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Classification of matter through topological phases and topological edge states between distinct materials has
been a subject of great interest recently. While lattices have been the main setting for these studies, a relatively
unexplored realm for this physics is that of continuum fluids. In the typical case of a fluid model with a point
spectrum, nontrivial topology and associated edge modes have been observed previously. However, another
possibility is that a continuous spectrum can coexist with the point spectrum. Here we demonstrate that a fluid
plasma model can harbor nontrivial topology within its continuous spectrum, and that there are boundary modes
at the interface between topologically distinct regions. We consider the ideal magnetohydrodynamics (MHD)
model. In the presence of magnetic shear, we find nontrivial topology in the Alfvén continuum. For strong shear,
the Chern number is £1, depending on the sign of the shear. If the magnetic shear changes sign within the plasma,
a topological phase transition occurs, and bulk-boundary correspondence then suggests a mode localized to the
layer of zero magnetic shear. We confirm the existence of this mode numerically. Moreover, this reversed-shear
Alfvén eigenmode (RSAE) is well known within magnetic fusion as it has been observed in several tokamaks. In
examining how the MHD model might be regularized at small scales, we also consider the electron limit of Hall
MHD. We show that the whistler band, which plays an important role in planetary ionospheres, has nontrivial
topology. More broadly, this work raises the possibility that fusion devices could be carefully tailored to produce
other topological states with potentially useful behavior.
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I. INTRODUCTION

Recent discoveries have demonstrated the fundamental im-
portance of topology and topological phase to qualitative un-
derstanding of physical systems [1-3]. An important feature
in topological understanding is the bulk-boundary correspon-
dence principle: the boundary between two materials with
differing topological phase has associated interface modes.
This effect has been observed in electronic [1], photonic [4],
acoustic [5,6], and mechanical systems [7]. The interface
modes have attracted significant interest in enabling more
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efficient devices due to topological protection, the tendency
to be robust against scattering in the presence of defects.

Although most of the studies in this field have focused
on systems with an underlying periodic lattice, the princi-
ples of topological phases can also be brought to bear on
fluid systems [8—11]. Fluids represent a new frontier in topo-
logical phases of matter. For instance, fluids are typically
modeled with a continuum that ignores the discrete micro-
scopic structure at small scales. As a result, a homogeneous
fluid possesses continuous translational symmetry, rather than
the discrete translational symmetry of a lattice. The unit cell
size is effectively zero, and there is no finite Brillouin zone.

The mathematical equations describing fluids are generally
nonlinear. The standard procedure to analyze the wave spec-
trum is to linearize the equations about an equilibrium. The
resulting linear operator for the perturbation variables is the
effective Hamiltonian. While most real fluids vary in space,
analysis of bulk topology is conveniently done by assuming
a homogeneous system, which facilitates a Fourier transform
and the calculation of the spectrum.
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FIG. 1. Left: Toroidal geometry of a tokamak along with a poloidal cross section showing several nested magnetic flux surfaces. Right:
Corresponding idealized slab model. The blue, white, and light green colors indicate regions of negative, zero, and positive magnetic shear,
respectively. Each magnetic surface is characterized by a Chern number depending on its magnetic shear. Surfaces of negative and positive
shear are characterized by opposite Chern numbers C and hence differing topologies. The RSAE is localized to the zero-shear layer where a

topological phase transition occurs.

Here, we demonstrate that a topological phase is found
in a novel setting, in the continuous spectrum of an inho-
mogeneous fluid. A continuous spectrum is often associated
with improper eigenfunctions that are not square-integrable.
We study ideal magnetohydrodynamics (MHD), a model de-
scribing the large-scale behavior of a magnetized plasma, or
alternatively, a perfectly conducting fluid.

An inhomogeneous plasma gives rise to a continuous spec-
trum in ideal MHD [12-16]. It is within the Alfvén continuum
spectrum that we find nontrivial topology. An interesting com-
plication is that eigenfunctions associated with the continuous
spectrum are singular and non-square-integrable. To deal with
the singular eigenfunctions, we use a regularization parame-
ter, compute the Chern number, and then take the limit of the
regularization parameter tending to zero. With this procedure,
we can extract a nonzero Chern number. The Chern number
depends on the local magnetic shear, which is the rate at which
the pitch angle of the magnetic field vector changes in space.

A cartoon schematic is depicted on the right side of Fig. 1.
Imagine a set of stacked, infinite planes, one for each position
x. Each plane is a magnetic surface, a two-dimensional surface
in which a magnetic field line wholly lies. Each magnetic
surface is associated with a Chern number, which depends
on the sign of the magnetic shear. While the magnetic shear
can vary continuously across different surfaces, the Chern
number of each surface remains fixed as long as the shear
does not change sign. If the magnetic shear does change sign
within the plasma, then the surfaces across the reversal layer
have opposite Chern numbers. A topological phase transition
occurs across the shear-reversal layer. Bulk-boundary corre-
spondence suggests a discrete mode will exist, localized to
the interface. Indeed, we find an edge mode, a reversed-shear
Alfvén eigenmode (RSAE), and numerically confirm its exis-
tence.

In fact, the RSAE is already well known within the mag-
netic fusion community. In a toroidal magnetic confinement
device such as a tokamak, the stacked layer of planes from
the slab model is replaced by a set of nested tori that form

concentric magnetic surfaces, shown on the left side of Fig. 1.
Some stable plasma equilibria can exist in which the magnetic
shear vanishes on one of the surfaces. RSAEs [17-20] have
been observed in multiple tokamaks [21-29] and at least one
stellarator [30]. The RSAEs are radially localized to regions
of zero magnetic shear. They are an MHD-type mode, and can
be excited by kinetic effects such as resonance with energetic
particles. A concern for future fusion devices such as ITER is
how the interaction between particles and Alfvén eigenmodes
may limit reactor performance [31-34]. On the other hand,
RSAE:s have also proven useful for MHD spectroscopy [35],
as they can be reliably detected, with an oscillation frequency
close to that predicted by linear theory [36-38]. Detection
of the RSAEs can provide information about the magnetic
field and safety factor that may be difficult to obtain by other
means.

While RSAEs in tokamaks are known and have been both
experimentally observed and theoretically studied and sim-
ulated, what is new here is the connection to topological
physics. The slab model of ideal MHD shares many fea-
tures with the mathematical description in a torus or cylinder.
Most importantly, there exists a continuous spectrum which
is determined by the same physics of where the frequency
is equal to the local Alfvén frequency. Hence, we suggest
that the topological classification of magnetic surfaces could
apply also to the torus or cylinder, with dependence on the
sign of the magnetic shear, and that like the slab RSAE,
the RSAE of tokamaks and stellarators arises as the edge
mode due to a topological phase transition within the plasma.
There are novel potential implications for tokamaks, as these
results suggest that RSAEs may be topologically robust in the
presence of three-dimensional perturbations, such as magnetic
islands.

These results may have broader implications for under-
standing of solar physics, where Alfvén waves can play an
important role [39,40]. For instance the presence or absence
of topological modes can yield information about stellar pa-
rameters [10].
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FIG. 2. Schematic of the spectrum of ideal MHD of an inho-
mogeneous plasma. For a given k,, k., there are in general two
sections of continuous spectrum, depicted in hatched regions: the
sound continuum and the Alfvén continuum. In the low-plasma-beta
approximation, the sound continuum is filtered out of the equations.
The x symbols denote discrete eigenmodes, such as the RSAE.

