PHYSICAL REVIEW RESEARCH 2, 033201 (2020)

Excitonic magnetism at the intersection of spin-orbit coupling and crystal-field splitting
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Excitonic magnetism involving superpositions of singlet and triplet states is expected to arise for two
holes in strongly correlated and spin-orbit-coupled #,, orbitals. However, uncontested material examples for
its realization are rare. We apply the variational cluster approach to the square lattice to investigate excitonic
antiferromagnetism and the impact of a crystal field. We give a phase diagram depending on spin-orbit coupling
and crystal field and find excitonic magnetism to survive in the presence of substantial crystal-field-induced
orbital order. We address the specific example of Ca,RuQ, using ab initio modeling and conclude it to realize
such excitonic magnetism despite its pronounced orbital polarization. We also reproduce magnetic excitations
and show the maximum at momentum (0,0) to be related to the excitonic character of the magnetic order.
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I. INTRODUCTION

Strong correlations in transition-metal oxides have for
decades been a focus of intense scientific activity. While the
prominent 3d metals, e.g., iron, nickel, and copper, are usually
understood to have rather weak spin-orbit coupling (SOC),
the interplay of strong SOC and correlations has attracted
attention more recently. One important driver of this interest is
the search for topologically nontrivial phases like topological
Mott insulators [1] or spin liquids. In particular, honeycomb-
lattice compounds with a single hole in strongly correlated #,,
orbitals of 4d (e.g., Ru) or 5d (e.g., Ir) elements are candidates
for “Kitaev” spin liquids [2] driven by distinct magnetic
anisotropies [3,4], which has led to extensive research efforts
[5.,6].

The impact of SOC is particularly transparent for a 1,
electron, where it couples effective orbital angular momentum

L =1 and spin § = % to total angular momentum J = % or

J :% [7]. If sufficiently large, then this leads to a band
splitting and the reduced width of the resulting subbands
effectively enhances correlations. The single-layer square-
lattice compound SryIrO4 has been established as a prime
example for such spin-orbit driven Mott physics [8]. With
five 1,4 electrons, its J = % levels are completely filled and
the J = % level is half filled. The resulting effective single-
band description focusing on the J = % states is even robust
enough to survive in doped regimes, where Fermi arcs [9] and
hints of superconductivity [10] have been reported, as well as
photodoping [11].
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While a description in terms of J = % is thus well es-
tablished for a single hole in the f,, levels of Ru or Ir and
forms the basis for the proposed spin-liquid scenario, the
situation for two holes is less clear. Double-perovskite iridates
[12,13] likely realize a nonmagnetic singlet ground state and
might already be close to the j-j—coupling regime with a
doubly occupied J = % band [14]. Theoretical predictions for
substantial but not extreme spin-orbit coupling, where L-S
coupling is more appropriate, argue that it combines effective
angular momentum L = 1 with total spin § = 1 of the two
holes into an ionic ground state with J = 0 [15,16], see the
left-hand side of Fig. 1(a). Superexchange then determines
dynamics of J = 1 excitations as well as their potential con-
densation into excitonic magnetic order. This unconventional
type of magnetism has been predicted to host a bosonic
Kitaev-Heisenberg model and topologically nontrivial excita-
tions [17,18] or to mediate triplet superconductivity [19].

Ca;RuQy is a promising candidate for such a scenario,
where superexchange mixes J =0 and J = 1 states so that
the superposition acquires a magnetic moment that can order;
see the schematic illustration in Fig. 1(c). Features like XY -
symmetry breaking (rather than Ising or Heisenberg) and the
corresponding maximum of excitation energies at momentum
(0,0) can be explained by such an excitonic model [20,21].
However, a structural phase transition is well established
[22,23], which leads to a crystal field (CF) lowering the energy
of the xy orbital as shown on the right-hand side of Fig. 1(a).
Based on ab initio calculations [24,25], the two holes are
distributed mostly in xz and yz orbitals, suggesting more
conventional § = 1 spin order; see the sketch of Fig. 1(d).
SOC would then be a correction rather than a main driver
[24,26].

