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Bilocal quantum criticality
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We consider 2+1-dimensional conformal gauge theories coupled to additional degrees of freedom which
induce a spatially local but long-range in time 1/(z — t’)? interaction between gauge-neutral local operators.
Such theories have been argued to describe the hole-doped cuprates near optimal doping. We focus on a
SU(2) gauge theory with N, flavors of adjoint Higgs fields undergoing a quantum transition between Higgs
and confining phases: the 1/(z — t’)? interaction arises from a spectator large Fermi surface of electrons. The
large N, expansion leads to an effective action containing fields which are bilocal in time but local in space. We
find a strongly coupled fixed point at order 1/N,, with dynamic critical exponent z > 1. We show that the entropy
preserves hyperscaling but nevertheless leads to a linear in temperature specific heat with a coefficient which has

a finite enhancement near the quantum critical point.
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I. INTRODUCTION

Strongly coupled gauge theories in 2+1 space-time dimen-
sions play a fundamental role in many phenomena in quantum
condensed matter physics. Of special interest are “decon-
fined” critical points of such theories, which separate phases
with different patterns of confinement, broken symmetry,
and/or topological order. The best understood class of such
critical points have an emergent relativistic conformal symme-
try, allowing use of many tools from the conformal field theory
literature. However, such conformal gauge theories apply to
limited classes of phenomena in insulators or quantum Hall
systems, and usually not to metallic, compressible systems
with Fermi surfaces in the clean limit. In particular, conformal
critical systems have a low temperature (7') specific heat
C, ~ T2, which is smaller than the specific heat C, ~ T in
metals.

Our interest in studying gauge theories of critical points
in metals was motivated by numerous experimental indica-
tions [1-14] of optimal doping criticality in the hole-doped
cuprate superconductors. We examine here further aspects
of a recently proposed [15,16] SU(2) gauge theory for the
vicinity of optimal doping in which a parent conformal theory
is coupled to a large Fermi surface of gauge-neutral electrons.
This theory describes a phase transition from a Higgs phase,
representing the pseudogap regime, to a confining phase,
representing the overdoped Fermi liquid. The main effect of
the spectator Fermi surface is a spatially local, but long-range
in time interaction ~1/(t — t’)? between gauge-neutral local
operators, where 7, t’ are the imaginary time coordinates of
two such operators [17-23]. Within the context of a 1/Nj
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expansion, where N, is the number of flavors of Higgs fields,
we find that this long-range interaction leads to a field theory
that is bilocal in time, but local in space, i.e., some fields de-
pend upon one spatial coordinate x, and two time coordinates
7 and t’. This should be contrasted to other theories where
“bilocality” refers to long-range interactions between local
fields [24].

The bilocality is a consequence of the spectator Fermi
surface. In the vicinity of conventional symmetry breaking
transitions, Hertz [25] argued that the low energy excitations
on the Fermi surface could be accounted for by long-range in-
teractions between the order parameter fields. Such arguments
were extended to the SU(2) gauge theory in Ref. [15], and in
the case of interest to us, the long-range interactions induced
by the large Fermi surface were irrelevant near the upper
critical spatial dimension d = 3. However, as we will describe
in detail here, the long-range interactions are relevant for the
SU(2) gauge theory in d = 2 in the large N, limit, and lead to
a bilocal field theory for computing the 1/N;, expansion.

We will find that the bilocal criticality is described by a new
fixed point. This new fixed point is not relativistically invari-
ant, and has dynamic critical exponent z > 1 [see Eq. (75)].
We show that the free energy preserves hyperscaling, i.e.,
its leading singular term is consistent with scaling dimension
d + z. At first sight, this suggests that there is no contribution
to a linear in T specific heat from the singular hyperscaling
preserving term. This turns out to not be the case. The specific
heat is given by

T
Co=yT +TY @(K). 1)

Here y,T is the background and noncritical specific heat from
the spectator Fermi surface; the prefactor y;, evolves smoothly
across the critical point. The second term is the interesting,
singular hyperscaling preserving term, with & a scaling func-
tion, and A an energy scale measuring the distance from the
quantum critical point on the confining/Fermi liquid side. In
the Fermi liquid regime, T < A, this hyperscaling preserving
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term contributes C,/T ~ —A4/*"! and so yields a finite
enhancement of limy_, C, /T near the quantum critical point.

We note that bilocal field theories have appeared earlier in
the context of systems with random interactions. Reference
[26] obtained a bilocal field theory for the Ising spin glass
in a transverse field. Bilocal field theories also play a central
role in models with random and all-to-all interactions, and
in particular those related to the Sachdev-Ye-Kitaev (SYK)
models [27-31]. Our model appears to be the first realization
in a nonrandom system, and the bilocality arises from a
subtle interplay between the gauge-charged matter fields, and
the Fermi surface of electrons. Given the phenomenological
appeal of SYK models, the appearance of bilocality in more
realistic models of cuprate physics is encouraging.

We will introduce our model field theory with bilocality in
Sec. II. We describe N;, = oo saddle-point theory in Sec. III.
A key ingredient in our analysis is the bilocal field C(x, z, t’),
and we describe its low T saddle point value C(t — t’) in
Secs. IIT A-III C. We will compute the free energy at N, = 0o
in Sec. IIID. Full numerical solutions of the saddle point
equations appears in Sec. III E. We turn to a renormalization
group analysis in Sec. IV, where we will obtain some results
to order 1/Ny, including the value of z in Eq. (75).

II. THE MODEL

The gauge-charged matter sector of the model of
Refs. [15,16] has real Higgs fields H,,, where a = 1,2, 3 is
the SU(2) adjoint gauge index, and £ = 1...N,, is the flavor
index. This is coupled to SU(2) gauge field A,,,, where u is
a space-time index. The Higgs field arises from a transforma-
tion of the spin density wave order parameter to a rotating
reference frame, and optimal doping criticality is mapped
onto the Higgs-confinement transition of such a gauge theory.
The continuum, Euclidean time (t), action for the theory is
[d?xdv Ly + Sy (we setd = 2) with the Lagrangian density

1 1
‘CH _Fa/wFa/w + E(a/LHaZ - SabcAb/l.HCZ)z + V(H)a

= 4g§
@
with the field strength
Fa//.v = a;/.Aav - avAa/J. - 8abc‘AbMAcm (3)
and the Higgs potential

2
V(H) = ZL]\Z[HMHM - %} + v HaeHanHic Hon, ()
which contains both types of the allowed quartic couplings,
uy and u;. The coupling g is the tuning parameter across the
Higgs transition. For g < g., we have the Higgs phase: this
is proposed to describe the underdoped pseudogap regime of
the cuprates, and its properties were discussed in detail in
Ref. [15]. For g > g., the theory confines, and after including
the spectator Fermi surface, we eventually obtain a conven-
tional Fermi liquid description of the overdoped cuprates. Our
focus in the body of the paper will be for values g > g. where
there is no Higgs condensate.
We can take the limit of strong quartic interactions uy —
oo without modifying universal properties, and this simplifies
the analysis and allows comparison with previous large N,

work without gauge fields [32,33]. The coupling u; is impor-
tant in distinguishing possible Higgs phases for g < g., but it
will not play a significant role for g > g.. The gauge coupling
g, will play no direct role in the large N, computations in this
paper.

The effective potential V(H) is constrained by the SU(2)
gauge symmetry, and a global O(N;,) symmetry acting on the
flavor indices £, m. In the models considered in Ref. [15],
the global symmetry is smaller, and arises from the action of
the square lattice space group symmetry on the charge density
wave (and other) order parameters. We have enhanced the
space group symmetry to O(N,,) for simplicity [15,16].