The outline for the rest of this paper is as follows. In Sec. II,
we introduce linear ideal MHD, the continuous spectrum of
the Alfvén continuum, and the improper eigenfunctions. In
Sec. III, we calculate the Chern number of a magnetic surface
and numerically confirm the existence of RSAE modes at a
location where the Chern number changes sign. In Sec. IV, we
consider an apparent paradox regarding time-reversal symme-
try in ideal MHD. In Sec. V, we consider the more detailed
model of Hall MHD, which may provide a natural, physics-
based regularization to MHD at small scales. Finally, our
conclusion is given in Sec. VL.

II. LINEAR IDEAL MHD

For a collisional plasma, MHD can be rigorously derived as
the large-spatial-scale, slow-time-scale description through a
Chapman-Enskog procedure. The core of a tokamak plasma
is extremely hot and collisionless and a hydrodynamic de-
scription is not strictly valid, and yet MHD has proven to
be a useful model for large-scale plasma behavior. In par-
ticular, ideal MHD, which neglects transport coefficients like
viscosity and resistivity, contains the basic ingredients for un-
derstanding Alfvén eigenmodes. The basic equations of MHD
are given in Appendix A.

A. Inhomogeneous slab

Here, we consider a slab model in ideal MHD equilib-
rium, where equilibrium quantities depend only on x. The
equilibrium is assumed static, with no flow. The plasma is
homogeneous and infinite in y and z. The acceleration due
to gravity is —gX, where £ is a constant. The gravitational
force here plays a role fulfilled by magnetic curvature in
toroidal geometry. The equilibrium magnetic field is B(x) =
B,(x)y + B.(x)Z.

Perturbing about the equilibrium, we obtain the standard
linearized ideal MHD formulation, p32&/9t> = F(&), where
& is the fluid displacement vector, p is the equilibrium mass
density, and F is the self-adjoint force operator. After a Fourier
transform in time, this problem has self-adjoint form with
eigenvalue w?. The full linearized equations are given in Ap-
pendix B. It can be shown that two separate continuous spectra
exist, the sound continuum and the Alfvén continuum, as de-
picted in Fig. 2. In what follows, we use the low-plasma-beta
limit to isolate the Alfvén continuum by neglecting the slow
magnetosonic wave and the sound continuum. The Alfvén
continuum is associated with shear Alfvén waves propagating
on a given magnetic surface at a frequency equal to the local

Alfvén frequency of = kﬁvf‘, where kj is the wavenumber
parallel to the magnetic field.

Assuming that modes have dependence &(x)=
£(x)e!h+ki—eD " we obtain the wave equation for the three
components of &, taken here as £(x) = &-X, n(x) =i&-€,,
and ¢(x) =i&- b, and we have defined b(x) = B/B and
&, (x) = b x &. Here, the symbol = denotes a definition. The
wave equation is [41]

—pw’E = (pviE') — pfPui€ + (pguan) + pgén + pfEc,

(1a)
—pw’n = —pguE’ + pglE — p(f* + g)uan. (1b)
—pa’¢ = pfE, (1¢)

where a prime denotes derivative with respect to x, f(x) =
(kyBy + k.B;)/B and g(x) = (kyB, — k,B,)/B are the parallel
and the signed perpendicular wave numbers, and v3(x) =
B?/p is the Alfvén speed squared. The permeability 1o has
been set to 1. A derivation of Eq. (1) can be found in
Appendix B. One can solve for  and ¢ in terms of &, as

= # 26/ 5
= w? — (f2 + @3 (UAS gé%)’ 2)
f=-de 3)
o
One then obtains a single equation for & [41],
d ( d& _
5(133)—@;_0, 4)
where
2 22 — o2
Py = 242 (Z wi) s
2 + ~ 2 _ 2
0w = —{pw )+ plg - LD o)
52 (en? — )71
_[M] } ©)
D(x) = [0 — (/> + &3], %)
Wi (x) = £y @®)

Here, 3 is the local Alfvén frequency. For any ky, k.,

and position xo, there is a solution with frequency w’ =
a)ﬁ (x0, ky, k;), which leads to the Alfvén continuum. At this
w” and xg, P = 0 and x, is a regular singular point of Eq. (4).

We are now going to restrict ourselves to considering a
single magnetic surface, so we fix xp. Let s =x — xo; we
shall consider only small s. In this and the next section, we
use a notation where the subscript 0 denotes evaluation at
s = 0. For instance, (03)) = d(w3)/ds|s=0. When (w3); # 0,
we construct a Frobenius series expansion for £ about s = 0.
The details are given in Appendix C; the important results
are quoted here. The Frobenius series results in a repeated
indicial exponent of zero, implying there are two (degenerate)
solutions,

&1 = u(s), )
& = u(s)Ins + v(s), (10)
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where u(s) and v(s) have a Taylor series. The logarithmic
singularity of &, is square-integrable, but 1,, which depends

on &), is not.
In the Taylor series u(s) = 1 + u;s + - - -, we compute the
coefficient u;:
=, + o, (11
Vao
where
. ng)a
g = =02 (12)
pO(wA)()
Qoa = —po&- 13)

We have split off u;, because it plays an important role while
the other term in Eq. (11) will cancel out.

The |¥) = [&2, n2, 2] are the improper eigenfunctions.
The dispersion relation of any particular magnetic surface xg is
given by @ = w3 (xo, ky, k;). The nonsingular eigenfunctions
[€1, n1, 1] are not important for this calculation. We shall see
shortly that (w3 )o depends on the magnetic shear. Thus, the
eigenfunction |v) contains dependence on the magnetic shear
through the coefficient of the second term in the Taylor series
for u(s).

B. Regularization

In differential geometric terms, for fixed xo the improper
eigenfunctions form a line bundle over the base manifold of
k space. Since these eigenfunctions are not square-integrable,
there is no clear way to obtain a Berry connection from them,
which requires an inner product. Our procedure is first to
regularize the eigenfunctions with a parameter €, giving rise
to a regularized line bundle. We then place an inner product
on the regularized bundle and determine the Berry connection
in the usual way. We shall find that the integral of the Berry
curvature of the regularized bundle converges to a value as
€ — 0, which we identify with the Chern number of the
Alfvén continuum.

We regularize the eigenfunctions by replacing s with s +
ie, which is equivalent to a Plemelj form and related to
dissipation. This regularization has also been used in Alfvén-
wave studies of plasma heating [42,43]. We take € > 0. In
principle, dissipation can lead to new types of instabilities,
but we assume a stable equilibrium as commonly realized in
experiments. Using Egs. (2) and (3), and that »? is equal to
w} = f*v3, we obtain the regularized eigenfunctions

& (s) = u(s)In(s + ie), (14)

L[ u(s) , . 8 .
m(s) = ——|:—, + u'(s)In(s + le)] + —5u(s) In(s + ie),
gls+ie guy
(15)
__% :
La(s) = o2 u(s) In(s + ie), (16)

where we have neglected v(s) because its contributions to the
rest of the calculation are subdominant in €.
We define an inner product

(Wlp) = / dshe (355 +Momg + 5851, (1)

4 T 5 0.1
k,=2"2F,
2 4 z L, Y - f:(kykl)
< 0 k=0 ] 0-0
5] - /
4 . : : : - : -0.1
-4 -2 0 2 4-4 -2 0 2 4

Y

FIG. 3. (a) Lines corresponding to zeros of (wﬁ );) in the (ky, k;)
plane. (b) Berry curvature F,. The Berry curvature is localized near
the lines where (a)i )E) is zero. For this figure,e = 0.05,L,3 =2,L, =
1, 8 /vi, = 0.6, and Qy,/B3 = 0.5.

with weight function i, = €2/[ (s> + €*)]. This weight func-
tion has a smaller width than the regularized eigenfunctions,
and so effectively acts as a delta function to pick out the
behavior on the singular surface at s = 0.

