PHYSICAL REVIEW RESEARCH 2, 043218 (2020)

Ultracold Bose mixtures with spin-dependent fermion-mediated interactions

Renyuan Liao
Fujian Provincial Key Laboratory for Quantum Manipulation and New Energy Materials, College of Physics and Energy,
Fujian Normal University, Fuzhou 350117, China
and Fujian Provincial Collaborative Innovation Center for Advanced High-Field Superconducting Materials and Engineering,
Fuzhou, 350117, China

® (Received 4 August 2020; accepted 27 October 2020; published 12 November 2020)

We develop a functional integral formulation for binary Bose-Einstein condensates coupled to polarized
fermions. We find that spin-dependent fermion-mediated interactions have dramatic effects on the properties
of the binary condensates. The quasiparticle spectrum features two branches. The upper branch, which is of
density nature, gets modified by the induced interactions, while the lower branch, which is of spin nature, is left
intact. The ground-state phase diagram consists of stable region of miscible phases and unstable region toward
phase separation. In the stable region, it is further classified by the damping of excitations of the upper branch.
We show that it is possible to find region of well-defined, long-lived quasiparticle excitations by tuning relevant
parameters, such as boson-fermion mass ratio, boson-fermion number density ratio, and interspecies interactions
between bosons as well. We explore the effects of quantum fluctuation due to the effective potential on the binary
condensates. It turns out that both the density structure factor and spin density structure factor fulfill the Feynman
relation, except that the latter is immune to the fermion-mediated interactions.

DOI: 10.1103/PhysRevResearch.2.043218

I. INTRODUCTION

Mediated-interactions are ubiquitous in nature. In high-
energy physics, all fundamental interactions are mediated by
gauge bosons [1]. In solid-state physics, phonon-mediated
electron-electron attractions are responsible for the formation
of Cooper pairs, whose condensation leads to the phenomena
of conventional superconductivity [2]. Ultracold atomic gases
have emerged as a versatile platform to investigate quantum
many-body physics [3—5]. Excitingly, it allows one to cre-
ate controllable long-range interactions between atoms [6,7],
including direct electric and magnetic dipole interactions
[8-14], phonon-mediated coupling in trapped ions [15-17],
and photon-mediated interactions in optical cavities [18-23].
Very recently, adding to the new excitements are the obser-
vations of fermion-mediated long-range interactions between
bosons in Bose-Fermi mixtures [24-26]. There exist some
theoretical efforts [27-29] for understanding such fermion-
mediated interactions based on the linear response theory.

Binary Bose-Einstein condensates (BECs) have been the
focus of both theoretical [30-38] and experimental [39-45]
research over the past years. One of the key questions to
ask is how this newly achieved interaction reshapes our un-
derstanding of these exciting systems. Since homogeneous
quantum gases have been realized in experiments [46,47],
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theoretical understanding on the effects of fermion-mediated
interactions on homogeneous binary Bose mixtures becomes
an experimentally interesting and urgent task.

In this work, we shall carry out a systematic study on a ho-
mogenous Bose-Fermi mixture, with the aim of laying down
a solid and decent framework to treat such problems, fully
characterizing fermion-induced interactions, and identifying
new features arising from spin-dependent fermion-mediated
interactions on binary BECs. First, we shall start from the
functional representation of the partition function. By tracing
out the fermions, we obtain an effective action entirely in
terms of bosonic degrees of freedom, so that we can isolate
the effects of fermion-mediated interactions on the BECs.
Second, we shall obtain the induced interactions in the static
limit, where an analytic result for the effective interaction
potential in real space exists. Third, we will examine how
the induce interactions modify the Bogoliubov spectrum and
lead to the damping of quasiparticles. Finally, we will explore
the quantum fluctuation effects of the effective interaction po-
tential on the density and spin density response of the binary
BECs.

