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Despite previous extensive analysis of open quantum systems described by the Lindblad equation, it is
unclear whether correlated topological states, such as fractional quantum Hall states, are maintained even in
the presence of the jump term. In this paper, we introduce the pseudospin Chern number of the Liouvillian
which is computed by twisting the boundary conditions only for one of the subspaces of the doubled Hilbert
space. The existence of such a topological invariant elucidates that the topological properties remain unchanged
even in the presence of the jump term, which does not close the gap of the effective non-Hermitian Hamiltonian
(obtained by neglecting the jump term). In other words, the topological properties are encoded into an effective
non-Hermitian Hamiltonian rather than the full Liouvillian. This is particularly useful when the jump term can
be written as a strictly block-upper (-lower) triangular matrix in the doubled Hilbert space, in which case the
presence or absence of the jump term does not affect the spectrum of the Liouvillian. With the pseudospin
Chern number, we address the characterization of fractional quantum Hall states with two-body loss but without
gain, elucidating that the topology of the non-Hermitian fractional quantum Hall states is preserved even in
the presence of the jump term. This numerical result also supports the use of the non-Hermitian Hamiltonian
which significantly reduces the numerical cost. Similar topological invariants can be extended to treat correlated
topological states for other spatial dimensions and symmetry (e.g., one-dimensional open quantum systems with
inversion symmetry), indicating the high versatility of our approach.

DOI: 10.1103/PhysRevResearch.2.033428

I. INTRODUCTION

Recent extensive studies of non-Hermitian systems
discovered a variety of novel topological phenomena for
noninteracting cases [1-4]. For instance, non-Hermiticity
enriches topological properties [5]; it increases the number
of symmetry classes and results in two types of the gap,
the point-gap [6] and the line-gap [7]. Furthermore,
non-Hermiticity may break down the diagonalizability of
the Hamiltonian, which results in non-Hermitian band
touching [7-15], such as exceptional points [7,8], symmetry-
protected exceptional rings [9-13], and so on. In addition,
non-Hermitian systems can also show the intriguing bulk-
boundary correspondence [16-24]; certain topological prop-
erties result in the non-Hermitian skin effect which results in
extreme sensitivity to the boundary conditions [25-28]. So far,
the above non-Hermitian phenomena for the noninteracting
case were reported in various platforms [8,29-50].
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Among them, open quantum systems [51-58] also pro-
vide a unique platform of the following intriguing issue: the
interplay between correlations and non-Hermitian topology
[59-65]. Such systems interact with the environment and may
lose energy or particles. Correspondingly, the time evolution
of the density matrix is governed by the Lindblad equation
where the coupling between the system and the environment
is described by the Lindblad operators L, (¢ =1,2,...).
In the previous works [59-65], by focusing on the special
time evolution, the correlated topological states were analyzed
for the effective non-Hermitian Hamiltonian Heg := Hy —
%Za L;LO,, where Hj is the Hermitian Hamiltonian of the
system; for the short-time dynamics before the occurrence of a
jump of the states by Lindblad operators, one can see that the
dynamics of the density matrix is described by the effective
non-Hermitian Hamiltonian H.s. Recently, it was pointed out
that, for noninteracting fermions, the topological properties
can survive even beyond the above special dynamics [66].
This is because the gap of the Liouvillian is maintained even
when the quantum jump is taken into account.

In spite of the above significant progress in topological per-
spective on open quantum systems, it is still unclear whether
the topological properties for correlated states survive even in
the presence of quantum jumps. To clarify the stability of cor-
related topological phases described by H against the jump
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term, topological invariants having the following properties
should be introduced: (i) they are quantized as long as the gap
of the Liouvillian opens; (ii) in the absence of the jump term,
they are reduced to the invariants characterizing the topology
of the effective non-Hermitian Hamiltonian Heg.

In this paper, to characterize the correlated states, we
introduce a topological invariant having the above two prop-
erties by doubling the Hilbert space. Specifically, we define
the pseudospin Chern number characterizing the correlated
topological states for two-dimensional systems without sym-
metry [67]. This topological invariant can be computed by
twisting the boundary conditions for one of the subspaces of
the doubled Hilbert space, which is reminiscent of the spin
Chern number [68-70]. By computing the pseudospin Chern
number, we demonstrate that, even in the presence of the jump
term, the topological properties of non-Hermitian fractional
quantum Hall (FQH) states survive for an open quantum sys-
tem with two-body loss but without gain. Our results justify
the use of the effective non-Hermitian Hamiltonian to topo-
logically characterize the full Liouvillian whose gap does not
close even in the presence of the jump term. This is particu-
larly useful for systems where the jump term can be written as
a block-upper-triangular matrix in the doubled Hilbert space;
in such cases, both the spectral and topological properties are
encoded into the effective non-Hermitian Hamiltonian which
significantly reduces the numerical cost. We also note that our
approach can be extended to characterize correlated topologi-
cal states for other cases of spatial dimensions and symmetry,
indicating the high versatility of our approach.

The rest of this paper is organized as follows. In Sec. II,
we briefly review how the effective non-Hermitian Hamilto-
nian Hes is obtained and provide a detailed description of
topological properties which we will discuss in this paper. In
Sec. III, we introduce the pseudospin Chern number of the
Liouvillian. As an application, we demonstrate that for the
system with two-body loss but without gain, the topologi-
cal properties of non-Hermitian FQH states are not affected
by the jump term in Sec. IV, which is followed by a short
summary. The Appendices are devoted to the topological char-
acterization of one-dimensional open quantum systems with
inversion symmetry, topological degeneracy for open quan-
tum systems conserving the number of particles, and technical
details.

II. EFFECTIVE NON-HERMITIAN HAMILTONIAN
FOR OPEN QUANTUM SYSTEMS

A. Lindblad equation and the effective
non-Hermitian Hamiltonian

In this section, we briefly review the time-evolution of open
quantum systems and concretely explain topological proper-
ties on which we will focus in this paper.

First, we note that for open quantum systems, the dynamics
is governed by the Lindblad equation

a
i P = Zlp]l == Llpl + Llpl, (1a)

where

Zlp] == [Hy. p] - %;{p,L;La}, (1b)
Lilpl:=i) Ll (lo)

Here the Lindblad operators are denoted by a set of L,
(e =1,2,...) which describes the dissipation arising from
coupling to the environment. The density matrix of the sys-
tem is denoted by p(¢). The superoperator .Z[-] (L[ ]) is
referred to as the Liouvillian (the jump term). For the details of
the superoperators, see Appendix A. The operator Hy denotes
the Hamiltonian for the system (Hy = H,). For arbitrary op-
erators A and B, the commutator (anticommutator) is written
as [A, B] ({A, B}).

In some previous works [6,56,59-64] on open quantum
systems, topological phenomena were studied for the effective
non-Hermitian Hamiltonian

i .
He = Ho — 5 XajLaLa, )

by focusing on the dynamics before occurrence of a jump of
the state by .}, which is described by id,0(t) = Hegep(t) —
p(t)HJff. For instance, the Chern number Cp,, is computed
with the right and left eigenvectors of the non-Hermitian
Hamiltonian H.g for a two-dimensional system without sym-
metry [59].

Here, to elucidate effects of the jump term, let us consider
the operator £ (1) interpolating between .4, and %, + .4;
L) =L+ 2L (0 < A < 1). With a slight abuse of ter-
minology, we also call £ (1) “Liouvillian” [71]. When the
gap-closing of the “Liouvillian” .2 (1) does not occur for an
arbitrary value of A, the topological properties are expected to
be maintained. [The gap is defined in Eq. (6)]. However, it re-
mains unclear whether there exists a topological invariant that
characterizes the topological properties even in the presence
of the jump term.

