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Violation of parity symmetry gives rise to various physical phenomena such as nonlinear transport and
cross-correlated responses. In particular, the nonlinear conductivity has been attracting a lot of attentions in
spin-orbit coupled semiconductors, superconductors, topological materials, and so on. In this paper we present
a theoretical study of the nonlinear conductivity in odd-parity magnetic multipole ordered systems whose

PT symmetry is essentially distinct from the previously studied acentric systems. Combining microscopic
formulation and symmetry analysis, we classify the nonlinear responses in the P7 -symmetric systems as well
as 7 -symmetric (nonmagnetic) systems, and uncover nonlinear conductivity unique to the odd-parity magnetic
multipole systems. A giant nonlinear Hall effect, nematicity-assisted dichroism, and magnetically induced Berry

curvature dipole effect are proposed and demonstrated in a model for Mn-based magnets.
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I. INTRODUCTION

Nonlinear responses have been giving rise to a lot of re-
search interest in condensed matter physics. For instance,
the nonlinear optical response provides a powerful tool for
spectrometry. It has been used to obtain a real-space imag-
ing of the parity-violating magnetic order in insulators [1,2]
and to explore exotic order in spin-orbit coupled metals and
superconductors [3-6]. In the optical nonlinear responses,
energy of irradiating light is usually larger than that of electron
bands, and the observed signals are attributed to interband
transitions [7]. On the other hand, intraband transitions are
also important in conductivity measurements in which the
frequency of the probe is usually lower than that of optical
probes and comparable to the electronic energy scale. It is
therefore expected that nonlinear responses are informative
for investigating metallic compounds where the intraband
transitions are relevant.

Regarding the nonlinear response in metals, the second-
order nonlinear conductivity (NLC) measurement has at-
tracted much attention. Previous studies are mainly divided
into two streams; field-induced NLC and field-free NLC.
The former can be traced back to Rikken’s seminal works
[8,9]. They realized the longitudinal NLC under an external
magnetic field, and significant enhancement has recently been
discovered in strongly spin-orbit coupled semiconductors and
superconductors [10]. The microscopic origin of the longitu-
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dinal NLC is attributed to a semiclassical contribution which
we call Drude term [11-13]. On the other hand, a lot of the-
oretical and experimental efforts have recently been devoted
to the transverse NLC, that is, nonlinear Hall effect [14-16].
The nonlinear Hall effect realized without the magnetic field is
rooted in a geometric quantity named Berry curvature dipole
(BCD) [14].

According to the symmetry argument, the second-order
NLC requires violation of parity symmetry P. The condition
is satisfied by the acentric property of crystals which were
previously studied [8—11,14—16]. In contrast, the P-symmetry
breaking can also be accompanied by the magnetic order,
that is called odd-parity magnetic multipole order [17-19]. It
is expected that counterparts of the NLC exist in magnetic
metals.

A key to the odd-parity magnetic multipole order is locally
noncentrosymmetric property of crystals. With such structure
of crystals, the local site symmetry of atoms does not have
P symmetry although the global P symmetry is preserved
owing to the sublattice degree of freedom [20,21]. Then the
antisymmetric spin-orbit coupling (ASOC) emerges in a sub-
lattice dependent way and gives rise to exotic responses such
as the antiferromagnetic Edelstein effect [21-24]. Suppos-
ing the antiferromagnetic order preserving the translational
symmetry, both of the P and 7 symmetries may be vio-
lated while the combined symmetry, namely P77 symmetry, is
preserved. Such parity-violating but P77 -symmetric magnetic
order is called odd-parity magnetic multipole order and has
been discussed in the context of multipole physics [18,19]
and antiferromagnetic spintronics [25-27]. More than 100
candidate materials such as BaMn,As, and EuMnBi, have
been identified [18].

In this work the NLC in odd-parity magnetic multipole
metals are investigated. We present a general symmetry clas-
sification of NLC based on a quantum mechanical calculation.
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TABLE 1. Second-order NLC in 7 /P7T -symmetric systems
with/without magnetic field H. Dominant contributions such as the
BCD term are shown. The boldfaced terms are studied in this work.

TABLEII. Relaxation time dependence of the second-order NLC
in T /PT-symmetric systems. N/A denotes that the component is
forbidden by symmetry.

T PT
H=0 BCD Drude
magnetic Drude magnetic BCD

Supported by the microscopic analysis, we clarify NLC
characteristic of magnetic metals with and without external
magnetic field. We find that the NLC at H = 0 is a measure
of the ASOC. Furthermore, we reveal two types of field-
induced NLC; the nematicity-assisted dichroism, and Berry
curvature dipole effect induced by what we call magnetic
ASOC. These phenomena originate from locally noncen-
trosymmetric crystal structures and magnetic order, and hence
have striking difference from the NLC in noncentrosymmetric
(nonmagnetic) crystals. We show the correspondence between
T-symmetric and P7T -symmetric systems in Table I.

II. QUANTUM THEORY AND SYMMETRY ANALYSIS

A theoretical treatment of the second-order NLC has been
established in Sipe and his co-workers’ works [28-30] where
the nonlinear response functions are derived from straightfor-
ward extension of the linear response theory [31]. A detailed
calculation of the NLC is shown in Appendix A. Here we only
describe the outline of derivation.

A spatially uniform electric field E(¢) is introduced so as to
be compatible with calculations based on the Bloch states in
the length gauge framework [28-30,32-34]. Using the density
matrix formalism, we derive the second-order electric current
in the frequency domain as

dwid .
J"(z)(w)=2/—w2l 2 o (0 w01, 2)
v/

x E'(0)E*(@2)8(w — w1 — w2). (1)

Assuming the clean limit where the relaxation time v — c0
within the transport regime wt < 1, the NLC is classified
by the dependence on the phenomenological relaxation time

r=yplas

p.;v)h ;L VA JIRS VA
o +0gcp + O - 2

in which the indices v, A of applied electric fields are sym-
metric. The first two components are obtained as

o = ——/ Y 23 0,05 €kaf (€ka), 3)

II;C‘;D)\ - / (2 )d Zeuka(eka)aAQK + [V <> )\] (4)

2)/ e,”,{D +[v < Al (®)]

which are the Drude [11] and BCD [14,35,36] terms, respec-
tively. The index a represents the band index. We introduced

op OBCD Oint
T N/A O(7) o™
PT o(1?) N/A 0"

the electron charge e > 0 and the BCD defined as

D = (2 )d Zf(eka)a Q. 6)

These two terms are finite only in the metal state and divergent
in the clean limit since both are Fermi surface terms. The
remaining term Gmt * comes from interband transitions, and
it is not divergent in the clean limit [37]. This term, therefore,
gives a negligible contribution to the NLC in good metals.

In the group-theoretical classification of quantum phases,
the parity-violating phases are classified into odd-parity
electric/magnetic multipole phases where 7 /P7 symmetry
is preserved [18,19]. It is known that these preserved sym-
metries impose strong constraints on the response functions
[24,38] in addition to equilibrium properties of the systems
[39]. Thus, the symmetry analysis enables us to classify the
NLC allowed in either 7 -symmetric or P7 -symmetric sys-
tems based on the relaxation time dependence. The result is
shown in Table II.

In 7-symmetric systems, all the terms in NLC are scaled
by odd-order O(z?"+1). Recalling the linear response theory,
the scattering rate y can be replaced by the adiabaticity pa-
rameter whose sign represents irreversibility due to external
fields [31]. Thus, the NLC should be accompanied by a dis-
sipative response. This is consistent with previous theories
[40,41]. In contrast to the familiar linear conductivity, the
Drude term is prohibited because it is even order with re-
spect to 7. The leading order term is the BCD term for the
transverse NLC.

On the other hand, the 7 symmetry is broken by the
magnetic order in the parity-violating P77 -symmetric systems
which we focus on. Therefore, the relaxation time dependence
is even-order O(t?"), and intrinsic contributions O(t°) are
allowed. The leading order term is the Drude term o(t?).
We will show that the Drude term is a measure of the hidden
ASOC characteristic of locally noncentrosymmetric systems.
The BCD term is prohibited to be consistent with the fact that
the Berry curvature itself disappears due to the P77 symmetry.
Although the effect of the 7 -symmetry breaking in acentric
systems has been discussed in previous works [14,37,42,43],
our classification has clarified the contrasting role of 7 and
PT symmetries in NLC. Below we will see that the P7T
symmetry gives a clear insight into the NLC.

In our classification, extrinsic contributions such as the
side jump and skew scattering are not taken into account
[42-45]. We, however, note that the extrinsic contributions
may be similarly classified by the symmetries. Indeed, for
nonmagnetic impurities with §-function potential, we show
that while extrinsic terms are allowed in the 7 -symmetric sys-
tems [43], they are strongly suppressed by the P77 symmetry
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(see Appendix C). This suppression is highly contrasting to
the fact that the impurities play an important role in the NLC
in 7 -symmetric materials such as WTe, [46]. When we focus
on the PT -symmetric magnetic systems, the classification in
Table II is meaningful beyond the relaxation time approxima-
tion for impurity scattering.