C. Local magnetic model

At this point, we take an explicit model for the magnetic
field,

B(s) = Bo[(1 + s/Lp)Z + s§/Ls], (18)

where By, Lg, and L are constants. The magnetic shear of
the surface at s = 0 is characterized by the length scale L.
Finite L; provides shear. This local linear model is rather
generic for a sheared field within the vicinity of any particular
surface, as we may rotate our coordinate system so that Z
lies along B(0). Since the details of the magnetic field enter
the calculation of the Chern number only through (w?)), this
simple-looking expression is actually sufficient to characterize
any equilibrium magnetic field near a given magnetic surface
with nonzero shear.
For this model, (w3 ); is given by

v _ By 1, 2

@ =7, < Lyt Lskykz>’
where 1/L,p = 1/L, —2/Lg and L, = py/po. As mentioned
earlier, the magnetic shear appears in the derivative (a)ﬁ){),
even though the shear does not appear in the local Alfvén
frequency (3 )o itself. The quantity (w?), has nonisolated
zeros in the (k,, k;) plane along the lines k;, =0 and k, =
2L,pky/Ls. These zeros are important for the Chern integral
and are shown in Fig. 3(a).

19)

IIl. TOPOLOGY OF THE ALFVEN CONTINUUM

A. Berry curvature and Chern number

In this section we calculate the Berry curvature and the
Chern number. We first must dispense with a technical com-
plication: because of the 2-fold degeneracy of the eigenvalue,
one must in general consider the non-Abelian connection A
and curvature .% = dA + A A A. However, the nonsingular
eigenfunction [&;, n;, {;] has zero contribution to the first
Chern form, which is proportional to Tr(%) = Tr(dA). To
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see this, note that the nonsingular eigenfunction may be writ-
ten as pure real, by combining Eq. (9) with Egs. (2) and (3).
As a result, it does not change phase with k, and hence its
diagonal entry in A vanishes.

Thus, we need only consider the regularized eigenfunction
and its standard Berry connection, which for a normalized
eigenfunction |v/) is given by

A = —Im(J| V). (20)

It can be shown that (y|V /) is purely imaginary; inserting
the imaginary part operator in Eq. (20) can simplify the book-
keeping by allowing us to drop real terms along the way as
all such terms must cancel out in the end. It is convenient to
work with a a non-normalized eigenfunction |¢), for which
an equivalent formula is

_Im ([ Vi)
Wiy

Here, our parameter space consists of (ky,k;), and Vi =
yo/0k, +20/0k,.

The localization of the inner product weight function
around s = 0 in Eq. (17) implies we only need the eigen-
function evaluated at s = 0, and we only require u(0) =1
and «/(0) = u; from the Frobenius series. Moreover, the inner
product also picks out f(0) =k, and g(0) = k,. For conve-
nience, we state the regularized eigenfunctions evaluated at
s =0:

2y

£(0) = Ine, (22)

0) = — | upgtne —if L - T 23

m()__k_y M1an€—l<g— > ) (23)
8

e(0) =~ Ine. (24)

where we have used In(ie) =Ine +im/2 ~ Ine. We have
kept the imaginary piece of the logarithm in 7, for now be-
cause uj, depends on k and becomes large at certain angles,
though we shall see later that it does not affect the final result
and could be neglected. We also note that cancellation in 7,
has occurred between the third term and part of the second
term of Eq. (15), after one substitutes the first term in the
series for u and u'. In Egs. (22)—(24), all of the dependence
on the magnetic shear is buried in u,.

A straightforward calculation yields

(Wly) = §5(0)8:2(0) + n3(0)n2(0) + £5(0)52(0)  (25)

= —w, (26)

where

1 Tu 2 k2 A
wiufalnze—i—( a) + S e+kIn’e.

e 2 K2 v,
27
We then compute
Im (Y| Vi) = Im[£5(0)Vi&2(0) + 73 (0)Vin2(0)
+ &5 (0 V£ (0)]. (28)

Since V£,(0) = 0, and ¢} (0)V£2(0) is real, the only contri-
bution is from 7, and is given by

1 Ine

Im[n3(0)Vkn2(0)] = — — Vi, (29)
ky €
Hence, the Berry connection is
Ine 1
A= -2 Vi (30)
€ w

The Berry connection determines the Berry curvature,
given by
Ine 1
F = Vk X A= ——ka X Vkula. (31)
€ w?
It is convenient to evaluate this expression in polar coor-
dinates. Let k, = kcosg and k, = ksin¢. Noting that uy,
depends only on ¢ and not on &, we find

N 2 cos2p — 2 i
gQOa [, COS" ¢ — - COs g sing

L
Ly

Vi, =

- (32)
k B (£ cos g sinp — 7 sin’ g0)2

Most of the terms in Vi w do not contribute to F. The first
two terms on the right-hand side of Eq. (27) have no contribu-
tion because they yield terms proportional to Viu,,. The third
term also does not contribute because it only depends on ¢,
and hence, like Vgu,, its gradient is in the ¢ direction. Only
the last term on the right-hand side of Eq. (27) contributes. We
obtain
. In® € 20, cos? 1% cos® ¢ — L% cos @ sing

F=-%
1

Loy

sin® <p)2
(33)

Since J; is proportional to Qo,, the Berry curvature vanishes
in the absence of gravity. The Berry curvature is shown in
Fig. 3(b). It is localized near the lines where (wﬁ){) =0,
but the Berry curvature itself does not become singular for
finite €.

We compute the Chern number by integrating over the
(ky, k;) plane as

2 2 .
€ By w (%cosgosm(p—

1
C = —/‘dkV dk; Fy. (34)
21 ’

The integral is evaluated in the ¢ — 0 limit in Appendix D.
The result is

C = —sgn(pp8Ly)| 1 — ;4“ . (35)
1+ L—f
Remarkably, the € dependence has canceled out, leaving a
finite result. This “Chern number” is in general not an in-
teger. A noninteger integral of the Berry curvature has been
observed in other continuum fluid models to be the result of an
insufficiently smooth linear operator at small scales, leading to
the inability to compactify the space [44]. This suggests that
regularization of the ideal MHD linear operator at small scales
could restore a proper integer Chern number. In the limit
of strong magnetic shear, Ly << L,, the second term in the
parentheses vanishes and C = —sgn(py8L;). In the opposite
case of weak magnetic shear, L, 3> L,, Eq. (35) reduces to
the topologically trivial C = 0.

033425-5



PARKER, BURBY, MARSTON, AND TOBIAS

PHYSICAL REVIEW RESEARCH 2, 033425 (2020)

As additional support for focusing on the first term in
parentheses in Eq. (35), we observe that a Chern number
should not change under smooth variations of the inner prod-
uct. Suppose instead of Eq. (17), we used a modified inner
product

W 16) moa. = / ds he () &y + By +5580).  (36)

where o and B are constants. The result for the Chern integral
is then modified to be

Ciod. = —Sgn(l)()é’Ls) 1- (37)

1
412
J1+ /5—1“53
Only the second term is affected compared with Eq. (35).
Hence, the fact that the result should be independent of & and
B suggests the relative importance of the first term.

The Chern number depends on the sign of the magnetic
shear. Therefore, the bulk-boundary correspondence princi-
ple implies that a mode will exist localized to a zero-shear
layer that separates topologically distinct regions of positive
and negative magnetic shear. That this mode indeed exists is
shown in the next section.

Previous analyses of Eq. (4) in the vicinity of a maxi-
mum of w3 have revealed a condition for an accumulation
point of the discrete spectrum to occur [41]. Let x, be the
location where a)/%(x, ky, k;) reaches a maximum for given
ky, k.. Such a maximum may be created by a minimum in
the slab analog of the safety factor, B;(x)/B,(x). The con-
dition for the maximum of w? to be an accumulation point
is 2(ky + k2)Qu/ pul(@3))] > 1/4, where Q, = —pg and a
* subscript denotes evaluation at x,. This condition depends
explicitly on the wave vector (ky, k;). A similar condition
arises in a tokamak, with Q, replaced by contributions due
to energetic particles and toroidicity [17,18].