We apply here the variational cluster approach (VCA) to
a spin-orbit coupled and correlated #,, three-orbital model
at nominal filling n = 4 in order to address the competition
between SOC and CF as illustrated in Fig. 1. We find that
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(a) J=2 where ¢, (C:{,a,a) annihilates (creates) an electron with spin
L=1/ ’ A o =7, | in orbital @ = xy, xz, yz and momentum Kk, has the
S=1": v :\ following contributions:
¢=0 1 _ _~,NN
A=0\"J=1 — singlet €onay (k) = =21, (cos ki + cos ky)
‘\\ —— doublet — 4thN cos k, cosk, — A, 2)
J=0 : (=l-a,A=a], where tetragonal CF splitting A > 0 originates from the
(‘) ! strained octahedral coordination of the low-temperature phase
o) © @ of Ca;Ru0Qy,
b c d
x . s €rene(K) = 215N cosky, €0 (K) = =200 cosky,  (3)
k 4” * ' z * l* and
' ' . €z xy(K) = =2t cosk,, @)

FIG. 1. (a) Level structure starting from ninefold degeneracy (far
left and right) and interpolating between spin-orbit-coupled (left,
o = 0) and crystal field (CF) split (right, « = 1) regimes. In the limit
A = a =0 (left), singlet S3 and doublet D/, are degenerate and
give the J =1 triplet; in the limit { =1 — o = 0 (right), ground-
state singlet Sy and D), correspond to S = 1 and doubly filled xy
orbital. (b) The stripy state arising out of ninefold degeneracy via
Goodenough-Kanamori rules. (c) Excitonic magnetism for dominant
SOC, one state of the J =1 triplet condenses to yield a magnetic
moment and mixes with the J = 0 singlet. (d) Orbitally ordered state
with doubly occupied xy orbital, where holes in xz and yz form
S = 1. In (b) and (d), the doubly occupied orbital is drawn.

without CF splitting, SOC ¢ suppresses orbital order, so that
the complex spin and orbital pattern of Fig. 1(b) is replaced
by the excitonic antiferromagnetic (AFM) state Fig. 1(c). In
the presence of CF splitting, its impact will be seen to be
more gradual, but it nevertheless induces a transition from
spin order, as in Fig. 1(d), to excitonic order. In order to
connect to Ca,RuQ4, we use a realistic model based on
density-functional theory and subsequent projection to Wan-
nier states [27]. The approach is validated by the magnetic
excitation spectrum of a spin-orbital model based on the
same parameters, which reproduces neutron-scattering data,
and leads to the conclusion that the compound falls into the
excitonic regime despite its strong orbital polarization.

In Sec. II, we introduce the f;, model with SOC and also
give the Kugel-Khomskii-like superexchange model valid in
the limit of strong onsite interactions in Sec. IIB. We also
shortly mention the VCA. We then give results in Sec. III, first
for the orbitally degenerate model in Sec. IIT A and then in the
presence of a crystal field in Sec. III B, where we also discuss
CaRu0Qy. Finally, we provide magnetic excitation spectra in
Sec. III C and conclude in Sec. I'V.

II. MODEL AND METHODS

We discuss four electrons (two holes) in a three-orbital
system modeling #,, orbitals on a square lattice. The kinetic
energy

Hin =YY €apK)f o 4Ci pon (1)

k.o «,B

where orbital-mixing #° arises from the orthorhombic dis-
tortion. The SOC operator for f,, orbitals can be written as
[28,29]

iZ
Hsoc = ¢ Zli 'S = ) Z Zgaﬁytga’czﬁ,aci,y,o” o)

i apy
0,0’

where ¢,,, is the totally antisymmetric Levi-Civita tensor and
% with o = x, y, z are Pauli matrices.

The effective onsite two-particle interaction is included in
the SU(2) symmetric Kanamori approximation [30],

U/
Hpy=U memw + 5 Z Zniaaniﬂ(r
i,o

i,o a#f

F3U =0 Y3 o

i,0 a#p

¥ ¥ £t
—Ji Y €t CiayCip1Cipt — GGt Gip1ip) - (6)
La#p
with intraorbital Hubbard U, interorbital U’, and Hund’s
coupling Jy, which are related by U’ = U — 2Jy.

A. Variational cluster approximation

In order to address long-range order and symmetry break-
ing, we use the VCA [31], which has already been established
to explain angle-resolved photoemission for strongly spin-
orbit-coupled Sr,IrO4 [32]. VCA is complementary to static
mean-field methods, which cannot describe the large-U limit
of #,, orbitals with SOC correctly [33], and dynamical mean-
field theory with Monte Carlo impurity solvers which are
restricted to regimes above the Néel temperature due to the
minus-sign problem [27]. The VCA is further not restricted to
the one-dimensional limit addressed with the density-matrix
renormalization group [33,34].