All the terms in NLC are allowed in the absence of both T
and P7T symmetry. For instance, the Drude term becomes fi-
nite when we apply magnetic fields to originally 7 -symmetric
systems [8—11], which is described as “magnetic Drude” in
Table I. Similarly, we expect a magnetic-field-induced NLC
in originally P7-symmetric systems; the BCD term indeed
arises from the P7T-symmetry breaking (called “magnetic
BCD” in Table I). This term is clarified in this work below. In
the following we consider the PT -preserving antiferromag-
netic metal with or without the magnetic field, and discuss the
Drude and BCD terms which are dominant in clean metals.

III. NLC IN ODD-PARITY MAGNETIC MULTIPOLE
SYSTEMS

We introduce a minimal model of BaMn;As, which un-
dergoes odd-parity magnetic multipole order [24]. Many
magnetic compounds in the list of Ref. [18] belong to the same
class. The Hamiltonian reads

Hk)=¢€k)to+gk) -0, +h-o10+Vagk) o, (7

where ¢ and T are Pauli matrices representing the spin and
sublattice degrees of freedom, respectively. In addition to the
intrasublattice and intersublattice hoppings €(k) and Vag(k),
we introduce the staggered g-vector g(k) = g,(k) + har con-
sisting of the sublattice-dependent ASOC g, (k) [21-23] and
the molecular field har = hapZ due to antiferromagnetic or-
der in BaMn,As; [47-49]. The detailed material property
of BaMn,As, and expressions of e(k), Vap(k), and g,(k)
are available in Appendix B 1. We also consider an external
magnetic field & to discuss field-induced NLC.

A. Field-free nonlinear Hall effect

First, we show the NLC at zero magnetic field (A = 0).
Then, the NLC is mainly given by the Drude term (see
Table II), and it is determined by the antisymmetric and
anharmonic property of the energy dispersion [see Eq. (3)].
Such dispersion is known to be a pronounced property of
the odd-parity magnetic multipole systems [18,21,23,24,50].
In the case of BaMn,As,, the antisymmetric component was
identified to be a cubic term k. k k. [24]. Indeed, the energy
spectrum of the model Eq. (7) is obtained as

Ef = e(k) £ /Vap(k)? + g(k)2. ®)

The antisymmetric distortion in the band structure arises
from the coupling term g, (k) - hap which is approximated
by ~k.kyk, near time-reversal-invariant momentum. Thus,
o“? and its cyclic components of NLC tensor are allowed.
This indicates the nonlinear Hall effect, namely, the second-
order electric current J° generated from the electric field
E || [110]. For the strong antiferromagnet, |hag| > |e(k)|,
|[Vap(k)|, |go(k)|, the Drude component is analytically ob-

tained as

%
; y. ) e‘aHn
oy =0 =0y = yve sgn (har), 9)

in the lightly hole-doped region. Here n denotes the carrier
density of holes and o represents the strength of ASOC
parallel to the staggered magnetization hap. It is notewor-
thy that Eq. (9) does not depend on the antiferromagnetic
molecular field and therefore it is useful to evaluate the
sublattice-dependent ASOC. Thus, the NLC provides a way
to experimentally deduce the sublattice-dependent ASOC,
although it was called “hidden spin polarization” [51,52] be-
cause it is hard to measure. Equivalence of o = opy”* =
op* holds independent of parameters and it can be tested by
experiments. Numerical calculations of Eq. (3) are consistent
with the above-mentioned symmetry argument and analytic
formula as shown in Appendix B 2. A typical value of the
nonlinear Hall response is obtained as of,"”/[(07*)*0%] ~
1077 [A=2V m?] and it is much larger than the experimen-
tal value of bilayer WTe,, Uy;”/(a”)3 ~ 107 [A~2Vm?]
[16]. Because the Drude term is more divergent with respect
to T than the BCD term, we may see a giant nonlinear Hall
response in the P77 -symmetric antiferromagnet.

The NLC is a useful quantity not only to evaluate the
sublattice-dependent ASOC but also to detect domain states
in antiferromagnetic metals [18]. Indeed, the sign of the NLC
depends on the antiferromagnetic domain and hence it may
promote developments in the antiferromagnetic spintronics
[25,26]. In fact, the read-out of antiferromagnetic domains
has been successfully demonstrated by making use of the
NLC [53]. For BaMn,As, and related materials listed in
Ref. [18], the nonlinear Hall effect can be used to identify an-
tiferromagnetic domain states. So far we considered intrinsic
contributions. We have shown that the extrinsic contributions
from impurity scattering are suppressed due to the preserved
PT symmetry, and therefore, they are not relevant to the
above discussions.

B. Nematicity-assisted dichroism

In the absence of the external field, BaMn,As,-type mag-
netic materials do not show the longitudinal NLC along the
high symmetry axes, namely, o**#* = 0. Below, we show that
the longitudinal NLC can be induced by magnetic fields. Since
the BCD term contributes to only the transverse response, we
have only to consider the Drude term. Generally speaking, to
obtain a finite longitudinal electronic dichroism, the system
is required to possess an antisymmetric dispersion such as
ki or higher-order one. According to the group-theoretical
classification, the “polarization” in the momentum-space de-
noted by k, may share the same symmetry as ki [18,24].
Thus, the momentum-space polarization is a key to realize the
longitudinal dichroism.

In BaMn;As; and related materials, the momentum-space
polarization can be induced by the nematicity. We can un-
derstand this by the discussion of the magnetopiezoelectric
effect [24,54-57]. A magnetopiezoelectric effect means that
the planer (electronic) nematicity is induced by the out-of-
plane electric current. That is written as

£V = eV, (10)
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FIG. 1. Drude term of a longitudinal NLC o5 as a func-
tion of the azimuthal angle of external magnetic fields h =
h(cos ¢, sin ¢, 0). Strength of the magnetic field 7 = 0.01, tempera-
ture T = 0.01, chemical potential ;& = —0.5, relaxation time y ~' =
10%, and Brillouin zone mesh N = 135° are adopted. The other

parameters and adopted energy scale are described in Appendix B.

where ¢"V represents the strain tensor. It was experimentally
discovered in EuMnBi, [55,57] and CaMn,Bi, [56] in ac-
cordance with theoretical prediction. The response is derived
from the antisymmetrically distorted Fermi surface and hence
realizable in the odd-parity magnetic multipole systems. Sim-
ilar to the conventional piezoelectric effect, we may expect an
inverse effect. Given the in-plane nematic order or strain, the
system should obtain the momentum-space polarization P*
whose symmetry is the same as the electric current J=,

Pl =Y, (11)

Accordingly, the longitudinal dichroism o%%* is allowed.
Thus, nematicity-assisted dichroism which is unique to the
odd-parity magnetic multipole systems is implied.

The nematicity can be induced by the magnetic field
through the spin-orbit coupling. In the model for BaMn,As;
the sublattice-dependent ASOC plays an essential role. By

h # 0, the energy spectrum of the lower bands E,~ in Eq. (8)
is modified as
Ey = el) — Vape? + gk + B £203), (12

where A2 = Vag (k)2 h> + [g(k) - h]*. The magnetic field not
only lifts the Kramers degeneracy but also causes the ne-
maticity through the coupling [g, (k) - h)? in A, although linear
terms in h are canceled out between sublattices in sharp con-
trast to acentric systems studied before [11]. For BaMn,As;
with Dresselhaus-type staggered ASOC [26], the nematicity
denoted by ¢ is maximally induced by the magnetic field h
parallel to [110] or [110].

We expect nematicity-assisted dichroism in BaMnj;As,
under the magnetic field A& || [110] from the above discus-
sions. In numerically calculated NLC o5 with rotating the
magnetic field in the azimuthal plane, the dichroism with
twofold field-angle dependence is clearly seen (Fig. 1). In this
case the magnetic field is a bipolar field rather than a vector
field, in sharp contrast to the magnetic Drude term for which
the observed field-angle dependence is onefold [8,9,11].
Although the field-induced NLC is tiny as evaluated in

ka

FIG. 2. Mechanism of the magnetic ASOC and field-induced
BCD. The blue-colored arrows denote the spin polarization or Berry
curvature at each k. (Left panel) A magnetic field along the z axis
splits the Fermi surface depending on the antiferromagnetic molecu-
lar field hag. (Right panel) The split Fermi surface is viewed in the
xy plane which indicates the Dresselhaus-type ASOC and BCD.

Appendix B 3, it was actually detected in a recent experiment
for BaMn,As, [58].