In contrast, the topological characterization here provides
a different existence condition for interface modes, which
apparently only requires nonzero p’g and makes no reference
to wave vectors. Furthermore, in contrast to the local analysis
just described, this conclusion is reached only by analyzing
the Alfvén continuum away from the region of zero shear, and
using the bulk-boundary correspondence principle to infer the
existence of a mode if a zero-shear layer exists.

Before moving on from this section, we consider an ad-
ditional question. Because the RSAE can also be described
within reduced MHD, it is natural to ask if the same topology
is found in reduced MHD. In Appendix E, we show that in
contrast to MHD, within reduced MHD the Alfvén continuum
has trivial topology. This result raises an apparent paradox: if
the RSAE is associated with the nontrivial topology of the
Alfvén continuum in MHD, how can it be reconciled that the
RSAE is found in reduced MHD?

We resolve the apparent paradox as follows. The topology
of the vector bundle is a global property of the eigenfunc-
tion on the entire k space. As we discuss in Sec. III C, the
computed topology can be sensitive to details that do not
affect the physical modes of interest in some local region
of k space. Hence, although reduced MHD still contains
the local-in-Kk-space analytic ingredients for the RSAE, ap-
proximating MHD down to reduced MHD alters the global

© (@)
D m X RSAE
%% 0 Alfvén
=) 1 shear<0 !shear>( continuum
500 (b) 1 (d)
~ /—\ 103 ]
3 ny, = —KS, k.=3 %& R
0 max(w?) = 545.8 N 102 3 X
o 1 _(C) £ 3 ] x [
: Y
= Wi E
3 0 RSAE ]
£ =547.3 100 1
< T T WI E T T I T T T
0.4 0.5 0.6 0.7 0.8 -8 -4 0 4 8
T Mode number n,

FIG. 4. Numerical example confirming the existence of the
RSAE where the magnetic shear changes sign. (a) Magnetic shear
(x/q)dq/dx, where g = B.(x)/B,(x) is the safety factor. (b) Alfvén
continuum w?(x) and (c) RSAE eigenfunction at ny, = —8, with
ky = 10n, and k, = 3. (d) RSAE spectrum as a function of n,. The
fundamental mode is shown, which has eigenvalue w? larger than
the maximum of @3. Also shown is the Alfvén continuum @3 in
the interval 0.5 < x < 0.75 (outside this interval, the RSAE has little
amplitude and would not interact much with the continuum).

topological structure of the Alfvén continuum. As shown in
Appendix E, the approximation causing the difference in
global topology is the neglect of perturbations parallel to the
equilibrium magnetic field—a severe alteration to the descrip-
tion of the eigenfunction.

B. Numerical calculation of RSAE interface mode

We confirm the existence of the RSAE at the region of
zero shear by numerically solving Eq. (1) directly as an eigen-
value equation using the code Dedalus [45]. We use B, = 5,
By(x) = 1.52x — 1.216x2, p(x) = exp(—x/20), and & = 75.
The boundary conditions are £(0) = £(1) = 0.

Figure 4 shows the numerical solution; see the caption
for details. The numerical solution confirms that the RSAE
is an eigenmode and exists at the layer where the magnetic
shear vanishes. For this plot, we discretize k, = n,Ak, with
Ak, = 10 and integer n,, and we hold constant k, = 3. We
observe that given (ky, k;), the frequency of the RSAE lies
above the maximum of the Alfvén continuum frequency, and
thus the factor P(x) in Eq. (5) is never zero, so the singularity
is avoided. The frequency of the fundamental mode is shown.
Solutions with additional spatial nodes may sometimes be
found, and have frequency closer to the maximum of the con-
tinuum. For —3 < n, < 0, no RSAE is found. In that range,
w3 inverts and forms a local minimum at x ~ 0.625 instead of
a local maximum.

C. Compactness

Because the Chern number in Eq. (35) need not be an
integer, a brief discussion of compactness is merited. The
Chern theorem states that for a compact manifold, the integral
of the Berry curvature is an integer. The wave vector space
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of systems based on periodic lattices is also periodic and
is therefore compact. In contrast, the continuum structure of
fluid models means that wave vector space extends to infinity
and is not compact. That is, because the unit cell size is zero
in a fluid, there is no finite Brillouin zone. Because the wave
vector space is not compact, the Chern theorem does not apply
and one is not guaranteed an integer result for the integral of
the Berry curvature integral.

Various ways for dealing with the lack of compactness
in continuum models have been discussed [44,46,47]. If the
integral of the Berry curvature turns out to not be an integer,
one can perform a sort of regularization of the problem at
small scales, which allows the space to be compactified, for
instance, to the Riemann sphere. One physically motivated
regularization is based on the idea that at sufficiently small
scales such as lengths shorter than the interparticle spacing,
the continuum description is no longer physically valid [44].
An ad hoc regularization to the fluid system at arbitrarily small
scales can emulate this behavior and restore compactness and
an integer Berry curvature integral.

On the other hand, compactness is a property that simpli-
fies the discussion, but may not matter for practical purposes.
In particular, an ad hoc fix at small scales that enables com-
pactification may not necessarily affect whether an edge mode
exists at an interface between topologically distinct regions.
For example, in Ref. [11], interface modes at the boundary be-
tween gaseous plasma and vacuum can be found regardless of
whether a regularization is applied at arbitrarily small scales.

From a theoretical viewpoint, an index theorem relating an
analytical index and topological index continues to hold for
noncompact manifolds, but there will be additional boundary
terms that must be accounted for. See, e.g., Sec. 8 of Ref. [48].
From this point of view, noninteger integrals of the Berry
curvature are likely related to boundary data arising from the
infinite wave vectors.

The application of these ideas to understanding the topol-
ogy of the continuous spectrum of MHD in more detail will be
undertaken in future work. Most likely, a complete and rigor-
ous understanding of this point will require more microscopic
physics to be brought in. A partial investigation is explored in
Sec. V.

IV. TIME-REVERSAL SYMMETRY IN MHD

If one considers time-reversal symmetry in ideal MHD, a
counterintuitive mathematical behavior arises. Consider the
standard time-reversal (TR) transformation 7, which acts in
the following way:

T: t——t, Vv —-v, B~ —B, (38)

and all other variables, including x, p, and p, remain un-
changed. Under 7, the nonlinear ideal MHD equations
(A1)-(A4) are invariant.

In many situations of interest, an external magnetic field
is applied, whose generating current should be regarded as
extrinsic to the system under study. The magnetic field can
be written as B + B,, where B, is the applied field. Under T,
B changes sign and B, does not change sign. Hence, in the
presence of an externally applied magnetic field, ideal MHD
is not invariant under time-reversal transformation 7.

We can, however, define a modified TR transformation 7"
in which the magnetic field does not change sign, and under
which ideal MHD is invariant. In actuality 7’ is just CT, the
composition of charge conjugation and time reversal, since
charge conjugation acts to reverse the sign of B. T’ acts as

T :t— —t, Vi —v, 39)

and B, x, p, and p are unchanged. Then Egs. (A1)-(A4)
are invariant under 7', even in the presence of an externally
applied magnetic field.

Physically, MHD can be invariant under 7’ because elec-
trons are not explicitly modeled within MHD, and the MHD
current is therefore decoupled from the MHD fluid velocity.
Unlike in classical electrodynamics, in which the current is
proportional to the particle velocity, in MHD the current and
the magnetic field need not transform like the fluid velocity.

