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Spin selection in single-frequency two-photon excitation of alkali-metal atoms
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We develop a theoretical framework for spin selection in single-frequency two-photon excitation of alkali-
metal atoms as a function of polarization of the excitation light. We verify the theory by experimentally probing
the 58,/ — 68, transition rate in 8"Rb in two configurations: paraxial light excitation of warm vapor and
nonparaxial excitation of laser-cooled atoms. The transition rate follows a quadratic dependence on the helicity
parameter linked to the excitation light’s polarization. For paraxial excitation, the transition rate scales as the
squared degree of linear polarization, being zero for circularly polarized light. In contrast, for nonparaxial
excitation via an optical nanofiber, the two-photon transition is not completely extinguished by varying the
light polarization. Our findings lead to a deeper and more universal understanding of the physics of multiphoton

processes in atoms.
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I. INTRODUCTION

Two-photon excitation, explored theoretically in 1931 [1]
and first experimentally demonstrated in the early 1960s [2,3],
revolutionized the fields of spectroscopy [4,5], fluorescence
microscopy [6], and optical metrology [7]. Unlike single-
photon processes, two-photon excitation gives access to en-
ergy transitions which are electric dipole forbidden. In addi-
tion, if the simultaneously absorbed photons have the same
frequency and are provided by counterpropagating beams, the
fluorescence spectrum is free of Doppler broadening [8-11];
thus hyperfine transition lines can be clearly seen, allowing
one to achieve a robust frequency reference [12,13].

Two-photon transitions in atoms can only occur between
electron orbitals of the same parity. This leads to a selection
rule for the allowed change of the orbital angular momentum
of the electron: AL = 0, £2. In addition, the hyperfine energy
levels involved in the transition obey a selection rule for the
total angular momentum quantum number: |AF| < 2 [14].
Here we focus on the spin selection rule, which further
restricts the angular momentum changes in electric dipole
allowed, single-frequency two-photon transitions between S
levels in atoms where the intermediate level is detuned from
the single-photon resonance frequency. In this case, AF = 0
and Amg = 0 (with mp being the magnetic quantum num-
ber) apply, meaning that the total spin of the atom must be
preserved. If we assume that the spin of light is well defined,
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conservation of angular momentum in the excitation process
requires that the two photons must have mutually canceling
spin projections along the quantization axis.

This principle has been verified experimentally using
sodium [10,11] or rubidium [12,13] vapor illuminated by
counterpropagating Gaussian beams. Doppler-free transition
peaks were observed when the beams had equal linear po-
larizations or opposite circular polarizations in the laboratory
frame, but the peaks disappeared for circular polarizations of
the same handedness. When the excitation light is elliptically
polarized, two-photon transitions are not completely absent,
but occur at a rate that depends on the shape of the polarization
ellipse, as demonstrated experimentally [13].

It is important to note that, in the aforementioned spec-
troscopy experiments, the atoms interacted with paraxial free-
space electromagnetic fields. In recent years, there has been
significant interest in shifting toward light fields confined at
the micro- or even nanoscale [15,16]. In one of the more pop-
ular systems, neutral atoms are coupled to the evanescent field
of a vacuum-clad optical nanofiber (ONF) [17-24]. Strong
confinement of light around the ultrathin ONF waist region
has led to demonstrations of two-photon and nonlinear atomic
processes at ultralow excitation powers [25-28], including an
electric quadrupole transition driven by a few microwatts [29].
Owing to the recent achievements of full polarization control
for light guided in single-mode nanofibers [30-32], spin se-
lection for two-photon excitation in ONF-coupled atoms can
finally be explored experimentally.

In this work we first develop a theoretical model to describe
the spin selection for two-photon transitions as a function of
the polarization of the excitation light to go beyond the lim-
iting cases of purely linear or purely circular polarization. As
a verification tool, we experimentally study the polarization
dependence of an § — S two-photon transition in a 8’Rb gas
for two conceptually different excitation conditions: (i) warm
atoms in a vapor cell with Gaussian beam illumination and (ii)
laser-cooled atoms in the evanescent field of a single-mode
ONF, where the light is strongly nonparaxial.