C. Magnetic ASOC and Berry curvature dipole

Now we consider the counterpart of the magnetic Drude
term [11], that is the magnetic BCD term. The P77 symmetry
ensures Kramers doublet at each momentum k, and Berry
curvature is completely canceled in the odd-parity magnetic
multipole systems. The doublet, however, should be split
when the P7 symmetry is broken by the external magnetic
field. Let us consider a BaMn,As,-type magnet under the
magnetic field B = h,Z for an example. Then, while the total
Berry curvature f dk QF is trivially induced, the BCD also
emerges. Using the allowed symmetry operations, the induced
BCD is identified as

DY =D, (13)

Because the BCD has the same symmetry as the ASOC
[26], emergence of one indicates the presence of the other.
Therefore, the field-induced BCD is understood by discussing
magnetically induced ASOC in the following way. Although
the sublattice-dependent ASOC is compensated with & = 0,
combination of the staggered exchange spitting hap -0 T,
and uniform Zeeman field h - o 19 leads to imbalance be-
tween the sublattices without Brillouin zone folding (Fig. 2).
One of sublattices obtains an increased carrier density, and
consequently the sublattice-dependent ASOC is not compen-
sated. The emergent ASOC has distinct properties compared
to the conventional crystal ASOC since the former origi-
nates solely from the magnetic effects. We therefore name
this field-induced ASOC “magnetic ASOC.” Interestingly, the
magnetic ASOC is tunable by external magnetic fields. Thus,
the concept of magnetic ASOC may be useful to design spin-
momentum locking in more controllable way than the crystal
ASOC which is determined by the crystal structure [59]. In
the model for BaMn;As; the magnetic ASOC and BCD with
the same symmetry as Eq. (13) are actually obtained.

The field-induced BCD allows nonlinear Hall conductivity
in accordance with Eq. (5), which satisfies the relation

ol = —oitn = 203 =203, (4
For example, we show the numerical result for oy, in Fig. 3,
which reveals the dependence on the elevation angle of h. The
induced BCD is inverted when the external field is flipped.
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FIG. 3. BCD term of a nonlinear Hall conductivity ofcn as a
function of the elevation angle of external magnetic fields h =
h(sin 6, 0, cos 0). Parameters and unit are the same as Fig. 1.

Therefore, the field-angle dependence is onefold in contrast
to the nematicity-assisted dichroism (Fig. 1).

Finally, we comment on a linear Hall response. Because
the systems under the external magnetic field possess neither
the 7 nor PT symmetry, a linear Hall response is also al-
lowed. This is in contrast to the previously studied acentric
systems [14-16,36] where the linear Hall response is for-
bidden because of the 7 symmetry. However, the nonlinear
Hall response can be distinguished from the linear one by
symmetry. For example, the NLC, o5 and o2y, in Eq. (14)
represents the Hall response for which the linear response is
forbidden.

IV. CONCLUSION AND DISCUSSIONS

This work presents symmetry classification of the second-
order NLC, and explores the NLC of odd-parity magnetic
multipole systems. The Drude term gives rise to a giant non-
linear Hall conductivity at zero magnetic field, and provides
an experimental tool for a probe of the sublattice-dependent
ASOC. Thus, the hidden spin polarization in centrosymmetric
crystals can be clarified. It also enables us to elucidate domain
states in antiferromagnetic metals, and hence the NLC will
be useful in the field of antiferromagnetic spintronics. Inter-
estingly, the NLC induced by magnetic fields is significantly
different from those studied in previous works. We clarified
the nematicity-assisted dichroism and the BCD-induced NLC
due to the magnetic ASOC.

In accordance with our theoretical result, a recent exper-
imental study actually detected nematicity-assisted electric
dichroism under the magnetic field [58]. We believe that
further studies of the nonlinear response in parity-violated
magnetic systems will be motivated by our work.
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APPENDIX A: DERIVATION OF NONLINEAR
CONDUCTIVITY

We reproduce the expression for second-order electric con-
ductivity [28-30]. We take the unit & = 1 below. In general,
we have several choices of gauging to introduce an electric
field. In an spatially uniform electric field, the Hamiltonian
is modified by introducing the vector potential A(¢) into the
canonical momentum p as

p— p—qAQ), (Al)

where ¢ is the charge of carriers and the electric field is
obtained as E(t) = —d,;A(t). This choice is called the velocity
gauge. On the other hand, the electric field can be taken into
account in the Hamiltonian by including

Hg = —qr - E(1), (A2)

where r is the position operator. Hg is called the dipole Hamil-
tonian and the gauge choice is called the length gauge. These
two choices should give equivalent results because of the
gauge invariance [32,33].

The dipole Hamiltonian breaks the translational symmetry
in crystals. Therefore, it seems that the Bloch states |Y,) =
exp (ik - 7) |u,(k)) labeled by the crystal momentum k and the
band index a are not good basis for the total Hamiltonian.
However, making use of the Blount’s prescription [60], the
position operator in the Bloch representation ry is given by

(Val 7 W) = 8k — K)[ik8ap + E4]

= 8(k — K)[ric)ap-

(A3)

(A4)

We define the Berry connection &,, = i(u,(k) | dus(k)). The
length gauge is adopted in the following calculations.

1. Density matrix formalism

Following the Sipe’s seminal work [28-30] and subse-
quent theoretical studies [32,61], we derive the nonlinear
conductivity (NLC) based on the density matrix formal-
ism. Time evolution of the density matrix operator P(¢) =
e HO/T) /Tr[e=H®/UT)] 5 described by the von-Neumann
equation,

19,P(t) = [H(t), P(1)]. (A5)

For convenience in the perturbative calculations, we introduce
the reduced density matrix,

Pr.ap(t) = Trle], ckaP ()], (A6)

where ¢y, is the annihilation operator of the Bloch state |,).
In the following, momentum dependence of the reduced den-
sity matrix ok qp(t) is implicit unless otherwise mentioned.
The Hamiltonian consists of the nonperturbative part Hy and
the dipole Hamiltonian Hg(¢) in the Schrodinger picture. The
Bloch state satisfies the equation Hy(k) |u,(k)) = e, |uq(k))
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in which Hy(k) is the Bloch representation of Hy. Thus,
Eq. (AS) is recast as

10 Pap(t) — (€xa — €xp)Par(t) = —qE,[rys p(]ap. (A7)

Using the Fourier transformation defined as

dow .
paslt) = / e puy(@), (A8)
we obtain

dQ L M
(0 — €wp)pap(@) = —4/ gE’ (Dlry > pl@w — )]ap,

(A9)
where €,, = €x, — €xp. We expand the reduced density matrix
p =Y, p™ by powers of the electric field p™ = O(|E|"),
and obtain the recursion formula for the density matrix,

/ D2 @, 0™ (@ — Dl

(@ — €)p™ (@) = —¢

2
(A10)
In particular, the zeroth order term is obtained as
pay (@) = 278(w)f (€xa)davs (A1)

J

(H) _(_
D) = (~ig) f o

(le)
(@) = 2n )
dQdQ

(El)
(@)= Qn )

ee deQ/ v / w— w— L sV /
o) —qZZ / EM(QE"(Q)dg[d 5 1 El foo — die” CELEN fea28(0 — Q — ),

(2m)?

where f,;, = f(€xs) — f(€xp). The summation of the repeated
Greek indices such as u = x, y, z is implicit and 9,, = 9/9k".
For perturbative calculations of nonlinear responses, we

J

(—ig)* [ dQUY

(u)
p (@)= 2! (2 )?

The expectation value of the current density is given by
J () = Trlgv®P(0)], (A21)

where v® is the velocity operator in the length gauge. In this
way we should express the velocity operator in a given gauge.

dQQd
f ———EM(QE"(Q)d5[8,(d% 2 furkly) — i(EL,

EMQ)E"(R)djdyy 28,0, f (ra)27 88 (@0 — @ — Q) + [(1, Q) < (v, Q)].

where f(e) = {1 +exp[(e — w)/(kgT)H1} ™" is the Fermi dis-
tribution function. The expression is simplified as

P9 (w) = —¢ / —dSE"(QrY, p™ (@ — Q)]

. (A12)
by using the matrix d “ [32,33] defined as

1

a)—eab'

diy = (A13)
The above derivations are natural extension of the linear
response theory [31]. The position operator in the Bloch rep-
resentation r;" is divided into the diagonal and off-diagonal
parts, that is, the first and second terms of Eq. (A4). De-
noting these two components as r; and r,, respectively [29],
the perturbation due to the electric field is classified into the
intraband effect —gr; - E and interband effect —qr, - E. We
phenomenologically introduce the scattering rate by replacing
the matrix d © with

ds ! (A14)

% —7
a o+ l]/ — €ab
where y denotes the scattering rate which is the inverse of
the relaxation time v = y~!' [33]. This assumption may be
satisfied in the presence of the nonmagnetic impurities.

