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Parametric down-conversion beyond the semiclassical approximation
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Using a perturbative approach, we investigate the parametric down-conversion process without the semiclas-
sical approximation. A Wigner functional formalism, which incorporates both the spatiotemproal degrees of
freedom and the particle-number degrees of freedom is used to perform the analysis. First, we derive an evolution
equation for the down-conversion process in the nonlinear medium. Then we use the perturbative approach to
solve the equation. The leading order contribution is equivalent to the semiclassical solution. The next-to-leading
order contribution provides a solution that includes the evolution of the pump field as a quantum field.

DOI: 10.1103/PhysRevResearch.2.033398

I. INTRODUCTION

Parametric down-conversion (PDC) is one of the most
versatile processes used for preparing quantum states in quan-
tum optics [1-4]. The conservation of momentum and energy
in the nonlinear process leads to entanglement in the spa-
tiotemporal degrees of freedom [5-7], which is used in many
quantum information applications, ranging from quantum key
distribution [8—12], quantum teleportation [13,14], quantum
ghost imaging [15,16], and quantum synchronization proto-
cols [17,18].

The PDC process also produces entanglement in the
particle-number degrees of freedom, which becomes manifest
in the production of squeezed states [19-22]. Applications
of squeezed states include continuous variable teleportation
[23,24], quantum imaging [25-27], quantum state engineering
[28], and quantum metrology [29].

In view of these two different aspects of the PDC pro-
cess, a comprehensive analysis of the process in terms of
both spatiotemporal degrees of freedom and particle-number
degrees of freedom would provide a clearer picture of the
process and the state it produces [30]. Analyses of this nature
often impose a variety of assumptions and approximations
to make them tractable [20,21,31,32]. One approximation
that features prominently is the semiclassical approximation
where the pump field is assumed to be an undepleted classi-
cal field. However, the preparation of high fidelity squeezed
states requires intensive pumping of the nonlinear medium
to increase the efficiency of the down-conversion process. In
such cases, the validity of the semiclassical approximation
becomes questionable [33].
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It is challenging to perform the analysis without the
semiclassical approximation, because in such a case, the
Hamiltonian interaction term for PDC contains a product of
three ladder operators. Commutations of operators consisting
of a product of more than two ladder operators increase the
number of ladder operators per term in the result. Conse-
quently, such an analysis would involve an endless cascade
of products of ladder operators.

In quantum field theory, this issue is mitigated with the
aid of perturbation theory [34]. It is assumed that the cou-
pling constant associated with the interaction term is small.
Therefore, in theoretical particle physics, one can expand the
calculation in progressively more complicated Feynman dia-
grams representing higher-order contributions to the process
under investigation. Unfortunately, in the current context of
highly efficient PDC, one cannot assume that the coupling
constant is small enough to allow such a perturbative expan-
sion.

Here, we investigate the PDC process under general con-
ditions with the aid of a perturbative approach but using a
different expansion parameter. Assuming that the pump is
represented by an intense coherent state, one can argue that
the representation of the coherent state on phase space gives
a minimum uncertainty width that is much smaller than its
distance from the origin. We use the relative width of the
pump distribution as the expansion parameter in our pertur-
bative analysis. Such a perturbative expansion becomes more
accurate as the intensity of the pump increases.

To perform an analysis where both spatiotemporal de-
grees of freedom and particle-number degrees of freedom
are addressed, one requires a more powerful formalism than
current methods allow. The incorporation of all these degrees
of freedom naturally leads to a functional formalism. Such
a functional formalism has been developed recently [35-38]
and is currently being applied to investigate complex phenom-
ena in quantum optics [39,40].

Here, we use the Wigner functional formalism [36,37,41]
to derive an evolution equation for the spontaneous parametric
down-converted state that is produced by pumping a second-
order nonlinear medium. We follow the same infinitesimal
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propagation approach that was introduced for single-photon
states [42—-44] and was later extended to multiphoton states
in the context of atmospheric scintillation due to turbulence
[39]. Here, we apply it in a second-order nonlinear (Pockels)
medium.

The paper is organized as follows. We derive the equa-
tions for the field operators of the pump and down-converted
fields in Sec. II and use them to obtain an expression for
the infinitesimal propagation operator in Sec. III. It is then
used in Sec. IV to derive a functional evolution equation. In
Sec. V, we simplify this equation and in Sec. VI we consider
some of its solutions. Applications are discussed generically
in Sec. VII. We end with conclusions in Sec. VIII.

II. EQUATIONS OF MOTION

A. Infinitesimal propagation approach

If U(z) represents that unitary evolution operator for the
propagation of a state over a distance z through a (nonlinear)
medium and p is the density operator for the input state, then
the output state is given by

p) =U@p O ). ey

For an infinitesimal propagation distance A, we have
N iA
U(A)%IL—;PA, 2)

where 1 is the identity operator and P, represents the in-
finitesimal propagation. The negative sign comes from the
phase convention: phase increases with time. Hence, it de-
creases with distance. In the limit A — 0, an infinitesimal
propagation equation (IPE) is obtained:

d R
iﬁd—f)(z) = [Pa, p(2)]. 3
z

It resembles the Heisenberg equation and the infinitesimal
propagation operator P, is analogues to the Hamiltonian.
However, here the evolution is with respect to propagation
distance z instead of time.

The current application of the infinitesimal propagation
approach differs from the way it is used in the context of
scintillation [39] in that full knowledge of the infinitesi-
mal propagation operator for the nonlinear medium can be
assumed, as opposed to statistical knowledge only for the
scintillating medium. As a result, the current analysis does not
need an ensemble average. The process remains completely
unitary.

B. Nonlinear wave equation

To derive the evolution equation, we need to know the
infinitesimal propagation operator. To obtain an expression for
it, we start with the classical process.

When light propagates through a medium, the excitation in
the medium behaves as a vector field and satisfies the usual
wave equation for a linear medium. In a nonlinear medium
the refractive index is modified by the strength of the vector
field, producing additional nonlinear terms that are added to
the linear equation. The leading nonlinear term contains two
factors of the vector field contracted on a rank-three tensor

representing the second-order nonlinear susceptibility of the
medium.

