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Measure of qubit-environment entanglement for pure dephasing evolutions
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We propose a qubit-environment entanglement measure which is tailored for evolutions that lead to pure
dephasing of the qubit, such as are abundant in solid-state scenarios. The measure can be calculated directly form
the density matrix without minimization of any kind. In fact, it does not require knowledge of the full density ma-
trix and it is enough to know the initial qubit state and the states of the environment conditional on qubit pointer
states. This yields a computational advantage over standard entanglement measures, which becomes large when
there are no correlations between environmental components in the conditional environmental states. In contrast
to all other measures of mixed-state entanglement, the measure has a straightforward physical interpretation
directly linking the amount of information about the qubit state which is contained in the environment to the
amount of qubit-environment entanglement. This allows for a direct extension of the pure-state interpretation of
entanglement generated during pure dephasing to mixed states, even though pure-state conclusions about qubit
decoherence are not transferable.
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I. INTRODUCTION

Entanglement for mixed states is hard to understand on an
intuitive level. Already the notion of pure-state entanglement
[1,2] is very abstract, but still it translates into the existence
of information about the joint system state, which is not
contained in states describing each of the subsystems sepa-
rately. Defining mixed separable states as states which cannot
be created by local operations and classical communication
(LOCC) [3], or more simply by separable operations from
product initial states [4], and entangled states as states which
are not separable takes the question of what does it mean
if a state is entangled to a whole new level. Nevertheless,
mixed entangled states can be useful and there exist some
tasks which will be achieved better with the help of a mixed
entangled state than by LOCC alone [3,5–7].

In system-environment evolutions which lead to pure de-
phasing (PD) of the system, pure-state entanglement has a
particularly meaningful interpretation. Entanglement, which
in this case is directly linked to system decoherence, describes
the amount of information about the system state which can be
extracted from the environment [8–10]. It has been recently
shown for mixed states that without such information transfer,
PD is not accompanied by entanglement generation [11,12].

We propose a qubit-environment entanglement (QEE)
measure which is applicable only for PD evolutions with a
pure initial qubit state and any state of the environment which
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can be calculated directly from the joint system-environment
state. It actually only requires knowledge of the initial qubit
state and the evolution of the environment conditional on
qubit pointer states (hence diagonalization of matrices half the
dimension of the joint system-environment state) and does not
require any sort of minimization. In the situation when there
are no correlations between different components of the con-
ditional environmental density matrices (spins, bosons, etc.),
the numerical problem reduces to diagonalization of matrices
the dimension of each component separately, which allows us
to find the evolution of the measure for an extremely large
environment. The measure therefore has strong computational
advantages.

The proposed measure fulfills the requirements for an en-
tanglement measure [3] within the bounds of its applicability,
as it allows one to unambiguously determine separability,
reduces to a known entanglement measure for pure states,
and behaves appropriately under the set of allowed separable
operations. In contrast to all other measures of mixed-state
entanglement, the measure has a straightforward physical
interpretation, directly linking information about the qubit
state which is contained in the environment to QEE. This
means that the pure-state interpretation of entanglement for
PD evolutions [8,9] can be directly extended to mixed states,
even though the link between entanglement and decoherence
cannot [11–13].

The paper is organized as follows. In Sec. II we introduce
the class of systems under study and the separability criterion
specific to this kind of evolution. In Sec. III we introduce
the proposed measure for PD entanglement and study its
basic properties. In Sec. IV we comment on the physical
interpretation of the measure linking information transfer and
entanglement. In Sec. V we show the computational advan-
tages of the measure over standard mixed-state entanglement
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measures and illustrate this with an example in Sec. VI.
Section VII summarizes the paper.

II. PURE DEPHASING EVOLUTIONS

We study the system of a qubit and its environment of
dimension N initially in a product state with the qubit in a
pure state,

|ψ〉 = a|0〉 + b|1〉, (1)

and no limitations on the initial state of the environment, R̂(0),
so the whole system state can be written as σ̂ (0) = |ψ〉〈ψ | ⊗
R̂(0). The interaction between them is limited to a class of
Hamiltonians which lead to PD of the qubit and can always
be written as

Ĥ = |0〉〈0| ⊗ V̂0 + |1〉〈1| ⊗ V̂1, (2)

where V̂i, i = 0, 1, are arbitrary Hermitian operators acting on
the environment. This Hamiltonian can include a free-qubit
term as long as it commutes with the qubit-environment (QE)
interaction, ĤQ = ε0|0〉〈0| + ε1|1〉〈1|, so that qubit states |0〉
and |1〉 are pointer states [8,14]. It can also include a free-
environment term ĤE on which there are no limitations. Hence
the operators V̂i are given by

V̂i = εiIE + ĤE + ˆ̃Vi, (3)

where IE is the unit operator in the environmental subspace
and the operators ˆ̃Vi describe the effect of the bare QE interac-
tion on the environment. This interaction term must be of the
same form as the total Hamiltonian (2) with ˆ̃Vi instead of V̂i.

For this class of Hamiltonians, the QE evolution operator
can be written in a particularly simple form

Û (t ) = |0〉〈0| ⊗ ŵ0 + |1〉〈1| ⊗ ŵ1, (4)

with

ŵi(t ) = exp

(
− i

h̄
V̂it

)
. (5)

This allows us to formally find the QE density matrix at any
time, and for the specified initial state we have

σ̂ (t ) =
(|a|2R̂00(t ) ab∗R̂01(t )

a∗bR̂10(t ) |b|2R̂11(t )

)
, (6)

with

R̂i j (t ) = ŵi(t )R̂(0)ŵ†
j (t ). (7)

The density matrix is written in matrix form only in terms of
qubit pointer states.