The second term in the action is the long-range interaction
obtained by integrating out the large Fermi surface of elec-
trons,

1
Sp=—— f d?xdtdt Hyp(x, T)Hum(x, T)J (T — T')

X Hy(x, T")Hpp(x, T'). )
The electrons couple to the gauge-invariant order parameters,

‘Sﬁm
FhH(mHan ’ (6)

Qém = Hy,H,, —

and then integrating out the electrons leads to the index and
space-time structure in Sy; this structure will be crucial to
the appearance of bilocality. We are assuming here that Qy,,
correspond to order parameters at nonzero wavevectors, and in
that case we expect [25] J¢(t) ~ 1/7? at large 7, which is the
Fourier transform of a |w| frequency dependence. In the more
complete model of Ref. [15], some of the Qy, correspond
to order parameters at zero momentum, in which case the
corresponding J; will be different: it will have both space
and time dependencies arising from the Fourier transform of
|wl|/|k|. We will not consider this more complex case here.

Our computations with Sy require an ultraviolet (UV)
cutoff, and we choose

Jp(r) = (N

12’
where s is a short time cutoff. This has a simple Fourier
transform

po s TK el
Tiw) ="K e, ®)

We will use the form in Eq. (8) but with Matsubara frequen-
cies (w, = 2w nT which impose periodicity in imaginary time
with z integer),

7 K ol
Jr(w,) = —e 7 9
4
After a Fourier transformation, we find that the T > 0 form of
Jp(t)is

KT sinh(2x»T)

Jr(@) = s[cosh(2xenT) — cos(2nTT)]’ o

To obtain the large N, limit, we decouple Sy by introducing
a bilocal field C,,(x, T, T/), and the terms in V (H) with local
fields By(x, t), By a(x, 7). In this manner, we obtain the
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partition function

Z = /DCub(X, 7, T")DBy(x, T)DB1 ap(x, OYDH, eSS

N Ca ’ ’ ! 2
Sp = /ddxdrdt/ —h—[ o, T, 7)1
2 Ji(r—1')

- ab(xa T, T/)Haf(x’ T)Hbe(xv T/)}’
1
Sb = E / ddxd'[ |:[a,u,Ha€(xv T)]z + iBo(X, T)

3N,
X ( e (X, T)Hye(x, T) — 7) +

+ 1By, ap(x, T)Hye(x, T)Hpe(x, T) +

Nu[Bo(x, T)I
4u0

Nu[By ap(x, T)I?
4M1 ’
(1D

In the large N, limit, we integrate over the H,, and obtain an
effective action for the C,p,, By, and B 4, with a prefactor of
Nj,. Note that the bilocal field C,;(x, 71, T/) is included in this
effective action. The large N, limit then involves the saddle
point analysis of this action, which we present in the following
sections.

III. LARGE N,, LIMIT

For the symmetric phase, at the large N, saddle point, we
take the following gauge invariant ansatz:

Cab(-xa T, T’) = BabC(T — f,),
iBo(x, T) = Bo,
iByap(x, T) = 8upB1. (12)

From Eq. (11) we observe that

3B By 11 (
g Ny
We can therefore express B; in terms of By everywhere,
and only treat By as an independent variable. Let us also
introduce C(w,) as the Fourier transform of C(t), and define
the parameter

= H>). 13
2u, 2uy ae) (13

[A(T)]* = By + B, — 2C(0), (14)

where we explicitly identify the T dependence to distinguish
it from A = A(T = 0). We will see below that [A(T)]~' is
best understood as a spatial correlation length &,, and not
a temporal correlation length &;; hence, we do not call it a
“gap.” Then, in the limit uy — oo the free-energy density F is
a functional only of A(7") and C(7) given by (after dropping
an additive constant)

FIAT).C)] _ 1 /f‘
0

2
_ L le)
3N, 2

Jr(T)
2
—Z/ M1n[k2+a> +1am)]

[A(T)P +2C(0)

—2C(w,) +2C(0)] — 2%

s)

Here 8 = 1/T, and A is large momentum cutoff which we
impose by a Pauli-Villars subtraction (see Sec. Il E). Our task
in this section is to solve the saddle-point equations of F', and
then determine F' as a function of 7" and g.

The saddle point equations of Eq. (15) are

A q2
C(7) =Jf(77)/ HG(k’t)’ (16)
1 d*k
§=/ 12 0(k.0), (17

where the Higgs field Green’s function is

- 1
Gk, ) = K2 + w2 + [A(T)]? — 2C(w,) +2C(0)° (15

and G(k, t) is its Fourier transform in frequency/time. We
have to solve Egs. (16) and (17) for A(T) and C(7) as a
function of T and g. In practice, it is easier to pick a value of
A(T), solve Eq. (16) for C(7), and then determine the value
of g as a dependent variable from Eq. (17). In particular, the
critical value g, is determined by following this procedure for
A(T =0)=0.

A. Critical point

First, let us examine the nature of the critical point at g =
gc at T = 0. Let us assume the power-law behavior

K
C(zr) =

lT|*

as |t| — oo, (19)

for some exponent « and prefactor «y. Then
Cw)—C0) = 2K0|a)|°‘_11"(1 —a)sin(ra/2) as|w| — 0.
(20

We can drop the a)ﬁ term in Eq. (18) if « < 3. So we evaluate

dekdw k. —ior
)it S Ok, @)e
d%dw et
(27 )d+1 |2 — 4Ko|a)|°‘_1r(1 — a)sin(ra/2)
F(l — d/2) 71wr a—
= G | ¢ [—4ko|w|*'T(1 — )

x sin(wa/2)]¥4=2/?

ra—-d4/2
—W[—%r(l — a)sin(ra/2)]942/2
r .
y (1 4 8)sin(mwd/2) , @1
7|r| e
where
—1)d -2
5= % 22)
From saddle point Eq. (16), we now see that § + 3 = « or
8—d
a=m=3—(2—d)+... asd — 2, (23)
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and
ra—-ds2
= (_Kﬁ[_‘”ﬁ(l — o) sin(ra/2)]4"2/?
[F(l +9) Sin(né/z)D2/(4d)
g b1
K
=-— asd— 2. on
%4

So we have a well-behaved result in the limit d — 2 of interest
to us:

C(t) ford = 2. (25)

4|}
Note that this result is linear in K, although we did not
make an expansion in K above; our analysis was only a low
frequency asymptotic analysis. It can now be verified that
computing the term linear in K from Eq. (16) by dropping the
C contribution to G on the right-hand side also yields Eq. (25).
For the frequency dependence, the above results imply

Ko?
47 (2 —d)
By the usual interpretation of dimensional regularization, we
conclude

C(0)— C(w) = asd — 2. (26)

Ko* In(A/|w])

C(0) - C(w) = o

ford = 2. 27)

1. Subleading terms

It is useful to examine the structure of the subleading
corrections to Eq. (27) at low frequency, along with their
dependence on K. Inserting Eq. (27) into the right-hand side
of Eq. (16), transforming to frequency space, and performing

J

dkdw dkdw

the momentum integral, we obtain

. K [dQ KQ*In(A/|2])
Cw=—| —|lo—-QIn| —————=1|. (28)
4 ) 2@ 27 A2
Taking a derivative, we have for v > 0
dC(w) K [dS KQ21In(A/|2])
=— | —sgn(w—Q)In| —————
dw 4 ) 2m 2 A2
K Ko’ In(A/|w])
~ —oln|——|. 29
4" [ 27 A? 9)
This agrees with Eq. (27) and yields a subleading

correction which is suppressed by a factor of
~In[K In(A/|w|)]/ In(A/|w|). We expect similar Inln/In
corrections to all other aspects of the critical behavior to be
discussed below.