In the analysis, we will employ the paraxial approximation,
which requires a monochromatic approximation. It allows us
to represent the vector field as a phasor field. Thus, we can
express the nonlinear wave equation as

0 = V2E(x, wg) + n*kJE(X, w)

3 o0
+ 5/«3/ E(x, ) x - E(x, 09 — )
0

dw
+2Ex, ) - x - E*(X, w — wp) > )
b4

Here E(X, wy) is the electric phasor field in the medium, ky =
wp/c is the vacuum wave number, n = n(wy) is the dispersive
refractive index for a given polarization at the given frequency
and yx is the nonlinear vertex rule. The latter is a rank-three
susceptibility tensor with two electric phasor fields contracted
on it.

To reduce the complexity in the analysis, we only consider
type I phase-matching. It allows us to remove the indices by
selecting appropriate polarization components and treat them
as scalar fields. Other scenarios can be likewise investigated
with only slight modifications.

The two terms under the integral in Eq. (4) represent
different processes. The first term represents a spontaneous
parametric down-conversion process, while the last term
represents difference frequency generation. They are distin-
guished by the fact the wy is either the pump frequency or one
of the down-converted frequencies.

Considering evolution along a specific propagation direc-
tion (the z direction), we separate the transverse direction from
the longitudinal direction and express the transverse coordi-
nates of the field in the Fourier domain. The result represents
the fields as z-dependent spectral functions. For the paraxial
approximation, we also pull out a z-directed plane wave from
all fields. The remaining part of the field is slow varying in z.

These modifications are applied to the fields in Eq. (4) and
the second-order z derivative is discarded. The result is the
classical nonlinear paraxial wave equation appropriate for the
conditions under investigation.

C. Quantization of the electric field

The expressions of the classical equations can be used as
the basis for the development of the quantum theory. First,
we convert the classical equations into equations for single-
photon states, replacing the classical fields with quantized
field operators. The quantized field in a dielectric medium is
given by

) i
E(X,t):Z/ ””20 [—iTisis (K, @) explior — ink - X)

wdw d*k

Hc] —,
el e

&)
where 7j, is the spin vector, with spin index s. The quantized
field is expressed in terms of optical beam variables, which
are defined in Appendix A.
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The expression for the quantized field operator is turned
into a scalar field operator by computing the dot-product
with a specific polarization vector. Fourier transforms are
performed with respect to time and the transverse coordinates.
The result is

) hok
£ I [ R0 4K, wo) exp(—inke).  (6)
260 ka

The classical fields already have a factor exp(—ink,z) re-
moved. So, we do the same in the quantized field. At the same
time, we assume that ko, & ko under the paraxial approxima-
tion. Hence, we define

R h
G(K, w0, 2) = i, | 2~ a(K, w), %)
26()

where the z-dependence is due to the nonlinearity of the
medium. (A plane wave created at z would generate other

J

plane waves at other values of z due to coupling.) The
Hermitian adjoint gives the creation operator. Their equal-z
commutation relation is

[G(K, wo, 2), G'(K', @p, 2)]
nh 3 / ’
= g(zn) ko8 (K — K8 (wp — @), ®)

based on the commutation relation for the ladder operators in
optical beam variables, given in Eq. (A9).

D. Paraxial operator equations

The classical scalar, paraxial, slow-varying spectral func-
tions in the nonlinear paraxial wave equation are replaced
by G(K,wo,z) to obtain separate single-photon opera-
tor equations for the pump and down-converted fields in
the form of nonlinear paraxial wave equations. They are
given by

2
dooe kp

ingkyd.Gyp (K, 0p, 2) = — MK *Gp(K, wp, 2) + / Gua(Ky, @1, 2)Ga(Ks, 3, 2) exp(iAk:2)

x 21)38(wp — @1 — 02)8(nK — m Ky — mKo)ning dk; dks, ©

inki3.G(Ky, w1, 7) = — n}|K; *Gy(Ky, w1, 7) +

dooek2 a N .
= / G (Ko, w0, 2G5 (Ka, @3, 2) exp(—iAk.2)
0

x (27)38(wy — w1 — w2)8(noKo — m Ky — nyKo)nini dko dks,

where GP(K, w, z) and Gd (K, w, z) are the annihilation op-
erators for the pump and down-converted fields, respectively,
np = neff(wp)a ny = ne(w), iy = ne(@ — wy),

Ak, = npkp, — niky; — noko, (10)

the integration measure is defined in Eq. (A4), and
2
dooe = 302011, 0 (1D
represents the strength of the nonlinear interaction for type I
phase-matching.

The general expression for Ak, depends on the different
frequencies and angles of the down-converted beams. If we
can assume that such angles are small enough to ignore, then
we can use the expression for collinear, nondegenerate critical
phase matching, given by

cmmy| Ky — Koo 2

Ak, = , (12)
2w wrwpny

where w; = w and w; = w, — .

III. INFINITESIMAL PROPAGATION OPERATOR

In analogy to the Heisenberg equation, the IPE in Eq. (3)
should apply to any operator, not only the density operator of
a state, without any change to the infinitesimal propagation
operator P,. Therefore, one can also apply it to the field
operators:

ind.G,(K', o, 2) =[Ps, G,(K', &, 2)],

R . A (13)
ih9,G4(K', ', 2) =[Pa, G4(K', &, 2)].

(

The result should reproduce the equations in Eq. (9). We
will use this correspondence to obtain an expression for
the infinitesimal propagation operator. For this purpose, we
compute the commutations with the field operators, using
Eq. (8). The z components of the wave vectors that comes
from the measures are replaced with their wave numbers
under the paraxial approximation. One can use the symme-
tries of the kernel functions to simplify the expressions. The
commutations with the creation operators for the pump and
down-converted fields, respectively, lead to the adjoint equa-
tions.