As shown previously [11,12], for this class of problems the
if and only if criterion of separability at time t is (it is also the
criterion for zero discord [15,16])

R̂00(t ) = R̂11(t ), (8)

meaning that the state (6) is separable if and only if the state
of the environment conditional on one of the two pointer
states of the qubit is the same as the state of the environment
conditional on the other pointer state. Otherwise the qubit
is entangled with its environment. Separability by no means
excludes qubit decoherence which is proportional to TrR̂01(t )

(the only exception is the situation when the state of the
environment is also initially pure; then decoherence without
entanglement is impossible [8,9]). There are ample examples
for realistic qubits undergoing decoherence both accompanied
by QEE [17,18] and not accompanied by QEE [13,19–24].
There are even more examples of systems which undergo PD
which have never been classified in terms of their entangling
or separable nature [25–33].

III. QUBIT-ENVIRONMENT ENTANGLEMENT MEASURE

In the following, we wish to show that the criterion (8) not
only can be used to determine if entanglement is present in
the system, but can be the basis for an entanglement measure,
since the amount of QEE is proportional to how different the
environmental states conditional on qubit pointer states, R̂ii(t ),
i = 0, 1, actually are, as suggested by the results of Ref. [18].
To this end we propose the quantity

E [σ̂ (t )] = 4|a|2|b|2[1 − F (R̂00(t ), R̂11(t ))] (9)

as a measure of entanglement for PD evolutions or, more
generally, for any state that can be written in the form (6),
as such states can be sometimes obtained for different classes
of Hamiltonians under specific conditions for the initial state
[34]. Here a and b are the coefficients of the initial qubit super-
position, while the function F (ρ̂1, ρ̂2) = [Tr

√√
ρ1ρ2

√
ρ1]2

denotes the fidelity, which varies between zero (for ρ1ρ2 = 0)
and one (for ρ1 = ρ2), and quantifies the similarity between
two density matrices. The measure (9) yields zero for sepa-
rable QE states and one when the conditional states of the
environment, R̂00(t ) and R̂11(t ), have orthogonal supports,
while the qubit is initially in an equal superposition state
|a| = |b| = 1/

√
2.

It is important to note that the similarity of the measure
(9) to the Bures distance in terms of the formula is super-
ficial. To be used as an entanglement measure, the Bures
distance requires minimization over the set of all separable
states [35–38], while the proposed measure is directly evalu-
ated from the final density matrix. We compare the distance
between two conditional density matrices of the environment,
which only requires diagonalization of matrices of the same
dimension as the environment. In fact, the proposed mea-
sure could be defined using any measure of distance between
density matrices, but the fidelity allows it to reduce to linear
entropy for pure states.

Note that the measure becomes particularly straight-
forward to compute when the conditional environmental
density matrices R̂ii(t ) retain a product form with respect
to different components of the environment (when joint
qubit-environment evolution is not accompanied by correla-
tion buildup within the environment), since F (ρ̂a

1 ⊗ ρ̂b
1, ρ̂

a
2 ⊗

ρ̂b
2 ) = F (ρ̂a

1 , ρ̂a
2 )F (ρ̂b

1, ρ̂
b
2 ). This requires the parts of the

Hamiltonian describing the free evolution of the environment
as well as the interaction Hamiltonian to be the sum of terms
describing each part of the environment (the Hamiltonian
describing the free evolution of the qubit always has this
property) so that the full Hamiltonian (2) can be written as
Ĥ = ∑

k Ĥ k , where the index k labels the different environ-
mental components. We can then decompose the conditional
evolution operators of the environment, ŵi(t ) = ⊗

k ŵk
i (t ).
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If there are no correlations (classical or quantum) in the initial
state of the environment, R̂(0) = ⊗

k R̂k (0), then the density
matrices of the environment conditional on the qubit pointer
state also retain this form, R̂ii(t ) = ⊗

k R̂k
ii(t ). In this case

F (R̂00(t ), R̂11(t )) =
∏

k

F
(
R̂k

00(t ), R̂k
11(t )

)
(10)

and much smaller matrices have to be diagonalized to find
the value of the PD entanglement measure. This feature does
not simplify the complexity of calculating any of the other
measures of mixed-state entanglement.

A. Pure states

First, let us show that the measure (9) reduces to twice
the (normalized) linear entropy of the reduced density matrix
of either subsystem for pure states, which is a pure-state
entanglement measure [39]. To this end we assume that the
initial state of the environment is pure, R̂(0) = |R〉〈R|, since
the purity of the initial qubit state is already assumed in the
model, and unitary evolution does not change purity. The
linear entropy of the qubit state at time t , ρ̂(t ) = TrE σ̂ (t ), is
then given by

SL[ρ̂(t )] = 1 − Trρ̂2(t )

= 2|a|2|b|2[1 − |〈R|ŵ†
1 (t )ŵ0(t )|R〉|2]. (11)

Pure-state fidelity is given by F (|ψ1〉, |ψ2〉) = |〈ψ1|ψ2〉|2, so,
since the conditional evolution of the pure initial state of the
environment is given by |Ri(t )〉 = ŵi(t )|R〉 [corresponding
to the density matrices R̂ii(t ) = |Ri(t )〉〈Ri(t )|], the fidelity
between the two environmental states is F (R̂00(t ), R̂11(t )) =
|〈R|ŵ†

1 (t )ŵ0(t )|R〉|2, reducing the QEE measure (9) to twice
the linear entropy

E [σ (t )] = 2SL[ρ̂(t )]. (12)

Hence the measure (9) reduces to a known measure of pure
bipartite entanglement.

B. Separability

The measure (9) is equal to zero only in three situa-
tions: when either of the initial qubit occupations is equal
to zero, |a|2 = 0 or |b|2 = 0, or when the fidelity be-
tween the conditional environmental states is equal to one,
F (R̂00(t ), R̂11(t )) = 1, so the two states are the same, R̂00(t ) =
R̂11(t ). During PD evolution, a qubit initially in one of its
pointer states will never become entangled, since the QE den-
sity matrix retains a product form. For all other initial states,
the separability criterion (8) is an if and only if condition of
separability, so unit fidelity unambiguously signifies a lack of
QEE in the system. Therefore, we have E [σ (t )] = 0 if and
only if there is no QEE in state σ (t ) and the measure (9)
unambiguously signifies separability.