Previous works [51-55] addressed how the presence of
the jump term affects the topological characterization of open
quantum systems in noninteracting cases. We note, however,
that topological invariants introduced in these previous works
can change without the gap closing in the spectrum of the
Liouvillian . = % + .Zj. For instance, the topological char-
acterizations proposed in Refs. [51,52,54] require the gap in
the spectrum of the density matrix, which is not necessary in
our framework.

B. Vectorized density matrices in the doubled Hilbert space

For later use, we define “eigenvalues” and “eigenvectors”
of the Liouvillian . which can be thought of as a non-
Hermitian matrix in a doubled Hilbert space, Ket ® Bra. With
the following isomorphism, the density matrix is mapped to a
vector in the doubled Hilbert space [72—84]:

p = piild) (il < o) = Y pijleidk ® 605, (3)

ij ij
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where |¢)’s are states in the original Hilbert space (or Ket
space) generated by acting on the vacuum with creation opera-
tors in the real space. The coefficient p;; is a complex number.
Here, to distinguish elements of the doubled Hilbert space
from those of the original Hilbert space, we denote a vector
in the subspace Ket (Bra) as |¢;)) k(s)-

The inner product of the vectorized matrices, called the
Hilbert-Schmidt inner product, is defined as

(AIB) = (A'B) :=_ AlBj:. 4)
v
With the above isomorphism, L, le is represented as L, ®
L}|p). Therefore, the Liouvillian .# can be represented as
a non-Hermitian matrix £ whose left and right eigenvectors
L{px| and |p,)) g are defined as

Lipa)r = loa)rDn,  LlonlL = Anr{onl, ®

with the eigenvalues A,, n = 1,2, ..., (for more details, see
Appendix A). The gap between eigenstates |p,)r and | o, )r
can be defined as [85]

A =Im(A, — Ap). ©6)

By L) := Lo+ ALy, we denote the “Liouvillian” in
the doubled Hilbert space which interpolates between the
two cases, L(0)=Ly=Hpy ®1-1Q®Hj; and L(1)=
L =Ly+ L; with Ly ZiZaLa ®L;.

III. PSEUDOSPIN CHERN NUMBER FOR
THE LIOUVILLIAN

To clarify whether the topological properties for Heg are
maintained even in the presence of the jump term, we in-
troduce the pseudospin Chern number for two-dimensional
systems without symmetry.

We note that our approach can be extended to characterize
correlated topological states for other spatial dimensions and
symmetry [e.g., one-dimensional systems with inversion sym-
metry, (see Appendix B)], although we limit our discussion to
the Chern number for the sake of concreteness.

A. Definition

Suppose that the gap of the “Liouvillian” £()) is main-
tained for 0 < A <1 (in the case of topological ordered
states [86], also suppose that the topological degeneracy is
maintained, i.e., the above gap separates the topologically
degenerate states from the others), the topological properties
are considered to be maintained which are characterized by
the topological invariant computed from the eigenvectors of
Heff for A = 0.

The above topological properties can be characterized by
the pseudospin Chern number Cps = (Cxx — Cpp)/2 where
C,s (0 = K, B) is defined as

do.do,
Cro = / DO aF, 6, 6,), (Ta)
27 ’
Foo =€y Y 405 pul0S pu)k- (7b)

n

Here the summation ), is taken over degenerate states;
we supposed that the eigenvectors of the “Liouvillian” £(A)

show N3-fold degeneracy for arbitrary A, which means that
the eigenstates of H.y show the N;-fold degeneracy [such
degeneracy is indeed observed for FQH states with two-body
loss (Sec. IV B 2)]. The symbol €, denotes the antisymmetric
tensor with €, = —¢,, = 1. The summation is taken for re-
peated indices p and v [u(v) = x, y]. Vectors | p,))g and 1 {0n]
are right and left eigenvectors of L£()1) [see Eq. (5)] which
satisfy the biorthogonal normalization condition; |p,))g and
L{pw], satisty  {pn|pon))g = 8y for arbitrary integers, n and
n’. In addition, we imposed the twisted boundary conditions
with (0, 6,) only for the space specified by o [69,87,88].
The periodic boundary conditions are imposed on the other
space. The operator d;; denotes the corresponding differen-
tial operator acting only on the space specified by o. For
instance, the action of B{f on a state |O)x ® |D')p reads
(B 1PNk) ® | D) 5.

As proven in Sec. III B, the pseudospin Chern number Cp
elucidates that as long as the gap of the “Liouvillian” £(A)
opens, the topological properties of Hes are maintained even
in the presence of the jump term. We note that when the
pseudospin Chern number changes, the gap-closing should
occur in the parameter space of (6, 6,).

The effective non-Hermitian Hamiltonian Heg is particu-
larly useful when £; and £y can be written in block-upper-
triangular and block-diagonal forms, respectively. This is
because in such cases, the effective non-Hermitian Hamil-
tonian governs not only topological properties but also the
spectrum of the full Liouvillian [89,90] (see Appendix C),
which significantly reduces the numerical cost.

B. Properties of the pseudospin Chern number

The pseudospin Chern number elucidates that even in the
presence of the jump term, topological properties of Heg re-
main unchanged as long as the gap of the “Liouvillian” £(})
opens. To see this, we note the following three facts.

(1) The pseudospin Chern number is quantized even in the
presence of the jump term, provided that the gap-closing of
L does not occur in the space of (6, 6)). The quantization of
C,+ can be proven by extending the argument in Refs. [87,91]
(for more details, see Appendix D). We note that introducing
a perturbation does not change C, as long as the gap is open.
This can be seen by noting that C,, under the gap condition
is continuous as a function of the strength of the perturbation,
while its value is quantized.

(ii) In the absence of the jump term, Cxg is rewritten as

Ckx = NsCqy, 3
with
Chiyy = / DA% inf (6., 0, (9a)
2
FO:0)) =€ Y (0, P, 10, P, g (9b)

ny

Equation (8) is proven in Sec. IIIB 1. We note that Cp,
defined in Eq. (9), is nothing but the Chern number of H.g
[59].

(iii) In the absence of the jump term, the Chern number
obtained by twisting the boundary conditions only for the
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subspace Bra (Cpp) satisfies
Cpp = —Ckk, (10)

which is proven in Sec. III B 2. This relation also indicates that
for A = 0, the total Chern number computed by twisting the
boundary conditions both for the subspaces Bra and Ket (i.e.,
Ciot = Cgk + Cpp) vanishes even when the eigenstates of Heg
show topologically nontrivial properties.

Based on the fact (i), we can see that the pseudospin
Chern number is quantized as long as the gap opens. In addi-
tion, (ii) and (iii) indicate that the pseudospin Chern number
Cps = (Cgx — Cpp)/2 characterizes the topological properties
described by the Hamiltonian Hes for A = 0. Therefore, Cps
elucidates that as long as the gap opens, the topology of Heg
is maintained even in the presence of the jump term. The
effective non-Hermitian Hamiltonian is particularly useful for
systems with loss but without gain or vice versa because
both the spectral and topological properties are encoded into
the effective Hamiltonian H.g which significantly reduces the
numerical cost.

In the rest of this section, we prove Egs. (8) and (10).

1. Proof of Eq. (8)
First, we make the identification [92]

LoDk < | Pu )RR ( Py |, LLon] < [Puy)LL( Py, |, (A1)

where |p,,))g and ;. {p,| are right and left eigenvectors of L
Lolpa)r = (En, — E;)|pn)r (12)

L «pn |[’0 =L <<;0n | (Em

respectively. Vectors |®,,)g and (®,,| denote the right and
left eigenstates of Hegr which satisfy ; (®, | Py, )r = Spyn,- The
subscript n denotes the set of integers, n; and n,, labeling the
eigenstates, [®,, )g and 1 (P, |.