The expression for the proposed infinitesimal propagation
operator has the form

Py = / Hy(K, 0)G} (K, 0, )Gy (K, o, 2) dk
+ [ HK. )G K. 0. 206K 0.2) b

+/V*(K, K1, Ks, 0, 01, 0)G)(Ki, 01, 2)
x G Ky, 00, 2)Gy(K, 0, 7) dk dk, dk,
+ [ VKK K001 006K 0.2)

x Gy(Ky, w1,2)6a(Ky, 03, 2) dk dky dky, — (14)

where V (K, Ky, K;, w, w1, @) is an interaction vertex kernel
for the nonlinear PDC process, and H,(K, w) and H;(K, w)
are the kernel functions for the linear propagation of the pump
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and down-converted fields, respectively. The expressions of
these kernel functions, as obtained by comparing Eq. (9) with
the results after substituting Eq. (14) into the Eq. (13), are

260 2
H, = K2,
b= K|
2¢e
Hy = k—°|K1|2,
! (15)
3 ”%”% .
V= —Qn) do(,en—zk]kzk exp(iAk.2)

0
X 8(n0K — n1K1 — nsz)(S(a) — w1 — (,()2),

where kK = w/c is the wave number at the pump frequency
and ny = ner(w) is the effective refractive index for the pump
field.

IV. FUNCTIONAL EVOLUTION EQUATION

For an investigation that incorporates all the degrees of
freedom, it is convenient to consider the IPE in terms of
Wigner functionals [36,37,41]. The evolution equation in
Eq. (3) can be carried over directly in terms of Wigner
functionals where the commutation is expressed in terms of
star products, because the quadrature basis elements that are
required for the conversion of the operators to Wigner func-
tionals do not depend on z. The variables of these functionals
are functions or fields that are here denoted by lower case
Greek symbols, such as o and «*. The functional variables
are here referred to as field variables. They do not depend on
z. The z-dependence is carried in the parameter functions for
the state and the kernel function of the PDC vertex.

A. Functional for the propagation operator

To compute the Wigner functional for the infinitesimal
propagation operator given in Eq. (14), we use a coherent-
state-assisted approach, presented in Appendix B. For this
purpose, we need to determine what happens when the field
operator, defined in Eq. (7), is applied to a coherent state. It

gives
A L[ nh
GK,w, a) = —i | — alK, w)|a)
260
nh
), [ 5— a(K, »), (16)
260

where we absorb the —i in the spectral function (K, w).
The relationship is valid for a fixed value of z, so that the
z-dependence does not carry over to .

The overlap of the infinitesimal propagation operator by
coherent states for the pump field and the down-converted
fields on both sides gives

(o1 1(B11Pale2) | Ba)
=exp (o 0 o + B} © B — ey > — Sl

—HBiII? = 3B B o Pyo B +af o Pyoar
—BioT oo may —ajaf oo T o B), a7n

where B and B, are associated with the pump field, oy and
o, are associated with the down-converted field, and the ©-
contraction is defined as [41]

oaf oap = /ai‘(k)az(k) dk. (18)
Furthermore,
Vloh nofl 2
P,=—H1=—|K|1,
P 260 P k | |
nh mh 2
P, = —H;1=—|K{|1,
1= St T K]
3/2 19
T =— «/nlnzl/lo(z—) \%4 ( )
3 hoooe .
= (2m) —5 @100 exp(iAk;z)
c
x 6(noK — mK; — mKj)d(w — w1 — wy),
where
1= 27) k8K —K)(w — o), (20)

and the cross-section (having the units of an area) for the PDC
process is defined by

3 [ch (mm) o) (o) () (0
Oooe = E\/%Xabcnao My nce : (21)

To complete the calculation of the Wigner functional, we
substitute Eq. (17) into the coherent-state-assisted functional
integral expression in Eq. (B5) and evaluate the integrals. The
integration process can be alleviated by using a generating
functional together with a construction operator. The gener-
ating functional is

1 21 2
G =exp(af car+Bf 0B — zllanll® — 3lleal
g2 _ | 2
= SIB" = B+ af o py + 3 02

+ Bl om +n; 0 Ba), (22)

where w1, 3, 11, and n3 are auxiliary fields. The construction
operator is defined using functional derivatives

8 5 4 5 6

C=——0oTo ” *———<><>T*<> ”
Sm Sus dpy S S 3n;
) 1) ) )
+ 0 — 4+ —oP;0 (23)
Smi P smy S 145

When the generating functional is substituted into the
coherent-state-assisted functional integral expression in
Eq. (BS5) and all the functional integrals are evaluated, we
obtain a generating functional given by

W=exp(usoa+a*ou +nop+p on

—Insom — dus o). 24

To obtain the Wigner functional for the infinitesimal propaga-
tion operator, one would apply the construction operator and
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set the sources to zero. However, it is not convenient to use
the expression in this form.

B. Infinitesimal propagation equation

Instead of using the Wigner functional for the infinitesimal
propagation operator directly in the expression of the IPE,
we find it more convenient to represent it in terms of the
construction operator in Eq. (23) and the generating functional
in Eq. (24). The IPE in terms of Wigner functionals then reads

d A
i Wy = COV* W = Wy x W) (25)

{.v}=0"

where Wjla*, , 8%, B] is the Wigner functional for the
complete photonic state (pump and down-converted field),
with o and B being the field variables associated with the

J

down-converted field and the pump field, respectively, and
represents the star product.