C. Maximum value of the measure

The situation when the QEE measure is equal to one is
much less straightforward. It requires the qubit to be initially
in an equal superposition state (|a| = |b| = 1/

√
2) and zero

fidelity between the two conditional environmental states.

The zero-fidelity requirement means that R̂00(t ) and R̂11(t )
have orthogonal supports [R̂00(t )R̂11(t ) = 0] or, restating the
requirement equivalently, that the eigenstates of R̂00(t ) with
nonzero eigenvalues occupy a different subspace than the
eigenstates of R̂11(t ) with nonzero eigenvalues. Such orthog-
onality of environmental states, which can naturally occur
during PD evolution, is important for the emergence of ob-
jectivity [40–44] and has been studied in detail in this context
[45], where it has been called strict orthogonality. The upper
limit of the measure (9) is obtained for exactly the same set of
states for which it would be obtained using any convex-roof
entanglement measure, such as entanglement of formation
(EOF) [46,47].

To show this, let us first study some properties of the QE
density matrix (6) when the strict orthogonality condition is
fulfilled and the qubit is initially in an equal superposition
state. It is convenient to express all of the R̂i j (t ) matrices with
the help of the environmental state conditional on the qubit
being in state |0〉, R̂00(t ),

R̂11(t ) = ŵ(t )R̂00(t )ŵ†(t ), (13a)

R̂01(t ) = R̂00(t )ŵ†(t ), (13b)

R̂10(t ) = ŵ(t )R̂00(t ), (13c)

where ŵ(t ) = ŵ1(t )ŵ†
0 (t ). Furthermore, we can express the

matrix R̂00(t ) in its eigenbasis,

R̂00(t ) =
∑

n

cn|n(t )〉〈n(t )|. (14)

The eigenbasis can be time dependent, while the eigenvalues
cn are not. They are the same eigenvalues present in the initial
state of the environment, R̂(0) = R̂00(0) = ∑

n cn|n(0)〉〈n(0)|,
since the matrices are obtained from one another via a unitary
operation. Since the same logic applies to the other condi-
tional state of the environment R̂11(t ), it is obvious that for
the strict orthogonality condition to be fulfilled, the number
of eigenstates with nonzero eigenvalues of the initial state of
the environment cannot exceed half of the whole dimension
of the environment. This in turn limits the initial purity of the
environment to at least twice the minimum purity allowed for
a given environment size (the strict orthogonality condition
cannot be fulfilled for states with lower initial purity) [45].

Using Eqs. (13) and the basis states (14), the density matrix
(6) can be written in the concise form

σ̂ (t ) =
∑

n

cn|ψn(t )〉〈ψn(t )|, (15)

where for a = 1√
2

and b = 1√
2
eiϕ we have

|ψn(t )〉 = 1√
2

[|0〉 ⊗ |n(t )〉 + eiϕ |1〉 ⊗ |n⊥(t )〉]. (16)

The states |n(t )〉 are all elements of the eigenbasis of R̂00(t )
and hence are mutually orthogonal; the same goes for the
states |n⊥(t )〉 = ŵ(t )|n(t )〉, which are all elements of the
eigenbasis of R̂11(t ).

The strict orthogonality condition implies that each state
|n(t )〉 must be orthogonal to each state |n⊥(t )〉 [otherwise the
density matrices R̂ii(t ) would not have orthogonal supports].
Hence if R̂00(t )R̂11(t ) = 0, each state |ψn(t )〉 that enters the
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decomposition (15) is a maximally entangled bipartite state of
Bell type, since the condition translates into

∀n〈n(t )|n⊥(t )〉 = 0. (17)

Obviously, it is not a condition which can be fulfilled for
more than instances of time during the evolution, since the
density matrices R̂00(t ) and R̂11(t ), which specify the subsets
of states {|n(t )〉} and {|n⊥(t )〉}, have to be obtained from the
same initial environmental density matrix R̂(0) via a unitary
evolution. In Sec. VI we show exemplary evolutions where
the condition is fulfilled at certain points of time.

We will now use the convex-roof construction [3,48],
which allows us to generalize pure-state entanglement mea-
sures to mixed states by averaging entanglement over the
entanglement of the pure-state components of a mixed state
and additionally minimizing the result over all pure-state
decompositions,

EF (σ̂ ) = min
{|φi〉}

∑
i

piE (|φi〉〈φi|). (18)

Note that the states |φi〉, which enter the different decomposi-
tions σ̂ = ∑

i pi|φi〉〈φi|, do not need to constitute a basis. For
clarity, we will assume that the pure-state entanglement mea-
sure is normalized, so it varies between zero and one, where
zero signifies separability and one is restricted to maximally
entangled states, E (|φ〉〈φ|) ∈ [0, 1]. The pure-state measure
based on linear entropy used before (12) is an example,
as is normalized von Neumann entropy, which is used to
define EOF.

For each state |ψn(t )〉 of Eq. (16), we have
E (|ψn(t )〉〈ψn(t )|) = 1, so, obviously, for the decomposition
(15) we have∑

n

cnE (|ψn(t )〉〈ψn(t )|) =
∑

n

cn = 1. (19)

This by itself does not answer the question if a state of the
form (6) would yield the maximum value of EOF, since sta-
tistical mixtures of maximally entangled states can have as
little as zero entanglement [49]. In general, the minimization
over all pure-state decompositions requires numerical analysis
and becomes more involved with growing Hilbert space [50].
The special feature here is that each state (16) occupies a
different subspace of the QE Hilbert space, so the matrix
(15) is block diagonal in these subspaces. Since the class of
density matrices under study is sparse and block diagonal in
2 × 2 subspaces, it is straightforward to do the minimization
analytically.