B. Fermi liquid regime

Let us now increase g above g, to gap the Higgs field in
the Fermi liquid phase at T = 0. We generalize the ansatz for
C(r) in Eq. (19) to

ey ITI/E

=T

as |t| — oo. 30)

Then by Fourier transform,
C(0) — C(w) = ky In(&,e 7)w? + O(wHas || — 0. (31)

We now confirm via the saddle point equations that the
ansatz Eq. (30) is self-consistent. For convenience, define
k1 =k11In(§.e77). We approximate the Greens function in
the small w limit, and again evaluate using dimensional regu-
larization [we define A = A(T = 0)],

—iwt
e

Gy Gtk @

(4 )2

Q) k2 + w? + A% + 2k 0?
ra—d/2) (do

—e T [w?(1 4 2%y) + A4
2

1
1) (1427 |z (2(d/2—1)—1)
(A2)@/? 1)( +Azm)4

AZ
Kap-ne: (Tl 1558)

A2
1 e_‘fl 2%,

TAr ol

(27 )(d+D/2| 7 |@/2=D+3

atd = 2. (32)

Here, K, is a Bessel function. Hence, asymptotically (t — 00) we have that

A2
o T

C(t)=Ji(1)Gx =0,7) = R (33)

T |z

which is consistent with Eq. (30) once we identify x; = K/(47) and

£ =y1+Kn(se7)/Q2m)A™

A

to leading logs.

ITK 12
~ —[—ln(A/A)} (34)
2
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We now determine the dependence of A on (g — g.). We obtain this by writing the difference of Eq. (17) atg = g.and g > g,

as

/ dk 1
/ 472 [k2 +w?KIn(e)/27)

Here In(e) refers to a logarithm of various possible frequency
scales. In the leading logarithm approximation discussed in
Sec. I A 1, we can just replace the logarithm by a constant
with e = A /(largest of external frequency scales); it can be
verified that all of the results obtained so far in this section
can also be obtained in this manner. Then Eq. (35) yields

A [1( }1/2 11

—| — In(A/A) =— — - (36)
4 [ 27 g

or A~ (g—g.)In'*[1/(g — go)l.

From Egs. (34) and (36), we see that S;l ~(g—gc)
without a logarithmic correction. The absence of logarithmic
corrections in &; will be crucial to our results. Also, from the
structure of the Green’s function, we see that the spatial corre-
lation length, &, ~ A~!. So there is a logarithmic singularity
in the spatial correlation length, &, but not in the temporal
correlation length &, .

C. Nonzero temperatures

The solution at 7 > 0 is characterized by the parameter
A(T). We can determine A(T) in terms of A = A(T = 0),
the parameter at the same value g at T = 0; the method
leading to Eq. (35) now yields

/ d’k / dw 1
472 21 k2 4+ A% + w?K In(e)/(27)

T ! =0. (37
B ;k2+[A(T)]2+w%Kln(o)/(2n) =0 G

This yields an equation for A(7") which is the same as that in
Ref. [32] apart from the In(e) factors:

AT) In 71/2—\11 = Kl o 38
T[— (')i| = YA ?[E H(')i| . (38)

where the scaling function W, is the same as Ref. [32],

/2
Wa(y) = 2arcsinh<7>. (39)
In particular, at the critical point g = g., we have A = 0 and
K AN T2
A(T)=0OT|—1In| = , 40
@ =or| (7 )] (40)

where ® = 21In[(+/3 + 1)/2].

By combining Eq. (38) with Eq. (34), we see that there is
no logarithmic prefactor in the time-correlation length, as we
observed above,

B B é £ -1/2
§&. (T)=TYx 7|2, In(e) , 41)

k2 + A% 4+ 02K In(e)/(27)

1 11
} =— - (35)
g 8

(
so that &, (T') = 1/(®T) at the critical point g = g, just as in
Ref. [32]. For the function C(7), the leading-log corrections
can be absorbed into &;, and we expect from Eq. (33) that

1
Ct)=——53 —3Ye(t/6:), (42)

with a scaling function Wc.

D. Free energy

As we will describe below, evaluating the free energy in
Eq. (15) leads to subtle questions on the nature of the low T
limit. It turns out to be essential to have full analytical control
to separate terms with different physical origins. We already
observed below Eq. (25) that perturbation theory in K was
sufficient in determining the asymptotic form of C(t). And
we will see in Sec. IV the critical coupling K ~ 1/Nj,, which
also justifies working at small K. We therefore divide the free
energy as

F = Fy + Fx, (43)

where Fy is the large-N contribution of the Higgs field, and Fx
contains contributions from the large Fermi surface which are
first order in K. The analysis below amounts to an expansion
in the free energy to linear order in K about the critical point
g = g.. However, the value of g itself depends upon K, and
this effect has to be treated more carefully.

1. Evaluation of Fy

At zeroth order in K, the Higgs field contribution in
Eq. (15) is the same as the free energy computed in Ref. [32]:

2
ﬂmmﬂ Tszﬁmy+w+mmu

B [A(T)]?
28

In this expression (and in the remainder of Sec. III D), it is
implied that A(T") is to be evaluated at the saddle point of
Eq. (44) with respect to A(T). We write the saddle point
Eq. (17), in a manner analogous to Eq. (37), as

fA d*k 1 / do 1
— |7 E — P —
Ar?\ K+ op + (AP 27 k2 + w?

(44)

1 1
=- - (45)
8§ &
where g =47 /A is critical coupling at which A(T = 0)=0.

However, before inserting the evaluation of Eq. (44) into
Eq. (43), we have to apply a renormalization procedure which
is entirely analogous to converting perturbative field-theoretic
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expansions of critical phenomena from “bare” mass propa-
gators to “renormalized” mass propagators, in which some
perturbative terms are included to all orders [34]. Here, this
is essential for ensuring that our perturbative results in powers
of K hold not only in the perturbative regime where KA < T
but also in the limit 7 — O at the critical point. In the present
context, the “mass” is the distance of coupling 1/g from the
critical point 1/g.. At first order in K there is a correction to
the value of 1/g. which is computed in Appendix A to be

1 1 1 1 KA 1
—==+5, S=- 2(212——), as » — 0.
gC gc gc gc SJT 2

(46)

So we introduce a “renormalized” coupling 1/gg related to the
“bare” coupling 1/g via
1 1 1 1 1 1 1

= = — 4+ —

g & g & g & &

Now when we evaluate the zeroth-order Eqs. (44) and (45) at
the renormalized coupling 1/gr weobtainat 7 =0

/A &k / TR
472 k2+w2+A2 R+o] gr &
(48)

Now we see from Eq. (47) that A = 0 precisely when the
renormalized “mass” 1/gg — 1/g° vanishes at the true critical
point where g = g.. After the substitution in Eq. (47), we
treat 1/gr as independent of K, and expand everything in
powers of the perturbative coupling K, just as is done in
renormalized mass expansions in field theory. So we need to
evaluate Fyy (1/g, T) = Fy(1/gr + 1/g., T) to linear order in
K. Here, we are aided by the fact that Fy is a saddle point with
respect to variations in A(7"), so we need not account for the
shift in A(T) to linear order. Indeed, we need only consider
the variation arising from the only explicit linear dependence
of Eq. (44) on 1/g. So we have from Eqgs. (44) and (47)

(47)

final expression for Fy

Fy A +f d*k ﬁ+[A(T)]
3N, 127w 4r2 |2
+T1n (1 — e VEHADET)

[A(T))? j|
(14 2n(/E2+ AP
T TR AP

AT
2g!