We evaluate the functional integrals for the two star prod-
ucts in turn. Two of the functional integrals in each produce
Dirac-§ functionals, which are removed by the remaining two
functional integrals. As a result, we obtain

W Wla*, o, B*, Bl — Wyla™, o, B*, Bl x W

l’l’l * nz 771
=W, L=/, P} - A5
|:oz+ > /34—2 2]W
—W[a—% +%,ﬂ*— B+ ]W 26)

We can now substitute these two terms into Eq. (25), apply
the construction operator and set the source fields to zero.
When the result is expressed in compact notation, the dou-
ble contractions can be ambiguous. Therefore, we express
the evolution equation in terms of integrals over the three-
dimensional wave vectors:

'def’/ k)P (K, k W p ki k)B(K
i e B k)P, (ky, 2)5’3 Uy 0k (K1, k) B (ko)
k)P (k;, k (SWpPkk k,) | dk, dk
+ o (ki) Py (K1, 2) *(kz) Stk a (K1, Koo ( 2)} 1 dky
+f[8w T (k1. ko ks, ar(kia(ks) — 28" (k)T (k1 o, ks, (ki) Wy
’ ’ o o - ’ ’ s (64
Sﬂ(k) 1, K2, K3, 2 1 2 3 1, K2, K3, 2 1 o (Ky)
W, W,
— o (ko (k)T™(Kky, ks, K3, Z)S,B ) +28 (kl)a *(ko)T™(k1, ko, k3, 2)B(k3)
1 W, 1, W,
+ 7Tk ko, ks, Z)(Sﬂ(k3)8a*(k1)8a*(k2) — 777k, ko, ks, Z)Sa(kl)(Sa(kz)Sﬂ*(k3):| dky dk; dks. 27

The functional differential equation in Eq. (27) is the evo-
lution equation for the complete state during PDC. It is valid
for all possible scenarios and can handle situations where
the pump is any kind of state, which may become entan-
gled with the down-converted state during the PDC process.
However, the complicated expression of the evolution equa-
tion makes it challenging to find a general solution for the
state.

Since it is linear in the Wigner functional of the state,
the solution would be represented in exponential form with
a polynomial functional exponent. Unfortunately, as shown
below, the terms in the polynomial functional does not close.
At every order, the equation generates higher-order terms.
Therefore, a general solution would be represented as an
exponential function with a polynomial functional of infinite
order in its argument.

V. SIMPLIFICATIONS

Having obtained the general equation for the state pro-
duced by the PDC process, we are presented by the challenge

(

to solve it. First, we consider some simplifications and approx-
imations that would allow one to find solutions under certain
conditions.

A. Reference frame representation

The first simplification is introduced to reduce the number
of terms in the equation, by removing those terms that contain
P, and P;. Formally, the field variables are transformed as

a=Us(z)0a,
af=a"oUj(2),
B =Uy(2) 0B,
B* =P oUj (),

(28)

where the barred field variables represent new field variables
in terms of which the equation will be expressed and U, (z)
and U, (z) represent unitary kernels for linear propagation of
the pump and down-converted fields along z, respectively. The
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transformation maps the field space back onto itself. There-
fore, the fields won’t change, but the points where they are
applied will change.

We replace the arguments of the Wigner functional with
the transformed fields:

W'{;[CY*, o, ﬂ*’ ﬂ](z)
— W)la" o U] (2), Us(2) 0 @ B 0 U} (2). Up(2)  BI(2)

= W,[a*, &, B*, Bl(2). (29)

Then we apply the total z derivative, leading to

dw, W, W,
—”—-*oazﬁ()o Pt —Lodlix)oa
dz Sa
+ B 0 0.U) ()¢ W+5W 0 3,Uy(2) © B+ 0 Wj.
Z 5P 5B Z
(30)
A comparison with Eq. (27) indicates that, if
i izen
Up(2) =exp, (2B ) = exp (“ K1,
(€29)

i izen
Uq(z) =exp, (Ede> = exp < ! Ky )

then the total derivative with respect to z would produce
the first four terms in Eq. (27). The subscript ¢ indicates a
functional whose expansion has a first term given by 1 and all
products are represented by ¢ contractions.

The transformation also implies that the functional deriva-
tives become

SW, W,
Sa*  da*
Wy . W,
—=U o —,
sa U@
(32)

W, _ W,

o Up(2),
spr  s8pr
sW, sW,

Uy () ¢

B 8B

The additional factors of the unitary propagation kernels (U,
U, and their Hermitian adjoints) are now attached to the vertex
kernel. Therefore, the vertex kernel is transformed as follows:

T(2)— / Ua(ki, K, 2)Ua(ka, Ky, T (K}, K, K., 2)
x UJ (K, k, 2) dk| dk} dk’
=Tk, ka, K, 2). (33)

Applying the transformation to both the fields and the
functional derivatives in the evolution equation, we get

L Wy =~ o
ihd.W, =/|:(SB(kps)T(k1ak27k3,Z)Ol(k1)Ol(k2)

SW,
— 28" (k3)T (k;. ko, ks, )Ol(kl) 55+ (ky)
1~ W,
~T(y, Ky, ks, 2)— L
ke ke O e (ensa ()
SW,
_C{ (k])C{ (kz)T (k]7k29 k%? Z)(Sﬁ (k3)
2 5W) a* (ko) T* (k1 Ky, k Kk
+ sa (k) (k2)T*(ky, ko, k3, 2)B(K3)

—-T*(k ks, ks, 2) W, }
a0 s 1)oa (ka0 (k3)

X dkl dkz dk:; (34)

Since the transformation maps the functional space onto itself,
we can revert to the unbarred «’s and 8’s. However, we retain
the tildes on 7" and W to indicate that they are “dressed” by
the propagation kernels.

B. Exponential form

The fact that Eq. (34) only contains terms that are linear in
the Wigner functional of the state implies solutions that are in
exponential form:

Wla*, a, B*, B1(z) = exp {Fla*, a, %, Bl(2)}.  (35)

Here Flo*, o, B*, Bl(z) is a multivariate polynomial func-
tional, with coefficients in the form of z-dependent kernels.
The equation for F would contain more terms due to the
third-order functional derivatives.

C. Coherent state pump

So far, the simplifications were not restrictive in any way.
They retained the full validity of the original equation. Here,
we introduce an approximation that is only valid for certain
experimental conditions.