The states |ψn(t )〉 all constitute elements of the eigenbasis
of σ̂ (t ) with nonzero eigenvalues; every possible state to enter
each pure-state decomposition has to be a normalized linear
combination of the states |ψn(t )〉 [51]. Hence, every state |φi〉
can be written as

|φi〉 =
∑

n

αi
n|ψn(t )〉

= 1√
2

(
|0〉 ⊗

∑
n

αi
n|n(t )〉 + eiϕ |1〉 ⊗

∑
n

αi
n|n⊥(t )〉

)
.

(20)

The environmental state
∑

n αi
n|n(t )〉 is orthogonal to its coun-

terpart
∑

n αi
n|n⊥(t )〉, since each state in the subset {|n(t )〉} is

orthogonal to each state in the subset {|n⊥(t )〉}. This means
that it is impossible to find a decomposition which would not
yield

∑
i piE (|φi〉〈φi|) = 1.

Hence, because all possible decompositions of the state
(15) with maximally entangled |ψn(t )〉 states involve only
maximally entangled pure states, all convex-roof entangle-
ment measures (18) for the whole state will yield their
maximum value after minimization, similarly to the proposed
PD entanglement measure (9). This means that there exists
a well-defined upper limit to the measure which coincides
with the upper limit of standard mixed-state entanglement
measures.

We have already shown that the proposed QEE measure for
PD evolutions (9) is equal to zero if and only if the QE state is
separable, is equal to one if and only if EOF would reach its
maximum value, and reduces to a good entanglement measure
for pure states. We will now investigate its other properties.

D. Invariance under local unitary operations

First, we show invariance under local unitary operations.
To this end we will separately demonstrate invariance in the
qubit subspace and in the subspace of the environment. A
unitary operation on the qubit, UQ ≡ UQ ⊗ IE , is equivalent to
rotation of the qubit pointer basis, |0〉 → |0′〉 and |1〉 → |1′〉.
This does not change the form of the QE density matrix (6)
regardless of whether it is done on the initial state of the qubit
or on the full density matrix at time t , as long as the qubit
basis states are modified accordingly. Hence, the measure (9)
remains a QEE measure under the operation and, furthermore,
its value remains unchanged, E [UQσ̂ (t )U †

Q] = E [σ̂ (t )].
A unitary operation on the environment, UE ≡ IQ ⊗ UE ,

transforms the density matrix (6) into

UE σ̂ (t )U †
E =

(|a|2UE R̂00(t )U †
E ab∗UE R̂01(t )U †

E

a∗bUE R̂10(t )U †
E |b|2UE R̂11(t )U †

E

)
. (21)

Since it is a basic property of the fidelity that it does
not change under symmetrically applied unitary operations,
F (U ρ̂1U †,U ρ̂2U †) = F (ρ̂1, ρ̂2), the entanglement measure
(9) yields the same value for the density matrix (21) as it
would for (6). Hence, unitary transformations on the envi-
ronment also do not affect the amount of entanglement it
signifies.

E. Monotonicity under local operations

Further study of the properties of the measure (9) under
local operations requires a limitation on the possible opera-
tions, since the function (9) does not exist for density matrices
which have a different structure than given in Eq. (6). For
this structure to be maintained, only unitary operations are
allowed on the qubit subspace. There are no such limitations
in the subspace of the environment. We find that if a nonse-
lective quantum operation is performed on the environment,
described by a trace-preserving completely positive map 	,
the value of the QEE measure cannot increase,

E{	[σ̂ (t )]} � E [σ̂ (t )]. (22)
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This is because the operation only affects environmental
operators R̂i j (t ) in Eq. (6), so only the fidelity in the for-
mula for the QEE measure (9) changes under the operation.
The fidelity cannot decrease under such operations [52],
so F (	[R00(t )],	[R11(t )]) � F (R00(t ), R11(t )) and conse-
quently the inequality (22) holds.

IV. INTERPRETATION

In the case of pure QE states, where the qubit and envi-
ronment interact in such a way that the qubit state undergoes
pure dephasing [the interaction is described by a Hamiltonian
that is of the type given by Eq. (2)], there exists a one-to-one
correlation between QEE, qubit decoherence, and the amount
of “which way” information about the qubit state that has
been transferred into the environment [8,9]. This yields a very
straightforward interpretation of what it means when a qubit is
entangled with its environment. We will restate the argument
here using the language introduced above and show that the
argumentation translates into mixed-state QEE in terms of in-
formation transfer, but not for decoherence. Furthermore, we
will show how the evolution of the PD entanglement measure
(9) describes the process of information transfer.

To this end, let us first study the evolution of the purity of
the qubit state which describes its level of decoherence. It is
given by

Trρ̂2(t ) = 1 − 2|a|2|b|2[1 − |TrR̂01(t )|2], (23)

where ρ̂(t ) = TrE σ̂ (t ) is the density matrix of the qubit
obtained after tracing out the degrees of freedom of the en-
vironment from the QE density matrix (6). Initially, the qubit
state is pure, so its purity is equal to one, but during the
evolution it may reach its minimum value, which is equal
to 1 − 2|a|2|b|2, and is obtained when the off-diagonal ele-
ments of the qubit density matrix are equal to zero. These
elements are proportional to |TrR̂01(t )|, so the minimum purity
possible for a given initial state of the qubit is obtained for
|TrR̂01(t )| = 0. This minimum value depends on the initial
qubit state, because this is pure dephasing [so the completely
mixed qubit state with ρ̂(t ) = 1/2 can only be obtained for
an equal superposition state]. Hence the quantity of interest,
which allows us to compare the level of coherence between
two qubit states, must nontrivially depend on their initial state,
since if the qubit is initially in one of the pointer states, it will
remain pure throughout the evolution, while an initial equal
superposition state may become completely mixed.