Published by the American Physical Society
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II. MODEL: TWO-PHOTON TRANSITION RATE

Let us consider an atomic transition from a lower state |g)
to an upper state |e) (with corresponding frequency w,, =
w, — w,) excited by the simultaneous absorption of photons
from two light fields characterized by a frequency w;—; >, an
amplitude €, and a unit polarization vector u;. The rate of
such a two-photon transition is given by [33]
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where d is the atomic dipole operator, |i) is an intermediate
state, w;, = w; — w, is the frequency of the atomic transition
between the states |i) and |g), I' = I', 4 Iy is the sum of the
decay rates of the upper and lower states, and I',, I'y, and
['; are the natural linewidths of the states |e), |g), and |i),
respectively. We find

Pge = C|Veg|2a (3)
where
V= > VI )
K=0,12

is the matrix element of the two-photon transition operator
V [34,35], with the scalar (K = 0), vector (K = 1), and tensor
(K = 2) parts given as
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where J is the electronic angular momentum quantum num-
ber, M - electronic magnetic quantum number, / - nuclear spin
quantum number, and we have introduced the notation
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Here ajK) are the reduced scalar (K = 0), vector (K = 1), and
tensor (K = 2) two-photon susceptibility coefficients in the
basis J. It is clear from Eq. (6) that, in the particular case of
equal photon fi i = have a'" = 0. In thi

qual photon frequencies w; = w,, we have o; . In this

case, the vector part V) of the two-photon transition operator
V vanishes.

The general selection rule for the electronic orbital angular
momentum quantum number L is that the two-photon transi-
tion can be allowed only if |L, — Lg| = 0, 2. It follows from
this condition that the two-photon transition can be allowed
only if the initial state |g) and the final state |e) have the
same parity, opposite to that of the intermediate states |i). This
parity rule is a consequence of the odd character of the electric
dipolar coupling. The parity rule for two-photon excitation is
the opposite of the rule for single-photon excitation.

The general selection rule for the electronic angular mo-
mentum quantum number J is that the two-photon transition
can be allowed only if |/, —J,| <2 [36-38]. In the case
of equal photon frequencies, the transitions J, =0 — J, =1
and J, = 1 — J, = 0 are forbidden [36].

In the case where J, # J,, the Wigner 6-j symbol in Eq. (6)
for K = 0 is zero. This means that the coefficient aﬁo) and the
corresponding matrix element V,\ of the scalar part of the
two-photon transition operator V vanish for J, # J,.

In the case where J, =J, =0 or 1/2, the Wigner 6-j
symbol in Eg (6) for K = 2 is zero. This means that the
coefficient &} and the corresponding matrix element V.2 of
the tensor part of the two-photon transition operator V vanish
forJ, =J, =00r1/2.

The aforementioned selection rules for the electronic an-
gular momentum J are equally true for the total angular mo-
mentum F. However, depending on J, we may find additional
selection rules for F. For instance, when J, = J, =0 or 1/2
and the photons have equal frequencies, we have the selection
rules F, = F, and M, = M, [36].

The average transition rate for the transition between the
hyperfine levels F, and F, is given by

1
Prp=— S P, 7
Fale 2Fg+1ﬁ§’ 8 )

In the absence of a magnetic field, the level energies /iwg and
hw, do not depend on M, and M,, respectively. In this case,
we find
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If J, =Jg=0o0r 1/2 and w; = w;,, the two-photon oper-
ator is scalar. In this case, the transition may occur only for
F, = F and hence we find

2
Prr, E RICTRE R ©)
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It is interesting to note that Pr,r, does not depend on F. The
line intensity /5, is the product of the transition rate Pr,r, and
the number of atoms in the initial state |ng/.F,). If the hy-
perfine sublevels of the ground state are populated according
to their degeneracy, the line intensity is Ir,r, = PrrNo(2F; +
1)/(2J, + 1)(2I + 1), where Nj is the total number of atoms
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in the ground state. It is clear that Irr, is proportional to
2F, + 1[36].