In most experimental scenarios, the pump that illuminates
the nonlinear crystal is considered to be a coherent state.
Here, we assume that it remains a coherent state during the
PDC process. It is only the pump’s parameter function ¢(z)
that changes as a function of z. However, since the squared
magnitude of the parameter function ||¢(z)||> represents the
pump power, its evolution includes the possible depletion of
the pump power and thus goes beyond the conditions for the
semiclassical approximation. Therefore, we substitute

Wyla, B1 — Noexp[—=2IIB — ¢ @I Ws[a]l  (36)

into Eq. (34), where W; is the Wigner functional for the down-
converted part only and evaluate the functional derivatives
with respect to 8. Then, the pump field is factored out and
removed, leading to
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ihoWs = 2/ {a*(kl)a*(kZ)T*(kl’ k2, k3, 2D)[B(ks) — ¢ (ks, 2)IWs + (8;Ws )a* (ko) T* (K, ko, k3, 2)B(K3)

1 ~ 1 ~
+ 1(5132W6)T*(k1, ks, k3, 2)[B(k3) — ¢ (K3, 2)] — Z['B*(k3) — ¢%(ks3, 1T (ky, ko, k3, 2)(878,Ws)

— [B*(k3) — ¥ (ks, 2)IT (1, Ko, k3, 2)ar(k; ) (ko)Ws — B* (k)T (ky, ko, ka, Z)a(kl)(5§W&)} dk) dk, dks

- i2ﬁ/ {1B*(k) — ¢*(k, 2)19:¢ (k, 2) + 0.5 (K, 2)[B(K) — ¢ (K, )]} dk Ws, (37

where

) )
8y &= . (38)
Sor(ky) Sor*(ky)
Equation (37) represents a general expression for the evolu-
tion of the down-converted state during PDC.

VI. SOLUTIONS

Using the simpler equation in Eq. (37), we can now con-
sider solutions. First, we reproduce the familiar semiclassical
solution. Then we proceed to provide solutions beyond the
semiclassical approximation. It includes a solution for an
evolving coherent pump state and eventually for the down-
converted state with the aid of a perturbative approach.

A. Semiclassical approximation

The equation in Eq. (37) is still rather complicated to
solve in general. To simplify it further, we argue that, since
B can represent any field, we can set it equal to the parameter
function ¢ (z). As such, it samples only one point on the phase
space of the pump, namely the point at the peak of the co-
herent state’s Wigner functional. The substitution effectively
converts the pump field into a classical field, and therefore
implies a semiclassical approximation. The resulting equation
simplifies significantly:

iho,Ws = 2/[(51Wa)a*(k2)f*(k1, k>, k3, 2)¢ (K3, 2)

— " (ks, 2)T (k1 ko, ks, 2)a (K, )83 Wi)l
x dk; dk, dks. (39)

Since the derivative terms for the parameter function of the
pump dropped away, the parameter function does not evolve,
apart from linear propagation. This situation reproduces the
notion of an undepleted pump field, associated with the semi-
classical approximation.

A =1+ / ) / " Z{H (1) 0 Hz)) dz da
0 0

(

To simplify the notation, we incorporate the pump pa-
rameter function with the vertex kernel into a bilinear kernel
function, which is defined by

a
Hk, ky, 2) = %/T(k],kz,k,z)g*(k) dk. (40)

It allows us to revert to the ¢-contraction notation.
We now use the following ansatz, which has the form of
the Wigner functional for a squeezed vacuum state

Ws = Nexp[—2a* 0 A(z) o
—aoB@)oa —a*oB*(z) ¢ a’], 41

where NV is a normalization constant, which remains constant
with z, and A(z) and B(z) are unknown kernel functions to
be determined. The kernel function A(z) is Hermitian and
positive definite, and B(z) is symmetric. After substituting it
into Eq. (39) and dividing by iZW;, we obtain an equation
that can be separated into three equations. By removing the
different combinations of o and «* with the aid of functional
derivatives, we obtain

3A(z) = 3H*(z) © B(2) + 5B*(z) © H(2),
3.B(z) = 1H(2) 0 A(z) + 3AT (2) 0 H(2), (42)
39.B*(2) = 3A(2) o H*(2) + H*(2) 0 A" (2),

where the transpose indicates that the two wave vectors in
the argument of A are interchanged. To solve the equations
in Eq. (42), one can follow various approaches. One way is to
integrate all the equations with respect to z and then perform
progressive back substitutions to obtain expansions in terms
of integrals of contracted H-kernels. The initial conditions for
the expansions are taken as A(0) =1 and B(0) = 0O for the
Wigner functional of the vacuum state. The resulting expres-
sions, which satisfy the equations in Eq. (42) are

Z 21 22 3
+ / / f / Z(H(21) 0 H(z) 0 H (23) 0 H(za)} des d2s dzy dzy + ...
0 0 0 0

(43)

B(z) = / HG)da + / | / i / " Z(HG) 0 HY(2) 0 H(z)) dzs dza d2y
0 0 0 0

T ru Ln LB LU
+/ / / / / Z{H(z1) o H"(220) © H(z3) © H"(24) © H(z5)} dz5 dzs dz3 dzp dzy + ...,
o Jo Jo Jo Jo
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where Z{-} represents a z-symmetrization operation, recursively defined by

Z(fi@) 0 o fulz)} = 51/1@1) 0 Z{f2(z2) © . 0 fulz)} + Z{f1(22) © o © fum1 (@)} © fulz)], (44)

with Z{f1(z1)} = fi(z1).

B. Bloch-Messiah reduction

The approach we followed to solve the set of equations in
Eq. (42) differs from the more general approach that is often
used for PDC. The more general approach is to perform a
Bloch-Messiah reduction [45,46] that results in Bogoliubov
transformations. Being based on linear algebra, the Bloch-
Messiah reduction assumes a finite dimensional system. The
kernels are then represented by matrices, which can be diago-
nalized, reminiscent of a Schmidt decomposition [31,47—49].
Thus, the set of equations in Eq. (42) becomes a decoupled set
of ordinary differential equations that can be solved.

To address the case where the kernels are functions in-
stead of matrices, the Bloch-Messiah reduction needs to have
a well-defined continuous limit. Hence, the bilinear kernel
must be represented by an infinite dimensional Schmidt-like
decomposition:

H(k, ky, 2) = th(zwm(kh 2)Pu(kz, 2), (45)

m=0

where ®,,(k, z) represents the Schmidt basis. Such a decom-
position is represented by Mercer’s theorem [50]. For explicit
calculations, one usually needs to determine the expressions
for the Schmidt basis, which is a challenging endeavor. There-
fore, we do not use the Bloch-Messiah reduction approach
here.