II. MODEL AND FORMALISM

We consider a homogeneous mixture of two-species Bose
gases and spin-polarized Fermi gases, described by the fol-
lowing grand-canonical Hamiltonian:

H = /d3r(HB+HF + M), (1a)
e
_ i _ _
Hp _a;%( S ua)%, (1b)
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Here ¢, is the field operator for bosons with hyperfine state
o = {1, |}, ko is the associated chemical potential, and mjp is
the mass of the atoms. For fermions, v is the field operator
and pp is the chemical potential. In the interaction term H;,
n, = ¢! ¢, is the number operator for bosons of species o,
the coupling gr, accounts for the interactions between the
fermions and the bosons of species o, and g, accounts for the
intraspecies interactions between bosons of species o, while
g1l = 4nh2aT 1 /mp characterizes the interspecies interaction
between bosons, where a4 is the s-wave interspecies scatter-
ing length. For convenience, we define the Fermi momentum

r = (6m%nr)'/3 with np being the number density of Fermi
gases, the Fermi velocity vy = hikp /mp and the correspond-
ing Fermi energy Er = hzk}r /2myp . For brevity, we shall adopt
natural units kg = /i = 1 hereafter.

Within the framework of imaginary-time field integral,
the partition function of the system can be cast as Z =
[dl¥, y1d(¢:, ¢ole™S with the action given by [48] S =
fo dt[H + fd3r(1p8rw + >, 030:¢,)], where 8 = 1/kgT
is the inverse temperature. To single out the fermion-mediated
effects, we carry out the integration over the fermionic degrees
of freedom, resulting in an effective action solely in terms
of bosonic degrees of freedom Segr = f dtd’rLg — Trin M,
where

2

\%
Lp = ;[(b (9; — TB—Ma)(ﬁa 7 §}+gmn¢n¢,
VZ
=81:___ o . o - 2
M T uF+;gF (o @)

To this level, the formal manipulation of the partition function
is exact. To distill low-energy physics, we shall resort to some
sorts of approximations to be addressed.

To proceed, we write ¢Xd, = pos + Zq £0 pgo€® with
x being space-time coordinate and g = (q, iw,), and set
M=—-G""+ M, with G7' = =8, + B>V?/2mp + pup —
Za grsPos being the inverse fermion Green’s function
and M; =) 40 Y 8Fc pq(,eiq". This allows one to write
Trin M = Trin(—G™ ")+ Trln (1 — GM;) and to perform
series expansions —TrIn(1 — GM;) = Y,_, Tr[(GM)']/1.
To fully exploit the translational invariance of the system, we
shall evaluate the trace in the momentum-frequency represen-
tation. We expand the series up to the quadratic order (I < 2),
resulting in

Tr(GM,) = M(0) Y G(k) =0, (3a)
k
TH(GM 1= BV Y grogroTlgpgp—go. (3b)
q#0,00"
= =7 2 GGk + ). (3c)
k

Several comments are in order: For the series expansion,
the / =1 term vanishes due to M;(0) =0 by definition,
as can be seen from Eq. (3a); the / =2 term corresponds
to fermion-induced spin-dependent two-body interactions be-
tween bosons, as can be seen from Eq. (3b) and Eq. (3¢),
where we have defined IT,, the so-called polarization func-
tion; We will neglect [ > 3 terms, as they represent induced
three-body or more interactions among bosons, which are
usually irrelevant for dilute gases. By collecting the relevant
terms, we arrive at the approximated effective action S =
f drdrLp — Trin (—G™ ') + Sing, with the induced action
given by Sina = .,/ 8Fo8Fo/2 Z#O I, 040 P—gor- Remark-
ably, the induced action is purely a quantum fluctuating effect
as the classical g = 0 component is explicitly excluded.

In the spirit of the Bogoliubov theory, we split the bosonic
field ¢, into a mean-field part ¢, and a fluctuating part ¢, .
By retaining the fluctuating fields up to the quadratic order,
we approximate the effective action as Seir ~ S + S,, where
So is the mean-field action and S, is the Gaussian action
with quadratic orders of the fluctuating fields ¢} and ¢,. The
grand potential density at mean-field level is given by Q@ =
So/BV. The saddle point condition §Q© /8¢ = 0 leads to
the Hugenholz-Pines theorem [49] determining the chemi-
cal potential 1ty = gronrs + goo |Pos|* + g1 o5 |- Without
loss of generality, we set ¢o» = /N5, Where n, is the con-
densate density for bosons of species o. The self-consistent
condition for the fermion density is determined via np =
—9Q®/9ur, which gives the chemical potential for the
Fermi gases: ur = Ep + ) grollo.