We turn from the nonlinear ideal MHD equations to the
linearized equations about a static equilibrium. The linearized
equations are given in Eqs. (A6)—(A9). The equilibrium mag-
netic field By behaves like an external field with respect to
the perturbation variables. Hence, under a transformation 7
in which ¢, v, and B; change sign, the linearized MHD
equations are not invariant. But under 7’ in which ¢z and v,
change sign but B; does not, linearized MHD is invariant.
Linearized ideal MHD can also be recast in terms of the fluid
displacement variable &, as given in Eq. (A10). This equation
is also invariant under 7, in which ¢ changes sign but neither
x nor & changes sign.

The existence of a TR transformation 7’ under which the
linearized ideal MHD equations are invariant suggests a para-
dox. A standard result is that TR invariance implies that the
Berry curvature satisfies

F(—k) = —F (k). (40)

Hence, the Chern number, which is the integral of F, would
integrate to zero because the contribution of each k would be
canceled out by its partner wave vector —k. We seem to have
a contradiction. Linearized ideal MHD is TR invariant, yet we
have calculated a nonzero Chern number.

The resolution of the apparent paradox is our regulariza-
tion of the problem. First we note that we did not regularize
the equations themselves, but rather the eigenfunction, in
which we set s — s+ ie. This is effectively equivalent to
adding a damping parameter for € > 0, so we would expect
this regularization to break TR invariance. The regularized
eigenfunction becomes & = u(s) In(s + ie) 4+ v(s). In Fourier
space, time reversal can be effected by setting k — —k and
applying complex conjugation. Complex conjugation after
regularization clearly breaks TR invariance of the eigenfunc-
tion.

The phenomenon of Landau damping provides an illumi-
nating analog. A Fourier transform of the collisionless Vlasov
equation with real frequency leads to singularities at velocities
v = w/k. It has long been recognized that the more mathe-
matically rigorous way to handle the problem is to approach
it as an initial-value problem and apply a Laplace transform
instead of a Fourier transform, which directly leads to the
recovery of Landau damping [49]. However, even within a
Fourier transform, it can be shown that a continuous spectrum
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exists, the so-called Case—Van Kampen modes, each of which
is undamped [50,51]. Any physical mode must consist of an
infinite number of such modes, and the phase mixing of differ-
ent frequencies leads to Landau damping in an alternate guise.
To complete matters, there is a third way to recover Landau
damping: we can return to the naive Fourier transform with
singularities at w/k. If one inserts a regularization damping
parameter tending to zero, denoted by 07, into the frequency
such that w — w — i0™, the singularity is eliminated and one
recovers the Landau damping rate [52]. Landau damping oc-
curs within a TR-invariant system.

The ideal MHD spectrum is similar. Linearized ideal
MHD, like the collisionless Vlasov equation, is TR invariant
and contains a continuous spectrum. Any physical initial con-
dition would consist of an infinite number of the continuum
eigenfunctions, and phase mixing leads to a “decay” in time
[14-16]. Just as a damping parameter for regularization can
be used in the Vlasov problem to obtain the correct answer for
Landau damping, a regularization parameter within a Fourier
transform formalism has been used within ideal MHD for
similar purposes.

These analogs provide some motivation for using this type
of TR-breaking regularization. Moreover, the model of ideal
MHD plus 0" damping might be considered more physical
than ideal MHD itself, so should perhaps be preferred if the
two give different answers. In the next section, we consider
an alternate approach and use a model with additional micro-
scopic electron physics compared to MHD that leads to a more
natural breaking of TR symmetry.

V. HALL MHD AND ELECTRON MHD

As discussed in Sec. III C, the noninteger Chern numbers
found in Sec. Il A may result from insufficiently smooth
small-scale behavior of the MHD model. MHD is the theory
of a conducting fluid and focuses on the ions, which carry
almost all of the mass and momentum of a fluid. MHD is
a useful description of large scales, but does not provide
the correct small-scale physics. Hall MHD is an extension
of MHD that incorporates additional electron dynamics and
provides one possibility of resolving the smaller scales [53].
The purpose of this section is to explore whether Hall MHD
provides a proper regularization of MHD to resolve the non-
integer Chern numbers. Tentatively, it appears the answer is
yes.

Hall MHD is described by the same equations as MHD,
Egs. (A1)—(A4), except that Eq. (A4) is replaced by

oB J
5:Vx(va)—Vx<ij>, (41)
where J = V x B is the current density and 7, is the electron
density. This equation has the additional Hall term propor-
tional to J x B compared to Eq. (A4). This equation can
be obtained by combining the electron momentum equation
(with electron inertia neglected) and Faraday’s law [53].

The Alfvén continuum is resolved into discrete modes in
Hall MHD [54,55]. Mathematically, the Alfvén continuum
appears in MHD because the highest-order derivative van-
ishes on surfaces where the frequency is equal to the local
Alfvén frequency, as in Eq. (4). The inclusion of Hall physics

coupled to sound waves adds a higher-order derivative. An
alternative way to resolve the singularity is through inclusion
of kinetic effects, where the shear Alfvén wave becomes the
kinetic Alfvén wave at scales comparable to the ion gyrora-
dius [56-58].

In Sec. IV, we noted a peculiarity of ideal MHD, that it
is invariant with respect to a modified time-reversal trans-
formation that does not change the sign of B. Inclusion of
electron physics into Hall MHD breaks this property. The
Hall induction equation (41) is only invariant to the standard
TR transformation in which B changes sign, and it is not
invariant under the modified transformation 7’ in which B
does not change sign. Furthermore, in the presence of an
applied magnetic field, there is no longer any TR symmetry
in Hall MHD, which contrasts with the behavior in MHD.

To simplify our analysis, rather than deal with Hall MHD
in full, we consider a limit known as electron MHD. Electron
MHD treats ions as a fixed stationary background and focuses
on the physics provided by the electrons [53,59] as well as the
effects of breaking TR symmetry. Hence, the physics is only
valid for timescales shorter than ion times, and length scales
shorter than ion lengths. In a collisionless plasma, electron
MHD is not valid for very small length scales, as the phys-
ical model breaks down, for example due to the presence of
electron cyclotron orbits. Our purpose here is not to describe
the full, overall behavior of a plasma, but to examine the
characteristics of the dispersion relation on scales smaller than
MHD, and how that might affect the topology.

The electron MHD equation is given by Eq. (41) with fixed
ions, v =0,

oB
— =-V x (i X B)
ot nee

= —LV x (JxB)+ LVne x (J x B). 42)

n.e nZe

The first term on the right-hand side of this equation describes
whistler waves, and the second term describes Hall drift waves
[53], which depends on nonzero Vn,.

We will consider linear dynamics about a static plasma
equilibrium. As in Secs. II and III, we consider a background
magnetic field,

x
By =By <2 + f?) (43)

The current is then proportional to the magnetic shear,

Jo = 205 44
0= LSZ~ 44)
Consider a plasma in force balance equilibrium. Now, we sup-
pose we are looking at a region of space confined within |x| <
L,. This assumption enables us to set x/L; to zero, yielding
By = BoZ and Jy = By/L¢Z. Thus, we have made the standard
local approximation of taking both By and its gradient to be
spatially uniform. This procedure removes inhomogeneity in
our specification of the problem, allowing us to use standard
Fourier analysis. Additionally, we see that the equilibrium is
force-free within this approximation, Jo x By = 0. Note that
magnetic shear is included in this homogeneous formulation.
That this can occur within electron MHD stands in contrast
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with the situation in MHD, where it is not possible to include
magnetic shear in a formulation within a homogeneous fluid.
By considering only x/L; < 1, we are effectively restrict-
ing ourselves to wave vectors with k,L; > 1. Hence, we are
zooming in on a particular magnetic surface, as we did in
Sec. II.
With Vn, = 0, the linearized electron MHD equation is
B, 1
— =——V xJ1 x By +Jo x By). (45)
ot n.e
Using Fourier analysis with 9, - —iw and V — ik, this
equation written out in Cartesian components becomes

B 1x B 1x
w| B Iy | = H|B ly | (46)
B 1z Blz
where the Hermitian linear operator H is
=ik ikk,
vAC ’ )
H=25 ik = ik, |, 47
Wpi . o k.
—ikyk, ik.k, T

vy is the Alfvén speed, ¢ is the speed of light, w, =
(niqi2 /e()m,-)l/ 2 is the ion plasma frequency, and c/w,; is the
ion skin depth.

