solitons and
big-solitons have common direction θ = π/2. This is because
θ = π/2 is stationary point of ∂xθ , then ∂x∂xθ |θ=π/2 = 0 for
all solitons and big-solitons. We will soon see this impor-
tant feature helps us to set appropriate boundary condition
for searching equilibrium textures of pseudorandom lattices
consisting of π -solitons.

C. Spin solitons in the presence of KLS string
walls—inseparable and separable spin solitons

As we have discussed in Secs. III A 3 and III B, the HQV
is 1D nexus connecting KLS domain wall and 2/4 spin soli-
tons. In the London limit, the free energy of network of 1D
nexus objects is free energy of pseudorandom lattices con-
sisting of 2/4 spin solitons. The equilibrium configuration of
pseudorandom lattices is the saddle point of Eq. (25). The
complexity here is the topological invariant 2/4 has two dif-
ferent representations, i.e., literal 2/4 or 1/4 + 1/4. Based on
the topological analysis, we have known these two cases cor-
respond to inseparable π -soliton configuration and separable
configurations of the KLS-soliton and soliton.

1. Boundary conditions on the KLS domain wall

To quantitatively get the equilibrium spin textures for both
configurations of 2/4 spin solitons, we minimize the London
limit free energy Eq. (25) in the presence of the KLS string
wall. For parametrization Eq. (10), the KLS string wall sep-
arates two domains with opposite 	⊥2 in an unit cell of the
pseudorandom lattice of spin solitons.

However, different from the situation with uniform do-
main for soliton and big-soliton in Sec. IV B, the existence
of KLS domain wall induces a singularity of the London
limit free energy F̃ (θ ). That is because the order parameter
APdB

αi in the London limit is ill-defined on the KLS domain
wall. As a result, the free energy Eq. (25) and corresponding
Lagrangian equation of θ are also ill-defined on the KLS
domain wall. On the other hand, we know θ is a continuous
function everywhere for 2/4 spin soliton because the relative
1-loop of π1(S1

S, R̃2) is continuous mapping. Then θ keeps
single-valued and continuous on the KLS domian wall. These
facts require us to set a proper boundary condition of θ on the
KLS domain wall. The London limit free energy Eq. (25) can
be minimized with this boundary condition. In order to find
out this boundary condition properly, we review the fact that
the free energy and Lagrangian equation of θ is ill-defined
on the KLS domain wall. This means θ of different domains
in the vicinity of the KLS domain wall does not relate to
each other by the Lagrangian equation of θ . Then θ in two
different domains, which are separated by the KLS domain
wall, are determined independently in two uniform domains
with opposite 	⊥2. In this situation, to keep the continuity of
θ on the KLS domain wall, the boundary condition of θ must
be a common value of spin solitons in both two domains with
opposite 	⊥2. For the inseparable spin soliton with literally
topological invariant 2/4, the natural choice is the stationary
point of big-soliton and soliton, i.e., θKLS = π/2. This bound-
ary condition indicates the π -soliton may be understood as a
hybrid of big-soliton and soliton in London limit. As for the
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FIG. 6. Equilibrium configurations of unit cell of pseudorandom
lattices consisting of inseparable spin soliton (π -solitons) and sep-
arable spin solitons (KLS-soliton and soltion), respectively. These
equilibrium spin textures are gotten by minimizing the reduced Lon-
don limit free energy F̃ (θ )London in Eq. (25) by the BFGS algorithm.
The resulted equilibrium distributions of θ depict the equilibrium
textures of spin vectors in a unit cell of pseudorandom lattices. (a) de-
picts the unit cell of pseudorandom lattice consisting of inseparable
2/4 spin solitons (π -solitons) for |q| = 0.18 and D = 18ξD. (b) de-
picts the unit cell of pseudorandom lattice consisting of separable
spin solitons (KLS-solitons and solitons) with same parameters of
(a) but its topological invariant is 1/4 + 1/4.

separable spin soliton with topological invariant 1/4 + 1/4,
because all KLS-solitons have common values θ = 0 or θ =
π on the KLS domain wall, there are two options of bound-
ary condition [36]. However, these two options are identical,
they give rise to same spin textures of pseudorandom lattices
consisting of separable spin solitons, see details in Appendix
A. Thus in the rest of this paper, we only use θKLS = 0 for all
calculations about separable spin solitons in main text.

2. Equilibrium spin textures and free energies of pseudorandom
lattices consisting of inseparable and separable 2/4 spin solitons

In Fig. 6, we show the equilibrium textures of pseudo-
random lattices consisting of the inseparable and separable
2/4 spin solitons with |q| = 0.18 and D = 18ξD. These two
equilibrium configurations of a pair of 1D nexus objects are
unit cells of pseudorandom lattices of inseparable and separa-
ble spin solitons, respectively. To collect enough data, which
could be used to calculate spin dynamic response and compare
with experiment, we calculated spin textures with parameters
|q| from 0 to 0.2 and D from 4ξD to 18ξD. Based on these
data, we further calculated the reduced London limit free
energy Eq. (25) of these two types of pseudorandom lattices,
the results are shown in Fig. 7. Before we discussing these
numeric results, we first evaluate the Eq. (25) for one-half of

unit cell when D � 10ξD. In this case,∫
�

f̃grad d� ∼ 1

2
(1 + |q|2)

π2

4ξ 2
D

∫
�′

d�,

∫
�

f̃SOC d� ∼
∫

�′
f̃SOC d� +

∫
�−�′

f̃SOC d�, (30)

where �′ is the region which spin solitons occupy and its
area in x-y plane is around DξD. Then the integral of f̃SOC

in Eq. (30) can be evaluated as∫
�′

f̃SOC d� ∼ 0,

∫
�−�′

f̃SOC d� ∼
∫

�−�′
f̃SOC|y>0 d� +

∫
�−�′

f̃SOC|y<0 d�.

(31)

The first integral in Eq. (31) vanishes because f̃SOC is
not negative-definite function in �′. In contrary, f̃SOC has
negative-definite equilibrium values in regions (� − �′)y>0

and (� − �′)y<0. Hence∫
�−�′

f̃SOC d� ∼ ξDD(D − ξD)

2
[ f̃SOC|y>0 + f̃SOC|y<0]q.