At the mean-field level, the ground-state energy density can
be obtained via E o Q(O) + upnp + Z Wo Ny, yielding

3 8
Eg)) = gl’lFEF + Z (zng + gannF) + ng«nTni (4)

For the system to be stable, we naturally requires that the
Hessian matrix constructed for the ground-state energy to be
positive definite, which leads to an extra constraint for a stable
miscible phase

o (67°)*°(gr181y — £3))
T 3mp(ghigy + 85 811 — 28r18F181))

&)

in addition to the traditional miscible condition g41g,, —
ng > 0, where g,, > 0 for a binary mixtures of Bose-
Einstein condensates [30-33].

Derived from  Sij,q, the Hamiltonian
ing the induced two-body interactions between
bosons through coupling with fermions reads Hiy =
> oo 8F08F0 /2 Yq0 THA) Xy p Pry g0 Pp— o P Pic-

Here Iy = Il(q,0) is the polarization function evaluated at the
static limit at zero temperature, which reads
] (6)

d(Er) k2
1+
4
where d(Er) = mpkp /72 is the density of states at the Fermi
energy.

Performing the Fourier transform of Hi,y to real space,
we obtain an induced pairwise spin-dependent interaction

describ-

My = —

— q2/4 ‘ q + 2kp
krq q — 2kp
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potential between two Bose atoms of species o and o’ with
relative coordinate r, given by

d(EF)grogro

Veos'(r) = — 1 Vrkky (1), (7a)
sin (2kpr) — 2kpr cos (2kgr)
Vrkky (1) = d ek Fr4 = (7b)
F

The induced spin-dependent attractive long-range interac-
tion is of the RKKY type [50] in real space, where it decays
at 1/r3 at large spatial separation and shows the Friedel oscil-
lations at a period of 1/2kp, imprinted by the density of the
Fermi gases.

Let us examine how the fermion-mediated interactions
plays its role in the cerebrated Bogoliubov theory. For ease of
notation, we focus on the situation where both boson species
possess same number density and same intraspecies interac-
tion strength: ny =n, =ng, g1y =g, =8 = 4 hlagg/mg
and gry = gr|, = 8grp = 27rh2ap3(m;1 + mgl), where app
and app are the respective s-wave scattering lengths.
By defining a column vector ®, = (@41, gy, (piﬁ, goiqi )T,
the Gaussian action can be written in a compact form
Se=(1/2)3_, CD;QEICDq, with the inverse Green’s function
gg‘ (q, iw,,;) defined as follows:

—z+a by by by
—1 _ b] —Z4+a b] b2
gB (q’ Z) - b2 b1 z+a b] ’ (8)
b by by z+4a

where a = €q + (g + g5 )np with €q = q*/2mg, by =
(g1} + &I, )np, and by = (g + g%,T1,)np. The quasiparti-
cle spectrum w(q) and the damping rate y(q) can be found
by solving the secular equation detggl(q, w —iy) =0 with
the substitution of I, liw, — o + i0". This substitution cor-
responds to analytic continuation to real frequency (iw —
w +i0"), yielding the real and imaginary part of the polar-
ization function, so-called the Lindhard function [51]

d(Er) 1 —u? |14 u
Rell = ———2| 1 5] , 9
e n [+Zszq/kF n'l_m} ©a)

s=%
kr 2 2
ImIT = d(Ep)W |:Z s(1 —ug)O(1 — us):|, (9b)
s=%

where u; = w/qur £q/2kr and 5= —s. The sys-
tem accommodates two branches of excitations
w+(q), where the upper branch is given by wi(q) =
Re/eqleq + 2(g + g1) + 28%5T1,)ng] and the lower branch is
given by w_(q) = /eqleq +2(g — g1, )np]. It is evident that
the upper branch gets modified by the induced interaction,
while the lower branch is left intact.