We proceed to find the eigenvalues and eigenvectors of H.
The magnetic shear appears only on the diagonal in the form
k;/Ls, and so gives a frequency shift. The frequency roots are
given by

k
o= 2% (48)
Wpi Ls
vacC kz
wr = = 2 2 kk), (49)
Wpi Ls

where k2 = kf + ky2 + kzz. For k ~ k,Z, we recover the
whistler wave dispersion relation in w4, valid in the intermedi-
ate regime between the ion and electron cyclotron frequencies.
The frequency bands are shown in Fig. 5.

2 Wy
1 -
3 £0
0 -
—1 A w_
—2 —1 0 1 2
kL

FIG. 5. Dispersion relation of the three frequency bands in
electron MHD as a function of k. = =+, /kZ + k2. For this figure,
vac/wp = 1,k; =1,and L, = 2.

The non-normalized eigenmode |1/) corresponding to wq
is

[Yo) = | kv |- (50)
k;

Similarly, the eigenmode |y, ) corresponding to w. is

kek, — ikk,

kyk, + ikk, |. (51
— (ki + &)

The eigenmode for w_ can be found similarly.

We analyze the topology of the frequency bands. The anal-
ysis turns out to be similar to the physically distinct problem
of shallow water waves [8]. Because the components of |¢)
are all real and do not change phase with k, the middle branch
of the dispersion curve is topologically trivial. We next con-
sider the upper frequency band; the lower band is analogous.
We consider a spherical surface in k space, parametrized by
the two angles 6 and ¢ in the standard spherical coordinates
with k, = ksin6 cos¢, k, = ksinfsin¢, and k, = kcos6.
The eigenvector |1/;) becomes, after normalizing,

) =

cosfcos¢p —ising
Y1) (@, ¢9) = —=|cosOsing +icos¢ |. (52)
V2 —sin6

This vector field contains a singularity at the north and south
poles, which we momentarily ignore. Using the gradient
in spherical coordinates Vi = 0k~'9y + ¢(ksin6)~19,, we
have
sin 0 cos ¢
Vi |vs) = _éE sin 6 sin ¢
cos @
—cosf@sing —icos¢
cosfcos¢p —ising |. (53)
0

A~ 1
+¢ksin0

Hence, with the standard inner product, the Berry potential for
this band is given by

__cosf . (54)
T ksing
The Berry curvature is then given by
k
F,. = 2 (55)

This is the field of a monopole located at the origin. By the
spherical symmetry of the Berry curvature, we see there are no
problems at the poles. Hence, any closed surface containing
the origin has a Chern number of —2.

We can also consider the Chern number of the (ki k)
plane with k, fixed. The details of the calculation are straight-
forward and are omitted. On this surface, the Berry curvature
is given by F, = —2k_/k* [which is merely the z component
of the Berry curvature in Eq. (55)], and the Chern number
after integrating over the (ky, k,) plane is C = —sgn(k;). This
is consistent with the previous result, if we consider a closed
cylindrical surface consisting of the (k,, k,) planes at heights
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+k,o with radius tending to infinity. The flux of Berry curva-
ture through the sides of the cylinder is zero, and the total
Chern number, with contributions from the planes at +k,
is —1 — 1= —2. In a completely analogous way, we can
calculate the Chern number of the (k,, k;) plane with k, fixed
tobe C = —sgn(k,).

We conclude that there are integer Chern numbers for all
three bands of the electron MHD description. The whistler
band has nontrivial topology. Interestingly, the Chern number
is independent of the magnetic shear. These findings provide
evidence that inclusion of more detailed microscopic physics
in the MHD calculation of Sec. III could result in an integer
Chern number. We suggest a possibility for how this may
work. At the large scales where ion physics dominate, there is
a nontrivial contribution to the Chern number that depends on
the sign of the magnetic shear. This is the piece derived above
in Eq. (35). The noninteger piece of that Chern number may
arise due to compactification issues at small scales in MHD.
But instead of using MHD at infinite k, we can consider a
more realistic model. The electron MHD model here, which
is valid at intermediate k but not strictly valid at very small
k (where ion physics reigns) or very large k in collisionless
regimes (where electron cyclotron orbits matter), shows that
instead of a noninteger piece, one gets an integer contribution,
and in particular one that does not depend on the sign of the
magnetic shear.

This description, while attractive, comes from considering
the ion scales and the electron scales separately. To be more
rigorous, it would be valuable to use a single mathematical de-
scription that captures ion and electron scales simultaneously.
This is outside the scope of the present work but provides a
direction for the future.

We finish this section by returning to our earlier assump-
tion of neglecting Vn,. If we include it in our analysis, taking
Vn, = Xn,/L,, we obtain a new linear operator in place of H,

—ik? ikyk;
£ —ikk; |. (56)

. k ko k
tkek; — -+

k
L,

vaC o
lkz2

Wy

pi . .1
—ik,k, + i

yKz L.L,

Hence, for nonzero Vn, the linear operator is no longer
Hermitian. One could then apply the theory of topology for
non-Hermitian Hamiltonians [60,61], which is another poten-
tial direction for future research.

VI. DISCUSSION

In summary, we have demonstrated that the continuous
spectrum of an ideal MHD fluid possesses nontrivial topology.
Because the continuous spectrum is associated with singular
eigenfunctions, the 3D plasma breaks up into layers of 2D
magnetic surfaces that are considered individually. Regular-
ization was required to deal with the improper eigenfunctions.
In the presence of magnetic shear, we have found a nonzero
Chern number of the Alfvén continuum on a given mag-
netic surface. The Chern number depends on the sign of the
magnetic shear. By appealing to the bulk-boundary correspon-
dence, modes are expected to occur in a plasma where the
shear changes sign. Such modes are confirmed numerically.

This result adds to the growing understanding of the role of
topology in fluids.

Our work therefore suggests that these reversed-shear
Alfvén eigenmodes, which have been observed in tokamaks,
may have topological character. An intriguing possibility
raised by this work is that RSAEs may be topologically ro-
bust in the presence of three-dimensional perturbations such
as magnetic islands. This is far from certain, however, and
further investigation of RSAEs and topological phenomena is
needed. Full consideration of the details of toroidal geome-
try, such as the toroidicity-induced band gaps in the Alfvén
continuum spectrum in which the RSAEs reside, are left for
future work. More broadly, this work raises the possibility that
fusion devices might be carefully tailored to produce other
topological states with potentially useful behavior.

These findings also provide potential research directions
in astrophysics and space physics. Alfvén waves can play an
important role in solar physics [39,40], and whether manifes-
tations of topological physics are important in that setting is an
unresolved question. Additionally, whistler waves guided by
magnetic fields commonly occur in the ionosphere of Earth
and other planets. In attempting to understand how micro-
scopic physics might regularize MHD, we were motivated
to consider electron MHD, which ignores ion dynamics and
focuses on electrons. Whistler waves are contained within
electron MHD, and in Sec. V we showed that within electron
MHD the whistler band has nontrivial topological phase. Fur-
ther investigations of the whistler band could prove fruitful.