We recall that for the computation of the Chern number
Ckk, the twisted boundary conditions are imposed only on
the subspace Ket. In this case, the derivative 35 acts only on
the states in the subspace Ket. Keeping this fact in mind, we
obtain the Berry connection Ag,, and the Berry curvature Fig
as

—E}), (13)

Ak =Y LUpaldf 10n)r

n

= Z tr[|q>n2 )LL(q)nl |8ucbn1 )RR(q>nz |]

= Y (P, | D)L (Dr, 10, P, )
= Nu ) 14D, 10D, )i, (14a)
n
and
Fik = €00,Ak0 = Na€yy Y (0, P, 10, P, )r.  (14b)

n

Thus, we end up with Eq. (8).

2. Proof of Eq. (10)

For the computation of the Chern number Cgp, we impose
the twisted boundary conditions only on the subspace Bra,
meaning that the derivative 85 acts only on the states in the
subspace Bra. Keeping this in mind, we can see that the Berry
connection Agy, is equal to Ay,

Apu =Y 1{oaldf1oa0r = Na Y _ r(0, P, |®r,)1 = A,
n na
(15)

which yields Fgp 1= €,,,0,Ap, = F¢g.

Because the Chern number Cgg is an integral of Im[Fpg],
we obtain Eq. (10).

Equation (15) also indicates that the total Chern number
computed by twisting the boundary conditions both for the
subspaces Bra and Ket (i.e., Cioy = Cxx + Cpp) vanishes; the
Berry connection A,, obtained by twisting the boundary con-
ditions both for the subspace satisfies ImA,, = 0, meaning that
the relation of ImF" := €,,,d,ImA, vanishes.

IV. APPLICATION TO THE FQH STATES FOR AN OPEN
QUANTUM SYSTEM WITH TWO-BODY LOSS

By numerically computing the pseudospin Chern number,
we elucidate that even in the presence of the jump term,
the topology of FQH states survives for the following open
quantum system with two-body loss.

Let us consider an open quantum system of spinless
fermions on a square lattice. We denote by c} and c; the
creation and the annihilation operators of a spinless fermion
at site i, respectively. The number operator at i is defined as
n; == cfci. The system is described by the following Hamilto-
nian and the Lindblad operators:

Hy = Z h,‘jClTCj + Vi Z nin;,
(ij) (i)

Li;/, = ﬁCiCH-e“ 5

where e, denotes the unit vector in the p-direction (u = x, y).
The Lindblad operators L’s describe two-body loss (y > 0).
The strength of the nearest-neighbor interaction V; is a real
number. The summation ) (j) 18 taken over pairs of neighbor-
ing sites i and j. The matrix element /;; = tye’>™ %1 with real
numbers ¢;; and #, describes hopping between neighboring
sites i and j under the gauge field. For the definition of the
phase factor ¢;;, see Fig. 1 where the string gauge is taken
[93]. The number of the flux quanta penetrating the entire
system is written as Ny := ¢L,L,, where L, and L, denote the
number of sites along the x- and the y-directions, respectively.
This model is considered to be relevant to cold atoms. The
Abelian gauge field can be introduced by rotating the system
[94-98] or by optically synthesized gauge fields [99-112].
The Feshbach resonance [113,114] induces inelastic scatter-
ing of two-body loss [115-119].

We address the characterization of non-Hermitian FQH
states by the following steps. First, we rewrite the fermionic
open quantum system as a closed fermionic system by identi-
fying the Liouvillian as a non-Hermitian Hamiltonian via the

(16a)

(16b)
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FIG. 1. Sketch of the model under the periodic boundary condi-
tions. Gray and black circles denote the sites; each site illustrated
with a gray circle is identified with the corresponding site illustrated
with a black circle on the opposite side. To describe the Abelian
gauge field, we took the string gauge [93]. Green arrows illustrate the
phase ¢;;. For hopping parallel to an arrow, ¢;; takes the value shown
in the figure. When the fermion hops in the opposite direction, ¢;;
takes the values so that ¢;; = —¢;; is satisfied. The number of the flux
quanta penetrating the entire system is written as N, = ¢L,L,, where
L, and L, denote the number of sites along the x- and the y-directions,
respectively. When ¢ is multiple of 1/L,, the string gauge is reduced
to the Landau gauge.

isomorphism [see Eq. (3)]. Second, by numerically diagonal-
izing the mapped fermionic model (18), we elucidate that the
topological properties are maintained; the topological degen-
eracy and the pseudospin Chern number are independent of
the jump term.

A. Mapping the fermionic open quantum system
to a closed bilayer system

First, based on the isomorphism [see Eq. (3)], we show that
the systems of spinless fermions with two-body loss can be
written as a closed bilayer fermionic system with interlayer
couplings.

With the isomorphism, an annihilation operator c; is
mapped to a creation operator EIT for the subspace Bra;
pC; <—>51T|p)) with {Ei,E;} =§;; for an arbitrary p. Here
a subtlety arises; commutation relations [c;, ¢;] = [c;, E;] =
0 should hold because the relation Ej|¢>jl Nk ® o )p =

P Nk ® (E?|¢ »)8) [120] holds for arbitrary states |¢;, )k ®
), 0B

We note, however, that the above commutation relations
can be rewritten as the anticommutation relations by introduc-
ing the following operators [121,122]:

dig = ci, dip = CiPyq, a7
where Py, := (—1)Ziude, Namely, with the operators d,
(0 = a,b), we have {di, djo} = 0 and {dis. d},,} = 8555i;.
Here, the operators with 0 = a (o0 = b) act on the subspace
Ket (Bra).

N=0 © N2 o Ng#4 o Ng6 o
A S— 3 0.00
Ofwniteed (o) N
<:—0.5 b o LY i 8° o® o
E o |
(a) 1 -0.05
-1.5 ¢ . ] le e
-0.03  0.00 0.03 -0.030.00 0.03
ReA,, ReA,

FIG. 2. Spectrum of the “Liouvillian” L£(}) := Lo+ AL; for
A = 0 (colored dots) and . = 1 (black dots). Explicit forms of L,
and C; are written in Eq. (18). The spectra are exactly on top of
each other, which is expected from the fact that £; and £, can be
written in block-upper-triangular and block-diagonal forms, respec-
tively [89,90] (see Appendix C). Panel (b) is a magnified version
of the range 0 < ImA, < 0.07 in panel (a). Parameters are set to
Vg = cos(0.4), y =2sin(0.4m), tp =1, and L, = L, = 6. Total
number of flux is Ny = ¢L,L, = 6. The data for A =0 (colored
dots) are obtained by diagonalizing £, for the subspace labeled
by (N, Ny) =(0,0), (2,2), (4,4), or (6,6). For (N,,N,) = (2,2),
the filling of each layer is 1/3. While the jump term mixes the
subspaces labeled by (N,, N,) and (N, + 2, N, 4 2), the “Liouvil-
lian” can still be block-diagonalized into subsectors labeled by
(N, — Np, (=1)). The black dots are obtained for the subspace
labeled by (N, — Ny, (—1)M) = (0, 1). The Laughlin states with the
filling factor v = 1/3 are denoted by the dots marked with the arrow
in panel (b). We note that the Laughlin states denoted with the arrow
have a finite lifetime while the vacuum is a nonequilibrium steady
state (i.e., its lifetime is infinite).

In terms of the operators d;, the Lindblad equation, which
is defined with the Hamiltonian H, (16) and the Lindblad

operators (16 b), is rewritten as

i0,p) = Llp) = (Lo + L)Y, (18a)
Lo= d} hijodic + Y Venignjs,  (18b)
(ij)o (ij)o
Ly = —iy Y diadjadjpdi, (18¢)
(ij)
with h;j, = h;j and h;j, = —h;;. The number operator is de-

fined as n;, := d;d,-a. Here V, = sgn(o)Vg — i% with sgn(o)
taking 1 (—1) foro = a (o = b).