The Bloch-Messiah reduction approach often produces
semiclassical kernel functions in the form of hyperbolic
trigonometric functions [31]. Here, such a result can be repro-
duced, in the thin crystal limit, where the Rayleigh range of the
pump beam is much longer than the length of the nonlinear
crystal, which is valid in most experimental scenarios. The
expession of H then becomes independent of z. Evaluating all
the z integrals and summing the terms, we obtain

A(z) = cosh,(zHp),

. (46)
B(z) ~ isinh,(zHp),

where we defined H(z = 0) = iH,. The subscript ¢ indicates
that these kernels incorporate all the spatiotemporal degrees
of freedom.

C. Coherent pump approximation

Considering the more general case in Eq. (37), one can
assess which terms are necessary in the polynomial func-
tional F. If cross-terms (those that contain both «’s and 8’s)
are needed, then entanglement between the pump and the
down-converted state may be inevitable. However, if such
cross-terms can be shown to cancel among themselves, then
the state would be separable without any entanglement be-
tween the pump field and the down-converted field. Since «
and B are field variables, each combination of them repre-
sents an independent equation that would become zero in the

(

separable case. For this purpose, we consider only those cross-
terms in Eq. (37) that carry a factor of 8*. At the very least, the
polynomial functional should contain the terms given in the
ansatz in Eq. (41). When we substitute them into those terms
in Eq. (37) with a factor of §* and extract separate equations
for the different combinations of « and ™, we obtain a set of
four equations. One of these equations,

0= / T(ki, ko, k, 2)B" (K1, ks, ) (Ks)

x B*(ka, ku, 2)a™(ky) dky dky dks dky, 47)

indicates that the required cancellations cannot work, because
we do not expect B* to be zero.

We conclude that the pump and the down-converted fields
are inevitably coupled in the description of the problem, which
may imply that they are entangled by the PDC process. (Such
entanglement between the pump and down-converted field has
been theoretically predicted [51] and experimentally observed
[52,53] in optical parametric oscillators.) Moreover, the poly-
nomial functional need to be of infinite order, because at each
order, higher-order terms are generated in the equation. Such
a situation does not allow us to obtain an exact closed form
analytical solution for the equation. As a result, we are forced
to use approximations to simplify the problem so that we can
find a solution.

Another one of these equations,

0 = —ihd.{(z) + itr{T(2) o B*(2)), (48)

where the trace only involves the down-converted fields” wave
vectors, is an evolution equation for the pump parameter func-
tion. The solution is

¥4
¢ =0+ o [ wiFE@es@nd. @)
i2h 0

Since H(z), given in Eq. (40), contains ¢(z) and B*(z) is
defined in terms of H(z), it appears that the equation for ¢ (z)
in Eq. (49) contains multiple factors of ¢(z). The resulting
equation would therefore be very difficult to solve. However,
since the second term on the right-hand side of Eq. (49)
contains an unenhanced vertex, it is suppressed relative to
the first term. An enhancement needs an extra factor of the
parameter field, as found in H(z). Therefore, up to leading
order in this suppression factor, the right-hand side of Eq. (49)
only depends on the initial field ¢ (0). For this reason, we do
not use the full ¢(z) in the definition of H(z), when it is used
in the definitions of the semiclassical kernel functions.

D. Perturbative approach

Having concluded that approximations are required to
solve the IPE in Eq. (37), we employ a perturbative approach,
going beyond the semiclassical approximation. However, we
use a different expansion parameter instead of the efficiency
of the PDC process as the expansion parameter, because the
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expansion should be valid under conditions that allow highly
efficient PDC.

If the magnitude of the parameter function of the pump
beam (the power or average photon number of the pump state)
is large enough, then the region on which the Wigner func-
tional of the pump beam is significantly different from zero is
small compared to the distance from the origin of phase space.
Hence, the contribution is insignificant unless § is close to ¢.

J

So, one can use € = 8 — ¢ as an expansion parameter for the
perturbative approach. Although ¢ varies is a function of z, the
expansion parameter € is bounded by the width of the Wigner
functional of the pump beam, which does not vary, provided
that the pump remains a pure coherent state. The semiclassical
solution, which assumes 8 = ¢, is the zeroth-order term in the
expansion. For higher orders, 8 deviates from ¢ by a small
amount. In term of F, Eq. (37) becomes

iho F = —i2h/ {e"(K)[0:¢ (k, 2)] + [3.¢"(k, 2)]e(k)} dk

+2 / [(81F)a* (ko) T* (K1, ko, ks, 2)¢ (K3, 2) — £ (ks, )T (ki, Ko, ks, 2)ar(ki)(85F)
+ (81 F)a* (ko) T* (K, Ko, k3, 2)e(Ks) — €*(k3) T (ky, ko, K, 2)ar(k; )(85F)
1 ~ 1 ~
+ Z1G18:F) + G )GPIT (K1, ko, ks, Delks) — 2e* (k)T (Ko ko, ks, DIG[8F) + (7F)(E3F))

+ ot (ko (k) T (Ky, ko, ks, 2)e (ks) — € (ka)T (i, ko, ks, D) (ki (ka) | dky dky dks. (50)

We now use the ansatz in Eq. (41), but with

AR) = Ag(@) + A1(2) o € + A] () 0 €,
B(z) = By(x) + Bi(z) o € + By(zx) o €, (51)
B*(z) = By(2) + B{(z) 0 €" + Ba(2) ¢ €,

where Ag(z) and By(z) are the semiclassical solutions and
A1(z), B1(z) and B;(z) represent the first order perturbations to
be solved. The different perturbation orders are distinguished
by an expansion in the number of € factors, after substituting
Eq. (41) and Eq. (51) into Eq. (50). As expected, the zeroth-
order perturbation produces the same equations as in Eq. (42)
for the semiclassical case.