2

(50)

where n(a) = 1/(e*/" — 1) is the Bose function, and the value
of A(T) is related to A by

/ ak ;{ 1+ 2n(vVk? + [A(T)1?)}
42 | 2 /i2 + (AP

1
e oY

The integrals over k are convergent as A — oo in both
Egs. (50) and (51). Consequently, the corresponding contri-
bution to the free energy scales as T3®y(A/T), where the
scaling function &5 was given in Ref. [32]. The renormalized
coupling gg appears only in determining the value of A in
Eq. (48), and we will express all remaining results in this
section in terms of A. In Fx we can simply replace 1/g by
1/gr, because those terms are already first order in K.

2. Evaluation of F

‘We turn next to the term Fx in F', which contains all terms
which are linear in K corrections to Fy in Eq. (44). We can
obtain these terms simply by evaluating the expectation value
of Sy in Eq. (5) in the large N, limit. So we obtain

Fu(1/6.T) = Fu(1/ges Ty — B8 g Fe 1 (*
24 T _5/ dtJp(1)G*(x = 0, 7), (52)
[ 0
Finally, we collect together the results of Sec. III D 1, perform 1
the frequency summations in Egs. (44) and (45) to obtain the or in frequency space
|
Fx 1, . /A d*k . /A d*p
——=—=T J n ——G(k, €, ——G s €n n) |- 53
o3 ;Aw)[ Gy Otk &) Gy 0P e = 1) (53)
In Eq. (53) we use the Green’s function in Eq. (18) at zeroth order in K,
- 1
Gk, w,) = . 54
ko) = e T AP oY
To compute the free energy, we first evaluate the summation over €, in Eq. (53) using the identity
T Z 1 1 { (b —a)ln(a) —n()] | (a+ D)1+ n(a)+ nb)] } (55)
— (2 4 a®)[(en — wn)* + 1] ~ 2ab w2+ (a —b)? w2+ (a+b)?
We also use Eq. (8) to evaluate by the contour integration method
ff(a),,) 7K cos(sc) K [*® 1 .
T Z prppe = Src [1+2n(c)] + - /0 dQp e sin(3¢Q)[1 + 2n()]. (56)

(27
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Combining Egs. (53), (55), and (56), and changing variables of integration from k, p to a = {k* + [A(T))*}'/2, b = {p* +
[A(T)]?}'/? we obtain
F 1 A AHAM)P A AHAT)P
K _ 2/ da/ db
3Nh 167 A(T) A(T)
K cos(x(a + b))
+
2

[1+ 2n(a — b)][n(b) — n(a)]

K cos[»(a — b)]
{ 2

[1+2n(a + D1 + n(d) + n(a)] (57)

K [® 1 ,
+— f d< P(m> sin(eQ)[1 + 20(2)1(b — a)[n(a) — n(b)]

1
_/ ((a+b)2

Details of the evaluation of the integrals in Eq. (57) in the limit s — O appear in Appendix B. We can analytically evaluate
the integrals while only dropping terms which scale as T3 In(e) and are exponentially small in the regime T < A. The omitted
terms are argued to scale as 7¢/**! in Sec. IV, and they preserve hyperscaling; they will be numerically evaluated in Sec. IIIE.

> sin(¢Q2)[1 + 2n(2)](a + b)[1 + n(a) + n(b)]}

In this approximation we find as s — 0 [recall that A = A(T = 0)],

Fx KT? A
—~——\/A2 A AP — " |Am@)—Aln(—)-A
3N, (VA% + Y [ n(2) - n(m) ]

1672 6 1672

We now analyze the structure of the main result of this
subsection in Eq. (58). An important observation is that the
term proportional to A[A(T)]? cancels exactly with the cor-
responding term in Eq. (50) which arose from the shift in g,
to linear order in K, as shown in Eq. (46) and computed in
Eq. (A3) in Appendix A. This term is proportional to A, and
so could have led to hyperscaling violation. It is remarkable
that all hyperscaling violating terms exactly cancel: The me-
chanics of this cancellation is described in Appendix A.

From the remaining temperature dependent terms in
Eq. (58), we therefore obtain a simple expression for the
specific heat:

G KTA12 Al A —A 59
W, 12[ - “(ﬁ> ] &

The term proportional to A is independent of couplings, and
so contributes to the background y, term in Eq. (1): it can be
viewed as a finite enhancement of the mass of the background
fermions from the Higgs fluctuations. The remaining terms in
Eq. (59) correspond to free energy scaling 7 In(e), but are not
exponentially small for 7 < A; hence, they were not dropped
in Appendix B. These terms dominate the specific heat for
T < A, yielding a A-dependent coefficient for a linear-in-T'
specific heat. As we will see in the renormalization group
analysis in Sec. IV, we expect AIn(A/A) to exponentiate
to AY“~1 and so Eq. (59) contributes to the hyperscaling
preserving contribution term in Eq. (1). This is the dominant
singular term contributing to limy_,0 C, /T .

E. Numerical solution

We now turn to a numerical evaluation of the free energy
and specific heat in the K-expansion, and an evaluation of the
Greens function and decoupling fields in the self-consistent
theory, i.e., to all orders in K.

A3 4 57 KA2A
InGeA) + 312 — 2 |+ ——(1-

A In(cA ! 58
2A)[n(% )——]— (58)

1. First order in K

2
KA, 1
1672

Within the K-expansion, we focus on the features of the
specific heat C,/T = CH)/T +C%)/T, coming from the
free-energy contributions F = Fy + Fx, with Fy in Eq. (50)
and Fx in Eq. (53). However, we reshuffle such that all K
dependence is collected into C\%)/T', which is achieved via

3 [A(T)
(H) -
CMIT =~ 2{F o }
02 [AT))?
(K) 7
T =~ 2{FK 2 } (60)

For the evaluation, we take s = 1/A, which requires we
use the full expression for g\ presented in Eq. (A3). The
temperature dependence of A(T) is obtained from Eq. (45).

Figures 1(a) and 1(b) look at the relative and combined
contributions of C¥)/T and C¥)/T, as a function of T
at fixed A. We see a nonmonotonic dependence in C,/T,
coming from the contribution CX)/T, with a peak at a value
T ~ A—this is further manifest in Fig. 1(d). Such a peak
indicates the change of regime from Fermi liquid A > T
to quantum critical A <« T, and as such could be a useful
experimental [6—8] diagnostic of the critical point. In Fig. 1(c)
we plot CX)/T versus A at fixed T, which demonstrates
a significant conclusion of the present analysis; that upon
tuning to the critical point A — 0, lim7_,o C*?/T (and hence
limy_,¢ C,/T) is enhanced. Figure 2 provides a surface plot of
C,/T versus T and A, with fixed K = 10.

2. All orders in K

We now present aspects of the theory obtained to all orders
in K; namely, the full bosonic mass gap A(1/g, K, T'), Greens
function G(t), and the saddle point of the bilocal field, i.e.,
C(7) and its Fourier transform C(w,).
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(a) (b)
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c® /T, ¢ )T
N
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T/A T/A

65

60

55

50

v

C, /T

45

40

0.00 0.02 0.04 0.06 0.08 00 01 02 03 04 05 06 07
AJA T/A

FIG. 1. Specific heat contributions C )/T and CEK )/T, evaluated from Eq. (60). Everywhere s« = 1/A. In panels (a) and (b) as a function
of T at fixed A. Black, blue, orange, green, and red (from top-most to bottom-most curve) correspond to A/A = {0,0.5,2,4, 8} x 1072. In
panel (a) solid and dashed lines correspond to C'&)/T and C*)/T, and for presentation we take K = 1. In panel (b) both contributions are
summed C,/T = C)/T + C®)/T, and we take K = 10. (c) C®)/T as a function of A and fixed T: Blue (bottom-most), orange, green, and
red (top-most) correspond to T/ A = {0.25, 0.5, 0.75, 1.0} x 1072, The black dot-dashed line corresponds to the asymptotic form obtained for
the Fermi liquid regime in Eq. (59). (d) C,/T vs. T /A(g), with K = 10 and same color scheme as in panels (a) and (b).