The above equation indicates that an open quantum system
of spinless fermions can be mapped to a closed bilayer system
whose Hamiltonian corresponds to £ defined in Eq. (18). Here
we regarded d; (o = a, b) as an operator creating a spinless
fermion at site i of layer o.

B. Numerical results
1. Overview

We analyze the above bilayer system (18) by introducing a
parameter A (0 < A < 1), L(A) := Ly + LL;. Employing the
pseudopotential approach (see Sec. IV B 2 and Appendix E),
we obtain the spectrum and the pseudospin Chern number
which are shown in Figs. 2 and 3. As discussed in Sec. [V B 3,
these figures indicate that the topological properties of the
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FIG. 3. The pseudospin Chern number as a function of A for the
Laughlin states with 9-fold degeneracy indicated by dots marked
with the blue arrow in Fig. 2(b) (for details of the computation, see
Secs. IVB 2 and IV B 3). The parameters are set to the same values
as those of Fig. 2. For the computation of the Chern number, we
employed the method proposed in Ref. [123].

non-Hermitian FQH states remain unchanged even in the
presence of the jump term; the topological degeneracy and
the pseudospin Chern number are not affected by the jump
term.

Because the open quantum system loses but does not gain
particles, the vacuum (|p)) = |0)), ® |0)), with |0)), being the
state annihilated by all d;,) has an infinite lifetime, which is
consistent with Fig. 2. Namely, the Laughlin states, which are
indicated by dots marked with the arrow, are no longer the
states with the longest lifetime. We note, however, that the
topology of the Laughlin states is maintained even in the pres-
ence of the jump term. Such topological states are considered
to be experimentally accessible by observing the transient
dynamics of cold atoms. The realization of Laughlin states in
cold atoms was theoretically proposed [96,99,100]. Following
these proposals, one can prepare the Laughlin state as the
initial state for a sufficiently deep trap potential. Suddenly
making the trap potential shallower results in two-body loss.
Furthermore, the non-Hermitian FQH states become the first
decay modes by tuning the gauge field so that Ny = ¢L,L, =
6 is satisfied.

As we see below, our numerical results demonstrate that
both the spectral and the topological properties are encoded
into the effective non-Hermitian Hamiltonian if £y and L are
written in block-upper-triangular and block-diagonal forms,
respectively. The analysis of Hg is numerically less demand-
ing than that of the full Liouvillian £ = Ly + L;.

2. Results in the absence of the jump term

First, we discuss the case of £(0) = L, which can be
understood from the previous work [59] for the effective non-
Hermitian Hamiltonian Heg.

LetE, (ny =1,2,...)be eigenvalues of Hesr. Because the
state with the minimum real-part of the energy ReFE,, also
shows the longest lifetime, 1/ImE,,, the pseudopotential ap-
proach is employed where the creation operator clT is replaced
to fI =3 @} al (for more details, see Appendix E).
Here ¢;,, denotes a state in the lowest Landau level;
» j hijQjn, = @in,€,, With the energy ¢, € R. The operator

all creates a fermion with a state in the lowest Landau level.

The summation Z;l is taken over states in the lowest Landau

level. Diagonalizing H.g for the filling factor v = 1/3 for the
lowest Landau level, we can observe the 3-fold degeneracy
for the states with the longest lifetime [59,124], which is the
topological degeneracy of the Laughlin states for v = 1/3. We
note that the number of fermions is conserved in the absence
of the jump term. For these 3-fold-degenerate states, the Chern
number defined in Eq. (9) takes one (Cg,, = 1) [59,87,125],
which indicates the robustness of the topology against the
non-Hermiticity.

With the above facts, we can understand the results of L
which can be block-diagonalized into each subsector labeled
by (N,, Np) with N, denoting the total number of fermions
in layer o = a, b. In Fig. 2, the colored dots represent the
spectrum of Ly which is given by A, = E,, — E with E,,,
denoting the eigenvalues of H.g. The states indicated by dots
marked with the arrow correspond to the Laughlin states at
the filling factor v = 1/3. Here we note that these states show
9-fold degeneracy (Nj = 9) because there is topologically
protected 3-fold degeneracy (N, = 3) for each of the two lay-
ers. We also note that the data for N, = 4 are similar to those
of N, = 2, which is attributed to the pseudopotential approach
projecting creation operators onto the states in the lowest
Landau level [126]. Figure 3 shows that the pseudospin Chern
number for these 9-fold degenerate states takes three at > = 0,
which is consistent with Cy,; = 1. Namely, Cys = NyCp,; = 3
holds with N; = 3 [see Eq. (8)].

3. Results in the presence of the jump term

Let us now analyze the case for a finite value of A (0 < A <
1). We show the following: (i) the topological degeneracy is
maintained; (ii) the pseudospin Chern number remains one for
the non-Hermitian FQH states.

The topological degeneracy (9-fold degeneracy) survives
even in the presence of the jump term. This is because
the spectrum is not affected by the jump term L; when L
and Ly can be written in block-upper-triangular and block-
diagonal forms, respectively [89,90] (see Appendix C); for
the open quantum system with two-body loss but without
gain, the jump term £; maps states in the subspace labeled by
(N, + 2, Ny + 2) to those in subspaces labeled by (N,, Np),
while L, is block-diagonalized for subspaces labeled by
(N4, Np). The numerical data for two-body loss also support
the above independence of the spectrum. In Fig. 2, we can
see that the eigenvalues of Ly (colored dots) and those of
L = Lo+ Ly (black dots) are exactly on top of each other.
We note that the spectrum of L is obtained for the subsector
labeled by N, — N;, and (—1)M where the “Liouvillian” £())
is block-diagonalized. The above numerical data show that the
topological degeneracy survives even in the presence of the
jump term, which is expected on general grounds.

The pseudospin Chern number should not be affected by
the jump term, as the gap-closing does not occur. Indeed,
Fig. 3 indicates that the pseudospin Chern number takes three
for an arbitrary value of A (0 < A < 1). Noting the relation
Cps = 3Ch,; [see Eq. (8)], we conclude that topological prop-
erties of Her remain unchanged even in the presence of the
jump terms. Figure 3 is obtained by employing the method
proposed in Ref. [123].
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In the above, we confirmed that the topological properties
of the Laughlin state are maintained even in the presence of
the jump term. Furthermore, the above results elucidate that
both the spectral and the topological properties are encoded
into the effective non-Hermitian Hamiltonian if £; and £, are
written in block-upper-triangular and block-diagonal forms,
respectively.

We close this section with a remark on the topological
degeneracy; for another type of Lindblad operator preserv-
ing the charge U(1) symmetry, e.g., the Lindblad operators
describing dephasing noise [78,79,81,127,128], 3-fold topo-
logical degeneracy can be observed (for more details, see
Appendix F).

V. SUMMARY

Despite the previous extensive analysis of open quantum
systems, it is unclear whether correlated topological states,
such as FQH states, are maintained even in the presence of
the jump term.

In this paper, we introduced the pseudo-spin Chern number
computed from the vectorized density matrices in the doubled
Hilbert space Ket ® Bra which is akin to the spin-Chern num-
ber. The presence of such a topological invariant elucidates
that, as long as the gap of “Liouvillian” L£(X) = Lo + ALy
opens for 0 < A < 1, the topology of the full Liouvillian £(1)
is encoded into Hr. The effective Hamiltonian is particularly
useful for systems where £ and £y can be written in block-
upper-triangular and block-diagonal forms, respectively. This
is because in such systems both the spectral and topological
properties are encoded into the effective Hamiltonian.

As an application, we addressed the topological charac-
terization of the non-Hermitian FQH states in open quantum
systems with two-body loss but without gain. Our numerical
results have elucidated that even in the presence of the jump
term, topological properties (i.e., the pseudospin Chern num-
ber and 9-fold topological degeneracy) of the non-Hermitian
FQH states are not affected by the jump term. This fact also
reduces the numerical cost because the analysis of Heg is
numerically less demanding than that of the full Liouvillian
L=Ly+ L.