According to Eq. (9), the dependence of the two-photon
transition rate Pr,r, on the polarization of the excitation light
field is determined by the factor |(u, -up)|%. The maximal
value of this factor is 1, achieved for two fields with identical
linear polarizations or opposite circular polarizations with
respect to the quantization axis z (that is, opposite photon spin
projections onto z). The minimal value of |(u; - uw,)|? is 0 and
is achieved for two fields with orthogonal linear polarizations
or identical circular polarizations with respect to z (identical
photon spin projections onto z).

In practice, we only consider the two-photon transition
with J, = J, = 1/2, under excitation by two fields with iden-
tical frequencies (w; = wy = w.g/2), amplitudes (& = &, =
E/ ﬁ), and polarizations (u; = u; = u). The fields are either
copropagating (which we refer to as a one-beam configu-
ration) or counterpropagating (two-beam configuration). For
such a single-frequency two-photon excitation, the transition
rate is

1
Pee = Seer |
where £ = |(€ - £)|*> = |€|*|(u - u)|*> expresses both of the
characteristic features of the two-photon process: the
quadratic dependence on the field intensity |£]? and the po-
larization dependence, which is the main object in this study.

Now let us consider excitation of this two-photon transition
in a cool gas of atoms in the evanescent field of an optical
nanofiber, in particular by an elliptically polarized fundamen-
tal mode propagating in the 4z direction of the Cartesian
coordinate system (x, y, z). The electric part of the field in this
mode is given by

E=(WT+0E +V1—0&_)/V2, a1
where o € [—1, 1] is the helicity parameter [39,40] and
E, = (e,;F + pe,§ + e,2)e" PP, (12)

o€, (10)

where p = %1 is the polarization index for quasicircularly
polarized fundamental guided modes [41], § is the propaga-
tion constant, and e,, e,, and e, are the reduced cylindrical
components of the mode function and they are independent
of ¢ and z [42—44]. Note that if the field is retroreflected, one
must change the sign for 8, o, and p. Given Egs. (12) and (11),
the scalar product

(E-E&)=(cos2¢ +iosin2¢p ++/1— 0'2)(6% + ef)ez"ﬁZ
+ (cos2¢ + iosin2¢p — /1 — az)eéewz. (13)

The mode function components have the properties e? =
—le,)?, eé = |e¢,|2, and ef = |e,|? [42—45]. Hence, we find

& = [\/m(lezl2 — les|* = leyl?)
+ (lez|* — les)* + le,y|?) cos 2¢]*
+02(le.]? = les]? + le,|?)?sin? 20, (14)

We neglect the interaction and collisions between the
atoms and assume that the gas volume is a cylindrical shell
with z € [0, L], ¢ € [0,27], and r € [a, rmax]. Here a is the

fiber radius and £ and rp,y are, respectively, the length and
radius of the atomic cloud. We assume that the atoms have the
same flat stochastic distribution of position. To estimate the
transition rate, we must average the factor £ over the position
of atoms.

Since & does not depend on the axial coordinate z, statis-
tical averaging with respect to z does not affect £. Statistical
averaging with respect to the azimuthal angle ¢ can be car-
ried out by using the formulas (cos? 2¢),, = (sin*2¢), = 1/2

and (cos 2¢), = (sin2¢), = 0. Here we have introduced the

notation (---), = (27)"! 02” ---dg for statistical averaging

with respect to ¢. Hence, we find
P, xE=A—0B, (15)
where

A= ((e,]* + ley|* — lecI*)),
+0.5((ler|* = leg|* — lezI*)),.
B = ((le:|* + ley|” — le:[*)),
—0.5((les]* — legl* — lez)?),. (16)

with (---), denoting statistical averaging over the radial dis-
tance r from the nanofiber. The quadratic term in Eq. (15) pre-
dicts that the transition rate is maximum for linearly polarized
(0 = 0) and minimum (but, in general, nonzero) for circularly
polarized (0 = =£1) excitation.