(32)

As a result, the reduced London limit free energy is evaluated
as

F̃ (θ )London ∼ 1

8
(1 + |q|2)

π2D

ξD

+ D(D − ξD)

2
[ f̃SOC|y>0 + f̃SOC|y<0]q

∼ 1

8
(1 + |q|2)

π2D

ξD

+ D(D − ξD)

2ξ 2
D

[−(1 + |q|)2 cos 2|θ0|

− 2(1 + |q|)|q| sin |θ0|]. (33)

Equation (33) immediately suggests SOC energy is dominat-
ing energy of London limit free energy when the average
distance D between 1D nexuses is big enough and the
F̃ (θ )London < 0 because ( f̃SOC|y>0 + f̃SOC|y<0) < 0 over � −
�′. For |q| ∈ [0, 0.2], F̃ (θ )London in Eq. (33) is around −130
to −200 with D = 18ξD. This is exactly what the numeric
results show in Fig. 7(b). When D decreases during the an-
gular velocity � of PdB system increases, Eq. (33) increases
monotonically as shown in Figs. 7(a) and 7(b). Other informa-
tion which Eq. (33) indicates is the London limit free energy
of the unit cell of the pseudorandom lattice is a decreasing
function for |q| as long as SOC energy is dominating energy.
This is because f̃SOC|y>0 + f̃SOC|y<0 is a decreasing function
of |q|. However, this is not true any more when D is small.
Because SOC energy is not dominating energy in this case,
the positive-definite gradient energy is competitive with SOC
energy. As a result, we can find from Figs. 7(a) and 7(b) that
the F̃ (θ )London of a one-half unit cell does not change remark-
ably for different |q| in a small unit cell with D ∼ [4ξD, 8ξD].
The free energy density of per unit area of equilibrium
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(a) (b)

(c) (d)

FIG. 7. Free energies F (θ )London of one-half unit cell and surface densities of free energies n · F (θ )London of pseudorandom lattices
consisting of 2/4 spin solitons. The external parameters |q| are from 0.01 to 0.20 and D are from 4ξD to 18ξD. The reduced free energies
F̃ (θ )London and reduced densities of free energies n · F̃ (θ )London are calculated based on the equilibrium spin textures of one-half unit cell
of the lattices when the pseudorandom lattice model works, i.e., � � �c. These results depict the equilibrium free energies and energy
densities of spin degree of freedom of 1D nexus objects network in PdB system. The solid lines represent the inseparable spin solitons, and the
dash-dot lines represent the separable spin solitons. (a) shows the free energies F (θ )London as functions of |q| with different average distances
D. When SOC energy dominates the system in big unit cell, F (θ )London is monotonically decreasing respect to |q|. While F (θ )London does not
show remarkably change as |q| changes when gradient energy is competitive to SOC energy in a small unit cell. (b) shows the free energies
F (θ )London are monotonically decreasing functions of D. The zooming plot between 4ξD and 8ξD in (b) demonstrates this monotonicity is held
even when the gradient energy is competitive with the SOC energy. Similarly, (c) depicts the London limit free energy density n · F̃ (θ )London is
monotonically decreasing function of |q|. However, (d) demonstrates the London limit free energy densities n · F̃ (θ )London asymptotically trend
to constants determined by SOC energy when SOC energy is the dominating energy in big unit cell. When D is small enough (D < 6ξD) and
gradient energy becomes to the dominating energy, the free energy densities increase rapidly as D decrease because n F̃ (θ )London|D<6ξD ∝ 1/D.
All these results show the equilibrium free energies of pseudorandom lattice consisting of inseparable spin solitons (π -solitons) are lower than
those of separable spin solitons (KLS-solitons and solitons).

pseudorandom lattices can be evaluated by multiplying the
surface density of 1D nexues n = D−2 to the Eq. (33),

n·F̃ (θ )London

∼ 1

8
(1 + |q|2)

π2

ξDD
+ 1

2ξ 2
D

× [−(1 + |q|)2 cos 2|θ0| − 2(1 + |q|)|q| sin |θ0|]. (34)

Then we find the London limit free energy density of pseu-
dorandom lattices trends to be a constant determined by q
when SOC energy is dominating with large D. We can clearly
see this form Fig. 7(d) when D is larger than 10ξD. From
Eq. (34), we find the magnitude of n · F (θ )London is around
10−1

√
2ξ−1

D K1	
2
P for |q| ∈ [0, 0.2] when D > 10ξD. This co-

incides with the numerical results in Figs. 7(c) and 7(d). When
the system is dominated by gradient energy if D is small

enough, the free energy density increases rapidly as shown
in Fig. 7(d). If the angular velocity increase successively, the
system will go into a parameters region in which pseudoran-
dom lattice model violates.

In all cases, we find the equilibrium free energies of one-
half unit cell of separable spin solitons (KLS soliotns and
solitons) are slightly higher than those of inseparable spin
solitons (π -solitons). As a result, the equilibrium free energy
densities of pseudorandom lattices consisting of separable
spin solitons (KLS-soliotns and solitons) are also slightly
higher than those of inseparable spin solitons (π -solitons).
This significant fact suggests that the equilibrium states which
was observed in experiment of rotating PdB system is the
pseudorandom lattice of inseparable 2/4 spin solitons (π -
solitons) of 1D nexus objects. We will see this is true in next
section by calculating the spin dynamic response under weak
magnetic drive.
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V. SPIN DYNAMIC RESPONSE AND NMR OF
PSEUDORANDOM LATTICES CONSISTING OF 2/4 SPIN

SOLITONS

We have talked the topological origin of 1D nexus ob-
jects as well as the inseparable and separable spin solitons
with topological invariant 2/4 in previous sections. These two
kinds of spin solitons connecting with KLS string wall have
different equilibrium free energies. Thus the pseudorandom
lattices consisting of them have different equilibrium free
energy densities. To compare with the experiments and check
the theories, we must calculate the spin dynamic response of
system under continuous wave magnetic drive. Under weak
enough magnetic drive, the nuclear spin magnetization of PdB
superfluid responds a nuclear magnetic resonance (NMR)
when the frequency of magnetic drive matches the transverse
spin dynamic mode. Because the spin dynamics of symmetry
breaking states of 3He is strongly influenced by SOC energy
which is determined by the relative orientations between spin
and orbital degenerate parameters, the NMR of continuous
wave drive is a perfect tool, which can be used to detect the
pseudorandom lattice of spin solitons of 1D nexus objects
network [47].