In our VCA simulations, we use (Lanczos) exact diago-
nalization (ED) to obtain the cluster Greens function G¢; of a
2 x 2-sites cluster, extract the cluster self-energy X, and insert
it into the one-particle Green’s function G of the thermody-
namic limit. The approximation thus consists of replacing
the self-energy in G by the self-energy of the cluster. The
grand potential is calculated from this approximated Green’s
function and from the grand potential 2¢; of the cluster as

Q=Qc +trinG — trln G¢y. @)
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The chemical potential p

—uN ==l ) i, ®)

i,a,0

where the sum runs over over site i, orbital ¢, and spin o
should here stabilize a filling of Nyger = 2 holes, i.e., four
electrons, per site. The optimal p can be determined by going
from 2 to the free energy F' = Q + (uNrgee via a Legendre
transform [35], so that stationarity

a_F . 02 + /‘L]Vtarget

ol B o
indeed translates to Nirget = (V). The chemical potential p
then becomes a variational parameter.

According to self-energy functional theory [36], the ther-
modynamic grand potential 2[X,/] can moreover be opti-
mized by varying any one-particle parameters t’ used to
obtain the cluster self-energy X.. These fictitious param-
eters are used when the cluster Green’s function G¢; and
the self-energy X, are calculated but are set back to their
nominal values when obtaining the full Green’s function G.
For instance, the actual overall density (N),- obtained for
the saddle-point chemical potential p*, which is after all
approximated, does not necessarily fulfill (V),~ = Narger. TO
ensure thermodynamic consistency [37], we thus additionally
optimized a fictitious chemical potential p’ that was included
on the cluster but subtracted again when constructing G.

The self-energy is finally optimized in the same way with
respect to fictitious symmetry-breaking fields, e.g., a stag-
gered magnetic field inducing AFM order. They can generally
be expressed as one-particle terms of the form

Hy =" Ae®, (10)

=0 C))

where A; can be any one-particle operator acting on site i
at position R;, e.g., spin S along direction «, total angular
momentum S + LY, magnetization 257 — L} or any other
linear combination of S and L, as well as orbital density
n;p in orbital B. As with u’, these fields only act on the
reference system, they are not included in the thermodynamic-
limit Green’s functions. If, however, a symmetry-broken self-
energy optimizes the grand potential of the fully symmetric
Hamiltonian, one can infer spontaneous symmetry breaking.
We sampled a variety of potential ordering parameters,
where ordering vectors Q accessible to our cluster are (0,0),
(m,m), (r, 0), and (0, ). We also included superpositions of
two or three order parameters, e.g., orbital and magnetic order,
with identical or different (e.g., in the stripy phase) ordering
vectors, see Table I. The patterns tested were motivated on
one hand by the states giving a large contribution to the ED
ground state and on the other hand by phases reported in the
literature for similar models [38,39]. The robust Mott gap
present in all considered parameter regimes ensures a very
weak dependence of p and u’ on the various #/, so that we
fixed u and @’ to the values found for 2/ = 0 and then kept
them constant during optimization of the 4’ [40].
One-particle observables like orbital- or spin-resolved den-
sities can be obtained from the thermodynamic-limit one-
particle Green’s function that is calculated in the VCA.
Two-particle quantities are not as straightforward, and we

TABLE 1. Fictitious Weiss fields A and ordering momenta Q as
in Eq. (10), as well as combinations thereof used to describe various
phases.

Ay Q A, Q
Stripy S, S, (m,0)
Stripy S, stripy orb. S, (,0) Ny — Ry O, m)
A3z =ny, Q; =(0,0)
Stripy Sy S, (,0)
Stripy S,, stripy orb. Sy (r,0) Nyy — Ny 0, m)
As=ny Q; = (0,0)
G-AFM S, S, (w,m)
G-AFM S, Sy (mw,m)
G-AFM S, FO xy S, (mr,m) Tyy (0,0)
G-AFM S, TO S, (m,m) orb. see Ref. [38]
G-AFM 2S_ + L, 25, + L, (m,m)
G-AFM 25, + L, 28, + L, (,m)
G-AFM M, 28, — L, (mw,m)
G-AFM M, 28, — L, (,m)
G-AFM J, S, + L, (,m)
G-AFM J, S.+L, (mw,m)
G-AFM S, + S, Sy + Sy (m,m)

approximate them here as the expectation value with respect
to the ED ground state |¢g) calculated with optimized order
parameters. In particular, we are interested in the weight found
in eigenstates |J,J*) with total onsite angular momentum
J=0,1,2,ie.,in

(J):= Z(¢0|Ji,f,-z><fi,Jf

i,J?