III. EXPERIMENT: WARM ATOMS EXCITED BY
PARAXIAL LIGHT

In order to verify the above theoretical result experimen-
tally, we choose the 58, (F = 2) — 6S;,2(F' = 2) transition
in ¥Rb [see Fig. 1(a)], accessible via two-photon excitation at
993 nm [12]. The excitation light is provided by a Ti:sapphire
laser and its frequency is fine-tuned via spectroscopy in a
vapor cell containing a natural mixture of ®Rb and %Rb
atoms, maintained at 100 °C. A schematic of the experiment
is given in Fig. 1(b). The polarization of the excitation beam
is given by a unit vector s = (1, Sy, Sz, S3), where S; 53 are
the reduced Stokes parameters defined from the point of view
of the receiver. A 993-nm laser beam of 150 mW is weakly
focused into the vapor cell by a convex lens L1 (focal distance
/1 = 150 mm) and the 780-nm and the 795-nm fluorescence
(from the 5P, — 551,> and the 5P3/, — 55, decay paths,
respectively) emitted around the focal point is detected by
means of a photomultiplier tube (PMT) through a relay tele-
scope and a shortpass filter (Thorlabs model No. FES0800,
not shown). The fluorescence intensity is a measure of the
two-photon transition rate. Figure 1(c) (top panel) depicts
the spectroscopy signal collected for horizontal polarization,
H = (1, 1,0, 0) (note that a low-pass digital frequency filter
was applied to the data in order to suppress the noise). To
convert this one-beam configuration into the two-beam case,
we add a concave mirror (fom = f1/2 =75 mm) placed at
2f, away from LI1. As a result, the spectrum reveals the
200-fold increased Doppler-free peaks [see the bottom panel
in Fig. 1(c), where each hyperfine transition of ®*Rb and 8’Rb
is indicated with the corresponding F <> F’ values].
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FIG. 1. (a) Simplified energy level diagram for ’Rb as relevant
to the experiment. (b) Vapor cell spectroscopy setup: QWP1, quarter
waveplate; L1, convex lens; CM, concave mirror; and PMT, pho-
tomultiplier tube. (c) Spectroscopy signal (background subtracted)
measured in the one-beam (top) and two-beam (bottom) config-
urations. Labeled peaks correspond to the Doppler-free hyperfine
transitions, with the chosen one (2 <> 2 in ¥Rb) highlighted. (d) Po-
larization dependence of the fluorescence signal from the chosen
transition. Squares and circles show the experimental data for one-
beam and two-beam configurations, respectively. The solid line
shows the results of simulation. The principal polarization states of
the 993-nm light are indicated: horizontal (H), left-handed circular
(L), and right-handed circular (R).

Fluorescence signals from the vapor cell for both the one-
beam and two-beam configurations should follow Eq. (15),
irrespective of the Doppler broadening in the former case.
To test this, we introduce a quarter waveplate QWP1 before
L1 and scan the helicity parameter ¢ over the whole [—1, 1]
range by varying 6, the angle between x and the slow axis of
the waveplate. As a result, the initial horizontal polarization
state is transformed into (1, cos? 26, sin 26 cos 28, — sin 26)
and 0 = —§3 = sin20. Since the Gaussian field is paraxial,
we assume e; =0 and |e,| = |e,|. Thence, Eq. (16) gives
A = B and Eq. (15) reduces to P, 1 — o%. The two-photon
transition rate is expected to scale as cos 226, reaching zero at
0 = (2n+ 1) /4 with n € Z, as confirmed by the measured
polarization dependence of the fluorescence for the chosen
two-photon transition [see Fig. 1(d)]. In the one-beam case
(blue squares), the signal is defined simply as the mean
voltage output of the PMT and the confidence range is smaller
than the marker size. In the two-beam configuration, the
transition spectral profile is fitted to a Lorentzian curve [46]
and the markers (orange circles) shown in Fig. 1(d) are the
average maxima of the fitted curves, while the error bars
indicate the standard deviation range over ten independent
measurements. For convenience of presentation, each data set
in Fig. 1(d) is normalized to the maximum.