When the PdB superfluid is the equilibrium, the spin den-
sity has equilibrium value S(0) over the system. If the weak
homogeneous magnetic drive is turned on, the spin density
gets a tiny variation δS(r, t ), where r and t are spatial and
time coordinates respectively. In this perturbed system, the
transverse spin density δS+ may be expanded as

δS+(r, t ) =
∫

dσ ′
∫

dt ′ δS+
δHa

(r, t, r′, t ′)δHa(r′, t ′)

+ O
(
δHa

2
)
, (35)

where δHa ≡ δH is the homogeneous weak magnetic drive
and a = 1, 2, 3 are spatial coordinate indexes. Thus the PdB
superfluid under magnetic drive is a linear response system
if |δH| � |H(0)| [54]. The poles of the transverse spin dy-
namic response function δS+/δHa correspond to eigenmodes
of the NMR. We calculate these eigenmodes for pseudoran-
dom lattices of inseparable and separable spin solitons with
topological invariant 2/4 in this sections.

A. Equations of spin dynamic response under homogeneous
continuous-wave drive

Spin-orbit coupling plays an important role in the NMR
measurements of significant properties of different superfluid
phases in 3He system. This is because the coherence of super-
fluid states, which breaks relative symmetry between spin and
orbital degree of freedom of order parameters in superfluid
3He, strengthens the SOC energy [55,56]. This gives rise to
the observable NMR frequency shift of nuclear spin magne-
tization. In our case, the SOC energy takes into account all
the information and effects of spin vectors in spin solitons
which connect to the KLS domain wall via 1D nexus. Then the
existence of spin solitons could lead to observable frequency
shifts in nuclear magnetic resonance spectrum. Thus what
we need to calculate is the spin dynamic response function
δS+/δHa dominated by SOC energy.

In this section, we utilize the spin dynamic equations
dominated by SOC energy to get δS+/δHa as well as cor-
responding eigenequations of poles [57]. Because the SOC
energy is much smaller than the microscopic energy scales of
PdB superfluid, i.e., 	P, the characteristic timescales of spin
dynamic response function δS+/δHa is much longer than the
timescales of microscopic processes which are proportional
to 	−1

P . All the microscopic processes with timescales 	−1
P

are equilibrium in the spin dynamic processes under weak
magnetic drive. This means the spin dynamic equations are
a system of hydrodynamic equations of spin densities δSa and
spin vectors of order parameter [47,57].

In the limit of hydrodynamics, the system of dynamic
equations of spin densities Sα and spin vectors are system of
Liouville equations

∂Sα

∂t
= {Fhydrodynamics, Sα},

∂V a
α

∂t
= {

Fhydrodynamics,V a
α

}
, V a

α = ê1
α, ê2

α, d̂α, (36)

where α = 1, 2, 3 are the indexes of spatial coordinates. And
V a

α denote the three spin vectors of order parameter, i.e., V 1
α =

ê1
α, V 2

α = ê2
α , and V 3

α = d̂α . The hydrodynamic free energy of
PdB superfluid dominated by SOC energy is

Fhydrodynamics =
∫

�

( fH + fsoc + fgrad )d�. (37)

Thus Eq. (36) can be further written as

∂Sα

∂t
=

∫
�

d3r′ δFhydrodynamics

δSβ

(r′){Sβ (r′), Sα (r)}

+
∫

�

d3r′ δFhydrodynamics

δV a
β

(r′)
{
V a

β (r′), Sα (r)
}
, (38)

and

∂V a
α

∂t
=

∫
�

d3r′ δFhydrodynamics

δSβ

(r′)
{
Sβ (r′),V a

α (r)
}
, (39)

where β = 1, 2, and 3 are indexes of spatial components of
hydrodynamic variables. The Poisson brackets between Sα

and V a
α can be gotten by the commutators-based methods in

Ref. [58] as

{Sα (r1), Sβ (r2)} = εαβγ Sγ δ(r1 − r2),{
Sα (r1),V a

β (r2)
} = εαβγV a

γ δ(r1 − r2), (40)

where r1 and r2 are the spatial coordinates and εαβγ is the
Levi-Civita symbol. After plugging Eq. (40) into Eqs. (38)
and (39), the coupled first-order dynamic equations of spin
densities Sα and V a

α are given as

∂Sα

∂t
= γ Hβεαβγ Sγ

− 6

5
gDV d

j V b
γ εαβγ Qbd

β j + (
∂i∂ jV

b
β

)
V a

γ εαβγ Kba
i j , (41)

∂V a
α

∂t
= γ HβεαβγV a

γ

− δγ 2χ−1
⊥ SηV 3

η V 3
β εαβγV a

γ − γ 2χ−1
⊥ SβεαβγV a

γ , (42)
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where δ = (χ⊥ − χ‖)/χ‖ in which χ⊥ and χ‖ are the trans-
verse magnetic susceptibility and the longitude magnetic
susceptibility of PdB phase, respectively.

Kba
i j = K1δi jX

b
mX a

m + K2X a
j X b

i + K3X b
j X a

i ,

Qbd
β j = X b

β X d
j + X d

β X b
j (43)

with

X 1
i = 	⊥1x̂i, X 2

i = 	⊥2ŷi, X 3
i = 	‖ẑi. (44)

The details of calculation from Eq. (38) to Eq. (42) are shown
in Appendix B 1.