We sequentially obtain corrections to the reduced density

matrix p® (n > 0). The second-order correction p® is ex-
plicitly written by

pay (@) = oy (@) + p3,) (@) + o) (@) + pg (@), (A15)

where components on the right-hand side are labeled by two
kinds of the perturbations denoted by intraband (i) and inter-
band (e) effects. Each component is obtained as

2 (@ )d5d 228,08, f(€ra)278apd(@ — Q2 — '), (A16)
— &£,)d5 ™ furky|278(0 — Q — @), (A17)

EM(QE"(Q)d5de " 3, fu2nd(w — Q2 — Q), (A18)
(A19)

(

should respect the intrinsic permutation symmetry between
the applied external fields E* and EV [34]. We hence sym-
metrize the indices and frequencies of electric fields. For
instance, Eq. (A16) is modified as

(A20)

(

Starting from the first quantization in the Heisenberg picture,
the velocity operator is given by

[WEB®O]" = [0rP0)]" = %[r“m,H(r)]. (A22)
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Since the electric field is introduced by taking the dipole
Hamiltonian [Eq. (A2)] into account, the velocity operator
is not modified in the length gauge and should be identical
with the unperturbed velocity operator [32]. The unperturbed
velocity operator in the Bloch representation is given by

Vkea(sab + l.Eubgab' (A23)

var[= vy =
Note that the velocity operator does not coincide with the
unperturbed velocity operator in the velocity gauge [Eq. (A1)]
because of the noncommutative property between the position
operator and the perturbative part of the Hamiltonian arising
from Eq. (A1) [33,34].

2. Second-order nonlinear conductivity

Here we derive the second-order NLC by making use of
the results in the previous section. The expectation value of
the current density proportional to |E |? is

T (w) = / o )d§ Qo (@) (A24)
— da)lda)2~u;vk . v A
= | ——-"" (w01, 0)E" (0)E"w).  (A25)
(27)

Since all the components of the reduced density matrix p®
[Eq. (A15)] have the coefficient 27 §(w — w1 — wy), we take
the convention of the second-order NLC tensor o*"* as

M (W o1, w2) = 218 (0 — w1 — @2) oMV (s 01, ).

(A26)

J

(n )dZv il

WA, )
ol (w0, wr) = —/

+ vtl;bdbac; |:Z (d o« gbcgcafac -

c

Now we obtained the full expression of the second-order
NLC. Although the expression seems complicated, it is sim-
plified by making use of the symmetry. In the next section we
clarify the constraints from the basic 7 and P7 symmetries.

3. Symmetry constraints on nonlinear conductivity tensor

It is well known that the crystal symmetries impose
strong constraints on physical quantities such as equilibrium
properties and transport coefficients [39]. Furthermore, by
combining with expressions derived from microscopic cal-
culations, the symmetry also simplifies physical quantities
expressed in the Bloch representation [24,38]. We can hence
distinguish which intraband effect or interband effect is rele-
vant in a given response function.

Let us consider the spin polarization induced by the
electric field for example. Under the 7 symmetry the re-
sponse coefficients are determined by intraband contributions,

Substituting the right-hand side of Eq. (A15) for p(lz)(w), we
express oV as

ot = oV gl gl (A27)

'The first term (Drude term) is derived from the component
o' in Eq. (A15) and arises from only the intraband effects.
The expression is given by

oh s w1, w2)

:__/de

gadaa;daczza 8Af(€ka)

+[(v, 1) < (A, )] (A28)
1
/ @) Z @t i) 1 i) 1O Ora (k)
+ [, w1) < (A, @)], (A29)

where we use Eq. (A23). The Drude term can be captured
by the conventional Boltzmann’s transport theory in which
only the intraband effect is semiclassically treated without
geometric effects [11].

The second term o V% (Geometric term) is derived from
the component p? and obtained as

A
o5 (w01, w))

Z_/@ﬂ

}:Zdaaf eah%‘/bglm a)»fba

+[(v, w1) < ()», )] (A30)
The third term o/"* due to p @ and p©® is written as
A foakp) — Ehy — Ea)dy? foabin |
dbﬂzzgfui‘ﬁfcb)] + [(v, 1) < (A, @)]. (A31)

(

whereas the response arises from interband contributions
in PT-symmetric systems [18]. These responses are hence
distinguished and classified as Edelstein effect and mag-
netoelectric effect in the 7 -symmetric and P7T-symmetric
systems, respectively. In the framework of the multipole-
based classification, the parity-violating 7-/P7T -symmetric
systems are called odd-parity electric/magnetic multipole
systems [18,19]. Thus, the representation theory of multipole
is also useful to associate response functions with symmetry.
In a similar manner, we conduct a symmetry analysis of NLC
in Egs. (A29), (A30), and (A31).

a. Drude term

First, we discuss the Drude term. Equation (A29) shows
that the second-order Drude conductivity op is determined
by the Fermi surface effect as denoted by df/de and that
this term is finite only when the system has an antisym-
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metric component in the energy spectrum €g,. According to
the representation theory of multipole degrees of freedom
in solids [18,19,24], the asymmetric dispersion is a striking
property of the P7T -symmetric odd-parity magnetic multi-
pole systems [21,23,50,62]. The bases of multipoles in the
momentum space for such systems are spin independent and
antisymmetric as

keo kokyke, (A32)

and these bases imply the antisymmetric modulation in the
energy spectrum of elementary excitations such as electrons
and magnons [21,62]. Thus, we may see a second-order Drude
conductivity in odd-parity magnetic multipole systems.

On the other hand, in the 7 -symmetric odd-parity electric
multipole systems, the momentum-space bases are spin de-
pendent such as

kx),} - ky)?s (A33)

in which & and § are 7-odd pseudovectors representing
spin polarization, Berry curvature, and so on. These bases
represent spin-momentum locking arising from the parity vi-
olation [26]. Indeed, odd-parity electric multipole systems
include familiar noncentrosymmetric crystals. Meanwhile,
the spin-independent and antisymmetric basis does not ex-
ist in 7 -symmetric systems. In fact, the Kramers doublet
{lua(k)) , |uz(—k))} protected by the 7 symmetry gives rise to
the degeneracy between the £k points as eg, = €_z;. There-
fore, the energy spectrum is symmetric, and the second-order
Drude conductivity vanishes in the odd-parity electric multi-
pole systems. However, external magnetic fields may induce
the Drude term [11].

Summarizing the above-mentioned symmetry analysis, the
second-order Drude conductivity is finite if and only if both
of the P and 7 symmetries are violated, and the allowed
components due to asymmetric dispersions are indicated by
the momentum-space basis of multipoles shown in the clas-
sification results [18,19,24]. This symmetry requirement is
satisfied in the odd-parity magnetic multipole systems with
and without external fields [18,19] as well as in the non-
centrosymmetric systems under the external magnetic field
[8-10]. In those systems, the Drude term may give rise to
a sizable NLC in the clean limit. Taking the static limit
(w, w1, wy — 0) in Eq. (A29), the expression is recast as

Mv)» 5“ _/ = )d Za dy 8x€kaf(eka)

whose relaxation time dependence is O(t?). Thus, the Drude
term is the dominant contribution to the NLC in clean metals.

(A34)

b. Geometric term

Next, we consider the geometric contribution og. In the
case of the P7T -symmetric systems, the energy spectrum at
each k has twofold degeneracy, that is, Kramers doublet. Ex-
plicitly denoting the Kramers doublet of Bloch states,

lua(k)) = lua,p (k) ,

we introduce the Pauli matrices p spanned by the Kramers
degrees of freedom. Then, a Bloch state is characterized by the
index of energy band A and the Kramers degrees of freedom

(A35)

p = %. The transformation property of Kramers doublet can
be taken as [24]

PT lua,p(k)) = Z lta,pr (k) (—ipy)pp (A36)
o
= lua,p(K)) (=ipy)pp., (A37)
where p = —p. Accordingly, matrix elements of the interband

Berry connection are transformed as

5 h(k) gqugp/(k) = - Zng,At/(k)(_ipy);rt(_ipy)r’p~
7,7’
(A38)
Of course the Kramers doublet denoted by |uy4 ,(k)) with p =
=+ have the same energy, €x4, = €xap. Hence, we obtain the

following relation for Eq. (A30):

Z dy€ant ) €105 fra

a#b
= Z Z dpa€batlyber s fab
a#b c,d,e, f
X (=ipy)he (=i Daa(—i0) 5 (=ip) ) g (A39)
= Z €ab haé:abakfba (A40)
a#b
= Zdbﬁeubé:l;g;bakfbm (A41)
a#b

in which we use the abbreviated label @ = (Ap). Because of
the P77 symmetry, the product of the Berry connections &/, &}
and &, £ are related to each other in the symmetric way
under v <> A. By using the obtained relations, Eq. (A30) is
simplified as

_/ (2 )d bad:‘?Eab-‘;: béba8 fb“

7 dk 1
Qm)? 2(wr +iy)

Z dp€ab 16 p 03 foa + Z abé gdba)\fba (A42)
azb a#b
’;
qa dk 1
Y FYPNUTIEIE de + d)eawEr & 05 fra-
2 ) @n) 2w, +iy) ;( b b)€ab 1 Epa 0. b
(A43)
Taking the static limit, we have
dbCZ + daul; — 1 o+ iy (Add)
Aoy +iy)  or+iy (@+iy) —€l
sta, 1
T2, .2 A45
yite (A45)

We safely take the clean limit (y — 0) since the expression

converges. Finally, we obtain the geometric contribution o v
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in the PT -symmetric systems as

vak_)gu VA
q 9, £y a0 A A46
o )dzxfab +lve il (Ad6)
2 s, | S
- (2 )d Za)»f( ka)( o € + [V <~ )"]7
(A47)

which is an intrinsic contribution in the sense that this term
is O(z°) and insensitive to the relaxation time. Therefore,
we denote the geometric term in the P7 -symmetric systems
as ae’f;“. In particular, for the two-band Hamiltonian, the
products of Berry connections are rewritten by the quantum
metric [37,63].