For pure initial states of the environment described by the
state |R〉 as in Sec. III A (so that the whole initial QE state is
pure), we have

|TrR̂01(t )|2 = Tr[ŵ0(t )|R〉〈R|ŵ†
1 (t )]Tr[ŵ1(t )|R〉〈R|ŵ†

0 (t )]

= 〈R|ŵ†
1 (t )ŵ0(t )|R〉〈R|ŵ†

0 (t )ŵ1(t )|R〉
= 〈R|ŵ†

1 (t )R̂00(t )ŵ1(t )|R〉 = 〈R1(t )|R̂00(t )|R1(t )〉
= F (R̂00(t ), R̂11(t )) (24)

since R̂(0) = |R〉〈R| and R̂11(t ) = |R1(t )〉〈R1(t )| =
ŵ1(t )|R〉〈R|ŵ†

1 (t ). Hence, for pure QE states, qubit purity
depends directly on how different the conditional states of the

environment are, which is measured by the fidelity between
them.

This means that there can be no decoherence if no infor-
mation about the qubit state is present in the environment.
The level of pure dephasing (quantified by the reduction of
the off-diagonal elements of the qubit density matrix written
in the basis of pointer states) depends solely on the degree of
this information transfer [since it is proportional to |TrR̂01(t )|],
but the decoherence in general, which is quantified by the loss
of purity, also depends on the initial state of the qubit, which
quantifies how much information which can be transferred
into the environment is initially present in the state. Pure-state
QE entanglement is inversely proportional to purity and as
such the generation of entanglement during pure dephasing
can be interpreted as a process during which the information
about the qubit state is encoded in the environment.

For mixed states there is no inherent link between deco-
herence and the transfer of information about the qubit state
into the environment, since the transformation between the
conditional density matrices of the environment R̂00(t ) and
R̂11(t ) and the environmental matrices responsible for deco-
herence R̂01(t ) as shown for pure states by Eqs. (24) cannot
be made. In fact, pure dephasing can occur as a result of
the buildup of classical QE correlations while R̂00(t ) = R̂11(t )
[11,13,19–24].

On the other hand, the form of the PD entanglement mea-
sure (9) directly links the amount of QEE present in the system
with the fidelity between the conditional environmental states,
which quantifies how much information about the system
state was transferred into the environment, normalized by the
amount of information present in the initial qubit state to
be transferred (as described by the coefficients of the qubit
superposition written in the basis of its pointer states). This
means that although the link between qubit decoherence and
QEE generation cannot be generalized from pure states to
mixed states, the correlation between QEE and information
transfer can. In fact, the decoherence which is a result of the
buildup of classical correlations can be distinguished from
decoherence resulting from QEE by the study of information
transfer [12,53] and this information transfer is experimen-
tally detectable in more involved procedures performed on the
qubit alone [54,55]. Hence, in the case of any PD evolution,
QEE generation can be interpreted as a process in which
information about the qubit state is being encoded in the joint
QE state.

V. COMPUTATIONAL ADVANTAGE

Using the measure (9) to quantify qubit-environment en-
tanglement always requires diagonalization of matrices half
the size of those which have to be diagonalized to find neg-
ativity of the same state. This is because only the fidelity
between conditional density matrices of the environment (17)
of dimension N has to be found, while finding negativity
requires diagonalization of a matrix of the same size as the
whole QE system, which is obviously 2N .

There are situations when the computational advantage of
the PD measure becomes much more pronounced due to the
properties of the fidelity. For an environment consisting K
qudits, each of dimension dk , where k labels the qudits, the
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evolution of entanglement will become particularly simple to
study if there are no interqudit correlations in the conditional
states of the environment. The lack of correlations at time
t means that each conditional state of the environment is of
product form with respect to the different qudits,

R̂ii(t ) =
K⊗

k=1

R̂k
ii(t ). (25)

The fidelity can then be obtained using Eq. (10) by calculating
the fidelity of each qudit separately and the value of the PD
entanglement measure is then given by

E [σ̂ (t )] = 4|a|2|b|2
[

1 −
K∏

k=1

F
(
R̂k

00(t ), R̂k
11(t )

)]
. (26)

Finding this value now requires K diagonalizations, but of
matrices which are of dimensions given by dk , which is al-
ways substantially smaller than the whole dimension of the
environment, N = ∏

k dk . Note that this does not particularly
simplify the form of the whole QE state at time t (6) and is
of little help when entanglement measures such as negativity
are evaluated, because the product form of the matrices R̂ii(t )
does not translate into a form of the full density matrix which
is easier to diagonalize (after partial transposition or not).

The obvious scenario which leads to a product form of
the conditional environmental density matrices (25) is the one
where there are no initial interqudit correlations

R̂(0) =
K⊗

k=1

R̂k (0) (27)

and the full QE Hamiltonian (2) can be written as a sum over
environmental qudits

Ĥ =
K∑

k=1

Ĥk . (28)

The operators V̂i in the PD Hamiltonian must obviously also
have this property,

V̂i =
K∑

k=1

V̂ k
i , (29)

so the resulting conditional evolution operators of the environ-
ment have to be of product form

ŵi(t ) =
K⊗

k=1

ŵk
i (t ). (30)

Consequently, all of the environmental matrices which enter
the full QE density matrix (6) have product form