N, $o). )

where we average over the N sites i of the 2 x 2 cluster.
Analogously, one can define weight in other onsite two-hole
states, e.g., the states So, D12, S3, ..., of the level structure
shown in Fig. 1(a).

B. Perturbation theory and Kugel-Khomskii—-type model

While the VCA provides one-particle spectral functions,
two-particle quantities like the dynamic magnetic structure
factor are not readily available. We thus resort to ED on a
small cluster. In order to go beyond the 2 x 2 cluster, we
restrict the Hilbert space to the nine low-energy states of
Fig. 1. In this low-energy manifold, the two holes on each
site reside in two different orbitals, i.e., we conveniently label
the orbital wave function by the remaining doubly occupied
orbital. This gives us the effective orbital angular momentum
L =1 [15,41]. Additionally, Hund’s-rule coupling enforces a
total spin S = 1, leading to a total of nine low-energy states.
The VCA results show that these nine states indeed capture
nearly all the weight of the cluster ground state, which justifies
projecting out charge excitations as well as states with onsite
spin S = 0. The restricted Hilbert space then allows us to
reach eight rather than four sites in exact diagonalization.

The effective Hamiltonian acting on this low-energy man-
ifold is obtained by treating hopping ¢ in second-order per-
turbation theory, with the large energy scale being onsite
interactions (6), associated with charge excitations and local
singlets. We give here the various terms of the effective
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Kugel-Khomskii—-type Hamiltonian, restricting ourselves to
orbital-conserving hoppings for simplicity, i.e., we neglect
interorbital #° which would significantly complicate the su-
perexchange model. The first possible process is a spin-spin
coupling

Hgs = Ji,j(sisj - 1) & T T)(T: T, (12)

that leaves orbital occupations 7; and 7; unchanged. Its cou-
pling strength depends on whether the same orbital y is

Hss = (SS; = D| > D 1z

doubly occupied on both sites, or whether it is orbital « on
one site and orbital S on the other, i.e.,

Uty 7
(12 + t[%) U(U:ZJH) for T, =T; =y
Ji i =1 2U+In) Ju (’3*’2) (13)
o e U(U—3J:) forT; = a # T;
=B and «a,BF#Yy
and accordingly
J
U+Jy
——— ;) (vs vl (14)
~\Z UU +2Jy)
2WU+Jg) Il +15)
P2 ) s B) e BI |- (15)
UWU —3Jy)

+ > (V
2
T UU +2Jy)

y#a,B

The first of these would be the only superexchange term
surviving in a strongly orbitally polarized case for crystal field
A>¢.

Additional terms involve the orbital degree of freedom.
Again discussing first the case of identical orbital character
on both sites, finite Hund’s-rule coupling Jy > 0 (or rather
the associated pair-hopping term) allows the doubly occupied
orbital to change on both sites simultaneously, as long as not
all spins are parallel, yielding a “pair-flip” term

latﬂ.][-[

) Zm| a)(B:pl | (16)

H,=(S;S, —

The counterpart for different orbital occupation on both
sites gives a diagonal part, in addition to the diagonal terms
already included in S;S; above, that is independent of the §¢
components on the two sites and reads

(S5, T = Bs S, Ty = y [H|S}, T = B S}, T = )
24 42
_ B rh
U—-3Jy
This diagonal term can be combined with orbital and spin-
orbitalflip terms into
1+t
Hir=—Y L2 |gy) Byl
sy U =3

Ipty B Q.
+ZU(U_3J )[21H+(U Jn)(SiS; + 1)1

a7

(18)
® 1B v){v: Bl (19)

The full superexchange Hamiltonian for a pair (i, j) of
sites combines (spin-)orbital exchange (18) and (19) with
Heisenberg spin interaction Eqs. (14) and (15) as well as (16)
into

H; ; = Hss + H, + Hrt. (20)

(

For each nearest-neighbor (NN) pair (i, j), two of the
three hoppings #,/s/, are nonzero; for next-nearest neighbors
({7, j)), only the xy orbital hops.