We note that similar topological invariants can be intro-
duced to characterize correlated topological states for other
spatial dimensions and symmetry [e.g., a one-dimensional
open quantum systems with inversion symmetry (see Ap-
pendix B)], indicating the high versatility of our approach.
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APPENDIX A: DETAILS OF THE ISOMORPHISM
DEFINED IN Eq. (3)

With the isomorphism [see Eq. (3)], the action of the Li-
ouvillian .Z[ -] on a density matrix is mapped to a vector as
follows:

Llp®)] < Llp@)), (Ala)
with
L =L+ Ly, (Alb)
Lo= Her ® 1 — 1® H}y), (Alc)
(Ald)

Ly=iY Ly®L,.

Here 1 denotes the identity operator.

To see this, we first note that the isomorphism [see Eq. (3)]
maps the density matrix p € Endc (), which act on the
Hilbert space H, to the vector in the doubled Hilbert space
|p)) € Ket ® Bra. Correspondingly, the superoperator & €
Endc[Endc (H)] is mapped to a non-Hermitian matrix £. In
particular, we have

ApB = > AvipijBjj|¢i) (¢
iji'y'
T T
<~ Z(Ai’i Q B )pijloiNk @ ¢jhp =A® B [p)),
iji'j’

(A2)
where A;; := (¢i|Al|p;), Bij := (¢i|Bl¢p;) with |¢;) being the
set of states generated by acting on the vacuum with creation
operators in the real space [e.g., for spinless fermions, |¢;)
is generated by acting with the creation operators c; (=

1,2, ...) on the vacuum]. By making use of the above relation,
we have

pHjy < 1@ (Hi)" |p).
LypLy < Ly ® (LY |p).

(A3a)
(A3b)

Therefore, we can see that the Liouvillian Z[p(t)] is
mapped to a non-Hermitian matrix £ as shown in Eq. (A1).

APPENDIX B: CHARACTERIZATION OF
ONE-DIMENSIONAL OPEN QUANTUM SYSTEMS
WITH INVERSION SYMMETRY

In Sec. III, we introduced the pseudospin Chern num-
ber to characterize topological properties maintained even
in the presence of the jump term for two-dimensional open
quantum systems without symmetry. The pseudospin Chern
number can be computed by twisting the boundary condition
either Ket or Bra space. We show that this approach can be
straightforwardly applied to one-dimensional open quantum
systems with inversion symmetry, in which case the Berry
phase is quantized to O or . The presence of such a quan-
tized topological invariant elucidates that the topology of the
full Liouvillian is encoded into Her when £y and Ly can be
written in block-upper-triangular and block-diagonal forms,
respectively. This fact is particularly useful for systems with
loss but without gain as demonstrated in Sec. I'V.
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As an application to one-dimensional open quantum sys-
tems with dissipation, we analyze the Su-Schrieffer-Heeger
(SSH) model with dephasing noise whose topology has not
been characterized so far.

1. Berry phase for open quantum systems
a. Definition

Let £(0) be a one-parameter family of Liouvillian depend-
ing smoothly on 6 and periodic in 6, i.e., L(0 + 2w) = L(0).
Here, 6 dependence is introduced only for the subspace Ket.
We assume that there exists a 8-independent operator / such
that 1> = 1 and I£(8)I = L(—0). The Berry phase introduced
in this section is available regardless of whether the particles
are fermions or bosons.

Suppose that the right and left vectors of the Liouvil-
lian, |0,(0))r and ;{p,(0)|, are nondegenerate. In this case,
choosing the gauge so that |p,(60 + 27 ))r = |0,(0))r and
1{pn(0 4+ 2m)| = L {pn(0)| are satisfied, we can define the
following Berry phase:

b
XKn =f d0 ImAg,(0), (Bla)

Axn(©) = L{Pa(0)195102(0))i-

Here 0X denotes the derivative with respect to § which acts
only on the subspace Ket; for instance, the action of 9
on a state |P)x ® [¥')p reads (3X|P) k) ® |¥')z. We im-
posed the biorthogonal normalization condition on the right
and left eigenvectors of L£(0); |0,(0))r and ; {p, (0)| satisfy
L{ow ()]0, (0))g = 8, for arbitrary integers, n and n'.

(B1b)

b. Properties of the Berry phase Xy,

The Berry phase g, elucidates that as long as the gap of
the “Liouvillian” £(A) opens for 0 < A < 1, the topological
properties of Heg are maintained even in the presence of the
jump term, which follows from the following two facts.

(i) The Berry phase is quantized,

e = [T a6 on(B0))r € {1, 1},

9():0,7[

(B2)

where the right eigenvector |p,(6)))g is also a right eigenvec-
tor of I with an eigenvalue %1 for 6, = 0 or . Equation (B2)
is proven in Appendix B 1 c.

(ii) In the absence of the jump term, yk, is written as

T
0
XKn = / do ImL<q>n| |£|¢’”1>R’ (B3)

T
where |®,, )r and (P, | (n; =1, 2, ...) are the right and left
eigenvectors of He(6),

Heti (0)| P, (0))r = En, (6)| Py, (0))r:
L{Pn, (0)|Hei (0) = L(Pn, (O)|En, (6),

with the eigenvalue E,, (9) € C. Equation (B4) is proven in
Appendix B 1 c.

Equation (B3) indicates that xk, is reduced to the Berry
phase for Hcs in the absence of the jump term. In addition,
Eq. (B2) indicates that as long as the gap opens, xk, does
not change its value even when the jump term is introduced.

(Bda)
(B4b)

Therefore, the Berry phase xg, elucidates that as long as the
gap of the “Liouvillian” £(A) opens for 0 < A < 1, the topo-
logical properties of Heg are maintained even in the presence
of the jump term.

In particular, this fact indicates that the topology of the
full Liouvillian is encoded into H; when L£; and £ can be
written in block-upper-triangular and block-diagonal forms,
respectively. An example of such systems is an open quantum
system with loss but without gain, as we have seen in Sec. IV
where the two-dimensional system is analyzed.

We note that Berry phases for non-Hermitian systems are
defined in several contexts [129,130]. However, it remains
unsolved whether there exists a topological invariant that char-
acterizes the topological properties even in the presence of the
jump term.

In the rest of this section, we prove Eqs. (B2) and (B3).

¢. Proof of Eqs. (B2) and (B3)

Proof of Eq. (B2). For the inversion symmetric system
satisfying IL(6)I~' = L(—6), the following relation holds:

110,(—0)r = 1pa(0)rCn(6),
Llon (=0 = ¢, (O palO)],

with a continuous function ¢,(f) taking a complex value
cn(0) # 0. We recall the assumption that the right and left
eigenvectors are nondegenerate. By using the above relation,
we can obtain

Akn(=0) = L{pa(—0)13%, |0 (—0))r
= —1{(on(—0)104 | pa(—6)) &
= —1Upn (OIS pu(—0)) &
==, O)L{Pn (0135 |0n(0))ren(0)

d
= —Aka(0) — 6;1(0)£Cn(9)'

(B5a)
(B5b)

(B6)

This relation simplifies the integral in Eq. (B1a),

0 b4
XKn = / do ImAK,l(9)+/ do ImAKn(G)
0

-7

/d@ Im[Ag,(—60) + Ag,(6)]
0

” ]
— /O de Imc;l(é?)%cn(é?)

= —Im[logc,(w) — log c,(0)]. (B7)

Equation (B5) indicates that |p,(0))r [10,(r))g] is a right
eigenvector of I with eigenvalue ¢, (0) [c,(;r)]. Namely, c,(0)
and c,(mr) take 1 or —1. Therefore, combining this fact and
Eq. (B7), we obtain Eq. (B2) which indicates the quantization
of the Berry phase xk,.