R̂i j (t ) =
K⊗

k=1

R̂k
i j (t ), (31)

with R̂k
i j (t ) = ŵk

i (t )R̂k (0)ŵk†
i (t ), including the conditional

density matrices of the environment.
The assumptions of a lack of interactions and correlations

between constituents of the environment are reasonable for

many qubits which undergo pure dephasing as their dominat-
ing decoherence mechanism. For example, for a qubit defined
on a nitrogen-vacancy center interacting with an environment
of carbon nuclear spins, the decoherence occurs on much
shorter timescales than in nuclear dynamics [56,57]. The sys-
tem is therefore effectively described by a Hamiltonian of the
form (2) with an environment of noninteracting spin qubits
(spinful carbon isotopes have spin-1/2 nuclei). It is straight-
forward to find systems for which the environment consists
of different nuclear spins, such as qubits defined on the spin
of an electron confined in a quantum dot, where the material
makeup of the dot stipulates the nuclear spin environment
[58,59] and for high magnetic fields such qubits undergo pure
dephasing [34,60,61]. Incidentally, for these types of interac-
tions to be entangling, the initial state of the environment has
to be polarized [18]. An example where the environment is
of a different nature consists of an excitonic qubit interact-
ing with a phonon environment [62–65], which is a physical
realization of the spin-boson model. Here the environmental
qudits (each composed of a different phonon mode) are in
principle of infinite dimension, but for temperatures up to a
few degrees Kelvin, the evolution of each phonon mode can
be reliably described using fewer than ten lowest-energy states
[17].

VI. EXEMPLARY EVOLUTIONS: AN ENVIRONMENT OF
NONINTERACTING QUBITS

Let us study a PD evolution between a qubit and an en-
vironment consisting K qubits, so dk = 2 for all k and the
dimension of the whole environment is N = 2K . The evolution
of entanglement will be particularly simple to study using
the PD entanglement measure (9) if there are no correlations
between the qubits of the environment initially and no interac-
tion between them, as described in the preceding section. Such
a scenario is complex enough to capture the relevant features
of QEE while allowing for its analytical description.

We therefore assume that the environmental qubits are
initially in a product state (27), and the system qubit inter-
acts with each environmental qubit separately, so the full QE
Hamiltonian is of the form (28). To further simplify the analy-
sis of the possible evolutions of QEE we will assume that the
interaction is fully asymmetric, meaning that for all k, the evo-
lution operators of the environment conditional on the qubit
being in state |0〉 are equal to unity, ŵk

0(t ) = I. This is in fact
an assumption that does not limit the generality of the study,
since it is always possible to asymmetrize any PD evolution
by local unitary operations [11] and local unitary operations
do not change the amount of entanglement [3,39,66,67].

In the following we will always assume that the initial state
of the system qubit is an equal superposition of its pointer
states |0〉 and |1〉. We choose a simple interaction which would
periodically lead to the emergence of a maximally entangled
state in the case of an environment consisting of a single
qubit initially in state |0〉 or |1〉. To this end, we will consider
conditional environmental evolution operators of the form

ŵk
1(t ) = eiωkt |+〉kk〈+| + e−iωkt |−〉kk〈−|, (32)

with the states |±〉k = 1√
2
(|0〉k ± |1〉k ) given in the sub-

space of environmental qubit k. The basis {|0〉k, |1〉k} is
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the basis in which the initial state of qubit k is diagonal,
R̂k (0) = ck

0|0〉kk〈0| + ck
1|1〉kk〈1|. Here we have assumed that

the interaction of the qubit with each environmental qubit is
of the same type, but the values of ωk may differ with k.

The coherence of the system qubit in this case is propor-
tional to

TrR̂01(t ) =
N∏

k=1

TrR̂k
01(t ) =

N∏
k=1

cos ωkt (33)

and is independent of the parameters of the initial environ-
mental qubit states ck

0 and ck
1. This is a consequence of the

choice of interaction together with a limitation on the possible
initial states of the environment, but it will be very convenient
when comparing different scenarios which lead to the same
decoherence curves while the time evolution of QEE will
differ considerably.

It is straightforward to find the conditional evolution of
each environmental qubit and we get

R̂k
11(t )

=
(

ck
0 cos2 ωkt + ck

1 sin2 ωkt −i
(
ck

0 − ck
1

)
sin ωkt cos ωkt

i
(
ck

0 − ck
1

)
sin ωkt cos ωkt ck

0 sin2 ωkt + ck
1 cos2 ωkt

)
,

(34)

while R̂k
00(t ) = R̂k (0) due to the assumed asymmetry. In this

case we can find the fidelity for each environmental qubit at
time t , which is given by

F
(
R̂k

00(t ), R̂k
11(t )

) = (
√

λk+ +
√

λk−)2, (35)

with

λk
± =

(
ck2

0 + ck2
1

)
cos2 ωkt + 2ck

0ck
1 sin2 ωkt ±

√
�k

2
(36)

and

�k = (
ck2

0 − ck2
1

)2
cos4 ωkt

+ 4ck
0ck

1

(
ck

0 − ck
1

)2
cos2 ωkt sin2 ωkt . (37)

Before we study an environment composed of many qubits,
let us note a couple of the properties of the single-qubit fidelity
between conditional environmental states (35). First, this fi-
delity remains equal to one throughout the evolution only
for a maximally mixed initial state of environmental qubit
k, ck

0 = ck
1 = 1/2, for which the joint evolution of the system

qubit and the single environment k would have been separable
at all times [11]. Hence, the presence of such environmental
qubits does not contribute to the value of the PD entanglement
measure (9), even though it does contribute to the decoherence
of the system qubit (33). On the other hand, zero fidelity is
only possible if the initial state of environment k is pure (ck

0 =
0 or ck

1 = 0) and will occur only at instances of time when
cos ωkt = 0. This is in concurrence with the requirement for
strict orthogonality proven in Ref. [45], that it is only possible
for initial environmental states which have at least half of the
occupations equal to zero after diagonalization. A qubit state
with half of its occupations equal to zero is pure.