Based on the first-order equations of spin densities and
degenerate parameters in Eqs. (41) and (42), we can further
derive the second-order spin dynamic response equations of
δSα under weak magnetic drive δHα . This was done by plug-
ging Sα = S(0)

α + δSα (r, t ), V a
α = V a(0)

α + δV a
α (r, t ) and Hα =

H (0)
α + δHα (t ) into Eqs. (41) and (42). Here S(0)

α and V a(0)
α

are the equilibrium spin densities and equilibrium degenerate
parameters, respectively, while δSα (r, t ) and δV a

α (r, t ) are the
dynamic parts of the perturbed spin densities and degener-
ate parameters, respectively. H (0)

α is the static magnetic field
and δHα (t ) = |δH|x̂e−iωt is the homogeneous RF continuous-
wave drive. We put the details of calculations in Appendix B 2
and the derived spin dynamic response equations within fre-
quency form is

iωδSα (ω) = γ εαβγ H (0)
β δSγ (ω) + γ εαβγ S(0)

γ δHβ (ω)

+ �αλ

iω
δSλ(ω) + Cαη

iω
δHη(ω) (45)

and

�αλ = γ 2

χ⊥
Kba

i j �ba
i jαλ + 6gDγ 2

5χ⊥
Rdb

jλαβQbd
β j

+ 6gDγ 2

5χ⊥
V d (0)

ζ V b(0)
γ ε jλζ εαβγ Qbd

β j,

Cαη = γ Gba
i jαηKba

i j − 6gDγ

5
Rdb

jηαβQbd
β j

− 6gDγ

5
V d (0)

ζ V b(0)
γ ε jηζ εαβγ Qbd

β j, (46)

where

Rdb
jηαβ = V d (0)

j V b(0)
β δηα − V d (0)

j V b(0)
α δηβ,

Gba
i jαγ = (

∂i∂ jV
b(0)
α

)
V a(0)

γ − (
∂i∂ jV

b(0)
β

)
δβγV a(0)

α ,

�ba
i jαλ = (

∂i∂ jV
b(0)
β

)
δβλV a(0)

α

+ (
V b(0)

γ V a(0)
γ δαλ − δγλV b(0)

α V a(0)
γ

)
∂i∂ j

+ [(
∂iV

b(0)
γ

)
V a(0)

γ δαλ − (
∂iV

b(0)
α

)
V a(0)

γ δγλ

]
∂ j

+ [(
∂ jV

b(0)
γ

)
V a(0)

γ δαλ − (
∂ jV

b(0)
α

)
V a(0)

γ δγλ

]
∂i

− δγλ

(
∂i∂ jV

b(0)
α

)
V a(0)

γ . (47)

The first two terms of Eq. (45) correspond to the NMR re-
sponse of Larmor precession of δSα with frequency ωL =
γ H (0), while the last two terms of Eq. (45) induce the NMR
frequency shift. From Eqs. (46) and (47), we found all the
NMR frequency shifts are induced by the equilibrium textures

of spin vectors. In our case with pseudorandom lattices of 2/4
spin solitons, the NMR frequency shifts are totally induced
by equilibrium textures of spin solitons in 1D nexus objects.
That’s why the transverse NMR spectrum is perfect tool to
observe the network of 1D nexus objects and network of
KLS string wall. Taking into account the static magnetic field
H(0) = |H(0)|ŷ and the parametrization Eq. (10), we can derive
the dynamic response equations of transverse spin density
δS+ = [δS1(ω) + iδS3(ω)]/

√
2 under weak magnetic drive

δH(t ), see the detail of calculation in Appendix B 3. This
calculation gives
(
ω2 − ω2

L

)
δS+(ω)

= (�11 + �33)δS+(ω) + i(�13 − �31)δS+(ω)

−
[

1

2
(C11 + C31) − χ⊥√

2γ
(�33 + i�13 − i�31)

]
δH1(ω).

(48)

Thus

δS+(ω)

δH1(ω)
∝ 1

ω2 − ω2
L − (�11 + �33) − i(�13 − �31)

. (49)

The poles of spin dynamic response function δS+/δH1, which
are determined by eigenequation
(
ω2 − ω2

L

)
δS+(ω) = (�11 + �33) + i(�13 − �31)δS+(ω),

(50)

correspond to the eigenmodes of transverse NMR spectrum
in the presence of pseudorandom lattices of spin solitons. We
numerically solve this eigenequation in next subsection with
different D and |q|.

B. NMR frequency shifts and ratio intensities of pseudorandom
lattices consisting of inseparable and separable 2/4 spin solitons

First we transform the eigenequation of transverse NMR
modes into dimensionless form, which is suitable for the
numeric calculation. All �αλ operators in Eq. (50) must be
calculated with the parametrization (10), see the details in
Appendix B 4. This gives

λδS+(ω) = ξ 2
D

[(
6ρ2

2 + ρ2
1 + 1

)
∂y∂y + (

3ρ2
1 + 2ρ2

2 + 1
)
∂x∂x

− 2iV
]
δS+(ω) + UδS+(ω) (51)

with

V = (
1 + 3ρ2

1 cos 2θ
)
∂xθ∂x + (

1 + ρ2
1

)
∂yθ∂y

+ 1

2ξ 2
D

[(1 + ρ1)2 sin 2θ − (1 + ρ1)ρ2 cos θ ], (52)

U = (1 + ρ1)[−(1 + ρ1) cos 2θ − 5ρ2 sin θ ] + 1 + ρ2
1 + 4ρ2

2 ,

(53)

where ρ1 = 	⊥1/	P and ρ2 = 	⊥2/	P. Here the dimension-
less eigenvalue

λ =
(
ω2 − ω2

L

)
�̃2

(54)
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FIG. 8. The modulus |δS+(ω)| of the lowest transverse spin dy-
namic response modes located in the unit cells of pseudorandom
lattices of inseparable and separable 2/4 spin solitons. In both cases,
we depict the results with parameters |q| = 0.18 and D = 18ξD.
(a) |δS+(ω)| in unit cell consisting of inseparable spin solitons (π -
solitons) and (b) |δS+(ω)| in unit cell consisting of separable spin
solitons (KLS-solitons and solitons).

is the transverse NMR frequency shift under weak magnetic
drive and

�̃2 =
(

5χ⊥
6γ 2	2

PgD

)−1

. (55)

We use the Galerkin strategy under finite-element partition to
solve Eq. (51) [59]. The solving regions are the unit cells of
pseudorandom lattices of spin solitons. The equilibrium spin
textures of pseudorandom lattices of inseparable and separa-
ble spin solitons, which we got in Sec. IV C, are directly used
to solve Eq. (51). Because δHα is low energy drive, we just
consider the spin dynamic response mode with the lowest λ

of Eq. (51). Moreover, the ratio intensity of NMR signal is
other observable besides the frequency shift λ. The surface
density of ratio intensity which is generated by unit area of
pseudorandom lattices of spin solitons is

n · |IδS+|2
I|δS+|2

= n ·
∣∣ ∫

σ
δS+dσ

∣∣2

∫
σ

|δS+|2dσ
, (56)

where n = D−2 is the density of 1D nexuses and σ is area of
one-half of unit cell of pseudorandom lattice.