The first-order perturbation can be further separated into
eight differential equations, based on the different combina-
tions of {«, «*}. The two equations that are independent of
{or, ¢} give the same solution for the pump parameter func-
tion that is obtained in Eq. (49). The remaining six equations
are

3A1(2) = $H*(2) © B1(2) + $B2(2) © H(2)

Al(z)=/”
0

J

(

+ Ep(z) © S(2) © Bo(2),

9.B1(2) = 5H(z) 0 A1(2) + 3AT Q)0 H(z)  (52)
+ Bo(z) ¢ S(2) © By(2),

39.B2(z) = SH*(2) 0 A] (2) + 3A1(2) © H*(2)
+ Ey(2) © S(2) © Ej (2),

and their complex conjugates, where the ¢ contractions
are associated with the down-converted fields only, Ey(z) =
Ao(z) — 1 and S(z) = i2T*(z)/h. The unknown functions all
depend on an additional wave vector associated with the
pump field, which will eventually be contracted on €(ks) or
€*(ks).

To solve these equations, we follow the same approach
used for the semiclassical case. We integrate all the equations
in Eqgs. (42) and (52) with respect to z. Then we perform pro-
gressive back substitutions, with the initial conditions A;(0) =
B1(0) = B,(0) = 0 in addition to those for Ap(z) and By(z).
Thus, we obtain expansions in terms of integrals of contracted
H-kernels. The leading order terms for these kernels are given
by

/ l / 2 Z{H"(z2) © H(z3)} dz3 de] o S(z1) ¢ |:/~l H(z4) dZ4] dzy,
o Jo 0

Bl(z)=/” /1H<Z3)dzz}<>5(zl)<>[/ lH(Zz)dZ3] dz, (53)
0 LJO 0

Bo(z) = /
0 L

Given the solutions for all these kernel functions, we obtain
an expression for the state produced by the PDC process be-
yond the semiclassical approximation. We substitute Eq. (51)

/ | / " Z{H* () 0 H(z)) dzs da]oS(zl)o[ f i / ' Z(H(z) o H'(z5)) dzs da} dz.
0 0 0 0

(

into the ansatz in Eq. (41) and replace ¢ — B — ¢. Then
we combine it with the Wigner functional of the pump. The
result is the second-order perturbative solution for the Wigner
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functional of the total state produce during the PDC process.
It reads

W, ~ NF exp{=2[18 — ¢()II* — 7(2)
—yI@ o — @1 —[B—t@]oy@)}, (54)

where the ¢ contractions are with respect to the pump wave
vector, and

1) =200 Ag@)ca+a o By(z)oa

+a* o Bj(z) oo,
) (55)
y(@)=20"0A1(0)ca+aoBi(z)oa
+a* o By(z) o,

with the ¢ contractions being with respect to the down-
converted wave vectors.

The down-converted state observed in PDC experiments
usually does not include the pump. Therefore, we trace out
the pump degrees of freedom by performing the functional
integration over . In the process, all the terms that explicitly
contain the parameter function ¢(z) are removed. It remains
implicit in the definition of H(z). The result after the integra-
tion 18

W; = /Wb D°[B] = Npexp (—r + %yT o )/), (56)

where the ¢ contraction is with respect to the pump wave
vector. The second term in the exponent is fourth order in
{o, «™}. Hence, the expression is not in Gaussian form.

VII. APPLICATIONS

The formalism presented here is intended for those ap-
plications of parametric down-conversion where both the
particle-number degrees of freedom and the spatiotemporal
degrees of freedom play important roles. Such applications
are inevitably of a rather complex nature. While the pre-
sented formalism provides the means to incorporate all the
relevant degrees of freedom, it does not completely remove
the complexity of these calculations. As a result, an explicit
example that demonstrates the power of this formalism is
beyond the scope of the current paper. However, we present
here a symbolic calculation that shows how this formalism
would produce results that can go beyond the traditional semi-
classical predictions.

Consider an observable X that represents a measurement
applied to the down-converted state. If the Wigner functional
of the observable is represented by Wy [«], then the result of
the measurement would be given by

(X) = ufpX} = / Wy lalWpla] D°[al, (57)

where W;[«] represents the Wigner functional of the down-
converted state. For the sake of tractibility, we will used the
expression in Eq. (54), prior to the functional integration over
the pump field variable 8.

Often such an observable would consist of selective num-
ber operators, representing detectors employed to observe
single-photons or the photon number of the state at a specific
location. The Wigner functional of such a selective number

operator is given by a second-order polynomial functional:
Wila] = a* o D oo — 1tr{D}, (58)

where D is a kernel function that models the experimental
conditions imposed by the detector. It also incorporates the
model for any optical system that directs the light toward the
detector.

Such a second-order polynomial functional can be con-
verted to a generating functional by adding it, multiplied with
a generating parameter, to the exponent of the Wigner func-
tional of the state. (If there is more than one detector, then their
Wigner fucntionals are included separately, each multiplied by
its own generating parameter.) The resulting expression for
the measurement becomes

&)= o [exp(F + W) Dl pl] L (59)
J=0
where F is the polynomial functional exponent of the com-
plete state. It is second order in {«, o*}. Therefore, one can
evaluate the functional integral over «, leading to an expres-
sion of the form

(X) = / exp(=2[18 — ¢ 1) 3;PIB1U)|,—o D°[B]

= /GXP(—ZIIﬂ — CIMHGIBI D8I, (60)

where P[B](J) usually includes a functional determinant in
the denominator and where we applied the derivative with
respect to the generating parameter and set it to zero. In gen-
eral, the functional integration over § would not be tractable.
However, we can proceed with the same perturbative approach
used above to expand G[f] as

GlBl= Go+(B*—¢H) oG +Gio(B—1¢)
+ (B =¢")oGuo(B—1¢)
+(B=8)0Guo(B—1¢)
+(B =N oGypo (B =)+ ... (6])

After substituting this expansion into Eq. (60), one can evalu-
ate the functional integration over 8 to obtain

(X) ~ Go + Gaa. (62)

The other terms in Eq. (61) fall away. The first term Gy is the
result that would be obtained from a semiclassical analysis.
The second term G,, represents the contribution beyond the
semiclassical approximation. It would be responsible for de-
viations in the experimental observations when compared to
predictions that are purely based on a semiclassical analysis.