It is important to note that the results obtained with the
hot vapor cell can be explained in simpler terms. Since the
transition is allowed only when the excitation light carries
zero net spin angular momentum, Py, is intuitively expected
to be linked to the degree of linear polarization (DOLP) D =

to vapor cell

(@)

993 nm

vacuum chamber

QWP2 PC MoT filter
ONF,
— :}H«» SPCM

N 795 nm
\/q,

~

\,
~
ij L2

_ 3

FIG. 2. (a) Atom-nanofiber experimental setup: QWP2, quarter
waveplate; PC, polarization compensator; MOT, magneto-optical
trap; L2 and L3, convex lenses; and SPCM, single-photon counting
module. (b) Fluorescence image of the cold-atom cloud around the
nanofiber. (c) Excitation light scattered at the nanofiber waist. Here
¥, and X, are the brightness sums of the upper and lower halves of
the image.

\/Sf + S%. Physically, the DOLP is the maximum fraction
of optical power one can measure in transmission through
a lossless linear polarizer. Owing to the quadratic power
dependence of the two-photon transition rate, P, D? =
cos* 26 + sin 226 cos 220 = cos 220, which we indeed con-
firm experimentally. Continuing this line of thought, we notice
that the mentioned lossless linear polarizer defines the DOLP
for both the forward-propagating beam and the retroreflected
one. Thus, if the beams are linearly polarized in planes tilted
by an angle § with respect to each other, the two-photon tran-
sition rate would scale as D? = cos? §, which is equivalent to
Malus’s law. This result explains the absence of Doppler-free
peaks in the crossed polarization (;r-7") case experimentally
tested in [12], where the setup contained a quarter waveplate
between the vapor cell and the concave mirror.

IV. EXPERIMENT: LASER-COOLED ATOMS EXCITED BY
A NANOFIBER MODE

Now let us consider the case where excitation is by the
evanescent field of light guided in an optical nanofiber.
The experimental setup is sketched in Fig. 2(a). The ONF
is fabricated from a commercial single-mode optical fiber
(Fibercore model No. SM800-5.6-125) via a flame-brushing
technique [47]. The initial fiber diameter of 125 um is
exponentially tapered to 400 nm at the waist, thereby
supporting only the fundamental guided modes for both the
993-nm and 795-nm wavelengths (the transmission at 993
nm is about 30% including the coupling losses). The ONF
is mounted in an ultrahigh vacuum chamber and a standard
three-beam retroreflected magneto-optical trap (MOT) is
used to produce the cold 8’Rb atoms at the nanofiber waist
(see [48] for details). An average atom cloud density of
10° cm—3 is estimated from fluorescence imaging of the cold
atoms [see Fig. 2(b)], using a CCD camera (Andor Luca®™R
model No. DL-604M-OEM) and a microscope composed of
two convex lenses L2 (f, = 125 mm) and L3 (f3 = 250 mm).
The 993-nm light is sent through the fiber for 2 h prior to
measurements in order to heat the ONF and thus prevent
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FIG. 3. Measured 795-nm fluorescence from the cold atoms.
(a) Typical transition peaks for a linearly polarized (QWP2 at 6 = 0°
and o = 0) and a circularly polarized (6 = 45° and o = 1) input
993-nm beam. The solid lines represent Lorentzian curve fitting.
(b) Polarization dependence of the 795-nm fluorescence. The solid
line shows the results of simulation.