For the sake of a self-consistent numerical treatment, the
Pauli-Villars procedure is ideal because it does not introduce
any sharp cutoffs. Because we also need to regulate the free
energy with the same procedure, we choose two subtractions:

i 1 1
G k5 n) =
ko) = s on T T S 1242

i/ SR E— (61)

K2+ () + A2

where we have defined

0.015 0.020
i ' 0.025 S(wn) = 0 + A2 = 2C(w,) + 2C(0). (62)
FIG. 2. Specific heat surface plot, C,/T = C¥)/T + C&)/T vs.
T/A and A/A, with K = 10. This ensures a ~[k? + Z(w,)] > decay at large k and w,,.
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FIG. 3. Self-consistent saddle point solutions, with blue [bottom/top curve in (a)—(c)/(d)], orange, green [top/bottom curve in (a)—(c)/(d)]
corresponding to K = {0.01, 0.1, 1}: Solid lines correspond to the quantum critical mass gap A(T) at g = g., while dashed corresponds to
g > g, whereby the zero temperature gap A(T = 0)/A = 2 x 1073 (a) Inverse spatial correlation length, A(T, K) ~ £'. Dash-dotted black
lines correspond to linear in 7 fits at small 7', and are merely a guide to the eye. The curves for A(T) at g = g. are consistent with log
correction obtained analytically in Eq. (40), whereby at larger K we expect larger log corrections. (b) C(tT)/(KT?) vs. tT, (c) G(tT)/T vs.

T, and (d) 8C(w,)/(KA?) vs. w,, where 8C(w,) = 2C(0) — 2C(w,) and the blue curve; in all cases T /A = 0.25 x 1073,

For the free energy, the corresponding regularization is

T

2
- / %{mw + Z(@n)] + In[k* 4+ Z(w,) + 247

—21n[k* 4+ Z(wy,) + A1), (63)

where the right-hand side decays as ~[k* 4+ Z(w,)] % at large
k and w,, and the saddle point equations of the free-energy
yield Eq. (61). The k integration is readily performed, and
upon applying this regularization scheme to the free-energy
Eq. (15), the corresponding saddle point Egs. (16) and (17)

become

_ T —iw,T [(Z(w,) + A2]2
=i ;e " { E(@n)[B(w,) + 2A7] }

(64)

11 [Z(w,) + A2
g 4n s “{E(wn>[z<wn)+2A21

}. (65)

We provide the numerical solution of these saddle point
equations in Fig. 3. There our focus is on the critical cou-
pling g = g., as well as one value of g > g., chosen such
that A(T = 0)/A =2 x 1073, Having these two values of
g allows us to tease out the key qualitative features of the
saddle point solutions. Figure 3(a) shows the mass gap as
a function of 7. The g = g. results are consistent with log
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correction obtained analytically in Eq. (40). Figures 3(b) and
3(c) test the logarithmically violated scaling in Eq. (42) and
show the nonlinear influence of K on C(t) and G(t)—from
the “large” time t7 — 1/2 asymptotic, we see that in the
critical case g = g, the deviation from linearity in K is likely
only as weak as logarithmic in K. These figures also show the
expected suppression of these functions for the case g > g,
relative to the critical case g = g., which becomes especially
pronounced at “large” times, t7 — 1/2. Finally, in Fig. 3(d)
we show the frequency space behavior of §C(w,) = 2C(0) —
2C(wy).

IV. RENORMALIZATION GROUP ANALYSIS

This section will explore the nature of the 1/N}, corrections
to the N, = oo theory presented in Sec. III. A complete
examination of such corrections requires determination of the
fluctuation propagator of the bilocal field C(x, 7, t’). Rather
than undertake this complex task, in this paper we will limit
ourselves to a renormalization group (RG) analysis in powers
of K within the large Nj, expansion. We will be performing a
double expansion in powers of K and 1/N;, with K ~ 1/Nj,.
To linear order in K, the RG equation for K follows from a
determination of the scaling dimension of &, in Eq. (5); this
was already computed in Ref. [15] and yields

‘;_[; =2(1 — Ap)K + O(K?), (66)

where Ag is the scaling dimension of the O(N;,) order param-
eter Qy,, in (6) at K = 0; this was computed in Ref. [15] to be
64
Ag=1———+O(I/N}). 67
0 o, T OUN) ©7)
So we see the K is relevant at large but finite N,.

The RG analysis is more easily carried out without using
bilocal fields. So instead of decoupling S in Eq. (5) by the
bilocal field C,, in Eq. (11), we decouple it by a local field
Dyw(x, ) [35];

Sy = I/dzxdtdt Dy (x, r)G Yt =t )Dy(x, ')

\/7/61 xdtDgy(x, T)Hue(x, T)Hyp(x, T). (68)

Here Gj? is the operator inverse of G(t) =1 /72. The RG
analysis can now be carried out by standard diagrammatic
methods, using the Feynman graphs illustrated in Fig. 4. The
RG Egq. (66) contains a term of order K/Nj,. The H,, self
energy diagram in Fig. 4(d) contributes to the flow of K at
order K2, while the diagrams in Figs. 4(e)—4(j) contribute the
flow of K at order K2 /N,,. It will be sufficient for our purposes
to only compute the diagram in Fig. 4(d), which represents
the RG implementation of the logarithmic factors discussed
in Sec. III. At external frequency w and external momentum
p, we have

2 _
4d=2K/dk/ 7 le|
42 J 21 [(k+ p)* + (€ + w)*]
2/A d*k 1
= constant — Kw _—
Ae’l 47T2 k2

(69)

4 — 7w /

FIG. 4. Diagrams for the RG computation. (a) Propagator of Dy,,.
(b) Propagator for H,,. (c) Interaction vertex between D,,, and H,.
(d) Self-energy renormalizations for H,, at order K. (e)-(i) Self
energy diagrams at order K/N,; the dotted wavy line is the gauge
propagator for A, and the dashed wavy lines represent By and B 4,
propagators. (j) Vertex renormalization at order K/N,. The vertex
renormalization at order 1/N, was computed in Ref. [15] and is
not shown here. We do not compute diagrams (e)—(j) in this paper,
because they are needed to determine the RG fixed point in Eq. (74)
at order 1/N,.

where e~ is the RG rescaling factor. This self energy can be
absorbed into rescalings of x, 7, and H,; via

’ —L

X =Xxe 7,
U =1,
HL;( — Haee(d+z—2+n)@/2’ (70)

where z is the dynamic critical exponent and 7 is the anoma-
lous dimension of H,,. From Eq. (69) we obtain

n=0,

_ K
z=1+ o (71)
Next, we determine from the first term in Eq. (68) that the
rescaling of Dy, is
D/

tm

= Dyt (72)

Finally, from the rescalings of the second term in Eq. (68),
we determine the leading correction to the flow equations in
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Egs. (66) and (67),

dK 128 K K2+O K K? e 73)
dt 37N, 2w NN, )

The RG flow equation has an infrared stable fixed point at

256 1
K* = ol = ). 74
37TN;,+ (N}%) ( )

Note that the relevant direction associated with g — g, is still
present at this fixed point, which is our candidate for cuprate
criticality. From Eq. (71) we obtain the dynamic critical
exponent

64 1
=14+——+0|—|. 75
F4 + 3N, + (N,%) (75)

The field H,, is not gauge invariant, and so its anomalous
dimension 7 is not well-defined: it can be useful to define
a gauge-dependent n for intermediate steps in a computa-
tion, but it does not directly determine any observable. In
Eq. (71), we obtained n = 0 to leading order in K, but we have
not explicitly included a wave-function renormalization from
the gauge field. Indeed this wave-function renormalization
is an ingredient [15] in the computation of the anomalous
dimension of the gauge-invariant composite operator Qy,, in
Eq. (67), which entered our RG flow Eq. (73).