These intersite coupling terms due to hopping are comple-
mented with the onsite SOC and CF. Crystal field A from
Eq. (2) favors the xy orbital to be doubly occupied, which is
chosen as the L* = 0 state, and SOC Eq. (5) favors the J = 0
state, so that the onsite Hamiltonian becomes

Hion = %SL ALY @1

after projection onto the low-energy S = 1 manifold. Eigen-
states of this onsite Hamiltonian define the level structure
shown in Fig. 1.

The translation between the notation |8) giving the doubly
occupied orbital 8 = yz, xz, xy, as used in the superexchange
model above, and the orbital angular-momentum operators is
achieved by [15,41]

L* =i (|xy) (xz| — |xz) (xyl), (22)
L’ =i ([yz){xyl — lxy)(yz]), (23)
L =i (|xz){yz] — lyz){xz]). 24

The operator (L?)? = |xz){(xz| + |yz)(yz| thus indeed favors
doubly occupied |xy) states.
We use Lanczos exact diagonalization to obtain spectra

Mk, @) = ——3(¢o|M*(—Kk) M (K)lo),

(25)

o — H +i0*

where M%(k) = 1lv Zi eikrfM;)‘ for component o = a, b, ¢ of
M = 2S — L and effective low-energy H composed of onsite
and intersite terms (21) and (20). We are able to treat an eight-
site cluster of \/§ X \/§ geometry.
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III. RESULTS

We are first going to discuss a more generic model for
excitonic magnetism with and without CF splitting, where
we focus on essentials. We choose t =t = 13N = 1N as
unit of energy and set s\~ = ¢° = 0. Interactions are fixed
to U = 12.5¢ and Jyg = 2.5¢, which is consistent with their
order of magnitude in Ca;RuQy [25] and solidly in the Mott
insulating regime. SOC ¢ and CF A will be varied in order to
assess their impact.

A. Excitonic AFM ordering without CF

Figure 2 shows how much the VCA grand potential 2
is lowered by symmetry breaking with respect to the para-
magnetic (PM) phase for various potential order parameters.
Crystal field is here A = 0 and the ground-state ordering for
each ¢ is the one giving the lowest Q2. For ¢ > 0, the out-of-
plane z component and the in-plane x component of angular
momentum lead to clearly different values, reflecting the loss
of rotational symmetry. Different linear combinations of S and
L, on the other hand, typically only give slightly different
grand potentials—the crucial aspect of the order parameter is
the symmetry broken rather than the exact form of the order
parameter.

For vanishing or small SOC, the lowest grand potential is
obtained for a complex pattern with orbital and spin order hav-
ing orthogonal ordering vectors (0, ) and (i, 0), as depicted
in Fig. 1(b). Such a state is consistent with Goodenough-

0.000

V
\\
(@)
—0.001 1 &\8 o) o
= b‘q\ stripy S»
C% —0.002 \ stripy Sz, stripy orb
stripy Sz
L \ stripy Sz, stripy orb
& 0003 4 \ G-AFM S.
a v Q G-AFM S, + FO zy
\ G-AFM S, + TO
\ A O G-AFM 28, + L.
0,004 - @ S G-AFM M. =25, — L.
G-AFM J,
G-AFM S,
G-AFM J,
—0.005 T T u T T T

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6

¢/t

G-AFM S, + FO zy MG-AFM 25, + L. pMI

[ stripy Sz, stripy orb

FIG. 2. Grand-canonical potential per site obtained with VCA
for various order parameters in units of 7. Qpy is the value obtained
without symmetry breaking and 2 is the lowest grand potential
found by allowing for various ordered states, see Table I: “G-AFM”
refers to checkerboard pattern, i.e., Q = (7, ) in Eq. (10), “stripy”
to Q = (0, ), and “FO” to ferrorobital order [Q = (0, 0)] favoring
the xy orbital, “TO” is the complex three-orbital-order of Ref. [38].
“Stripy orb.” denotes the pattern of Fig. 1(b), with Q. = (i, 0)
orthogonal to Qgpin = (0, ) of the concurrent stripy spin pattern.
The dashed line is a guide to the eye connecting the lowest-$2 values,
whose color is used for the background. A gray background denotes
the paramagnetic regime, where no symmetry breaking lowers the
grand potential. Parameters are t\N = 1N =N =1, A=0, U =
12.5¢, and Jy = 2.5¢.