III. RESULTS AND DISCUSSION

The quasiparticle spectrum for the upper branch w, (q) and
the associated damping rates y,(q) for three typical mass
ratios mg/mp = 0.2, 0.4, and 0.6 are shown in Fig. 1. On
panel (a), the shade region has nonzero damping rates. This
is found by requiring ImIT # 0, which leads to an inequal-
ity constraint (g/kr)?> —2q/kr < w/Er < (q/kr)* + 2q/kr

100 0.08
—mp/mp = 0.2 —mp/mp =02
sl mp/mp = 0.4 g fmp = 0.4
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FIG. 1. (a) The excitation spectrum for the upper branch w, (q)
and (b) the associated damping rate y,(q) as a function of momen-
tum amplitude ¢ for three typical mass ratios mg/mp = 0.2, 0.4, 0.6.
In the shade region in panel (a), the quasiparticle excitation w,(q)
is damped with a finite lifetime, whereas outside the region it
has infinite lifetime. The parameters we choose are: kraggp = 0.3,
g11/8=10.6, and ng/np = 1.0, which ensures that the system is
weakly interacting.

in the (q, w) plane. For a small mass ratio mg/mp = 0.2, the
excitation spectrum lies outside the shade region, indicating
that it is well defined and long lived. With a large mass ratio,
the excitation gets damped, propagating with a finite lifetime
1/y. As shown in Fig. 1(b), the damping rate remains zero for
varying momentum amplitude at mg/mp = 0.2. For a larger
mass ratio, the damping rate features a sharp peak, with the
momentum amplitude at which the maximum damping occurs
shifts to a higher value.

At long wavelength, the excitation spectrum is phonon-
like with characteristic dispersion w(q) = cgq, where c is the
sound velocity. We show the sound velocity c; for the upper
branch of the excitation spectrum in Fig. 2. In the absence of
Bose-Fermi coupling krarp = 0, the sound velocity reduces
to cyo = /(g + g4, )np/mp. As the coupling parameter krarp
increases, the sound velocity decreases monotonically, first
with a solid line (undamped mode), then with a dotted line
(damped mode), before it terminates at zero when reaching
a phase boundary separating miscible and immiscible phases.
Interestingly, one can verify that the positivity of the sound
velocity (g+ g1} + 2g5 1o > 0) leads to a constraint con-
sistent with Eq. (5), which can be translated as (krarp)* <
wkp(app + ay )mpmp/(mp + mg)?. Increasing the mass ratio
mp/mp leads to an increase of the sound velocity, as shown
in Fig. 2(a). The larger interspecies coupling between bosons
g1.1/8, the bigger the sound velocity, as indicated in Fig. 2(b).

We are now in a position to construct a ground-state phase
diagram, spanned by mass ratio mp/mp and Bose-Fermi
coupling parameter krapg. The phase stability constraint
provided by Eq. (5) marks the phase boundary separating
stable miscible phase and phase separation (PS) into bosons
and fermions or a purely boson phase coexisting with a
mixed phase [52-54], shown in Fig. 3, which stays intact for
varying number density ratio ng/np. In the stable miscible
phase, we can further classify it into region accommodating

043218-3



RENYUAN LIAO PHYSICAL REVIEW RESEARCH 2, 043218 (2020)
1 T T T T infinite lifetime (QP). Increasing the interspecies coupling
- @ g+11/8 contributes to a broadened region of QP, and a
g 0.5 —mp/mp = 0.15 1 shrinkage of damped region. The reason behind the fact that
E ::Zi?:xf - 8§g we have focused on the Landau damping of the collective
long-wavelength excitations is that Beliaev damping is

0 L L ! L e strongly suppressed at low momenta [55].
10 0-1 0:2 0:3 0:4 0:5 0.6 Now we turn to examine the effects of quantum fluctu-
(b) ation arising from the effective interaction potential on the
g —gi1/g=0 properties of the binary BECs. The static structure factor S(q)
<= 05F —gn/g=04 e Tl TS 7 probes density fluctuations of a system. It provides informa-
g —911/9 =08 mp/mp = 0.2 tion both on the spectrum of collective excitations and the
0 . . . i : momentum distribution. We can evaluate the static structure