deposition of atoms onto its surface. The optical power,
measured at the output end of the fiber, is maintained at 0.6
mW during the experiment. In a typical experiment sequence,
the MOT is loaded to saturation and then the excitation laser
is scanned around the chosen transition, while the 795-nm
fluorescence is coupled into the nanofiber and recorded
by a single-photon counting module (SPCM) (Excelitas
Technologies model No. SPCM-AQRH-14-FC) through a
bandpass filter. In a similar manner to the vapor cell tests,
in this setup the input polarization is varied by means of a
quarter waveplate QWP2 placed before the fiber coupler. In a
steady state (i.e., after the initial 2-h heating stage and when
QWRP2 is not rotating), the polarization is stable within 1° on
the Poincaré sphere, as confirmed by a free-space polarimeter
(Thorlabs model No. PAX1000IR) placed at the output pigtail
of the fiber.

Due to stress-induced birefringence in the tapered fiber,
the preset input polarization state of the 993-nm fiber-guided
light is transformed into an unknown state at the nanofiber
waist. In order to gain control over the helicity at the waist, we
reverse the transformation using a polarization compensator
introduced between QWP2 and the input pigtail of the fiber.
The compensator consists of a variable retarder (liquid crystal
type, slow axis parallel to x) and two quarter waveplates [30].
The compensation procedure is based on imaging the 993-nm
light (through an x-oriented linear polarizer, not shown)
scattered from natural imperfections of the nanofiber [32].
This method relies on identifying two nonorthogonal linear
polarization states at the nanofiber waist, the first being
horizontal (or vertical) and the second being diagonal
(or antidiagonal). The latter corresponds to the absolute
maximum (or minimum) of the intensity difference between
two regions of the scattered light image, A = ¥| — X, [see
Fig. 2(c)]. To maximize the precision of A measurements,
we replace L2 by a convex lens with a diameter of 50 mm
and a focal distance of 75 mm, thus achieving a maximum
collection angle o & 18°. The errors in the state identification
are expected to be less than 10° on the Poincaré sphere [32].
When |o| approaches unity (the most interesting case in this
study), this error corresponds to a confidence range of about
1.5% for |o| and 3% for .

The experimental results are shown in Fig. 3, with Fig. 3(a)
depicting the 795-nm fluorescence collected by the SPCM

in the two limiting cases: the excitation light is (i) linearly
polarized (0 =0 and & = A) and (ii) circularly polarized
(0 = =1 and &1, = A — B). Each set of data is fitted to a
Lorentzian curve [solid lines in Fig. 3(a)] and its peak value
is the measure of the two-photon transition rate. Since guided
modes of a nanofiber feature a nonvanishing longitudinal field
component, A # B and £ # 0, even when the input light is
circularly polarized. The fluorescence measurements over the
complete range of o are summarized in Fig. 3(b), where the
solid curve is the calculated £ /&, and the error bars indicate
the standard deviation ranges obtained from 40 experimental
sequences for every orientation of QWP2. The susceptibility
coefficient was calculated as detailed in the Appendix.

V. DISCUSSION

We attribute the discrepancy between the experimental
data and the theoretical curve, specifically the shallower and
narrower dips in the measurement, to several experimental
factors beyond our control: The polarization compensation
only works for the transverse field components, atoms are not
necessarily evenly distributed around the nanofiber [as sug-
gested by the cloud picture in Fig. 2(b)], individual atoms may
see local inhomogeneities of the excitation field near the ONF
waist, or residual magnetic field and cooling beams in the
excitation region may be influencing the two-photon process.
The lateral shift of the rising slopes seen in both periods of
the 6 dependence in Fig. 3(b) is likely to be an experimental
artifact such as imperfection of the waveplate, enhanced by
coupling of light into the fiber. Other effects not taken into
account are possible polarization-dependent saturation [49]
of the transition in the atomic cloud, a polarization-induced
inhomogeneity in the intensity profile [42] and the related
change in the local atomic density due to the dipole force,
and position-dependent Stark shifts in the atomic energy
levels [50]. We also note that the relation o = sin 26 may not
be exactly fulfilled for ONF-mediated excitation. For instance,
the generation of orbital angular momentum in the evanescent
field, which is more significant for quasicircular polariza-
tion [40,51], effectively changes the helicity and its relation
to the polarization of light sent into the fiber. This invites
further studies on two-photon processes under nonparaxial
fields, inclusive of the orbital degree of freedom.