0.6 1

expectation values

0.2 1
stripy G-AFM S,

PM  WG-AFM2S. + L.

0.0 T u T
0.0 0.5 1.0 15 0.0 0.5 1.0 15

CJt ¢/t

FIG. 3. Spin-orbital onsite state and orbital occupations for pa-
rameters as in Fig. 2, i.e., without crystal field. Gray symbols
give (a) weights Eq. (11) found in states with total onsite angular
momentum J = 0, 1, 2 and (b) orbital occupation numbers nifZ Jxe/xy
for holes. Black symbols indicate the same observables but obtained
for the ordered state, i.e., with optimized symmetry-breaking cluster
parameters as inferred from Fig. 2. Background color labels the
ordered phase yielding the lowest grand potential as in Fig. 2: orange
(stripy) [see Fig. 1(b) but with in-plane spins], blue (checkerboard)
G-AFM order with out-of-plane moment (light blue: S, plus a small
xy polarization; dark blue: 25, + L;), and gray (paramagnet).

Kanamori rules, has also been found by ED [39], and remains
stable for ¢ < 0.4¢. The only role of SOC is here a slight
preference for $* over S%. At ¢ &~ 0.4¢, the magnetic ordering
vector switches to (77, ) in a first-order transition, see Fig. 2,
and orbital densities become more equal as stripy orbital order
is lost, see Fig. 3(b).

With the transition to checkerboard order, total onsite an-
gular momentum J becomes more relevant, as can be inferred
from the weight (11) in eigenstates |J =0, 1,2). The J =0
state quickly gains weight with the onset of checkerboard
AFM order, as shown in Fig. 3(a) and similarly seen using
dynamical mean-field theory [42]. In fact, it almost entirely
describes the PM state already for ¢ =~ 0.6z, see the gray
symbols in Fig. 3(a). Magnetic ordering increases weight in
J =1 (see black symbols), exactly as expected for excitonic
magnetism, while the J = 2 are nearly irrelevant in the entire

h

checkerboard regime. The small orbital polarization ny, >

ni’z, n;fz, see Fig. 3(b) is due to the layered geometry and favors
an ordered moment along z rather than in plane. The onset of
checkerboard order together with the shift to the J = 0 state
suggests that ordering vector (i, ) is favored as soon as ¢

sufficiently lifts orbital degeneracy.

B. Competition of SOC and CF

Having established the signatures of excitonic magnetism
in the case of degenerate orbitals, we now include a tetragonal
CF splitting that favors doubly occupied xy orbitals and thus
breaks orbital degeneracy from the outset. This is the situation
depicted in Fig. 1(d), where the two holes occupy xz and
yz orbitals and form a total spin one. As can be inferred
from the VCA grand potential shown in Fig. 4, checkerboard
AFM order arises as expected for { = 0. Orbital-resolved hole
densities in Fig. 5(a) show that the CF splitting A = 1.5¢ is
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0.00
—0.01 <
/
4
—0.02 EI
=
S —0.03 Vi
i i
2 —0.04 m
Q
c g O B’
P & G-AFM S,
—0.05 O ’E G-AFM S,
+= G-AFM 25, + Ly
B G-AFM J,
0.06 O G-AFM S; + Sy
0 G-AFM M,
—0.07 T T T T T T T
000 025 050 075 1.00 125 150 1.75
¢/t
WG-AFM S,/ /. G-AFM J, BG-AFM M,

G-AFM 255 + Ly BG-AFM S; + Sy PM

FIG. 4. Grand-canonical potentials obtained with VCA with
crystal field A = 1.5¢, remaining parameters as in Fig. 2. All mag-
netic ordering vectors are Qmagn = (77, ) and the substantial CF
suppresses any orbital order, so that corresponding Weiss fields are
all 0.

strong enough to completely fill the xy orbital, so that we find
pure spin-AFM without any excitonic character.