0 0.1 0.2 0.3 0.4 05 0.6 at the Bogoliubov level as follows:
krarp | | 4
FIG. 2. The sound velocity for the upper branch of the excitation S(q) = 2N < 8py8pq >= 2 Z Z i (Q. iom)

spectrum ¢ /cyo (Where c o = /(g + g4, )np/mp) as a function of

Bose-Fermi coupling parameter krarp: (a) for three typical mass ra-
tios mg/mp = 0.15,0.20, 0.25 and (b) for three typical interspecies
coupling strengths g;, /¢ =0,0.4,0.8. A solid line denotes that it
is an undamped mode while dotted line denotes that the mode is
damped. The sound velocity terminates at a critical value of krarg,
marking a phase boundary. The parameters we choose are kragg =
0.4 and ng/l’lp =1.0.

long-lived quasiparticle excitations and region residing
quasiparticle excitations of finite lifetime due to the Landau
damping. To search for well-behaved, long-lived excitations,
we consider the region satisfying ImII(q, ®) = 0, which
occurs at w/qur > 14 q/2kr [see Eq. (9b)]. At long
wavelength, this becomes ¢y /Er > 2kp, yielding (krapp)* <
wmpmp/(mp + mp)*lkp(aps + ary) — 3wnpmy/(2npmi)].
As shown in Fig. 3, tuning up the number density ratio
np/np expands the region of quasiparticle excitations with

0.8 T T .
@ PS b
E 0.6 2
S 041 T - Damped 91//9=03 A
< . \\’\ .
0.2, QP ."-: ‘\‘
B \
0 ' — :
0.80 0:2 0:4 0:6 0.8
m 0.6 911/9 =06 1
R emm———._  Damped
E 04r S —nB/nF =0.5 1
< \\\ ....... ng /n r=10 |
0.2}, QP LN cmnp/np =15
0 " LRI Y .
0 0.2 04 0.6 0.8
mp/mp

FIG. 3. Phase diagram spanned by mass ratio mg/my and Bose-
Fermi coupling parameter krapp for three typical number density
ratios ng/np =0.5,1.0, 1.5: (a) g4,/g = 0.3 and (b) g+,/g = 0.6.
The phase diagram consists of three regions labeled by PS, QP,
and Damped, respectively. PS denotes phase separation, QP denotes
quasiparticle with infinite lifetime, and Damped denotes quasiparti-
cle with a finite lifetime. Here we set kragg = 0.4, which sets bosons
in a weakly interacting regime.

iwy i,j=1
€q cot Bw(q)
w1(q) 2

This corresponds to the Feynman relation [56] for the upper
branch, which connects the static structure factor to the exci-
tation spectrum for a Bose superfluid enjoying time-reversal
symmetry. The Bragg spectroscopy can be employed to mea-
sure the zero-temperature structure factor of the system [57].

Similarly, the spin density structure factor S,(q) can be
determined as follows:

(10)

1
Se(q) = =— < 8(pqy — pq)) 8(Pgr — Pqy) >

2Ng
1 4 o
=52 2 D" Grij(g, o)
iwy i,j=1
_ G Pe-@ (11
w_(q) 2

This is precisely the Feynman relation for the lower branch,
which connects the spin structure factor to the excitation
spectrum of the Bose superfluid. Since the lower branch is
left intact for the induced interaction, we deduce that the spin
density structure factor is immune to the Bose-Fermi cou-
pling. The spin structure factor can be measured from noise
correlations or Bragg scattering of light [58,59].

IV. CONCLUSIONS

In summary, we find that spin-dependent fermion-mediated
interactions dramatically modify the properties of the binary
BECs. The upper branch is affected by the induced inter-
actions, while the lower branch is clearly not. We map out
the phase diagram based on the phase stability condition and
Landau damping of the excitations of the upper branch. It
consists of the phase boundary separating stable region of
miscible phases and unstable region toward phase separation.
Due to the fermion-mediated interactions, we find that the
stable region can be further classified into two parts based on
the damping of the excitations. The predicted damping rate
can be probed experimentally via two-phonon Bragg spec-
troscopy [60]. We find that both the density structure factor
and spin density structure factor satisfy the Feynman relation,
reflecting density and spin excitations respectively. Experi-

043218-4



ULTRACOLD BOSE MIXTURES WITH SPIN-DEPENDENT ...

PHYSICAL REVIEW RESEARCH 2, 043218 (2020)

mental verifications of new features predicted in this work is
expected to provide a significant advance to our understand-
ing of emergent phenomena associated with spin-dependent
fermion-mediated interactions.
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