Proof of Eq. (B3). In the absence of the jump term, we can
see the following correspondence:

L{{onl < [P ) LL( Py, |. (BY)

Here we recall the assumption that the states are non-
degenerate. By using the above correspondence, xg, is written

lon)r < [P )RR( D,
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as

Xk = / d6 Tmtr(1©, )11 (D, 135D, Y (B )

-7

T
3
= / do ITmp (P, |£|<I>n,)R, (B9)

which is the desired Eq. (B3).

2. SSH model with dephasing noise

In the above, we introduced the Berry phase for the doubled
Hilbert space [see Eq. (B1)]. In particular, the Berry phase
elucidates that both the spectral and topological properties of
the Liouvillian are encoded into the effective non-Hermitian
Hamiltonian H.¢ for open quantum systems whose jump term
can be written in a block-upper-triangular form. This is be-
cause such a jump term does not affect the spectrum.

In this section, instead of the detailed analysis of such
an open quantum system, we address the topological charac-
terization of a one-dimensional system with dephasing noise
[78,79,81,127,128], demonstrating that our topological invari-
ant works even when the jump term affects the spectrum of
the Liouvillian. Specifically, we analyze the SSH model with
dephasing noise whose topological properties have not been
analyzed so far. Our analysis elucidates that a nonequilibrium
steady state is characterized by the Berry phase taking 7 in
the presence of the jump term although the gap is closed in
the absence of the jump term.

a. Mapping the open quantum system to a closed system
Consider the SSH model with dephasing noise described
by the Lindblad equation (1a) with
L-1
H() = Ztcj'-HchB —+ t,C;ACjB =+ H.C.,
j=0

14 1
Lj, = %_(c;acja — Cjac;a) = ﬁ(cjac]o, — 5) (B10b)

(B10a)

Here, c?a (cjq) creates (annihilates) a spinless fermion at sub-
lattice o = A, B of site J- Hopping integrals ¢ and ¢’ take real
values, and y is a positive number. The number of unit cells is
L. We imposed the periodic boundary condition ¢}, = cga.

The above open quantum system is mapped to the closed
system, which has been discussed for the specific choice of ¢/
(' =) [79,83]. The Liouvillian reads

L=Ly+ Ly, (Bl1a)
;C()ZX:i(l‘dI dip +l/d dips + Hec.) — — )/L
e j+1Ac “Jbo jAo ©Jbo 2
(B11b)
L—-1 1 1
CJ:-i}/ZZ(njaT—E)(l’ljai—§>. (BllC)

a  j=0

Here we used o =% (00 =) to specify the subspace Ket (Bra).
We denote by d ]TM the creation operator of a fermion with spin
o =%, | atsublattice a = A, B of site j. The number operator

is defined as 1o, := djwdjag

Now, we derive Eq. (B11). With the isomorphism [see
Eq. (3)], the following relations hold for an arbitrary density
matrix p:

g (E;raEia - %)(ELEW - %)U)», (B12a)
(C;Faci“ - %)p(c;racia - %)
< (cheiw = 1) (Eew — $)lo).  (BI2b)

where c;, (Ciy) acts on the vectors in the subspace Ket (Bra).
Thus, introducing the following operators:

digt = Cia, (B13a)
diay = Tiol(—1)Xehr, (B13b)

the Liouvillian can be written as
L=Ly+ EJ, (Bl4a)

Zzsgn(a)(t j+1Ac jBa +t/de6ijo' + H.c.)

ao j=0
iyL
2 b

) 1 1
Ly=iy), (nm - 5) <"ja¢ - §>,
Jjo

with sgn(o) taking 1 (—1) for o =1 ().
Further applying the particle-hole transformation only for
down-spin states

(B14b)

di,, = diay, (B15)

we end up with Eq. (B11).

Here we define the Liouvillian £(0) for the SSH model
which is necessary to compute the Berry phase. Twisting the
hopping between sites j = 0 and j = 1 only for the subspace
specified with o =1, the Liouvillian £(#) is written as

LO) = Lo(0) + Ly,

L—-1
,C()(@) = Z <th]l+]Aa_ijo‘ + té' GleAﬂd()BJ + HC)

j=1

(B16a)

iyL

+1 Z(dﬂwd 8o +Hc.) — > (B16b)

with 8, = 6[1 + sgn(o)]/2.

b. Results fort’ =0

By analyzing a simple case for ' = 0, we show that in
the bulk, the nonequilibrium steady state (i.e., the states with
an infinite lifetime) is characterized by the Berry phase 7.
Correspondingly, for the open boundary condition, the edge
states result in the charge polarization only at edges. We note
that the gap is closed in the absence of the jump term.

(i) Bulk properties. Let us consider the “Liouvillian”
L(A) = Lo+ ALy under the periodic boundary condition.
Here L and Ly are defined in Eq. (B11). This model preserves
the total number of particles for each spin.
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For ¢ = 0, the problem is reduced to a two-site Hubbard
model with the pure-imaginary interaction

Losite() =1 deAngBa +H.c.

. 1 1

— iy mar — 5 nia, — 5
n 1 1 iy
noBy ) noB|, ) 7

Here let us focus on the half-filled case where the dynamics
can be understood by diagonalizing L (1) for the subsector
labeled by (Ny, N)) = (1, 1) with Ny := njas + nogs -

First, we define the basis

{1, 1+2), 1= 1), 1 =2),

spanning the subspace labeled by (N, N,) = (1,1). Here
|£1)) and |£2)) are defined as

B17)

(B18)

|
|£1) = E(d“md“w +digdip,)I0),  (B19a)
|4+2)) == \/_(dmd(;mingdeAi)m», (B19b)

with the vacuum |0)) satisfying d;4,|0)) = 0 and dyp,|0)) =0
foro =1, |.
In this basis, Loge (1) is represented as

Loie(M) = <£+O()L) E_O()L)) s (B20a)

iy +0))2 2%

L) = ( 2 —iy(1 — x)/2>’ (B20b)
iy 402 0

L) = ( . e k)/2>' (B20c)

Diagonalizing the matrix Loge(X), we can see that the
eigenvalues are written as

Ao = [—iy + V1612 = 22y2]/2, (B21a)
Ay = [—iy — V1612 — 22y2]/2, (B21b)
A_y = —iy(h + 1)/2, (B21c)
Ay =iy(h—1)/2. (B21d)

In Fig. 4, the spectrum of “Liouvillian” Lyg(X) is plotted
for 0 < A < 1. For 4t < y, an exceptional point appears with
increasing A. However, regardless of the value of y, the eigen-
state with eigenvalue A _,, is the longest lifetime. In particular,
for A = 1, it is a nonequilibrium steady state, i.e., the lifetime
becomes infinite. From Eq. (B20), we can see that the corre-
sponding left and right eigenstates are 7 {({ 02site,o| = (—2| and
|p25ile,g»R = |-2).

For the state | pasite, o)) & the Berry phase takes . To see this,
first, we note that twisting the hopping ¢ only for the subsector
with 0 =1 [see Eq. (B16)] can be accomplished by applying
the operator ¢4t [131];

Losite(0, 1) = €941 Loge (M)e™ M1, (B22)

with —m < 6 < . Here we note that Eq. (B22) holds only
for ' = 0. Equation (B22) indicates that the eigenstates of

L ) ———
_ B d) y=5t
S0 2 3t 50
2 -4
I — 2
_% A ~ 0
s e oL
E -2 1a 5 4
L) e
0.0 0.5 1.0
A A
Ooy=3t 0 0T y=5t 1A -Ag

ImA

ImA
21|
I

Parametric plot A a - A_a o Parametric plot
5 A: 01 Ayp -Ayp - 5 A 01 ln
-2 -1 0 1 2 -2 -1 0 1 2
ReA ReA

FIG. 4. (a)-(c) [(d)—(f)]: The spectrum of the “Liouvillian” £(1)
for y = 3¢ and (y = 5t). These data are obtained for # = 1. Panels
(a) and (d) [(b) and (e)] show the real (imaginary) part of the eigen-
values as functions of A. Panels (c) and (f) show the parametric plot
of the spectrum for 0 < A < 1. As A increases from A = 0 to 1, the
eigenvalues flow along the allows. The data for A =0 (L = 1) are
plotted as triangles (squares). We note that at A = 1, the exceptional
point can be observed with increasing y.