Here we consider the 7 -symmetric systems, where the 7
symmetry ensures a relation similar to Eq. (A38),

£ 5y ) =Y EL 4 (—K)(=ipy)  (—ipy)ep.  (A48)

Following the parallel discussion, we obtain the expression of
the geometric term in the static limit as

VA
G
’;
q dk 1 .
=5 T g~ . < dw — dw € v a
2 Q) 2wy +iy) ; ( ba ah) ab€ g5 pa 02 fba
+[v < A] (A49)
= Ugclg
O Soab i A A50
21)/ / Qn )d Z Afbaéabgba +[v < Al ( )

a#b

/ (2 )d Z 3xf(€ka)(§(ﬁb§ba Ellytt%-;b) + [l) <> X]
(A51)
/ @) wakaxf (era)S% +[v < 2] (A52)

/ - )dZve(ekaaxsz“Hvex] (AS3)

where we define the Berry curvature Q¥ = €,,,0,£% and
make use of Eq. (A48) in Eq. (A49). The integral in Eq. (A53),

(2 )d Zf(emax

is called Berry curvature dipole (BCD) [14]. Therefore, we
call the geometric contribution BCD term and it is written as

(A54)

3
ol = g—ewp“ vl (A55)

14
which has been captured by a semiclassical theory modified to
take into account geometrical effects in solids [14,35,36]. The
BCD term linearly depends on the relaxation time as O(z')

and it is the leading component of NLC in the clean and

T -symmetric systems. An important property of the BCD-
induced NLC is that the response is always transverse because
of Eddington epsilon €, in Eq. (A55) [14,36].

As shown in Eqgs. (A42) and (A49), 7 /PT symmetry for-
bids either of symmetric and antisymmetric part of the Berry
connections given by &/ &' . The above classification of the
NLC based on the 7 and P77 symmetries is therefore comple-
mentary. Supposing a system without 7" and P7 symmetries,
all the terms in the above analysis are present and we can use
Egs. (A47) and (A53) without modification.

¢. Summary

Similarly, we can identify the relaxation time dependence
of o/“"*, the last term of Eq. (A27). Supposing the clean
and static limit, o/** is O(z~!) and O(z°) in T-symmetric
and P7T -symmetric systems, respectively. Here we rewrite
the NLC of Eq. (A27) in accordance with the relaxation time
dependence,

oM = oh M 4 ol 4 ol (A56)
=gl 4 a]’;clg + Ge’f;vk + ol (A57)
VA VA VA
=0p  +0pcp F Oy (A58)
ol = o 4 ol yields the intrinsic NLC in the clean

limit [37]. The decomposition is shown in Eq. (2). The sym-
metry analysis in this section is summarized in Table II.
Substituting the electron’s charge ¢ = —e in Eqs. (A34) and
(A53), we obtain Egs. (3) and (5).

APPENDIX B: CALCULATIONS OF NLC IN MN-BASED
ODD-PARITY MAGNETIC MULTIPOLE SYSTEM

We show the detail of the calculations of the NLC in the
odd-parity magnetic multipole systems. In this section, ¢ =
—e is taken.

1. Model Hamiltonian

It is known that we have a broad range of candidate ma-
terials for the odd-parity magnetic multipole systems, where
both of the P and 7 symmetries are broken while the com-
bined PT symmetry is preserved [17,18]. In particular, a
series of Mn-pnictide compounds are promising candidates
and several experimental evidences have been recently re-
ported [55-57]. Thus, we perform microscopic calculations
based on the model Hamiltonian for one of the candidate ma-
terials, BaMnyAs, [24]. The crystal structure of BaMn,As;
is ThCr,Si, type (space group: I4/mmm, No. 139) and Mn
atoms are located at the locally noncentrosymmetric Wyckoff
position [47,48]. This system undergoes the G-type antifer-
romagnetic order and magnetic moments at Mn sites are
aligned along the z axis as shown in Fig. 4(a). Although the
magnetic structure is apparently a simple antiferromagnetic,
it breaks both of the P and 7 symmetries instead of the
translational symmetry because of the sublattice degree of
freedom depicted in Fig. 4(b). Indeed, it has been shown
that the magnetic order is regarded as an odd-parity magnetic
multipole order [24]. The magnetic structure is denoted by
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FIG. 4. (a) Crystal and magnetic structures of BaMn,As;.
(b) Two Mn sublattice in BaMn,As, depicted with surrounding
As atoms. Two Mn atoms are not related by the P symme-
try in the antiferromagnetic state while they are related in the
paramagnetic state.

the magnetic point group I4’'/m'm’m which has neither P
nor 7 symmetry but respects the P7 symmetry. This com-
pound is semiconducting with narrow energy gap [47,48,64].
Doping hole carriers, however, have successfully realized the
metallic state of BaMn,As, without significant modification
of antiferromagnetic order and band structure [49,65]. Thus,
the hole-doped BaMn;As; is a good example to study the
itinerant phenomena such as nonlinear electric transport in
odd-parity magnetic multipole ordered systems.

The model Hamiltonian captures the electronic structure
observed in the lightly hole-doped BaMn,As,. The single-
orbital model is represented by the Bloch Hamiltonian [24],

Hk)=¢e(k)+gk) o1, +h- -0+ Vapk)t, (BI)

=e€(k) +[gk) +harl -0+ h -0+ Vapg(k)re, (B2)

where o and 7 are Pauli matrices representing the spin and
sublattice degrees of freedom, respectively. We introduce
the sublattice-dependent antisymmetric spin-orbit coupling
(sASOC) g, - o7;, the molecular field of antiferromagnetic
order har -0 1, and the external magnetic field & -o. In
particular, the sASOC characterizes the locally noncen-
trosymmetric crystal structure of BaMn,As, and respects the
local symmetry of Mn atoms [24].
The components of the Hamiltonian are given by

€(k) = —2t1(cos k; + cos k)

ki ky :
— 8ty cos — cos — cos —, (B3)
2 2 2

- k, ky - k
Vagp (k) = —47; cos 3 cos Ey — 2% cos —, (B4)

2

. .k k.
aj sinky, + a5 cos & gin 2 cos &

2 7]
gok) = | «y sink, + o sin & cos é cos % , (B5)
o3 sin % sin 5 sin %
har = (0,0, hap). (B6)

Hopping parameters #;, 7; and the sASOC strength ¢; are intro-
duced. In accordance with the reported magnetic structure of
BaMn,As,, the molecular field is taken as har || z [48,49].
The model reproduces the experimentally observed Fermi
surface in the lightly hole-doped compounds [65,66], when

the parameters are chosen as

t =-01, ©=-005 1 =005 1#»=001 (B7)
and
o = —0.005, a, =0.001, a3 =0.01, hsr=1.
(B3)

In this work we adopted these parameters. The remaining
parameter A is set in the following sections.

2. Nonlinear Hall conductivity at zero magnetic field

In this section we calculate the Drude term of NLC in the
absence of the external magnetic field, and hence we take b =
0 in Eq. (B1).

The odd-parity magnetic multipole systems preserve nei-
ther the P symmetry nor 7 symmetry owing to the
parity-violating antiferromagnetic order. The electronic struc-
ture, therefore, shows a peculiar property. Diagonalizing the
Bloch Hamiltonian of Eq. (B1), the energy spectrum is ob-
tained as

Ef = e(k) £ /Vap(k)* + g(k)2, (B9)

where the spectrum has the twofold degeneracy protected
by the P7 symmetry. The coupling between the sASOC
and the molecular field written as g,(k) - har gives rise to
an antisymmetric component in the energy dispersion, and
thus E,f #* Efk. This antisymmetric component is reduced
to kckyk, around a time-reversal-invariant momentum, which
is consistent with the group-theoretical classification theory
[18,24]. Accordingly, the Drude terms of the second-order
conductivity oy, o™, and o)’ are allowed in BaMn,As,,
since the Drude term is determined by the antisymmetric
and anharmonic property of the energy spectrum denoted by
0,,0,0, Ex in Eq. (A29). These components are indeed nonlin-
ear Hall conductivity. It is noteworthy that the second-order
Drude conductivity is totally symmetric with respect to the
permutation of indices (i, v, A). Thus, the following relation
is satisfied:

x5yz yixz Xy
Oop" =0p =0p,

(B10)

in spite of the intrinsic anisotropy of the tetragonal symme-
try. We conduct analytical and numerical calculations of the
nonlinear Hall conductivity o} below.