ACKNOWLEDGMENTS

We thank Ian Abel, Vinicius Duarte, Nikolai Gorelenkov,
and Xian-Zhu Tang for useful discussions. J.B.P. and J.B.M.
would like to acknowledge the workshop “Vorticity in the
Universe” held at the Aspen Center for Physics in the sum-
mer of 2017 and supported by National Science Foundation
Grant No. PHY-1607611, which played an important role in
bringing about this work. J.B.P’s work was performed under
the auspices of the US Department of Energy by Lawrence
Livermore National Laboratory under Contract No. DE-
AC52-07NA27344. JW.B.’s work was supported by the Los
Alamos National Laboratory LDRD program under Project
No. 20180756PRD4. S.M.T. is supported by the European
Research Council (ERC) under the European Union Horizon
2020 research and innovation program (Grant Agreement No.
D5S-DLV-786780). J.B.M. and S.M.T. are supported in part
by a grant from the Simons Foundation (Grant No. 662962,
GF).

APPENDIX A: IDEAL NONLINEAR AND LINEAR MHD

In this section, we briefly review the most relevant facets
of MHD. The nonlinear ideal MHD equations are given by
the continuity equation, the momentum equation, the energy
equation, and the induction equation:

9
—p+V~(pV)=0,

Al

” (AD)
ov

plg, TV VY)=-Vp+IxB—pVe, (A2
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9

B—I;—I-V~Vp+)/pV-V=O, (A3)
B
=V x(xB). (A4)

Here, ® is an external gravitational potential and J =V x B
is the current density (units are taken such that the permeabil-
ity of free space w is equal to 1).

These equations can be linearized around an inhomoge-
neous plasma equilibrium to obtain the equations determining
the behavior of perturbations. We assume the equilibrium
is at rest. The equilibrium condition is determined by force

balance,
—Vp+JxB—pVd=0. (A5)

The linearized MHD equations about a static equilibrium
are

0
==V (), (A6)
t
8V1
po = =Vp1+(V xBy) xBg
+(V xBy) xB; — o VO, (A7)
d
% = —v;-Vpy—ypoV - vy, (A8)
0B,
rvale V x (vi x By). (A9)

It is possible to write all of the perturbed quantities p;, vy,
¢1, and By in terms of the fluid displacement vector &, which
satisfies 0&/9d¢ = v;. The linearized ideal MHD equation for
& is given by

pressure are given in terms of & by

B, =V x (£ x B), (A12)

pr=—-ypV-§—§-Vp. (A13)

It is a celebrated result of MHD theory that the force
operator F is self-adjoint [62]. That is, given any two allowed
displacements & and 7,

/ dxn - F(§) = / dxE - F().

If one assumes normal modes with oscillatory dependence,
& ~ 7' then Eq. (A10) becomes

—pw’E =F(§).

The self-adjointness of F guarantees that ? is real.

(A14)

(A15)

APPENDIX B: LINEARIZED MHD EQUATIONS IN A SLAB

We consider an inhomogeneous slab, where equilibrium
quantities depend only on x. The magnetic field is B(x) =
By(x)¥ + B.(x)Z, such that magnetic surfaces are planes of
constant x. The acceleration due to gravity is taken to be —gX,
where g is constant. The force balance condition of Eq. (AS)

becomes
d 1, R
\PT EB = —pg. B

Because the equilibrium is homogeneous in y and z, we
may Fourier transform the perturbations such that &(r) =
£(x)e"»+k3  Rather than using the Cartesian components
(&:, &y, &), it is more natural to use a projection onto vectors
defined relative to the magnetic field. We project onto the

9%k osition-dependent, orthogonal basis (X,8&, (x), f)(x)), where
pon =F®). (A10) " B(x) =B/Band &, (x) = b x & We define

where E(x) =¢-%, (B2a)

F()=—-Vp —B x (V xBy) nx) =& -8, (B2b)

+(V xB) x B; + (VO)V - (p§), (AT1) rx)=£-b. (B2c)
the quantities B, p, and p without subscripts refer to the

equilibrium variables, and the perturbed magnetic field and In this projection, Eq. (A15) becomes

J

—pw’€ = [(yp+BET — f2BE + [g(yp + B )n) + pgdn + (fype) + pfag. (B3a)

—pa’n = —g(yp+BE' + pgds — [ (yp + B*) + f*B’In — gfy ¢, (B3b)

—pa’t = —fyp§' + pf2 — feyrn — frype, (B3c)

where a prime denotes a derivative with respect to x and

f =B, +k.B;)/B, (B4)

g = (k,B. — k:B,)/B (BS)

(

are the parallel and the signed perpendicular wave numbers.
For a complete derivation of this wave equation, see the details
leading up to Eq. (7.89) in Ref. [41].

Equation (1) is obtained from Eq. (B3) by making the
low-plasma-beta approximation. In other words, the plasma
pressure is assumed to be much smaller than the magnetic
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pressure, or equivalently, the sound speed is assumed much
smaller than the Alfvén speed.

APPENDIX C: FROBENIUS SERIES

In this section, we will determine the Frobenius series
solution to the differential equation (4) for £ to find the
leading-order behavior. We consider a particular surface xo
and define s = x — xo. We rewrite Eq. (4) as

(S) q(s)

g+ —¢& — —é =0, (C1)
where
. SP'(s)
ps) = PGs) | (C2)
. 5S20(s)
q(s) = PG) (C3)

and a prime denotes a derivative with respect to s. Because
P is proportional to ®* — 3, the differential equation has a
regular singular point at a location when w? = @?. We assume
that k,, k,, and ? are chosen such that a)f‘ =w?ats=0. We
are concerned with the behavior near s = 0. For a given k, and
k;, we assume (w3), # 0, where a 0 subscript on any quantity

means that it is evaluated at s = 0. We can expand

2 2

o* — o} = —(w}) s + OGsP). (C4)

Substituting this expression and ®? = (w?)y = fozvfm into

Eq. (5), we find

po(@3);

P(s) = g% s+ 0(s ). (C5)

Similarly, from Eq. (6) we obtain
0(s) = Qo + O(s), (C6)

where

Qo = Qoa + Oop» (CT
Qoa = —p)8, (C8)
0w = 22 (2, (C9)

040

Splitting Qy into two terms will be useful later. Substituting
these expressions into Egs. (C2) and (C3), we obtain

p(s) = 1+ O(s), (C10)
g(s) = 8690 80D ¢+ o(s?), (C11)
po(w3)y

confirming that p(s) and ¢g(s) are analytic at s = 0.
We use the method of Frobenius to obtain a solution to
Eq. (C1) in the neighborhood of s = 0. We assume a series

E(s) = i ps" ",
n=0

(C12)

and also let p=3" p,s" and ¢ = ), g,s". Using these se-
ries in Eq. (C1), and that py = 1 and go = 0, then balancing
powers of s, we obtain the two lowest-order equations,

V2M0 = 0,

v+ 1) +v+1u = qruo.

(C13)
(C14)

Hence, we have the repeated indicial exponent v = 0. One
solution is therefore given by

£1(s) = u(s) = 1 + u;s 4 0(s?),

where we have set i to 1. Moreover, Eq. (C14) determines u;
as

(C15)

2500

po(@3)y

(Cl16)

U =4q1 =

As with Qy, it is convenient to split #; into the sum of two
terms, and we have

Uy = Uig + Uip, (C17)
where
Uiy = —g%’Q;’“, , (C18)
,O()(Cl)A)O
wp = - (C19)
V4o

Because of the repeated indicial exponent, a second linearly
independent solution has the form

& (s) = u(s)Ins + v(s), (C20)

where v(s) is analytic at s = 0. The logarithmic singularity in
&, dominates the behavior near s = 0, and we will not need
any terms in the series for u beyond u;. The topology of the
magnetic surface at s = 0 is determined by u,, and all higher-
order terms are subdominant, as are all the terms in v(s).