VI. CONCLUSION

In this work we observed the spin selection rule as applied
to an § — S two-photon atomic transition, both within and
beyond the paraxial limit for the excitation light. In the
latter case, the light was delivered by the evanescent field
of a single-mode optical nanofiber, which also served as a
detection channel for the fluorescence signal, a measure of the
two-photon transition rate. Owing to the accurate polarization
control at the nanofiber waist, we were able to study the
transition rate as a function of helicity of the excitation. In
contrast to the paraxial case, the two-photon transition in
the evanescent field could not be extinguished by simply
varying the polarization of the coupled light; we observed a
minimum rate of about 13% of the maximum in theory and
25% in practice. These findings are expected to have impact
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in atom-based hybrid quantum technologies where full control
on quantum state selection is vital and could open new ways
of selecting transition pathways for frequency references and
atomic clocks, novel fiber-based atom trapping schemes [52],
transfer of spin or orbital angular momentum between light
and atoms [53,54], chiral nanophotonics [24], and fundamen-
tal precision tests in parity nonconservation [55,56].
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APPENDIX: CALCULATION OF «”

In our experiment, the two-photon transition occurs be-
tween the ground state |g) = |5S;,2) and the excited state
le) = 1651,2) of Rb with w| = w) = w = w,,/2. We keep the
contribution of the two most important intermediate states
liy) = |5P1/2) and i) = |5P3/2>. Since the detunings are
large, we neglect I';. Then Eq. (6) yields

0 _ \/6
o

1
V) = §<A—l<elldlli1>(il ldlig)

1
- A—2(€||d||i2>(izlldllg>>,

(AD)

where A| = o — (w;, — w,) and Ay = 0 — (w;, — wg).
With the help of the relation [34,35]

(nLJ||d||W'L'J"y = (nLSJ||d||n'L'SJ")
= (=D)L Qs+ DT + 1)

X{Z . i}(nLndnn’L/), (A2)

we find
6
(elldliy) = %_(6SIIdI|5P>,
N (A3)
2/3
(elld|liz) = T(6SIIdII5P>
and
6
(illdllg) = —\/T_<SPIIdI|55>,
(AD)
2V/3

(ild]lg) = T(5P||d”5S>'
Inserting Egs. (A3) and (A4) into Eq. (A2) yields

246 (1 2
ORI \/_<

4 oK

— 4+ — J(6S||d|I5P)(5P||d||5S). (A5
Al+A2>( IdlI5P)(5P||d[|5S). (AS5)

We note that (e||d||i;) and (e||d|li;) have the same sign,
but (i;||d||g) and (i»||d||g) have opposite signs. Consequently,
Eq. (Al) yields

o VB[ 1
o] = E'A—l|<e||d||u><n||el||g>|

+ %I(élldllizﬂl’zlldllg)l - (A6)
2

Since [(i1]|d|lg)| = 4.253 a.u., |{i||d|e)| =4.145 a.u.,
[{(iz]ld]lg)| = 6.003 a.u., and |(ix||d|le)| = 6.047 a.u. [57],
we find the estimates [(5P|d||5S)] =5.202 a.u. and
[(5P||d[|6S)| = 5.184 a.u. The lifetime of the state 65, is
45.4 ns. The lifetimes of the states 5P, and 5P;), are
27.4 and 26 ns, respectively [57]. The energies of the states
5812 and 68, are 0 and 20 132.510 cm™!, respectively. The
energies of the states 5P, and 5P;,; are 12578.950 and
12816.545 cm™!, respectively [58]. Using these values, we
find |o|”] = 5.973 x 1073 kg~! s* A%,
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