Figure 1 shows the time evolution of QEE with each envi-
ronmental qubit initially in the same state characterized by the
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E

 0

 0.2

 0.4

 0.6

 0.8

 1

0 10 20 30 40

E

t [1/ωm]

FIG. 1. Evolution of QEE and coherence for all environmental
qubits in the same initial state. (a) QEE for K = 10 environmental
qubits at different initial purities (blue solid lines); the blue dotted
line corresponds to c0 = 1. The red dashed line shows the corre-
sponding coherence of the system qubit. (b) QEE (curves starting at
zero) and coherence (curves starting at one) for a varying number
of environmental qubits K for c0 = 0.6. Purple solid lines show
K = 10, red dashed lines K = 20, blue dotted lines K = 40, and
yellow dash-dotted lines K = 80.

occupation ck
0 = c0. In Fig. 1(a) the number of environmental

qubits is set to K = 10, which means that the dimension of
the environment N � 103. The qubits (except for the system
qubit) are labeled by the index k = 1, 2, . . . , K and the con-
stants which govern the conditional evolution of each qubit
(32) are obtained using the formula

ωk = 2ωm

K (K + 1)
k, (38)

so
∑

k ωk = ωm regardless of the value of K . The blue solid
lines correspond to mixed states with different values of c0 ∈
[1/2, 1), so a higher value corresponds to a greater purity,
since the initial purity of the environment is given by

P[R̂(0)] =
∏

k

P[R̂k (0)] = [1 − 2c0(1 − c0)]K . (39)

The blue dotted line shows the evolution of QEE for a pure
initial state c0 = 1, while the red dashed line shows the evo-
lution of coherence given by Eq. (33), which is the same for
all four QEE evolutions. Unsurprisingly, the higher the purity
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FIG. 2. Evolution of QEE for the jth environmental qubit in a
pure initial state (K = 10). (a) QEE with j = 2 and nine qubits in
the initial state with the purple solid line showing c0 = 1, the red
dashed line c0 = 0.8, the blue dotted line c0 = 0.7, and the yellow
dash-dotted line c0 = 0.6. (b) QEE for nine environmental qubits in
the initial state with c0 = 0.6 and qubit j in a pure state with the
purple solid line showing j = 1, the red dashed line j = 2, the blue
dotted line j = 3, and the yellow dash-dotted line j = 4.

of the initial state, the greater the values of QEE reached
during the evolution. Nevertheless, we may observe details of
the QEE evolution which are otherwise unobservable, such
as small oscillations, the amplitude of which is damped with
higher purity. Figure 1(b) shows the evolutions of QEE and the
corresponding coherence for a set purity with c0 = 0.6, but
with a varying number of environmental qubits K = 10, 20,
40, and 80; K = 80 means that the environment of dimension
N � 1024, yet the results are still obtained with little compu-
tational effort.

The results of Fig. 2 serve to illustrate the possibility of ob-
taining the maximum value of the PD entanglement measure
for mixed initial states of the environment. All curves were
obtained for K = 10. Now the initial state of the environment
is modified by the state of a single qubit (labeled by j), which
is initially in a pure state with c j

0 = 1. In Fig. 2(a) the evolution
of QEE is plotted for j = 2, for different values of c0, which
determines the initial state of all of the other environmental
qubits as before. There is a significant difference in the evolu-
tion (the evolution is plotted for a longer time, corresponding

to half of the time required for the whole QE system to
reach its initial state), even though this change of the initial
state of the environment has not modified the decoherence.
Most significantly, points of time are observed for which the
PD entanglement measure reaches its maximum value, even
though the QE state is mixed.

In Fig. 2(b) the curves have a set purity, but they cor-
respond to different coefficients j = 1, 2, 3, and 4. Since
different coefficients correspond to different frequencies (38),
this variation leads to significant changes in the QEE evolu-
tion. Note that the decoherence is always the same as is given
in Fig. 1(a).

VII. CONCLUSION

We have proposed a measure of entanglement between a
qubit and an arbitrarily large environment specially tailored
to quantify entanglement generated during interactions that
lead to dephasing of the qubit (for pure initial qubit states).
The function ranges between zero and one and it is zero if
and only if the qubit and environment are in a separable state.
Furthermore, it reduces to a good entanglement measure for
pure states, namely, the normalized linear entropy, and has
good properties under unitary local operations and the allowed
nonunitary local operations (otherwise the measure is incalcu-
lable, but does not yield false results). It therefore fulfills more
than the basic criteria for an entanglement measure.

The measure has a number of advantages compared to
other measures, which can be used to quantify entanglement
when one of the studied systems is arbitrarily large. It can be
calculated directly from the QE density matrix and requires
diagonalization of matrices half the dimension of those which
need to be diagonalized to find negativity [68–70]. This may
not seem like much, but can be enough to facilitate the tran-
sition from an incalculable to a calculable quantity for larger
environments. The calculation of the measure does not in fact
require knowledge of the whole QE state; it requires the initial
state of the qubit and the states of the environment conditional
on qubit pointer states. Because of the properties of the fi-
delity, the calculation drastically simplifies when the evolution
does not induce correlations between different components of
the environment.

Furthermore, the measure has a direct physical interpreta-
tion, setting it apart from all other measures of mixed-state
entanglement. Namely, it relates how much the two condi-
tional states of the environment differ from one another, so
consequently how much information about the state of the
qubit has been transferred into the state of the environment
throughout the evolution. This information is transferred only
when the evolution is entangling, the same as in case of pure
states [8,9], but contrary to pure states, the lack of information
transfer does not translate to a lack of qubit decoherence.
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[32] P. Szańkowski, G. Ramon, J. Krzywda, D. Kwiatkowski, and
L. Cywiński, Environmental noise spectroscopy with qubits
subjected to dynamical decoupling, J. Phys.: Condens. Matter
29, 333001 (2017).

[33] H.-B. Chen, C. Gneiting, P.-Y. Lo, Y.-N. Chen, and F. Nori,
Simulating Open Quantum Systems with Hamiltonian Ensem-
bles and the Nonclassicality of the Dynamics, Phys. Rev. Lett.
120, 030403 (2018).