To obtain an analytical expression of the second-order
Drude conductivity, we assume low carrier density and ap-
proximate the energy spectrum up to O(|k|*). The assumption
is reasonable for the observed electronic structure in the hole-
doped BaMn;As, [65,66]. The microscopic parameters in
Egs. (B7) and (BS8) imply

\harl > |til, 1], losl. (B11)

We hence evaluate the Drude contribution in the static limit as

zx) ~ _ 1 [8 y 8zg()(k)] hAF
/(27_[)% | f(eka)
(B12)
1 O[3hAF
=-q /(2n)3 28|hAF|f(€ka) (B13)
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FIG. 5. Drude term of nonlinear Hall conductivity o™ as a

function of the chemical potential u. Green-colored shaded region
indicates the metallic regime where the density-of-states is finite. The
parameters are T = 0.01 and y~! = 1.0 x 10°. We take N = 135°.

3
qozn

=-2 sgn (hafg),
8,2 2 (har)

(B14)

where n denotes the carrier density. The coefficient 2 in the
last line arises from the twofold degeneracy due to the P77
symmetry. Substituting the electron’s charge ¢ = —e, we ob-
tain Eq. (9).

Next, we show the numerical result. Numerical integration
for k is carried out by adopting N = L3 discretized cells. Tak-
ing the chemical potential p as a parameter, we plot the Drude
term oy in Fig. 5. We confirm that the Drude term is finite
only in the metallic state and it is proportional to the square
of the relaxation time 72. This is the dominant contribution in
clean metals because the other allowed contribution, that is,
Oint, is O(7°) in the PT -symmetric systems (see Table II). For
a realistic parameter of the hole-doped BaMn,As,, we should
consider a chemical potential near the top of the lower band,
that is © ~ —0.5 in Fig. 5.

Here we quantitatively estimate the nonlinear Hall conduc-
tivity. By taking the energy scale |¢;| = 1 eV, the Drude term
is evaluated to be o5 ~ 1073 [A V~2]. We also numerically
calculate the linear conductivity o*” with the same parame-
ters (not shown), and the value is estimated to be 6** ~ 107
[AV~'m~!] with a lattice constant ay = 10 [A]. Note that
the Drude term in the linear conductivity is O(z') while the
second-order Drude conductivity is O(t?). Thus, nonlinear
Hall current may not be negligible in spin-orbit coupled clean
metals.

Finally, we compare the nonlinear Hall effect calculated
for BaMn;As, with the experimental result of WTe, [16].
Recently, the nonlinear Hall effect has been observed in
WTe, at zero magnetic field [15,16] and many related studies
have been reported. For comparison, we consider a similar
measurement geometry of the Hall response. In the case of
BaMn;As;, a nonlinear Hall current Jyi, || [001] gives rise to
a Hall electric field Ey in the parallel direction

Z3xy
INL _ 0p 2
g% gr = «v

(B15)

where Eqy is the applied electric field along the [110] direc-
tion. Here 0% represents the out-of-plane linear conductivity,
which is numerically estimated to be smaller than ¢** by one
order of magnitude. Converting the electric field into the elec-
tric current by Eeyy = Jexi /0™, we obtain the relation between
EH and J, ext»

Xy

(o
_ D 2
Ey = (oxx )ZO-ZZ Je"t'

(B16)

Assuming the values estimated above, o™ ~ 1073 [A V72,
¥ ~ 107 [A v-! m~'], and 6% ~ 10* [AV*1 mfl], we ob-
tain

Xy
9p

1017 A2 3
Grygs 1077 ATV,

B17)
for a model of BaMn,As,.

In the case of the bilayer WTe,, the observed voltage drop
due to the nonlinear Hall effect is Vg ~ 10 [ V] with the
applied current Iy ~ 1 [tA] [16]. Considering the experi-
mental setup in Ref. [16] and the thickness of the bilayer
WTe,, d ~ 1 [nm], the Hall electric field and applied elec-
tric current density are evaluated as Ey = 10 [V m~!] and
Joxt = 10'° [A m~2], respectively. Thus we estimate

oYX
(O—xx )3

for the bilayer WTe;. The coordinates of (non)linear conduc-
tivity tensors are chosen to be the same as those in Ref. [16].

Comparing Eq. (B17) with Eq. (B18), we expect that the
nonlinear Hall response in BaMn,As, may be much larger
than that observed in WTe,. It should be noticed that the non-
linear Hall response of BaMn,As; is due to the Drude term
proportional to the square of the relaxation time O(z?), while
that of WTe, is considered to be determined by the BCD term
or extrinsic contributions, which are O(t?'*!) (see Table II
and Ref. [43]). Hence, cleanness of the sample enhances the
nonlinear Hall conductivity in BaMn;As, much more than it
does in WTe,.

~ 107" [A2Vm?],

(B18)

3. Nematicity-assisted dichroism

Next, we investigate the Drude contribution to the NLC
induced by the magnetic field. Diagonalizing the effective
Hamiltonian in Eq. (B1) with h ## 0, we obtain the energy
spectrum

Ey =€(k)i\/VAB(k)2+g(k)2+h2i2lkl, (B19)
where A% = Vag(k)? h* + [g(k) - h]>. We see that the energy
spectrum is modified from Eq. (B9), and the Kramers de-
generacy is split due to violation of the P77 symmetry. As
we discussed in Sec. III B, the in-plane magnetic field gives
rise to the nematicity in the xy plane. The corresponding term
is represented by the coupling between the g vector and the
magnetic field given by [gy(k) - h)?. The energy spectrum is
therefore symmetric against the transformation h — —h.

For comparison, we consider the two-band Hamiltonian for
noncentrosymmetric systems

H(k) =&ék)+gk)-o, (B20)
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FIG. 6. (a) Drude term of a longitudinal NLC o5 under the
external magnetic field as a function of the chemical potential.
(b) Enlarged plot near the top of the band. Green-colored shaded
area indicates the metallic regime. The parameters are 7 = 0.01,
y~1 =1.0 x 10°, and h = 0.01. We take N = 135°.

where the g vector consists of the ASOC and the magnetic
field g(k) = g,(k) + h. The energy spectrum is obtained as
E = &(k) £ |g(k)|. Because of the coupling term g, (k) - h,
the dispersion is not invariant when the external field is
inverted [11]. Thus, the effect of magnetic field is signif-
icantly different between the noncentrosymmetric systems
and locally noncentrosymmetric systems with parity-violating
magnetic order.

As we discussed in Sec. III, a longitudinal NLC of*
is induced by the nematicity caused by the in-plane mag-
netic field. We present a numerical result of o;* in Fig. 6.
The parameters are the same as Fig. 5 except for an addi-
tional magnetic field & || [110] with |k| = 0.01. Note that in
hole-doped BaMn;As, a realistic parameter of the chemical
potential should be near the top of the lower band (1 ~ —0.5)
[65]. In this region, the longitudinal NLC is in the order of
o5% ~ 1078 which is much smaller than o5 ~ 107 in the
heavily doped region. This is partly because lightly doped
holes lead to a Fermi pocket near k = 0. In the vicinity
of k = 0 the intersublattice hopping term Vag(k) surpasses
the sASOC g, (k), and therefore, the effect of the SASOC is
not significant [20]. In fact, when the sign of the hopping
integrals #; in Eq. (B7) is inverted, the hole pocket appear
around k = (;, w, w), where the magnitude of sASOC is
comparable to the intersublattice hopping energy. Then, the

NLC is significantly enhanced. The field-induced dichroism
is strongly enhanced in materials having strongly spin-orbit
coupled Fermi surfaces.

The magnitude of the nonlinear response is estimated to
be o5% ~ 10719 [A V~2]. Because a controllable parameter
in the experiment is the electric current rather than the electric
field, we rewrite the nonlinear response by the electric field

generated by the electric current
E* = p%J" 4 pFEJH)2. (B21)

The linear term is usually much larger than the second-order
term, and hence resistivity tensors are approximated by [11]

_ 1 22 __ —1 0%« B22

Pzz = o P = O'_ZZ—(UZZ)Z. ( )

Then we obtain p¥~107 [Qm] and p¥% ~
—107® [Qm*A~']  when we assume o¥~ 10°
[AV'Im™] and of% ~ 107" [AV™?]. Taking J°~

10> [mAmm~2], the electric field responsible for the
linear and nonlinear conductivity are estimated to
be EMW~10°Vm™'] and E®~—-10"Y [Vm™!],
respectively. Although the voltage drop due to the nonlinear
conductivity is tiny, it may be detected via the AC
measurement [11]. Furthermore, the nonlinear response is
enhanced by applying a large electric current in a microscopic
sample. A recent experimental study actually detected
a longitudinal NLC in BaMn,As, under the magnetic
field [58].