In Fig. 8, we demonstrate the modulus of the lowest trans-
verse spin dynamic response modes |δS+(ω)| located in the
unit cells of pseudorandom lattices of inseparable and separa-
ble 2/4 spin solitons. In the unit cell of pseudorandom lattices
consisting of inseparable 2/4 spin soliton, the lowest spin dy-
namic response mode locates on the region which is occupied
by π -soliton. While, in the unit cell of pseudorandom lattices

consisting of separable 2/4 spin soliton, the lowest spin dy-
namic response mode locates on the region which is occupied
by soliton (|	θ | = π − 2θ0). This means the KLS-soliton in
the separable spin soliton does not respond the continuous-
wave magnetic drive. The transverse NMR frequency shifts
λ and surface densities of ratio intensity of pseudorandom
lattices for inseparable and separable 2/4 spin solitons are
shown in Figs. 9 and 10, respectively. Let us consider them
separately.

1. Transverse NMR frequency shifts and surface densities of the
ratio intensity of pseudorandom lattices consisting of inseparable

spin solitons

The transverse NMR frequency shifts λ of pseudorandom
lattices of inseparable spin solitons (π -solitons) exactly co-
incide with the experimentally observed values in Ref. [36].
As been shown in Fig. 9(a), the numeric values of λ gen-
erated by pseudorandom lattices consisting of π -solitons is
around −1.01 to −1.03 when the pseudorandom lattice model
is good enough, i.e., D � 10ξD. In this case, the transverse
NMR frequency shifts λ slightly increase as |q| increasing
when |q| > 0.16. This phenomenon has also been observed in
experiment of Ref. [36]. The ratio intensities generated by unit
area of pseudorandom lattice consisting of π -solitons linearly
increase when the square root of angular velocity

√
� ∝ 1/D

increases, as shown in Fig. 9(d). This coincides with the
√

�-
scaling of satellite intensity observed in the experiment when
T = 0.38Tc (|q| ≈ 0.152) [36].

In Sec. IV C 2, we suggested the possible equilibrium state
which was observed in experiment is the pseudorandom lat-
tices of 2/4 inseparable spin solitons of the network of 1D
nexus objects. Here we see the results of numeric simulations
of transverse NMR spin dynamic response of this kind of
pseudorandom lattices indeed coincide with the experimental
observations.

2. Transverse NMR frequency shifts and surface densities of the
ratio intensity of pseudorandom lattices consisting of separable

spin solitons

In contrast with pseudorandom lattices consisting of insep-
arable 2/4 spin solitons, the transverse NMR frequency shifts
of pseudorandom lattices consisting of separable spin solitons
strongly deviate from the results of experimental observa-
tions, see Fig. 10(a). λ generated by pseudorandom lattice of
separable spin solitons increase when |q| increases. This is
because only the solitons (|	θ | = π − 2θ0) of separable spin
solitons contribute to the transverse NMR frequency shift,
and the frequency shifts λ of the soliton (|	θ | = π − 2θ0)
increase as |q| increases, see the details in Appendix C.
Moreover, the magnitudes of the surface densities of ratio in-
tensity n · (|IδS+|2/IδS+2 ) generated by pseudorandom lattices
of separable spin solitons are larger than those generated by
pseudorandom lattices consisting of inseparable spin solitons,
as shown in Fig. 10(d).

VI. THE MIRROR SYMMETRY IN THE PRESENCE OF
KLS DOMAIN WALL AND ITS BREAKING

As we mentioned before, The London limit free energy
F (θ )London has a mirror symmetry when the coordinates are
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(a) (b)

(c) (d)

FIG. 9. Transverse NMR frequency shifts λ and surface densities of ratio intensity n · (|IδS+ |2/I|δS+|2 ) of pseudorandom lattices consisting
of inseparable spin solitons (π -solitons). The frequency shifts λ are eigenvalues of Eq. (51) with equilibrium textures of π -solitons in
the London limit. The surface densities of NMR ratio intensity are calculated by using Eq. (56). All scattering dots represent the orig-
inal numeric results, while colored lines are smoothing spline fittings of these original numeric results. (a) Transverse NMR frequency
shifts λ as functions of |q| with different D. For large enough unit cells (D > 10ξD), we found λ decreases when |q| increases as long
as |q| � 0.16. The typical values of λ are around −1.015 to −1.03 when pseudorandom lattices model is good enough. This exactly
coincides with the region of λ which was observed in experiment of Ref. [36], as shown via red diamonds. (b) depicts the surface
densities of ratio intensity n · (|IδS+ |2/I|δS+|2 ) of the eigenmodes. (c) depicts the transverse frequency shifts λ as a function of D. (d) The

surface densities of ratio intensity n · (|IδS+ |2/I|δS+|2 ) as a function of 1/D ∝ √
�. We found n · (|IδS+ |2/I|δS+|2 ) increases linearly if

√
�

increases. This coincides with the results of experimental observation in Ref. [36]. The inset is the magnified plot between 1/D = 0.055
till 1/D = 0.120.

permuted to each other, i.e., F [θ (x′, y′)] = F [θ (x, y)] with
x′ = y and y′ = x. This mirror symmetry does not vanish even
in the presence of 1D nexus object. As a result, the spin
textures of 2/4 spin solitons have this mirror symmetry as
well.