APPENDIX D: EVALUATING THE CHERN INTEGRAL

In this section, we evaluate the Chern integral of Eq. (34),
restated here:
1
C=— | dk,dk, F,. D1
27 / R (DD)
This entails integrating the Berry curvature JF, [given in
Eq. (33)] over the (ky, k;) plane to obtain the Chern num-
ber. We work in polar coordinates with k, = kcos¢ and
k, = ksin ¢. We observe that the only k dependence in J,
occurs within w [given in Eq. (27)], which has the form
w = w; + wyk?, with

1 a
wl—ulalne—i-( ”i) PR e o
2 sin“ @ vy,
wy = cos’ © In’e. (D3)
The integral over k is straightforward,
<k 1
/ dk— = . (D4)
0 w2  2wiw;
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What remains is the angle integral. To make the manipulations 1
. - o my = —, (D)
more convenient, we define the following quantities: L,p
n = %, (D5) y () = my cos g sin g — m; sin” . (DY)
g,zo After some algebra, we find that (D1) becomes
ny = 5 (D6) elne
Vo C=- nl, (D10)
) 2w
m = —, (D7) where
Ly
|
2w 2 :
-2
I:/ do mj Ccos” @ My COS @ SIn ¢ . D11
0 [n3 cos* @ + n? cos? p(m; cos g — mysing)?]e?In* e + (y — %erml cos? ¢)

We now evaluate / as a function of ny, np, m;, and m, in
the limit € — 0. In this limit, the emn; cos2g0 term in the
denominator can be neglected.

For small €, the dominant contribution to / arises near the
angles where y(¢) vanishes, which occurs when sing =0
and tan ¢ = m;/m;. For example, see the plot of the Berry
curvature in Fig. 3(b). Near the resonance peaks where y (¢)
vanishes, the integrand can be approximated as a Lorentzian.

The angles that provide the dominant contribution are the
same as those in which (wf\ )o = 0 and the Frobenius solution
of Eq. (10) breaks down; see Fig. 3(a). However, these lines on
which the Frobenius solution is invalid are points of measure
zero in the area integral and do not pose an impediment to
evaluating the integral. As pointed out previously, the Berry
curvature is finite and continuous.

Let us first consider the resonance peaks where sin ¢ = 0.
We calculate the contribution due to the region around ¢ = 0;
the contribution from near ¢ = 7 is identical. Near ¢ = 0, we
approximate sin ¢ & ¢ and cos ¢ ~ 1. Keeping the dominant
terms, the contribution from ¢ near zero is given by

(D12)

A
1
LI =m d
! ! /,A ¢ (n} + n3m?})e? In* € + mip? |

(

for some width A around ¢ = 0. In this form, we can extend
the limits on the integral to infinity and use the Lorentzian
integral

/oo dx— il (D13)
X = .
oo ATt a3x? ajan)

Hence, we find

T sgn(my)

I = .
€llne| / o 2,2
ny + nym;j

Next, we consider the contribution to / from the resonance
peaks where tan ¢ = m;/my. We consider the contribution I,
from the region around ¢y = tan~!(m; /m»); the contribution
from ¢y + 7 is identical. It is convenient to rewrite the inte-
grand by dividing numerator and denominator by cos* ¢, and
we have

(D14)

sec? p(m; — 2my tan @)

wot+A
L = d .
: /%A ¢ [n? + nd(my — mytan 9)?]€ In* € + tan” p(m; — m; tan ¢)?

Since tan ¢y = m; /m;, we note

my

sin g = ———, (D16)
1/m% +m%
COS Py = ——2 (D17)

[ 2 2
my + m;

For nonzero m;, this resonance is well separated from the
other resonance at ¢ =0 in the limit ¢ — 0. Near ¢ ~
@0, we may use sec’ ¢ ~ sec’ gy = (m% + m%)/m% and m; —
2mytan @ & my — 2my tan ¢y = —m;. We approximate

m% +m2

2 (¢ — o). (D18)

my —nmptanp ~ —
myp

(D15)

(

Substituting these expressions, changing integration variables
to x = ¢ — o, and then extending the limits of the integral to
+o00, we obtain

[
12:—/ dx
—o0

where an x%¢? term in the denominator has been neglected as
subdominant. This Lorentzian integral evaluates to

my (m} +m3) [m3

2 2
nie?In € + m3(m? + m3) x2/mj

. (D19)

T sgn(my)
€llnel |ny]

(D20)

L=-—
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Hence,

2 1
[ =20 + by = — 2% _seamo
€|lne| |ny]

(D21)

In this evaluation of I, we have left ny, ny, m;, and m, as
general parameters. However, the definitions in Egs. (D5)-
(D8) imply n% /n% = m% Thus,

2 1
___T M 1— —— |, (D22)
ellnel |m]| o
m?

Substituting this expression into (D10), we find that in the
limit € — 0, the Chern number associated with a given mag-
netic surface is

C = —sgn(pyaLo)| 1 — — (D23)
14+ 2

The first term in parentheses in Eq. (D23) arises from the
tan ¢ = m;/my resonances, while the second term arises from
the sin ¢ = 0 resonances. Note that we have obtained a finite
result for the Chern number in the ¢ — 0O limit, and it was
not at all obvious at the outset this would occur. We have
confirmed our analytic results by comparing Eq. (D21) with
numerical integrations of Eq. (D11).

We implicitly assumed m; # 0, which justified treating
the resonances as separated. If the magnetic shear vanishes,
implying m; = 0, then instead the result is C = 0. This can be
seen easily from Eq. (D11). If m; = 0, then the numerator of
the integrand is odd in ¢ and the denominator is even in ¢, so
the integral over ¢ vanishes.

APPENDIX E: TRIVIAL TOPOLOGY IN REDUCED MHD

Reduced MHD offers a simplified description of plasma
behavior based on an asymptotic reduction that is often used in
theoretical analyses [63]. It is natural to ask whether nontrivial
topology can be extracted from reduced MHD, or whether full
MHD is required. We conclude that full MHD is necessary.

One assumption of reduced MHD is low beta, a limit we
have already taken. Another assumption is that fluctuations
are anisotropic, such that typical fluctuations have longer
wavelengths along the magnetic field line than across it.
Equivalently, the parallel wave number f is assumed much
smaller than the perpendicular wave number g. Finally, one
assumes the equilibrium magnetic field is primarily unidirec-
tional, which we take to be the z direction, such that B, > B,.
The reduced MHD ordering contains sufficient physics to
describe RSAE:s.

A consequence of these assumptions is that in Eq. (1), ¢
decouples from the equations for £ and 5. Equation (1) is
replaced by

—pw’§ = (puzE") — pf?vi& + (pguin) + pgdn, (Ela)

—pa’n = —pguiE’ + pgdk — p(f* +g)Hvin,  (Elb)
which determine the fluid displacement in the directions
perpendicular to the equilibrium magnetic field. The fluid
displacement ¢ parallel to the magnetic field is typically ne-
glected as small. In effect, reduced MHD offers an economical
description of dynamics in the plane perpendicular to the
magnetic field.

To see that reduced MHD implies a trivial topology, we
demonstrate that if one treats the eigenfunction as [£, n], and
ignores the existence of ¢, then one finds the Berry curvature
integrates to exactly zero. This is straightforward to see. If
¢ is neglected, then the third term on the right-hand side of
Eq. (27), proportional to g, disappears. But that term is the
one that provides the dependence on n, in Eq. (D11). Hence,
if ¢ is neglected, the result of the Berry curvature integral is
exactly that of Eq. (D21) with n; equal to zero. The result is
Zero.
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