VIII. CONCLUSIONS

Using a Wigner functional approach, we obtained an
evolution equation for the Wigner functional of the state
produced during PDC in a second-order nonlinear medium
under type I phase matching. For this purpose, we followed
an infinitesimal propagation approach, in which the infinites-
imal propagation operator is obtained from a comparison
between the dynamical equations for the field operators and
the commutators of these field operators with an ansatz for
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the infinitesimal propagation operator. The Wigner functional
of the infinitesimal propagation operator then leads to the
evolution equation for the Wigner functional of the state.

We then solved the evolution equation to obtain an expres-
sion for the Wigner functional of the state in the form of an
exponential with a polynomial functional in its argument. It is
done with the aid of a perturbative approach up to subleading
order in the expansion parameter. The semiclassical solution
is the zeroth-order contribution in the polynomial functional.
In this way, we obtained a solution beyond the semiclassical
approximation. It allows one to consider the case where the
pump suffers depletion during the PDC process. We also
provided a generic discussion of applications where measure-
ments are performed on the down-converted state to show
how the contribution beyond the semiclassical approximation
would affect the measurement results.

The fact that the final expression for the Wigner func-
tional of the state obtained from the perturbative approach
is not a Gaussian functional, has detrimental consequences
for calculations using this result. However, all the kernel
functions involved in the higher-order terms in the exponent
are suppressed, because they contain a vertex without the
enhancement given by the parameter function. Therefore, one
can use the more traditional perturbative approach, based on
the low efficiency of the unenhanced PDC process to perform
computations with this state. As we showed generically, the
expression for the down-converted state can be used with the
aid of such perturbative methods to compute the measurement
results expected in experiments involving such states. There-
fore, we expect these results to be of significant relevance in
applications, such as quantum metrology.
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APPENDIX A: OPTICAL BEAM VARIABLES

Fourier domain integrals for optical fields run over only
three of the four quantities w, ki, k, and k_; by specifying any
three of these quantities, the fourth is fixed by the dispersion
relation w = c|k|. Often, the three integration variables are
chosen to be k,, k,, and k, which covers the three-dimensional
space of propagating plane waves. It gives a symmetric three-
dimensional representation of the field suitable for a Lorentz
covariance formulation.

However, when dealing with optical beams in experiments,
one may find it more convenient to integrated over w, k, and
ky and thereby fix k; as

2
kzz,/%—kg—kg. (A1)

The set {w, k,, k,} is referred to as the optical beam variables.
It allows a natural setting in terms of which one can impose
a monochromatic assumption. The spectrum of plane waves
is restricted to a half-sphere, centered on the general direction
of propagation of the optical beam, which is denoted as the z
axis. The plane waves that form part of the optical beam are

those that have positive k, components. The transverse part of
the wave vector is denoted by

K = k% + k3. (A2)

Optical beam variables assumes a fixed propagation direc-
tion. As such, it breaks Lorentz covariance explicitly, but it is
doing so in a way that is consistent with a Lorentz covariance
formulation of the theory.

The definitions of all the quantities can be converted into
equivalent definitions in terms of optical beam variables by
changing the integration variables in the Fourier domain in-
tegrals from an integration over k, to an integration over w,
using Eq. (Al). It produces the following transformation of
the integration variable

d
dk, = 222 (A3)
%k,

which means that the Fourier domain measure is converted as
follows:

&1 dkdo _ 1 A
QCrYw  A2Qu)k 2

The commutation relations of the ladder operators and
the orthogonality conditions of the single-photon momentum
basis are affected by their redefinitions in terms of optical
beam variables. Using the properties of the Dirac-§ function,
together with Eq. (A3), we have

c’k,

w

Sk, — k) = 8(w — o)

(A5)

Additional factors of the speed of light in vacuum ¢ appear
in Egs. (A4) and (AS). These factors will appear in all the
orthogonality conditions, commutation relations and Fourier
domain integrals, unless we redefine the ladder operators and
single-photon momentum basis in such a way that these fac-
tors of ¢ cancel. Therefore, we define a momentum-frequency
basis in terms of the original momentum basis (ignoring the
spin) as

k) = K, w)c, (A6)

removing a factor of ¢ from these states. The orthogonality
condition for the momentum-frequency basis is

(K, 0K, o) =Q27)ks(K - K)s(w — o). (A7)
The mapping from |Kk) to |K, w) is one-to-one, provided that
k;, > 0and w > 0.
The momentum-frequency basis elements are generated (or
destroyed) by associated ladder operators
K, ) = a' (K, o)|vac), (A8)

obeying the commutation relation

[a(K, w), a" (K, o)] = 1)’ k.8(K — K)8(w — ). (A9)
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Hence, the momentum-frequency ladder operators are related
to the original ladder operators by

a'(k) =ca'(K, o). (A10)

APPENDIX B: COHERENT-STATE-ASSISTED APPROACH

It is often convenient to use identity operators resolved in
terms of coherent states, as given by

/|a><a| Dla] = 1, (B1)
where
D°la] = Diql D[%], (B2)

to compute the Wigner functionals for a state or operator. For
the case with an operator A, we have
Wilyg. pl / + ! :
ilg, pl = —X — =X
A4, P 9+ 5 9= 35

x exp(—ip ¢ x) D[x] D°[ay, az], (B3)

061>(051|A|0l2)<a2

where o and o, are the parameter functions of the fixed-
spectrum coherent states.
Next, we use

(gla) = exp (— 1goq— Laf o

+ \/EC] Sy — %0[0 < C(o), (B4)

to evaluate the overlaps in Eq. (B3). The functional integration
over x then leads to

Wilal = /V'O/exp ( — 2?4+ 2 oy + 205 o

1 1 .
—Enalnz - §||OI2||2 — a3 oal)

x (a1 |A]az) D°lay, sl (B5)

where we expressed the result in terms of «(k), instead of
g(k) and p(k), and defined N = 2%. Evaluating the overlap
(a1]Ale) in Eq. (B5) and performing the functional integra-
tions over «; and «, one can obtain the Wigner functional for

~

an arbitrary operator A.
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