This discrete symmetry originates from the reduction of
degenerate space of the order parameter by requirement of
continuity of the order parameter in the presence of the KLS
domain wall. In order to understand this, we start from the
degenerate manifold of PdB which generates from symme-
try breaking transition of polar phase vacuum. In this case,
RPdB

∼= SO(2)S−L × ZS−�
2 , in which the nontrivial element of

ZS−�
2 corresponds to the presence of the KLS domain wall

[37]. In the presence of the KLS domain wall, the requirement
of continuity of order parameter reduces the degenerate space
of ê1 and ê2 on both sides of the domain wall from SO(2)S−L

to (i) ê1 −→ −ê1, while ê2 keeps its direction and (ii)
ê2 −→ −ê2, while ê1 keeps its direction. The parametriza-
tion in Eq. (10), which we used in previous calculations
and discussions, corresponds to the vacuum state (i) and the

direction of static magnetic field H(0) is set to parallel with the
ê2. Because the vacuum state (ii) is another possible vacuum
state with same free energy of case (i) in the presence of the
KLS domain wall, the London limit free energy F (θ )London

is invariant when we transform from the vacuum state (i) to
the vacuum state (ii). In our case, the parametrization of the
vacuum state (ii) is

d̂ = ŷ cos θ − ẑ sin θ,

ê2 = −ŷ sin θ − ẑ cos θ, (57)

ê1 = x̂, H(0) = Hx̂,

and the corresponding dimensionless London limit free en-
ergy is

F̃ (θ )London = 1

ξD

∫
�

[
1

2
(γ1 + 2γ2)∂yθ∂yθ + 1

2
γ1∂xθ∂xθ

+ 1

ξ 2
D

(
−1

2
γ4 cos 2θ − γ3 sin θ

)]
d�, (58)
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(a) (b)

(c) (d)

FIG. 10. Transverse NMR frequencies shifts λ and surface densities of ratio intensity n · (|IδS+ |2/I|δS+|2 ) of pseudorandom lattices con-
sisting of separable spin solitons (KLS-solitons and solitons). The frequency shifts λ are eigenvalues of Eq. (51) with equilibrium textures
of 1/4 + 1/4 spin solitons in the London limit. The surface densities of NMR ratio intensity are calculated by using Eq. (56). All scattering
dots represent the original numeric results, while colored lines are smoothing spline fittings of these original numeric results. (a) Transverse
NMR frequency shifts λ increases when |q| increases. This is because only solitons (|	θ | = π − 2θ0) contribute to the lowest transverse spin
dynamic response mode. When |q| increases, λ generated by solitons increases, see the details in Appendix C. The typical values of λ are larger
than −0.9 when D � 10ξD. (b) depicts the surface densities of ratio intensity n · (|IδS+ |2/I|δS+|2 ) of the eigenmodes. (c) depicts the transverse

frequency shifts λ as a function of D. (d) The surface densities of ratio intensity n · (|IδS+ |2/I|δS+|2 ) as a function of 1/D ∝ √
�. The inset is the

magnified plot between 1/D = 0.055 till 1/D = 0.120.

where

q = 	⊥1

	P
, γ1 = 1 + |q|2, γ2 = |q|2,

γ3 = q(1 + |q|), γ4 = (1 + |q|)2, (59)

Comparing Eqs. (58) and (25), we can see the mirror symme-
try.

However, this discrete symmetry may be destroyed if the
direction of domain wall is fixed in both vacuum states (i)
and (ii). In this case, the term containing γ3 in Eq. (58) is in-
variant for both parametrizations, and thus violates this mirror
symmetry. As a result, the equilibrium sates of Eqs. (58) and
(25) are not identical any more. Then we need to check the
equilibrium London limit free energy of these two different
equilibrium states. We did the same numeric minimizations
of London limit free energy with the parametrization (57) and
calculated the surface densities of equilibrium free energies of
pseudorandom lattices in the vacuum state (ii). The latter can

be evaluated as

n · F̃ (θ )London|(ii) ∼ 1

8
(1 + |q|2)

π2

ξDD
+ π2

4ξDD
|q|2

+ 1

2
[ f̃SOC|y>0 + f̃SOC|y<0]q

∼ n · F̃ (θ )London|(i) + π2

4ξDD
|q|2. (60)

Then we can expect the surface densities of equilibrium Lon-
don limit free energy of the vacuum state (ii) are slightly
higher than those of the vacuum state (i) when |q| � 0.2. In
Fig. 11, we show this for pseudorandom lattices consisting
of inseparable and separable 2/4 spin solitons, respectively.
In all cases, the surface densities of London limit free energy
of the vacuum state (ii) are indeed higher than those of the
vacuum state (i).
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(a) (b)

(c) (d)

FIG. 11. Surface densities of equilibrium London limit free energies of pseudorandom lattices consisting of 2/4 spin solitons within
vacuum state (i) and vacuum state (ii) respective. These two vacuum states are not degenerated with same free energy any more when the
direction of KLS domain wall is fixed. (a) The surface densities of London limit free energies of pseudorandom lattices consisting of inseparable
spin solitons (π -solitons) and separable spin solitons (KLS-solitons and solitons) in the vacuum state (ii). This figure shows similar features
with Fig. 7(c). (b) depicts the surface densities of London limit free energies of pseudorandom lattices consisting of inseparable 2/4 spin
solitons of vacuum states (i) and (ii), respectively. The dash-dot lines represent the vacuum state (i) while the solid lines represent the vacuum
state (ii). (c) depicts the surface densities of London limit free energies of pseudorandom lattices consisting of separable 2/4 spin solitons of
vacuum states (i) and (ii), respectively. The dash-dot lines represent the vacuum state (i) while the solid lines represent the vacuum state (ii).
(d) depicts the surface densities of London limit free energies of pseudorandom lattices in vacuum states (i) and (ii). The solid lines and dash
lines represent the pseudorandom lattices consisting of inseparable spin solitons (π -solitons) within vacuum states (i) and (ii), respectively.
The dot lines and dash-dot lines represent the pseudorandom lattices consisting of separable spin solitons (KLS-solitons and solitons) within
vacuum states (i) and (ii), respectively. We found the pseudorandom lattices consisting of 2/4 inseparable spin solitons within vacuum state (i)
have lowest equilibrium free energies.