Once SOC ¢ sets it, the in-plane x component of the spin
rapidly becomes favorable over the z component, see the
grand potentials in Fig. 4. At the same time, hole density nfc'y
in xy increases with SOC, see Fig. 5(a), but remains rather
low with n, <0.2 vs n? > 0.9 for ¢ <. However, for
even stronger { > 1.5¢, magnetic symmetry breaking does
not improve the grand potential, see Fig. 4. This complete
suppression of AFM order clearly indicates a substantial role
of SOC, even though orbital polarization continues to be
substantial with nf('y ~ 0.4 vs nﬁz /v 2 0.8.

In the intermediate regime between the isotropic spin-
AFM at ¢ = 0 and the nonmagnetic state at { > 1.5¢, various
linear combinations of S and L can have quite similar grand
potentials as long as the ordered moment lies in the x-y plane,
see Fig. 4. While J, dominates over a wide range of ¢, the
small differences in 2 suggest that the exact form of the
order parameters is again far less important than its in-plane
character.

More information about the intermediate magnetic state
can be gained from the observables plotted in Fig. 5. While
weight (11) is moved from J = 1 and J = 2 states toward J =
0 with growing ¢, Fig. 5(b) shows that the / = 2 states remain
populated throughout, even in the PM regime at strong ¢ >
1.5 ¢. Nevertheless, total angular momentum shows signatures
of excitonic magnetism for ¢ 2 0.6¢: When comparing the
gray symbols obtained in the PM state to the black ones of the
AFM state, one notices a weight transfer fromJ =0toJ = 1,
while weight in J = 2 is hardly affected. The J = 2 states thus
carry finite weight, and contribute to orbital polarization, but
are not involved in the magnetic ordering.

A clearer picture emerges when weight in eigenstates of
J is replaced by weight in eigenstates of the effective onsite
Hamiltonian (21), whose level structure is shown in Fig. 1(a).

expectation values

o
>

o
'S

expectation values

<
o

0.0 0.5 10 15 00 0.5 1.0 15
C/t.'l;l C/t.'l;l
WG-AFM 5, G-AFM J, BC-AFM M,
G-AFM 25, + L, WCG-AFM S, +S, ©PM

CayRu0y

FIG. 5. Orbital occupation and spin-orbital order in the presence
of a CF. (a) gives orbitally resolved hole occupation numbers nfz Jxz/xy>
(b) weights (11) found in states with total onsite angular momentum
J =0, 1,2, and (c) shows analogous weights in eigenstates of (21),
i.e., in the levels Sy, D, and S3 of Fig. 1(a). Gray (black) symbols
are results obtained without (with) AFM order. Background color
refers to the optimal order parameter inferred from the VCA grand
potentials of Fig. 4 and given below the figure; it always lies in
the x-y plane, except for the isotropic limit { = 0. Parameters as
in Fig. 2 except that A = 1.5¢. Orange (red) symbols refer to the
parameters used to model Ca,RuQy, see text, and the state without
(with) G-AFM symmetry breaking, the latter prefers moments along
b= %(x + y) direction.

Figure 5(c) shows that in the whole parameter regime, only the
three lowest states So and D s, are relevant and fully capture a
continuous transition from a spin-one via an excitonic magnet
to the PM phase. For moderate and strong ¢ 2 0.7¢, magnetic
ordering can be described in perfect analogy to Fig. 3(a), i.e.,
using the excitonic picture of weight transfer from the singlet
ground state Sy to the doublet Dy ;.

We now focus on the specific material example of
CayRuO4 by applying the VCA to realistic hopping param-
eters obtained from density-functional theory and projection
onto Wannier states. We use here the parameters derived
in Ref. [27], see its supplemental material for details, but
neglect very small hoppings. This yields £\~ = 0.2 eV, 1} =
tj\;N =0.137 eV, thN =0.1eV,andt’ ~ 0.09 eV, as well as
CF A = 0.25 eV. Recent x-ray scattering experiments have
concluded that U ~ 2 eV and Jy & 0.34 eV and that oxygen
covalency reduces SOC from its free-ion value ¢ =~ 0.16 eV
to ¢ ~0.13 eV [14]. As mentioned in the supplement of
Ref. [27], double-counting corrections are here not needed.