4. Nonlinear Hall conductivity due to Berry curvature dipole

The BCD term of nonlinear Hall conductivity can be under-
stood by considering the spin-momentum locking [Fig. 7(a)].
In the presence of the spin-momentum locking in electronic
states, an electric field causes a shift of Fermi surfaces and
accordingly changes the momentum-resolved spin polariza-
tion near Fermi surfaces. As a result, a net spin polarization
is induced in a steady state. This is called Edelstein effect
[67] and has been intensively discussed in recent spintronics
research [68]. We can intuitively understand the nonlinear
Hall response arising from the BCD in an analogous way, as
discussed below and illustrated in Fig. 7.

For instance, let us consider a system with BCD, D* =
D>*, which is investigated in Sec. III C. Berry curvature on a
Fermi surface can be illustrated as in Fig. 7(a), where the total
Berry curvature of occupied states 2 = f dky ", f(erq) (k)
is completely canceled in the momentum space. At the first
step, an applied electric field E; || * induces a shift of the
Fermi surface and a total Berry curvature along the y axis
€2 consequently emerges in a steady state [Fig. 7(b)]. At the
second step, because of the electric field E, || X, the flowing
electric current is bent towards the z direction as it is by the
anomalous Hall effect due to the dynamically induced Berry
curvature €2’ [Fig. 7(c)]. As a consequence, the nonlinear
Hall response denoted by the component o[, occurs. All
the other nonlinear Hall response coefficients induced by the
BCD, D = D>, can be explained by a similar argument.
The allowed components satisfy the relation

XX __ A P g

Ogcp = ~9BCD — BCD BCD* (B23)
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Do @i

FIG. 7. A schematic picture of the nonlinear Hall effect due to the BCD. Orange-colored circles and blue-colored arrows represent a Fermi
surface and Berry curvature, respectively. (a) In equilibrium, the Berry curvature on the Fermi surface is completely compensated. (b) When
an electric field E, || % is applied, the Fermi surface is shifted to the field direction, and the net Berry curvature € || j is induced as in the case
of the Edelstein effect. (c) Responding to the second electric field E, || %, the electric current flowing along the x axis is bent towards the z axis
owing to the anomalous Hall effect by the induced Berry curvature Q. This is an intuitive explanation of the BCD term o}5¢p.

Note that a similar argument can be found in Ref. [69]. From
the above-mentioned argument, we find that the chiral BCD
given by Tr[D] does not contribute to the nonlinear Hall
response. In a system with a chiral BCD, D™ = DY = D%,
the Berry curvature induced by an electric current is always
parallel to the current. Then, the Hall response illustrated in
Fig. 7 does not occur. The chiral BCD is, therefore, irrelevant
to the nonlinear Hall response while the BCD itself can be
finite in chiral crystals.

5. Analytical and numerical results of BCD term

In this section we calculate the BCD term of nonlinear Hall
conductivity opcp. First, we derive an analytical expression in
simplified models. In the two-band Hamiltonian in Eq. (B20),
the Berry curvature is analytically obtained as

1 . . .
QL = Fyewn[0,206) x 9,8(K)1 - 2(K),

where the subscript £ represents the upper/lower band
and g(k) = g(k)/|g(k)| is an unit vector [37]. Compared to
this case, the Berry curvature of the four-band Hamiltonian
[Eq. (B1)] for odd-parity magnetic multipole systems does not
have a simple expression because of the intersublattice hop-
ping term Vag(k). Therefore, we here adopt Vag(k) = O for
simplicity to present analytical results. Although this simplifi-
cation is not reasonable for BaMn;As,, it may be appropriate
in other magnetic systems possessing valley or layer degree
of freedom [70]. Anyway an intuitive understanding for the
BCD of magnetic multipole systems is obtained below.

Ignoring Vap(k), we obtain two pairs of bands labeled
by the sublattice degree of freedom. The Berry curvature is
given by

Qe = Freun[0.80) k) x 0,84,()] - &)k,

where i = (A, B) denotes the sublattice degree of freedom.
The g vector consists of the SASOC, the molecular field of
antiferromagnetic order, and the Zeeman field,

(B24)

(B25)

8a)k) =gyk) + har + h, (B26)

8m)k) = —8y(k) — har + h. (B27)

A symmetry analysis shows that the BCD, D = DY*, ap-
pears under the external magnetic field along the z axis, h =

hZ. We therefore consider x and y components of the Berry
curvature. For the model Hamiltonian in Eq. (B1) with the
assumption that Vg (k) = 0 and o, = 0, the x component is
obtained as

X
)~

| R R R
=+ [0:8a) k) x () (K)] - &(a) ()

> (B28)

1 Ol12013 . ok . ky k,
=g sin k, sin — cos k, sin = cos —.
2gnl)PF 2 2 2 2
(B29)
The model parameters in Eqs. (B7) and (B8) imply
lhar| > ti], |oul, |R], (B30)

and hence we perturbatively deal with the external magnetic
field as

1 o1 <1 _ 3lgok) +h] - har
|g(A)(k)|3  |harl? h‘/z\]:‘

We neglect the term g, - hap/ h;g on the right-hand side since

the term gives a small correction to the leading term. In the

low density region we have

a2 3h
Qr ~ 17 (- )Pk,
*- 16|hAF|3( hAF) A

Calculating €2, in the same way, we express the BCD
summed over lower bands by

). (B31)

(B32)

yx yx
Diay- +Digy-

dk )
= / 2y [9yS2{p)_f(€a)-) + 0y Q) _f(€@)-)] (B33)
_ Ollza,% dk
—16lael ) @ny? & [{f(e(/”) — flew)-)}

3h
— o flew-)+ f(6<B>—)}], (B34)
AF

where the momentum dependence of energy €¢)— (i = A,B)
is implicit. The impact of the magnetic field is twofold. One
is the Fermi surface term [f(€)—) — f(€m)-)] determined
by the Zeeman energy, and the other is the Fermi sea term
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[f(ea)-) + f(em)-)] derived from a correction to the Berry
curvature proportional to the external field 4. The former
contribution is evaluated by

/ K2 o) — Flem)
(27T)d X €(A)— €(B)—

~ dk k2 3f(6(A),)
Q)™ e =
mh 3
_ /2
= 5 Qmles)?,
where the energy spectrum at 4 = 0 is approximated by the
parabolic band dispersion €a)— = —k?/2m in the last line,

and ep is the Fermi energy of hole carriers. The Fermi sea
term is evaluated as

(=20 (B35)

(B36)

3h dk
= ka[f(é(mf) + flem)-)]
6h dk
e ka WAGISIS) | (B37)
_ 2mh 3/2@
=352 (2m|eg|) e (B38)

When the molecular field sar is much larger than the Fermi
energy €r, the Fermi sea term is negligible compared to the
Fermi surface term. Taking only the Fermi surface term, we
obtain the magnetic-field-induced BCD,

2
asoaz  mh
DN +Dh o~
W= B 16|har|® 672
XX

From this expression the nonlinear Hall conductivity o7y, is
given by

mlep|)¥/?. (B39)

3
oI = —%(Déj‘)f +Dl ). (B40)
The magnetic-field-induced nonlinear Hall response is pro-
portional to the external field and vanishes at 7 = 0 where
the P77 symmetry is preserved. In other words, this nonlinear
response is tunable by using the magnetic field.

The presence of the magnetic-field-induced BCD and non-
linear Hall response is supported by numerical calculations. In
the calculations we take into account the intersublattice hop-
ping term Vg (k) and assume the parameters in Eqs. (B7) and
(B8), and & = 0.01. We confirmed that the numerical result is
consistent with the symmetry analysis in Eq. (B23). Note that
the nonlinear Hall conductivity is comparable between the
cases Vag(k) = 0 and Vag(k) # 0. Thus, above discussions
for a simplified model are qualitatively appropriate.

In Fig. 8 we show the numerical result of ogpp as a
function of the chemical potential ranging around the lower
energy bands [Eq. (12)]. Because of the same reason as that
for the nematicity-assisted dichroism shown in Fig. 6, the
nonlinear conductivity is small in the lightly hole-doped re-
gion. The magnitude is furthermore suppressed by the factor
atas/|har|® revealed in Eq. (B39). A typical value is esti-
mated as o5 ~ 10712 [AV~2] in our unit. The response
may be enhanced when the exchange splitting is smaller than
SASOC or comparable to it. Such a situation is realized in
antiferromagnetic materials including BaMn,As; near Néel
temperatures.

x10

_1<

O-z; XX [Av—Z]

_2<

-16 -14 -12 -10 -08 -06 -04 -02 00
u
FIG. 8. BCD term of nonlinear Hall conductivity ogep, under
the magnetic field along the z axis. Green-colored shaded region
indicates the metallic region. The parameters are T = 0.01, y~! =
1.0 x 103, and & = 0.01. We take N = 135°.