We turn to the critical behavior of the free energy density.
In a theory obeying hyperscaling, we expect F ~ T @+/z =
T'+2/2, Using the value of z in Eq. (71), and expanding in
powers of K, we obtain F ~ T3{1 + [K/(2m)]In(e) +...}.
We see that this hyperscaling contribution to the free en-
ergy perfectly explains the T3 In(e) terms in F> and F; in
Appendix B.

V. CONCLUSIONS

We have analyzed a model of optimal doping criticality in
the cuprates [15,16]. The underlying transition is a Higgs-
confinement transition in a SU(2) gauge theory, with the
Higgs field corresponding to the spin density wave order in
a rotating frame of reference. The Higgs field transforms as
an adjoint of the emergent SU(2) gauge field, and so is not
directly observable. However, gauge-invariant composites of
the Higgs field can break symmetries associated with charge
density wave, Ising-nematic, and time-reversal odd scalar
spin chirality orders. So the underdoped regime, which cor-
responds to the Higgs phase, can display one of these orders.
In addition, the Higgs condensate need not break the SU(2)
gauge symmetry completely, and any unbroken discrete gauge
symmetries can lead to bulk topological order with anyonic

J

excitations. The confining phase of the SU(2) gauge theory
corresponds to the Fermi liquid in the overdoped regime of
the cuprates.

A particularly difficult issue in the treatment of cuprate
criticality is the role of the fermions carrying the electromag-
netic charge. In many models, these fermions are fractional-
ized, and also carry emergent gauge charges: then there is a
singular renormalization of the fermionic excitations at the
Fermi surface, which is difficult to treat in a controlled man-
ner. In the model of Ref. [15] (and also in some earlier models
[17-19,22,23]), the electromagnetically charged fermions are
argued to be electron-like and have a large Fermi surface
(whose volume is given by the conventional Luttinger value).
We have shown here that a 1/N,, expansion allows a controlled
treatment of the consequences of such a Fermi surface. It leads
to a quantum field theory which is bilocal in time, with a
strongly coupled fixed point with dynamic critical exponent
z> 1

We showed that the critical free energy obeyed hyperscal-
ing. At intermediate stages in our computation, hyperscaling
violating terms do appear; however we showed in Sec. [II D
and Appendices A and B that such terms cancel after ac-
counting for fluctuation corrections to the position of the
quantum critical point. The resulting specific heat is described
by Eq. (1), with a smooth background linear in T specific heat,
and a singular hyperscaling preserving contribution. Plots of
C,/T as a function of T and A (the Higgs gap, an energy
scale measuring distance from the quantum critical point on
the overdoped side) are shown in Fig. 1. There is a finite
enhancement of the background contribution y;, shown as the
first term in Eq. (59), which can be viewed as an increase
in the effective mass of the background fermions from the
Higgs fluctuations. The remaining terms in Eq. (59), belong
to the singular contribution obeying hyperscaling, and show
a A-dependent finite enhancement in the value limy_,¢ C,/T
as the critical point is approached with A becoming smaller.
At a fixed A, we also found a nonmonotonic 7 dependence
in C,/T at small A, with a peak at a value T ~ A. This peak
is an indication of a crossover associated with the underlying
fluctuations of the Higgs field, and could be a useful experi-
mental [6-8] diagnostic of the critical point.
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APPENDIX A: POSITION OF THE CRITICAL POINT

We work at T = 0 and g = g., when A(T') = 0, and then the saddle point equations in Egs. (16) and (17) become

/A d*k [ dw 1 @) / ej(6+ )/A d%k 1
— | — = ~ = —, w) = — w — = —.
Ar? | 2n k2 + 0? — 2C(w) +2C(0) g 27 42 |2 4 €2 — 2C(e) 4+ 2C(0)

(AD)

033390-11



SCAMMELL, SCHEURER, AND SACHDEV PHYSICAL REVIEW RESEARCH 2, 033390 (2020)

We manipulate these equations to obtain the first-order correction to g% = 47 /A. Keeping only the first-order term in K in the
second equation in Eq. (A1) we obtain

~ ~ d Adk e+ w)—J
c(w)—C(0)=/i/ H[ = kchez < (A2)

Inserting this back into the first equation in Eq. (A1) we obtain our needed result for g! in Eq. (46)

_ dwde d*k [Jp(e + w) — J(e)]
B 2/ 4m2 / 42 / 472 (2 + (P2 + ) (A9

We now evaluate these expressions analytically in the limit »c — 0. From Eq. (A2)

d*k (e + w| — |e])
C(w) — C0) = —nK/ /4n2 e

2
__/—(|e tol— |e|)ln< :6 )

KA KA’ (A’ +0*\ Ko* (A +o?
= 2% ! (9) + (AR R (Aen), (Ad)
27 A 87 A? 8 w?
From the first equation in Eq. (A1), the value of g, is then
T )i - o (AS)
ge 4n 2n ) 2n\e? A2+ w? @ '
So, evaluating w integral
1 KA 1
— = 2In2— - ), asx— 0. (A6)
gl 872 2

It is interesting to compare Eqs. (A3) and (A6) with that obtained from the derivative of Fx with respect to T starting from
the expression in Eqgs. (53) and (54). In taking this derivative, we ignore any 7" dependence that arises from the Matsubara
frequency summation: Such terms involve derivatives of Bose functions, which vanish exponentially at large argument and so do
not contribute to the ultraviolent divergent term Fx ~ A[A(T)]? we are interested. Furthermore, it is important for our argument
that the T-dependence of A(T) is compatible with the constraint Eq. (17), or more explicitly Eq. (B10). So we obtain

1 9Fg a[A(T)]2 2 d’k )
T et Z/ a2 | et oGl )G (p. o). (A7)

Wp €

Now, comparing Eq. (A7) with Eq. (A3) we see that the first term in Eq. (A3) has the same form as Eq. (A7). The only differences
are the frequency integration versus frequency summation, and the presence of the “mass” [A(T)]? in the Green’s function in
Eq. (A7). However, these differences are not important for the ultraviolet A-dependence we are interested in. The second term
in Eq. (A3) is needed to cancel the 1/w? infrared divergence in the first term. There is no such infrared divergence in Eq. (A7)
because of the [A(7)]? mass in G. If we were to add a term corresponding to the second term of Eq. (A3) to Eq. (A7), we would
have the concern that this introduces additional ultraviolet divergent terms not in Fx. However, this does not happen because

A(T)]2
e Z/ 472 Qn )2Jf(€n)G(k )G (p, w,)

[Z / o )sz<en>G(k en)}aT[Z / Shao, wn>] (AS)

vanishes by the constraint Eq. (17) (up to terms involving derivatives of Bose functions that we are allowed to drop because we
are only interested in ultraviolet contributions). Therefore, such a term is not needed, and the correspondence between Eqgs. (A7)
and (A3) is complete without it: This explains why the coefficient of the term divergent as ~A[A(T)]? in Eq. (59) matches
Egs. (50) and (A6). The constraint Eq. (17) was crucial for this argument, as it was in evaluating Fx to obtain Eq. (58) in
Appendix B.