Losie(0, 1) can be obtained from those of L (A); for in-
stance, the eigenstate with the longest lifetime for Lo (6, A)
is given by

| pasite.s(0))r = €41 =2)), (B23a)
L{P2sie.s(0)] = (—2[e™". (B23b)
Therefore, computing the eigenvalue of 1,
1
11paite 0))r = 1 ﬁ(dmeB L — digrdiy)I0)
1
¥ t
Zﬁ(domdlm dumdom)'()»
= _|p2site,g(0)»Rv (B24a)

1
1|pzsne,g(n>>>R=17( dfyydis, — digdiy )I0)

f< oy diay = diaydo, )10)

= [Pasite.g ()R, (B24b)

byields the Berry phase x4, = 7. Here we used Eq. (B2). We
note that the same result can be obtained by direct evaluation
of the integral in Eq. (B1) [132].

Corresponding to the Berry phase taking 7, one may
expect the emergence of edge states [133,134] which is dis-
cussed at the end of this section. Here, for comparison, we
discuss expectation values under the periodic boundary con-
dition. First, we note that the state is written as

|pasite.s)) = Prsite.g = 2(c]410)(Olcra + cizl0) (Olcon),
(B25)
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which we see below. Here we normalized the density matrix
so that trpge ¢ = 1 holds. Thus we obtain
(B26)

1
tr(n1aPsite.g) = 5, (0B P2site.g) = 5

Equation (B25) can be seen by a straightforward calcula-
tion. As we applied the particle-hole transformation [see
Eq. (BI5)], |p2site.g)) = | — 2)) is mapped as

1
|—2) —> T(dfmdom dggrdiay)d],, dgp, 10)

<d1ATdIA¢ + digdi))0), (B27)

5

which can be rewritten in terms of ¢;, and ¢, as follows:

1
|=2)) = —=Ppe(ci &1y +clpiipO),  (B28)

V2

where Py, := (—1)"5A"‘A+°'3B"°B. By normalizing the density
matrix so that tr(pae,,) = 1 holds, we obtain Eq. (B25).
In the above, we saw that Eq. (B26) holds for the periodic
boundary condition.

(ii) Edge properties. Now, let us analyze the system with
edges. We impose the open boundary condition; sites i = 0
and i = L — 1 are decoupled. We again restrict ourselves to
the half-filled case. For ¢ = 0, each boundary site is iso-
lated from the bulk. The “Liouvillian” at the edge j =0 is
written as Legge(A) = —idy (noay — %)('lo/u - %) — 2. The
right eigenvectors and corresponding eigenvalues are easily
obtained and written as

0), Ao= —%(1 + 1), (B29a)
T iy
dOAT|0»’ A¢ = _Z(l - )‘«)1 (B29b)
T iy
doq 00, Ay == (1=2), (B29¢)
; i
digdiy 0, Ay = —Z’”(l +3).  (B29d)

Here we note that the states with the longest lifetime are
doubly degenerate. Taking into account two edges, we obtain
the edge state with an infinite lifetime,

|)Oedge,g» = (adgA¢dZ_1B¢ + bd2_13¢dg,4¢)|0»7 (B3O)

with real numbers a and b satisfying a®> + b> = 1. We note
that dg ATdL 181 |0)) is also an eigenstate with the zero eigen-
value. However, we discard this states because we restrict
ourselves to the half-filled case, (N4, N}) = (1, 1) with N, =
Noas + NL—1Bo -

As shown below, |peqge.¢)) can be rewritten as

| Pedge.g)) —> Pedge.g = (d/C(T)AI()) (Olcoa — b/02713|0) (OleL-18),
(B31)

with @' and &' are real numbers satisfying ' —»" = 1. Here
we renormalized the states so that tr(pegge,¢) = 1 holds. There-
fore, we obtain

tr(”OApedge,g) = a/’ tr(nL—predge.g) =-0U. (B32)

This result means that the polarization is observed only at
each edge. Namely, we have
tr[(noa — NoB)Pedge.g] = d' — 1, (B33a)
at j = 0, while we have

tr[(njA - njB)pedge,g] =0, (B33b)

forthe bulk (j =1, ..., L —2) [see Eq. (B26)].

Equation (B31) can be obtained in a similar way to the
analysis of the bulk [see Eq. (B25)]. As we applied the
particle-hole transformation [see Eq. (B15)] the state | ocdge,q))
is mapped as

(adgATdL—lBl + bdzflmeAi)dgmdzflm|0»
(B34)

|Pedge,g» -

_ il il
= (- adomdom + bdulm L— lB¢)|0»
which can be rewritten in terms of ¢;, and ¢;, as follows:

|pedge g» g P)‘c(acoAcoA bCL lBCL 1B)|O» (B35)

where Py, 1= (— 1)"0A"°A+"L—IB"L*”-‘?. By normalizing the density
matrix so that tr(pegge,¢) = 1 holds, we obtain Eq. (B31).

In the above, fort’ = 0, the Berry phase x4, of the nonequi-
librium steady states takes m. Correspondingly, while the
charge distribution of the bulk is uniform, each edge shows
the charge polarization.

We recall that the topological properties remain unchanged
as long as the gap does not close. This fact means that for
small but finite ¢’, the Berry phase should take 7 inducing the
edge polarization.

APPENDIX C: SPECTRUM OF A
BLOCK-UPPER-TRIANGULAR MATRIX

The spectrum of the “Liouvillian” L(X) = Ly + ALy is
independent of X (0 < A < 1) when L (L£y) is a block-upper-
triangular (block-diagonal) matrix [89,90].

To see this, let us consider the following square matrix of a
block-upper-triangular form

Loo ALy 0
L) = 0 Loz Ao |, (C1
0 0 Lus

where L0y, L£(2,2), and L4 4) are non-Hermitian square ma-
trices. Matrices Ly(o,2) and Ly 4 are non-Hermitian and not
necessarily square matrices. The spectrum of £() is indepen-
dent of A, which can be seen as follows.

First, we note that an arbitrary eigenvalue A of £(A) in
Eq. (C1) is determined by the characteristic equation

Lo,0) ALy 0
det 0 E(z’z) )»ACJ(ZA) — Al | =0. (C2)
0 0 £(4,4)

Regardless of the value of A, the above equation is rewrit-
ten as [135] det(ﬁ(o’o) - A]l)det(ﬁ(z’z) - A]l)det(ﬁ(4,4> -
AT) = 0, which indicates that the spectrum of the matrix £(})
is independent of A.

The above argument can be straightforwardly extended to
a generic case. Thus, we can conclude that the spectrum of the
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“Liouvillian” £L(A) = Ly 4+ ALy is independent of A when Lj
(Ly) is a block-upper-triangular (block-diagonal) matrix.

APPENDIX D: QUANTIZATION OF THE PSEUDOSPIN
CHERN NUMBER

The pseudospin Chern number is quantized even in the
presence of the jump term. To see this, we show that C,, (o =
K, B) defined in Eq. (7) is quantized. We note that the quan-
tization of a many-body Chern number for non-Hermitian
systems is proven [59] by extending the proof in the Hermitian
case [87,91]. We note, however, that, quantization of the non-
Hermitian many-body Chern numbers (Cgx and Cpp), which
are computed by twisting the boundary condition only for a
subsector of the Hilbert space, has not been proven yet. Thus
this section is devoted to its proof.