VII. CONCLUSIONS AND DISCUSSIONS

In this work, we discussed the topological origin of the
novel 1D nexus objects in PdB phase of the nafen-distorted
3He superfluid system. The topological objects named 2D
nexus objects which are similar but has higher spatial dimen-
sion were predicted in PdB superfluid [37]. This object is
formed by connection between vortex skyrmion of d̂ vector
and spin vortices of ê1 and ê2 vectors via monopole. Earlier
vortex skyrmions formed by phase and orbital degenerate
parameters have been suggested and observed in 3He A-phase
[60–64], it also probably be observed in spin and orbital
degree of freedom in PdB phase. In contrast to the out of
observation of 2D nexus objects, the 1D nexus objects are
observed directly in the continuous wave NMR spectrum of
the rotating PdB sample [36]. There are two reasons making
this possible.

One reason is the pinning effect of nafen-strands. This
strong pinning fixes the locations of the HQVs once they
appear during cooling down with a given angular velocity. In
the limit of low angular velocity, i.e., � � �c, the average

distance between pinned HQVs is around hundred microns.
As a result, the KLS domain walls attached on the HQVs
have very large geometric sizes when the symmetry break-
ing transition from polar phase to PdB phase occurs. In the
spatial regions with length scales ξD, the SOC energy re-
duces the vacuum manifolds to discrete sets. The reduced
vacuum manifolds have spin solitons, which are described
by relative homotopy group π1(RH

1 , R̃SOC
1 ). Similar process

also happens in the bulk 3He superfluid and spinor Bose
condensate [48,49,65]. We demonstrated the subgroup G of
π1(RH

1 , R̃SOC
1 ), which describes the spin solitons with topo-

logical invariant 2/4, is isomorphic to the group M, which
describes the spin degree of freedom of KLS string wall. This
suggests that HQV is 1D nexus which smoothly connect the
spin soliton and KLS domain wall.

The other reason is the textures of 2/4 spin soltions with
length scales ξD can strongly influence the SOC energy and
then modifies the low frequency spin dynamic response of the
spin densities under continuous wave drive. This allows us to
directly observe the network of KLS string walls, which has
short characteristic lengths and high characteristic energies
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(a) (b)

(c) (d)

FIG. 12. Equilibrium spin textures and equilibrium London limit free energies of one-half unit cell consisting of 1/4 + 1/4 separable spin
solitons with θKLS = 0 and θKLS = π . The dots represent data of equilibrium configurations with θKLS = 0, while the solid lines represent
data of equilibrium configurations with θKLS = π . (a) is the equilibrium spin textures of one-half unit cell with θKLS = 0, |q| = 0.2 and
D = 18ξD. (b) is the equilibrium spin textures of one-half unit cell with θKLS = π , |q| = 0.2 and D = 18ξD. (a) and (b) have same |	θ | = π

and are related by a π -rotation around x̂ axis. (c) depicts the equilibrium London limit free energies of spin textures with θKLS = 0 and π ,
respectively. (d) depicts the surface densities of equilibrium London limit free energies of spin textures with θKLS = 0 and π, respectively.
(c) and (d) demonstrate the pseudorandom lattices consisting of separable spin solitons have same equilibrium London limit free energies for
boundary conditions θKLS = 0 and π .

determined by 	p and |q|, through the easily controllable low
energy spin dynamic process.

In the nafen-distorted 3He superfuid, the 1D nexus objects
connect with each other via large size KLS domain wall and
then form network. The 2/4 spin solitons connected on every
KLS string wall form pseudorandom lattices in the absence
of coupling between spin solitons. We discussed the equilib-
rium configurations and the surface densities of equilibrium
free energies of two different pseudorandom lattices consist-
ing of spin solitons with topological invariant 2/4. These
two types of pseudorandom lattices correspond to two rep-
resentations of group G = π1(S1

S, R̃2), the relative homotopy
group of 2/4 spin solitons of 1D nexus objects. Our analysis
shows the pseudorandom lattices consisting of inseparable
spin solitons are energy favorable. To compare with the ex-
perimental observations, we calculated the transverse spin
dynamic response under continuous wave drive. The resulted
NMR frequency shifts of pseudorandom lattices consisting of
inseparable spin solitons exactly coincide with the experimen-
tal measurements. The explicit breaking of mirror symmetry
in the presence of KLS domain wall is also be considered.

In the limit of low angular velocity, the pseudorandom
lattices models work very well because the randomness of the

network of 1D nexus objects does not influence the spin tex-
tures of spin solitons. Thus we can not find observable effect
originated from this randomness. However, when the angular
velocity approaches the critic value �c, the coupling between
spin solitons can dramatically change the equilibrium spin
textures of random lattices of spin solitons. In this case, the
random distributions of KLS string wall lead to spin solitons
glasses [53]. Thus we can expect the observable effects of
this randomness on the NMR spectrums under high enough
angular velocity. Moreover, PdB phase could be a good plat-
form to observe the monopole-antimonople networks because
the string monopole is topologically protected by π2 relative
homotopy group [37]. These kinds of complex networks are
predicted in condensed matter system and also in the Grand
unified theories [66–70]. The Grand unified theories may
have a huge variety of networks consisting of monopoles and
strings because of their complex symmetry breaking chains
[71,72]. In the absence of magnetic field, the string monopoles
in PdB phase may connect to planar solitons with geometric
size around ξD because of the reduction of vacuum manifold
by SOC energy. Similar with pseudorandom lattices of spin
solitons, these planar solitons may result in observable influ-
ence on NMR spectrum.
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FIG. 13. NMR frequency shifts of unit cell of pseudorandom
lattices consisting of separable spin soliton, NMR frequency shifts
of soliton (|	θ | = π − 2θ0) and big-soliton (|	θ | = π + 2θ0). All
colored dots are original numeric data, while colored lines are the
linear interpolations of the numeric data. D = 14.1ξD. We found the
NMR frequency shifts λ of soliton (|	θ | = π − 2θ0) monotonically
increase when |q| increases. The typical values of λ of soliton (blue
line) are larger than −0.7 when |q| � 0.14. In contrast, the NMR
frequency shifts of big-soliton (pink line) monotonically decrease
when |q| increases and the typical values of λ in this case are smaller
than −1.35 when |q| � 0.14. On the other side, the frequency shifts
induced by pseudorandom lattices of 2/4 separable spin solitons
(brown lines) monotonically increase as |q| increase. The typical val-
ues of λ are larger than −0.65 when |q| > 0.14. We find this range of
λ are very close to those induced by soliton (|	θ | = π − 2θ0). This
is because only the soliton (|	θ | = π − 2θ0) of 2/4 separable spin
soliton responds to the continuous wave transverse magnetic drive.
Moreover, we can see that the frequency shifts of pseudorandom
lattices consisting of 2/4 separable spin solitons is smaller than −1
when |q| = 0. This deviates from the experimental observations of
the frequency shifts of spin soliton in polar phase with |q| = 0 [35].
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APPENDIX A: PSEUDORANDOM LATTICES CONSISTING
OF SEPARABLE SPIN SOLITONS WITH TWO DIFFERENT
DOMAIN WALL BOUNDARY CONDITIONS: θKLS = 0 AND