APPENDIX B: EVALUATION OF FREE-ENERGY TERMS PROPORTIONAL TO K

This Appendix describes the evaluation of the integrals in Eq. (57). We will split Eq. (57) into various contributions, and take
the limit « — 0,

Fx=F +F+F. (B1)
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The F) contribution arises from the first two terms in Eq. (57); expanding in s and using Eqs. (48) and (51) we obtain

r K [VERBREF o /THAOF 7K
— = - / da/ db[1 + 2n(a)][1 + 2n(b)] + O(x) = — 5+ O0x0). (B2)
3Nh 327 A(T) A(T) Z%gR
Using Eq. (48) we can write
A VJANHA-A A A? 11 (B3)
4 4 dr  8mA & g
and so
F K 3 3 »
— = — (VA% + A% — A 4+ O(5). (B4)
3N, 327 5

So Fj is T-independent and a smooth function of A.
The F, contribution arises from the last two terms in Eq. (57) but without the n(2) factor. Performing the €2 integral, we
obtain

oS K N AHADP N AHADP
[ da [ db(In(zo){a[1 + 2n(b)] + b[1 + 2n(a)]}
A A

3N, 1677 (T) )
+ In(Jla — b|)(b — a)[n(a) — n(b)] + In(la + b|)(b + a)[1 + n(a) + n(b)])
K A2 K N AHAT))? A A2HAT)P?
= — In(s) — —2/ da/
4m gr 167* Jacr) A(T)

x db{+1n(la — b|)(b — a)[n(a) — n(b)] + In(la + b)) (D + a)[1 + n(a) + n(b)1}. (BS5)

Finally, the F; contribution arises from the terms containing the n(€2) factor in the last two terms in Eq. (57),

F 1 / AH[A(T)P? AZH[AMDP
da /
A A

3N, 1672 )
*° 1

So far, the manipulations have been exact. Now we will evaluate the integrals while dropping terms which scale as 7 In(e)
and are exponentially small in the regime 7 < A.
The case of F3 is simpler, so we consider it first. In the stated approximation, the only significant contribution in Eq. (B6) is

F- K 00 A2+A2 A2+A2 1
Do 2 / dQ Qn(Q) / daf db
3N, 872 0 A A a+b

2

KT A
- —W[A In(2) — Aln <ﬂ> - A]. (B7)

Finally, let us turn to the evaluation of F;. After interchanging the a and b integrands in Eq. (B5) so that all the Bose functions
are n(a), the b integration can be performed exactly, and we obtain

2 _ 1 -
3N, © dnge "9 Ten2

+n(a){y A2 + [A(T)]? - a}z(lnwA2 + [A(T)]? —a} — %)

2 N AHAT))?
B __KA K / da[—n(a)[a - A(T)]Z{ln [a — A(T)] — 1}
A(T) 2
+ (@) + 1/2){VA2 + [A(T)]2 + a}z(ln{\/Az + AP +a) — %)

— (n(a) + 1/2)[a + A(T)]z{ln[a + A(T)] — %H (BS)
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Now we make the approximation described above, of dropping terms which scale as T3 In(e) and are exponentially small for
T « A; then some of the integrals can be evaluated:

) 2 KA? K 00 K N AHAT)P
— ~— In(>) — A’2InA—1) dan(a) — ——
3Nh 47TgR 1672 A(T) 1672 A(T)

x da|:+(1/2){\/A2 + AT + a)? <1n{ A+ AT +a) — %)

—(1/2)a+ A(T)]Z{ln la+ A(T)] — %”

KA3 4 5 KA%A A K A(T)A?
= [ln(%A)+§1n2——i|+ (1 _ﬂ) In(sc) — [——(2111/\—1)

T 6] 1672 16r? ?
A(T)IPA +A°2InA — da
&(—3+81n2+21nA) 221 D ( )] .
A(T)

In Eq. (B9), we have used an expression for g that follow from the constraint Egs. (48) and (51), which we write as

VNHADP A
/ da[l +2n(a)] = —. (B10)
A(T) 8R
We also used Eq. (B3) to express gg in terms A and A. We can also use Eqgs. (B10) and (B3) to write
* AT)—A  [A)]? - A?
/ dan(a) = 1) — [A)] + (B11)
A(T) 2 4N\

Now inserting Eq. (B11) into Eq. (B9), we obtain

F KA’ In( A)+41 22 +KAzA - In(A) 1] _ KAIAMP 22— L (B12)
— X ———|In(sr —-In2 — - — — || In(s¢A)— = | = —————[2In2 — - |.
3N, 1672 3 6 1672 2A 2 1672 2

It is notable that all terms of order AA?In A, AAZ%, and A2A In A cancel, even though they appear at intermediate orders. This
is related to use of the constraint Eq. (17), and the discussion in the latter part of Appendix A.

[1] C. Proust and L. Taillefer, The remarkable underlying ground of carrier density at the pseudogap critical point of a cuprate
states of cuprate superconductors, Annu. Rev. Condens. Matter superconductor, Nature 531, 210 (2016).

Phys. 10, 409 (2019). [6] J. Loram, J. Luo, J. Cooper, W. Liang, and J. Tallon, Evidence

[2] 1. M. Vishik, M. Hashimoto, R.-H. He, W.-S. Lee, F. Schmitt, on the pseudogap and condensate from the electronic specific
D. Lu, R. G. Moore, C. Zhang, W. Meevasana, T. Sasagawa, S. heat, J. Phys. Chem. Solids 62, 59 (2001).

Uchida, K. Fujita, S. Ishida, M. Ishikado, Y. Yoshida, H. Eisaki, [7] B. Michon, C. Girod, S. Badoux, J. Ka¢marcik, Q. Ma, M.
Z. Hussain, T. P. Devereaux, and Z.-X. Shen, Phase competition Dragomir, H. A. Dabkowska, B. D. Gaulin, J. S. Zhou, S.
in trisected superconducting dome, Proc. Natl. Acad. Sci. USA Pyon, T. Takayama, H. Takagi, S. Verret, N. Doiron-Leyraud, C.
109, 18332 (2012). Marcenat, L. Taillefer, and T. Klein, Thermodynamic signatures

[3] Y. He, Y. Yin, M. Zech, A. Soumyanarayanan, M. M. Yee, T. of quantum criticality in cuprate superconductors, Nature 567,

Williams, M. C. Boyer, K. Chatterjee, W. D. Wise, 1. Zeljkovic, 218 (2019).
T. Kondo, T. Takeuchi, H. Ikuta, P. Mistark, R. S. Markiewicz, [8] J. L. Tallon, J. G. Storey, J. R. Cooper, and J. W. Loram, Lo-
A. Bansil, S. Sachdev, E. W. Hudson, and J. E. Hoffman, Fermi cating the pseudogap closing point in cuprate superconductors:
surface and pseudogap evolution in a cuprate superconductor, Absence of entrant or reentrant behavior Phys. Rev. B 101,
Science 344, 608 (2014). 174512 (2020).

[4] K. Fujita, C. K. Kim, I. Lee, J. Lee, M. H. Hamidian, 1. A. [9] Y. Tang, L. Mangin-Thro, A. Wildes, M. K. Chan, C. J. Dorow,
Firmo, S. Mukhopadhyay, H. Eisaki, S. Uchida, M. J. Lawler, J. Jeong, Y. Sidis, M. Greven, and P. Bourges, Orientation of the
E.-A. Kim, and J. C. Davis, Simultaneous transitions in cuprate intra-unit-cell magnetic moment in the high-7, superconductor
momentum-space topology and electronic symmetry breaking, HgBa,CuOy.s, Phys. Rev. B 98, 214418 (2018).

Science 344, 612 (2014). [10] S.-D. Chen, M. Hashimoto, Y. He, D. Song, K.-J. Xu, J.-F. He,

[5] S. Badoux, W. Tabis, F. Laliberté, G. Grissonnanche, B. T. P. Devereaux, H. Eisaki, D.-H. Lu, J. Zaanen, and Z.-X. Shen,
Vignolle, D. Vignolles, J. Béard, D. A. Bonn, W. N. Hardy, R. Incoherent strange metal sharply bounded by a critical doping
Liang, N. Doiron-Leyraud, L. Taillefer, and C. Proust, Change in Bi2212, Science 366, 1099 (2019).