APPENDIX C: EXTRINSIC CONTRIBUTION TO
NONLINEAR CONDUCTIVITY

The formulation presented in Appendix A is based on the
clean limit (v — oo) with the phenomenological scattering
rate, and thus intrinsic contributions are studied throughout
our work. On the other hand, extrinsic contributions such
as impurity scattering and electron correlations may be non-
negligible in a realistic situation. For instance, it is well known
that the anomalous Hall effect is affected by impurities and
that such extrinsic contributions may overwhelm the intrinsic
contributions [71,72]. Moreover, a recent experiment pointed
out that the impurity scattering contributes to the nonlin-
ear Hall response in WTe, as well as the Berry curvature
dipole [46]. Therefore, it is necessary to examine whether our
classification shown in Table II is modified when extrinsic
contributions are included.

According to a recent theoretical work [43], the formula
for NLC is modified by the skew scattering and side jump
effects arising from the impurity scattering. Reference [43]
clearly shows that the NLC in 7 -symmetric systems includes
such extrinsic terms in addition to the Berry curvature dipole
effect in Eq. (A55) and that the Drude term appears as a result
of the 7 -symmetry breaking. On the other hand, it has not
been studied whether the nonlinear conductivity formula in
PT-symmetric systems is modified in the presence of the
impurity scattering. Thus, we below consider the effect of
impurity scattering in the P7 -preserved systems. Interest-
ingly, we will see that the P7 symmetry leads to strong
suppression of the extrinsic contributions.

For simplicity we consider spinless systems and take into
account on-site impurities having the delta-function-shaped
potential. The potential energy of the randomly distributed
impurities is written by

Vimp () = Y v08(* — Ry), (@)

where vy denotes the strength of impurity potential, i labels
the impurities, and R; denotes the position of the ith impurity.
Owing to the random distribution of impurities, the random
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average ( )imp satisfies the relation
Vi = 0- (C2)

We below omit the subscript “imp” of Vip, unless otherwise
mentioned. Based on the results in Ref. [43], the leading

extrinsic contributions to the NLC o/4** are threefold:

VA VA VA VA
Ot =0g) +0g, +0g™", (C3)

in which the abbreviated labels “sj” and “sk” represent “side
jump” and “skew scattering” effects [43], respectively. These
contributions are added to the Berry curvature dipole term
in the 7-symmetric systems and may explain the observed
nonlinear Hall response in WTe; [46].

First, we investigate the side jump contributions. The side
jump terms are determined by the side jump velocity given by

Yiga = 2 War7ha €
b

where a = (a, k,) [b = (b, k;,)] denotes Bloch states labeled
by the band index a (b) and crystal momentum k, (kj).
W23 = Wap/2 + Wia/2 represents the symmetric part of the
scattering amplitude Wp. Wy is defined with the 7' matrix as

2m )
Wab = 7|7:1b| 5(6,,[,), (CS)
in which we introduced €4 = €k, — €. Importantly, the

side jump velocity depends on the positional shift Br;‘b
given by

Oy
5rll:'b = (Ma(ka) | l@“‘“)) <Mb(kb) i laku (kb)>
a a
o <ak.u- 8k# >arg(vab) (C6)

which represents the coordinate shift during the scattering
process @ < b [73]. With the impurity potential in Eq. (C1),
the matrix element of V is given by

Vap = cvoutalka) | up(kp)) Y ek (C7)

= cVolup P, k> (C8)

where ¢ denotes a scalar constant, I, = (u,(k,) | u,(kp)), and
po =Y ;exp(—iQ - R;). Since the matrix element V,, de-
pends on k, — kj, the positional shift is simplified as

1ty = (a1 55 ) — <ub<kb>|z (kb>>

ok

0 d
<8k" T )arg (ua(ka) | up(ky)), (C9)

which is similar to the so-called shift vector [7]. Now we
consider the constraint due to the P7 symmetry. The Bloch
state is transformed by P77 symmetry into

[ua(ka)) = lua(ka)) = |ua(ky)) e

where ¢, denotes the phase factor determined by the adopted
gauge. Accordingly, we obtain the relation of the connection

—iga(ky) , (C10)

term (uy(k,) | i9,u,(k,)) given by

(1) 55 k)
= i ) ) (1)
duy, 0¢a(k,)
<ua(ka)|z T (ka )) T (C12)
Similarly, using the P77 symmetry, we can see
arg (ua(ka) | ub(kb)>
= —arg (uq(kq) | up(kp)) + Pp(kp) — pa(ka). (C13)
Thus, the positional shift satisfies
Sriy = —=8rl, =0, (C14)

which indicates that the side jump velocity v(g) vanishes by
the P77 symmetry. As a result, the side jump contributions
0,1 and oy, in Eq. (C3) are forbidden in the PT-symmetric
systems. We can also understand this conclusion intuitively
from the fact that the positional shift 57/, occurring in the
forward scattering roughly corresponds to ~e,,,, 2, (kX — k')
where we introduce the Berry curvature € [73]. We can
see immediately that §r!; =0 since £ =0 due to the PT
symmetry. Although the derivation has assumed the delta-
function-shaped impurity potential, the positional shift is
generally suppressed by the P7 symmetry in the case of
the spherically symmetric impurity potential whose Fourier
component V, is a function of k, — k.

Next, we consider the skew scattering contribution denoted
by oy in Eq. (C3). Although we do not show the expression
of the skew scattering contribution (Ref. [43] for details),
an important ingredient taking the whole expression is the
antisymmetric component of the scattering amplitude Wi, =
Wap/2 — Wha/2. Thus, the skew scattering contribution is
closely related to the antisymmetric scattering between the
states a and b.

To evaluate VW™, perturbation expansion of the 7' matrix is
performed here. The T matrix is defined as

Top = (Yka |V | Ws),

where the ket vector |Wp) is obtained by solving Lipman-
Schwinger equation with the impurity potential V. The
equation is written as

(C15)

~

\%
Wp) = |Yyp) + —————— |Wp),

- (C16)
€k, — Ho + in

where H, denotes the unperturbed Hamiltonian and 7 (> 0)
is an infinitesimal number. We therefore obtain perturbation
expansion of the 7" matrix in the power of the matrix element
Vap- The lowest-order contribution is obtained by replacing T
with Vg, that is, |Wp) — |¥x,s). The resulting contribution to
Wb is given by
W _ 2 VR

b = 7I ab|"8(€ap), (C17)
which is O(V?). The expression is symmetric under the per-
mutation a <> b and therefore this term does not yield a skew
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scattering. The third-order contribution to W, is given by

h
3)
EWab
V Vachb im <V*V Vab)lm
= Z( T e +c.c.)8<eab>
€pc + i1 €ac — I
(C18)
_ Z ( VabVachb imp <Va>;V:ZVab>1mp tec )8(6ab),
€pc 1IN €pc — I
(C19)

Considering the impurity potential defined in Eq. (Cl),
we have

<Va>;, VacVep) imp X Ipalac ch(szu —ky, Pko—k. Lk —kp > (C20)

imp”

By taking the average over random distribution of impurities
[74], we obtain

(0K, Pk Pty ) imp
= NimpSi, +ky+k3,0
+ Nimp(Nimp — 1)
X (8ky,00k, k3,0 + Oy 08k +k,.0 + Oks,00k, +4,.0)

+ Nimp Nimp — DNimp — 2)8k;,08k,,00%;,0, (C21)

where Ny, denotes the total number of impurities. Thus, the
component in ( )imp of Eq. (C19) is symmetric under k, <> ky.
We also obtain the relation

IbaIacch = IabIcaIbc s (C22)

by making use of the P77 symmetry. It is therefore shown
that the first term in Eq. (C19) is symmetric under a <> b
and does not contribute to W@, Performing the parallel
discussion for the remaining terms in Eq. (C19), we can
see W‘g’as) = WS’) /2 — Wb(z /2 = 0, indicating the absence
of the third-order contribution to the skew scattering term.
In a similar manner, we can prove that the fourth-order term
W(4) does not have its antisymmetric component. Although
we do not calculate higher-order terms, the cancellation may
also happen in higher-order terms in Viy,. From the above dis-
cussions, we conclude that the antisymmetric scattering YW@
and the resulting skew scattering term are strongly suppressed
by the P77 symmetry.

To summarize this section, extrinsic contributions to
second-order NLC are strongly suppressed by the P7 sym-
metry, while they play an important role in the 7 -symmetric
systems [43,46]. We therefore expect that the symmetry
classification of nonlinear conductivity (Table II) remains
meaningful beyond the relaxation time approximation when
we focus on the P77 -symmetric magnetic systems.
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