θKLS = π

To show the equivalence of equilibrium configurations of
pseudorandom lattices between boundary conditions θKLS =
0 and π , we calculated the spin textures of one-half unit
cell of the lattices consisting of separable spin solitons with
topological invariant 1/4 + 1/4 under these two boundary
conditions. Based on the resulted equilibrium spin texture, the
London limit free energies of one-half unit cell and the surface
densities of London limit free energies of the pseudorandom
lattices were calculated. In Figs. 12(a) and 12(b), we show the
equilibrium spin textures of one-half unit cell with θKLS = 0
and π , respectively. We can see these two textures are related
by π -rotation about the x axis. They have same London limit
free energies and same surface densities of London limit free
energy as shown in Figs. 12(c) and 12(d). These information
show the equilibrium spin textures of pseudorandom lattices
consisting of separable spin solitons with KLS wall boundary
conditions θKLS = 0 and θKLS = π are identical.

APPENDIX B: THE DERIVATION OF SPIN DYNAMIC
RESPONSE EQUATIONS

1. The derivation of the first-order dynamic equations of spin
densities and degenerate parameters

Using Eqs. (2), (3), (4), and (7), All terms of energy densi-
ties in hydrodynamic free energy Fhydrodynamics are given as

fgrad = 1

2
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2
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2
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2
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α ŷi∂iê
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∂id̂α ẑi∂ j ê
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2
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ê2

i ŷi
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ê1

j ẑ j
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ê2

j ŷi
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i x̂ j )(d̂ j ẑi ) + 	2
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ê2

i ŷ j
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fH = −γ HβSβ + γ 2
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Then we have all of functional derivatives
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⊥2ê2
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Plugging Eqs. (B4)–(B7) into Eqs. (38) and (39), we get
Eqs. (41) and (42).

2. The derivation of the second-order dynamic response
equation of spin densities

Firstly we take the time derivative to Eq. (41) and get
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Taking into account the relations:
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where magnetic susceptibility χαβ = χ‖δαβ − (χ⊥ −
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Taking Eq. (B11) back into Eq. (B8), we get
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The last step is taking time Fourier transformation
for dynamic variables δSα and δHβ as well their
derivatives
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in Eq. (B12), this gives out Eq. (45).

3. The derivation of transverse NMR response equation of δS+

In the limit of |ω − ωL| � ωL and under parametrization
Eq. (10), Eq. (45) within components form are
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We expand ω around ωL as ω = ωL + ε + O2(ε), then we get
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where ε = (ω − ωL ). By multiplying iω and utilizing Eq. (B15), Eq. (B14) can be reorganized as
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In the case of ε → 0, this gives Eq. (48).

4. All �αλ terms in Eq. (50)

By utilizing Eq. (46) and the parametrization (10), we have
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where

c1 = γ 2

χ⊥
, c2 = 6gDγ 2

5χ⊥
. (B19)

plugging Eqs. (B18) and (B19) into Eq. (50) and multiplying �̃−2 on both sides, we get
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To simplify Eq. (B20), we need the Lagrangian equation of θ
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This equation can be simplified to
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Then Eq. (B20) can be written as

ω2 − ω2
L
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{
5

6gD

[
6K1ρ

2
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(
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1 + 1
)]

∂y∂y + 5

6gD
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2
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(
2ρ2

2 + 1
)]

∂x∂x

− i
10

6gD

[(
K1 + 3ρ2

1 K1 cos 2θ
)
∂xθ∂x − K1

(
1 + ρ2

1

)
∂yθ∂y

]}
δS+

− i
5K1

6gD
ξ−2

D [(1 + ρ1)2 sin 2θ − (1 + ρ1)ρ2 cos θ ]δS+

+ {
(1 + ρ1)[−(1 + ρ1) cos 2θ − 5ρ2 sin θ ] + (

1 + ρ2
1 + 4ρ2

2

)}
δS+. (B23)

This is Eq. (51).

APPENDIX C: NMR FREQUENCY SHIFTS OF SOLITON
(|�θ| = π − 2θ0) AND BIG-SOLITON (|�θ| = π + 2θ0)

Here we discuss the transverse NMR frequency shifts of
soliton (|	θ | = π − 2θ0) and big-soliton (|	θ | = π + 2θ0)
in the absence of KLS string wall. The frequency shifts λ

are numeric results of Eq. (51) with equilibrium spin tex-
tures of soliton (|	θ | = π − 2θ0) and big-soliton (|	θ | =
π + 2θ0) which we got in Sec. IV B. In Fig. 13, we de-
pict the results with |q| from 0.0 to 0.2. We found the
transverse NMR frequency shift of soliton (|	θ | = π − 2θ0)
is increasing function of |q| while the transverse NMR

frequency shift of big-soliton (|	θ | = π + 2θ0) is decreasing
function of |q|. When |q| � 0.14, the typical values of λ

of soliton and big-soliton are λ � −0.7 and λ � −1.3, re-
spectively. Because the unit cell of pseudorandom lattices of
separable spin solitons with topological invariant 1/4 + 1/4
contains KLS-soliton and soliton, the transverse NMR fre-
quency shift of unit cell is determined by the equilibrium spin
texture of soliton. As are result, λ of pseudorandom lattices
consisting of separable spin soliton with topological invariant
1/4 + 1/4 is very close to those induced by soliton (|	θ | =
π − 2θ0).
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