033390-14


https://doi.org/10.1146/annurev-conmatphys-031218-013210
https://doi.org/10.1073/pnas.1209471109
https://doi.org/10.1126/science.1248221
https://doi.org/10.1126/science.1248783
https://doi.org/10.1038/nature16983
https://doi.org/10.1016/S0022-3697(00)00101-3
https://doi.org/10.1038/s41586-019-0932-x
https://doi.org/10.1103/PhysRevB.101.174512
https://doi.org/10.1103/PhysRevB.98.214418
https://doi.org/10.1126/science.aaw8850

BILOCAL QUANTUM CRITICALITY

PHYSICAL REVIEW RESEARCH 2, 033390 (2020)

[11] C. Panagopoulos, J. L. Tallon, B. D. Rainford, T. Xiang, J. R.
Cooper, and C. A. Scott, Evidence for a generic quantum
transition in high-7, cuprates, Phys. Rev. B 66, 064501 (2002).

[12] C.Panagopoulos, A. P. Petrovic, A. D. Hillier, J. L. Tallon, C. A.
Scott, and B. D. Rainford, Exposing the spin-glass ground state
of the nonsuperconducting La,_,Sr,Cu,_,Zn, O, high-T; oxide,
Phys. Rev. B 69, 144510 (2004).

[13] M. Frachet, I. Vinograd, R. Zhou, S. Benhabib, S. Wu, H.
Mayaffre, S. Kramer, S. K. Ramakrishna, A. Reyes, J. Debray,
T. Kurosawa, N. Momono, M. Oda, S. Komiya, S. Ono, M.
Horio, J. Chang, C. Proust, D. LeBoeuf, and M.-H. Julien,
Hidden magnetism at the pseudogap critical point of a high
temperature superconductor, Nat. Phys. (2020).

[14] Y. Fang, G. Grissonnanche, A. Legros, S. Verret, F. Laliberte, C.
Collignon, A. Ataei, M. Dion, J. Zhou, D. Graf, M. J. Lawler,
P. Goddard, L. Taillefer, and B. J. Ramshaw, Fermi surface
transformation at the pseudogap critical point of a cuprate
superconductor, arXiv:2004.01725.

[15] S. Sachdev, H. D. Scammell, M. S. Scheurer, and G.
Tarnopolsky, Gauge theory for the cuprates near optimal dop-
ing, Phys. Rev. B 99, 054516 (2019).

[16] H. D. Scammell, K. Patekar, M. S. Scheurer, and S. Sachdev,
Phases of SU(2) gauge theory with multiple adjoint Higgs fields
in 2+1 dimensions, Phys. Rev. B 101, 205124 (2020).

[17] S. Sachdev and T. Morinari, Strongly coupled quantum critical-
ity with a Fermi surface in two dimensions: Fractionalization
of spin and charge collective modes, Phys. Rev. B 66, 235117
(2002).

[18] Z. Nussinov and J. Zaanen, Stripe fractionalization I: The
generation of Ising local symmetry, J. Phys. IV (France) 12,
245 (2002).

[19] J. Zaanen and Z. Nussinov, Stripe fractionalization: The quan-
tum spin nematic and the Abrikosov lattice, Phys. Status Solidi
B 236, 332 (2003).

[20] T. Grover and T. Senthil, Quantum phase transition from an
antiferromagnet to a spin liquid in a metal, Phys. Rev. B 81,
205102 (2010).

[21] R. K. Kaul, M. A. Metlitski, S. Sachdev, and C. Xu, Destruction
of Néel order in the cuprates by electron doping, Phys. Rev. B
78, 045110 (2008).

[22] D. F. Mross and T. Senthil, Theory of a Continuous Stripe
Melting Transition in a Two-Dimensional Metal: A Possible
Application to Cuprate Superconductors, Phys. Rev. Lett. 108,
267001 (2012).

[23] D. F. Mross and T. Senthil, Stripe melting and quantum
criticality in correlated metals, Phys. Rev. B 86, 115138
(2012).

[24] S. Nagy, J. Polonyi, and 1. Steib, Euclidean scalar field the-
ory in the bilocal approximation, Phys. Rev. D 97, 085002
(2018).

[25] J. A. Hertz, Quantum critical phenomena, Phys. Rev. B 14, 1165
(1976).

[26] N. Read, S. Sachdev, and J. Ye, Landau theory of quantum spin
glasses of rotors and Ising spins, Phys. Rev. B 52, 384 (1995).

[27] A. Georges, O. Parcollet, and S. Sachdev, Mean Field Theory
of a Quantum Heisenberg Spin Glass, Phys. Rev. Lett. 85, 840
(2000).

[28] A. Georges, O. Parcollet, and S. Sachdev, Quantum fluctuations
of a nearly critical Heisenberg spin glass, Phys. Rev. B 63,
134406 (2001).

[29] J. Maldacena and D. Stanford, Remarks on the Sachdev-Ye-
Kitaev model, Phys. Rev. D 94, 106002 (2016).

[30] A. Kitaev and S. J. Suh, The soft mode in the Sachdev-Ye-
Kitaev model and its gravity dual, J. High Energy Phys. 05
(2018) 183.

[31] Y. Gu, A. Kitaev, S. Sachdev, and G. Tarnopolsky, Notes on
the complex Sachdev-Ye-Kitaev model, J. High Energy Phys.
02 (2020) 157.

[32] A. V. Chubukov, S. Sachdev, and J. Ye, Theory of two-
dimensional quantum Heisenberg antiferromagnets with a
nearly critical ground state, Phys. Rev. B 49, 11919 (1994).

[33] D. Podolsky and S. Sachdev, Spectral functions of the Higgs
mode near two-dimensional quantum critical points, Phys. Rev.
B 86, 054508 (2012).

[34] D. Amit, Field Theory, the Renormalization Group, and Critical
Phenomena, International Series in Pure and Applied Physics
(World Scientific, Singapore, 1984).

[35] C.-M. Jian, Y. Xu, X.-C. Wu, and C. Xu, Continuous Néel-VBS
quantum phase transition in nonlocal one-dimensional systems
with SO(3) symmetry (2020), arXiv:2004.07852.

033390-15


https://doi.org/10.1103/PhysRevB.66.064501
https://doi.org/10.1103/PhysRevB.69.144510
https://doi.org/10.1038/s41567-020-0950-5
http://arxiv.org/abs/arXiv:2004.01725
https://doi.org/10.1103/PhysRevB.99.054516
https://doi.org/10.1103/PhysRevB.101.205124
https://doi.org/10.1103/PhysRevB.66.235117
https://doi.org/10.1051/jp4:20020405
https://doi.org/10.1002/pssb.200301673
https://doi.org/10.1103/PhysRevB.81.205102
https://doi.org/10.1103/PhysRevB.78.045110
https://doi.org/10.1103/PhysRevLett.108.267001
https://doi.org/10.1103/PhysRevB.86.115138
https://doi.org/10.1103/PhysRevD.97.085002
https://doi.org/10.1103/PhysRevB.14.1165
https://doi.org/10.1103/PhysRevB.52.384
https://doi.org/10.1103/PhysRevLett.85.840
https://doi.org/10.1103/PhysRevB.63.134406
https://doi.org/10.1103/PhysRevD.94.106002
https://doi.org/10.1007/JHEP05(2018)183
https://doi.org/10.1007/JHEP02(2020)157
https://doi.org/10.1103/PhysRevB.49.11919
https://doi.org/10.1103/PhysRevB.86.054508
http://arxiv.org/abs/arXiv:2004.07852