Consider “Liouvillian” E(Gx,é‘v,)t) with 0 < Oy < 27
and 0 < A < 1, which is obtained by twisting the boundary
condition only for the subspace specified by o . Because taking
the unique gauge may not be allowed, we divide the two-
dimensional space (6y, 6,) into two regions, I and II, so that
the eigenstates are single-valued and are smoothly defined in
each region. We note in passing that one can treat the case,
where the space (6y, 6,) needs to be divided into more than
three regions, on an equal footing.

In each region, the Berry curvature is rewritten as

= 07 A, — VAL,
DI AL A

n

(D1a)
(D1b)

with u = x, y. Here, |0} ))r and ; {0} | are right and left eigen-
states of L(6,, 6y, A) for region s = I, II. The summation ) _,
is taken over degenerate states. By making use of Stokes’
theorem, C,,, defined in Eq. (7) can be written as

1

Coo = 7 do, Im(Afw —A“W)

d0,, Imd,, log(detM) € Z. (D2)

Here the integral is taken over the boundary of two regions,
I and I, and M is an invertible matrix. From the first to the
second line, we used the following relation:

=AY M

nm

E)(rjtl;nr

om0, (D3)
This relation is obtained by noting that relations |,o VR
S 1PN kM, and (ol =, Ml (pL| hold because
both of the gauges are available on the boundary of two
regions I and II. We recall that the biorthogonal normalization
condition is imposed on the right and left eigenvectors.

Equation (D2) indicates the quantization of C,,. We note
that Eq. (D2) holds as long as the gap-closing does not occur
in the parameter space (6, 6y).

We note that introducing a perturbation does not change
Cso as long as the gap is open [136]. This is because C,4 is
continuous as a function of the strength of the perturbation
maintaining the gap, while C,,, is quantized [see Eq. (D2)].

We close this section by noting that Eq. (7) is written as

C f d0,do, F,,. This is because the integral of the

o0 — 27T

real part of the Berry curvature vanishes; the real part of a
complex function log z with z € C is single-valued.

APPENDIX E: LIOUVILLIAN WITH THE
PSEUDOPOTENTIAL APPROXIMATION

Here, with the pseudopotential approximation, we see that
the Liouvillian (18) can be written as

»C =~ Zhijaf;,fja + Z Vaf}if};;fjaﬁa

ijo (ijyo
—iy Y fafiaf S (Ela)
(ij)
where
i ! . ! ¥
= ngo;;]a;]a, fi = an(pm]amb. (Elb)

Here h;j, and V,, are defined just below Eq. (18). The operator
aj , creates the fermion in state @;,, of the lowest Landau level
for layer ¢ (o0 = a, b). The creation and the annihilation op-
erators satisfy {a,q, azzg,} = 0pn, 000" and {a,,o, an,o'} = 0.
The summation Z;l is taken over the states in the lowest
Landau level.

In the following, we derive Eq. (Ela). First, we note that
the anticommutation relation between an . and ajll p 18 due
to the introduction of the operator for the fermion num-
ber parity. Namely, we can see that ,oaf“ is mapped as
ay, |p)). The annihilation operator a,, acts on a state in sub-
space Bra. The operators a’s commute with the operators a’s

and a'’s, [a,,, nz] [am , an,] = 0. Thus, introducing oper-
= a”r and a b — a Pfa [Pfa _( I)an n,afln,a],
we have the anticommutation relation between a . and an2 b

Second, we note that with the pseudopotentlal approxnna—
tion, the operators can be written as follows:

Hy ~ Zh,,f fi+Ve Y fflfit

(ij)
>LiL =
o

=Y ZC C; CiCj =y fof])rflﬁ’
Y LapLi =y cicjpc]
a (i)

(ij) (ij)
ol >y Y fifinflf

With the isomorphism [see Eq. (3)], these terms can be

identified as follows:

(ij)
phii(f ;) < h,,f Lfalo)
pI fFifi < Fof iy finfnlo),
Fifipfi £ o fafiafufinlp) = —fafiafifilp)-

Here we assumed i # j. By taking into account the above
relations, we get Eq. (Ela).

ators aT

= () S fhlo),

APPENDIX F: TOPOLOGICAL DEGENERACY
FOR ANOTHER TYPE OF DISSIPATION

By a topological argument, we show that the system with
the filling factor v (v~' =1, 3, 5, ...) shows at least v—!-fold
topological degeneracy in the spectrum of the Liouvillian
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when the Lindblad operators preserve charge U(1) symmetry.
We consider fermions in the square lattice (see Fig. 1) with
L, =L, =Land ¢ = 1/L. In this case, the number of states
in the lowest Landau level is N, = L = ¢! (i.e., the filling
factoris v := N, /Ny = PN,).

First, let us consider the eigenvectors of the kinetic terms
under the Landau gauge

> hij@jn, (ky) = @in, (ky)en, (F1)
J

with ny = 1, ..., dim h. Here we note that the Hamiltonian
h;j is invariant under the translation along the y-direction,
meaning that the Landau state ¢;, can also be labeled by
momentum along the y-direction k:

T, (ky)) = 7 |gn, (k). (F2)
with T, being the translation operator along the y-direction. In
addition, for Ly = L, = L and ¢ = 1/L, the following relation
holds [137]:

Ul (ky)) = |, (ky = 276)), (F3a)
with

i To_ 2migjy f
Ucj U =e Clojy

(F3b)

With the isomorphism [see Eq. (3)], we obtain the following
relations corresponding to Eqgs. (F2) and (F3):

Tyo [@n, (ky)), = e g, (k) . (F4)

and
Us |¢n, (ky)), = |on, (ky — 270)),, (F5a)
Upd) ; JUS = e 200 @hgr . (F5b)

Here 0 = a (0 = b) specifies the subspace Ket (Bra). The
operator d;x jo is the creation operator defined in Eq. (17)
where the set of the subscripts j, and j, is denoted by j. Here
T,; and U, are defined as

T.=T,®1 T,=1®T, (F6)

U,=U1, U,=1QU" (F7)

With the above relation, we can see that the system shows
robust topological degeneracy when the following conditions
are satisfied:

UsLooU) = Lo, (F8)
BT L(TuT)' = L, (F9)

with Lyy = L, @ Tand Ly, = 1Q LT

To see the robust topological degeneracy, firstly, we note
that the Liouvillian can be block-diagonalized into sectors
each of which is labeled by the momentum K, and the number
of fermions. By making use of Eq. (F5a), we can see the
relation between the matrices for each sector

(D) (Ky)I LDy (K)))
= (D (KU, LU | P (K)))

= (@ (Ky + AK)ILI® (K; + AK)).  (F10)

Here |y, (K, ))o is defined as
|(D{n}(Ky)» = |(b{na}(Kya)>>a ® |q){m,}(Kyb)>>b’ (Fll)
|q>{n0}(Ky6 )))(f = a;1k10al2k26 T alNkNO' IO»U’ (F12)

with K, = K;, — Ky, and Ko =), ~, kyi. The opera-
tor aj”kllg with [,1'’=1,2,... creates a fermion in state

|@n, (kyr))) o at layer o = a, b (see Ref. [138]), and |0)), is the
vacuum being the state annihilated by all a,,,,.

By noting the relation AK = —2nw¢N, = —2nv for L, =
L,=L and ¢ =1/L, we see that for v 1=1,3,5,...,
the Liouvillian £ can be block-diagonalized into v~' sub-
sectors labeled by momentum K, [see Eq. (F9)]; these
block-diagonalized matrices are identical to each other [see
Eq. (F10)].

Therefore, we can conclude that regardless of details of the
dissipation, the open quantum system shows at least v—!-fold
degeneracy as long as both U(1) symmetry [Eq. (F8)] and
translational symmetry [Eq. (F9)] are preserved. Namely, in
the absence of accidental degeneracy, we have v—'-fold de-
generacy which is topologically protected.
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