[34] P. Mazurek, K. Roszak, R. W. Chhajlany, and P. Horodecki,
Sensitivity of entanglement decay of quantum-dot spin qubits
to the external magnetic field, Phys. Rev. A 89, 062318
(2014).

[35] V. Vedral, M. B. Plenio, M. A. Rippin, and P. L. Knight, Quan-
tifying Entanglement, Phys. Rev. Lett. 78, 2275 (1997).

[36] V. Vedral and M. B. Plenio, Entanglement measures and purifi-
cation procedures, Phys. Rev. A 57, 1619 (1998).

[37] V. Vedral, The role of relative entropy in quantum information
theory, Rev. Mod. Phys. 74, 197 (2002).

[38] P. Marian, T. A. Marian, and H. Scutaru, Bures distance as
a measure of entanglement for two-mode squeezed thermal
states, Phys. Rev. A 68, 062309 (2003).

[39] R. Horodecki, P. Horodecki, M. Horodecki, and K. Horodecki,
Quantum entanglement, Rev. Mod. Phys. 81, 865 (2009).

[40] H. Ollivier, D. Poulin, and W. H. Zurek, Objective Properties
from Subjective Quantum States: Environment as a Witness,
Phys. Rev. Lett. 93, 220401 (2004).

[41] H. Ollivier, D. Poulin, and W. H. Zurek, Environment as a
witness: Selective proliferation of information and emergence
of objectivity in a quantum universe, Phys. Rev. A 72, 042113
(2005).

043062-9

https://doi.org/10.1103/PhysRev.47.777
https://doi.org/10.1017/S0305004100013554
https://dl.acm.org/doi/10.5555/2011706.2011707
https://doi.org/10.1103/PhysRevLett.96.150501
https://doi.org/10.1103/PhysRevA.76.030301
https://doi.org/10.1063/1.2837427
https://doi.org/10.1103/RevModPhys.75.715
https://doi.org/10.1007/978-3-540-88169-85
https://doi.org/10.1103/PhysRevA.92.032310
https://doi.org/10.1103/PhysRevA.98.052344
https://doi.org/10.1103/PhysRevLett.89.137902
https://doi.org/10.1103/PhysRevD.24.1516
https://doi.org/10.1103/PhysRevA.97.012306
https://doi.org/10.1038/s41467-019-11502-4
https://doi.org/10.1103/PhysRevA.96.032333
https://doi.org/10.1103/PhysRevA.102.042602
https://doi.org/10.1103/PhysRevA.79.010101
https://doi.org/10.1103/PhysRevA.80.042108
https://doi.org/10.1103/PhysRevA.81.042314
https://doi.org/10.1103/PhysRevA.84.062121
https://doi.org/10.1103/PhysRevA.85.032318
https://doi.org/10.1038/srep00432
https://doi.org/10.1103/PhysRevLett.88.047901
https://doi.org/10.1103/PhysRevB.79.245314
https://doi.org/10.1038/nature07951
https://doi.org/10.1103/PhysRevB.81.165315
https://doi.org/10.1038/nphys1994
https://doi.org/10.1103/PhysRevLett.106.130506
https://doi.org/10.1103/RevModPhys.86.361
https://doi.org/10.1088/1361-648X/aa7648
https://doi.org/10.1103/PhysRevLett.120.030403
https://doi.org/10.1103/PhysRevA.89.062318
https://doi.org/10.1103/PhysRevLett.78.2275
https://doi.org/10.1103/PhysRevA.57.1619
https://doi.org/10.1103/RevModPhys.74.197
https://doi.org/10.1103/PhysRevA.68.062309
https://doi.org/10.1103/RevModPhys.81.865
https://doi.org/10.1103/PhysRevLett.93.220401
https://doi.org/10.1103/PhysRevA.72.042113


KATARZYNA ROSZAK PHYSICAL REVIEW RESEARCH 2, 043062 (2020)

[42] W. H. Zurek, Quantum Darwinism, Nat. Phys. 5, 181 (2009).
[43] J. K. Korbicz, P. Horodecki, and R. Horodecki, Objectivity in a

Noisy Photonic Environment through Quantum State Informa-
tion Broadcasting, Phys. Rev. Lett. 112, 120402 (2014).

[44] R. Horodecki, J. K. Korbicz, and P. Horodecki, Quantum origins
of objectivity, Phys. Rev. A 91, 032122 (2015).

[45] K. Roszak and J. K. Korbicz, Entanglement and objectivity in
pure dephasing models, Phys. Rev. A 100, 062127 (2019).

[46] C. H. Bennett, G. Brassard, S. Popescu, B. Schumacher, J. A.
Smolin, and W. K. Wootters, Purification of Noisy Entangle-
ment and Faithful Teleportation via Noisy Channels, Phys. Rev.
Lett. 76, 722 (1996).

[47] C. H. Bennett, D. P. DiVincenzo, J. A. Smolin, and W. K.
Wootters, Mixed-state entanglement and quantum error correc-
tion, Phys. Rev. A 54, 3824 (1996).

[48] G. Vidal, Entanglement monotones, J. Mod. Opt. 47, 355
(2000).

[49] K. Roszak, P. Horodecki, and R. Horodecki, Sudden death of
effective entanglement, Phys. Rev. A 81, 042308 (2010).

[50] K. Audenaert, F. Verstraete, and B. De Moor, Variational char-
acterizations of separability and entanglement of formation,
Phys. Rev. A 64, 052304 (2001).

[51] M. A. Nielsen and I. L. Chuang, Quantum Computation
and Quantum Information (Cambridge University Press, Cam-
bridge, 2000).

[52] R. Jozsa, Fidelity for mixed quantum states, J. Mod. Opt. 41,
2315 (1994).
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