As seen in Fig. 5(a), orbital occupations, with ni’y ~ 0.2,
are very similar to those found matching values of ¢ /., [43].
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FIG. 6. Dynamic magnetic structure factor (25) for the Kugel-
Khomskii model Egs. (21) and (20) on an eight-site cluster (a) for
parameters obtained to model Ca,RuQy, (see text), in particular { =
0.13 eV and A = 0.25 eV (b) the same but for reduced ¢ = 0.06 eV,
(c) asin (a) butincreased A = 0.5 eV, and (d) as in (a) but with addi-
tional magnetic anisotropy § % (§* — §”)? favoring moments along the
b axis, with § = —0.01 eV. Components M“/*/¢(k, w) correspond to
in-plane transverse (M“), amplitude (M”) and out-of-plane transverse
(M°) excitations.

Figure 5(c) also shows that nearly all weight is captured
by the onsite singlet Sy and doublet D;,, and Fig. 5(b)
reveals that magnetic ordering transfers weight from J = 0 to
J =1, supporting an excitonic-magnetism description. The
main impact of the more detailed kinetic energy is that we
find the magnetic moment to prefer the x-y direction over the
x direction, in agreement with experiment.

C. Magnetic excitations in Ca,RuQ,

The original and strongest hint for excitonic magnetism
in Ca;RuQy is the characteristic neutron-scattering spectrum
with its clear maximum at (0,0) indicating pronounced XY
symmetry. While magnetic spectra have been obtained using
the VCA [44], the method is not really suitable for two-
particle excitations. We accordingly use the observation that
the sum of all the weights (J =0, 1,2) comes extremely
close to one for all parameter sets in Figs. 3(a) and 5(b).
This implies that the Hilbert space spanned by these nine
states with onsite $ = 1 and L = 1 is sufficient to describe
the ground state.

We thus employ ED to calculate spectra for the Kugel-
Khomskii-like model obtained in second-order perturbation
theory in Sec. II B for this limit. We use here the model param-
eters derived for Ca,RuQy, but leave off interorbital hopping
t, breaking tetragonal symmetry. The spectrum in Fig. 6(a)
agrees well with neutron-scattering data for Ca;RuQOy4 [20,26]
and reproduces the salient feature of a maximum at (0,0)

with 1 =N =N =N, (N =12=0, U =125, and Jy =
2.5t. Expectation values (B) denote orbital hole densities, with
B = yz,xz,xy. Red and orange denote the stripy spin and orbital
order of Fig. 1(b), with red designating a preference for in-plane
magnetic ordering and orange for out-of-plane ordering. Dark blue
designates the excitonic AFM state with out-of-plane magnetic order
and approximately equal hole densities in all orbitals. (For A =0,
the layered geometry moves slightly more holes into the xy orbital.)
Green refers to checkerboard G-AFM with in-plane ordered moment
and with orbital polarization pushing holes out of the xy orbital. Light
green indicates the regime where a description in terms of a spin-one
system is more appropriate, and darker green the excitonic regime.
The light blue data point indicates the perfectly isotropic Heisenberg
spin-one AFM without SOC and with a completely filled xy orbital;
gray indicates the PM phase. The approximate place of Ca,RuOy in
the phase diagram is indicated.

and w ~ 50 meV as well as the dispersion at the zone
boundary.

In order to probe the connection of the maximum at (0,0) to
SOC, we reduce the latter from ¢ = 0.13 eV to ¢ = 0.06 eV,
which reduces hole density ”i'y fromn" ~ 0.25t0n" ~0.11.
At the same time, the maximum at (0,0) disappears, see in
Fig. 6(b), where one also notes generally lower excitation
energies. Similarly, keeping ¢ = 0.13 eV but increasing CF
from A =0.25eV to A =0.5eV enhances orbital polar-
ization to n” ~ 0.06 and at the same time transforms the
maximum at (0,0) into a local minimum, see Fig. 6(c).

Finally, we introduce magnetic anisotropy &(S?)> =
8%(5" — 8)?, with §¢/% = \/%(Sx £+ $Y)and § = —10 meV, to
mimic the impact of ¢°, which was found in VCA to prefer
moments along the x-y direction. This reproduces the exper-
imentally observed gap of w ~ 15 meV at (i, w) [45]. The
resulting spectrum is given in Fig. 6(d) and while excitation
energies are slightly too large by ~10%, it nevertheless agrees
well with the data reported in Ref. [20]: In addition to the out-
of-plane transverse mode M, the broken in-plane symmetry
splits the amplitude mode M? off from the in-plane transverse
mode M*“.

D. Phase diagram

Going back to the simplified but more generic model with-
out next-nearest—neighbor or interorbital hopping, we give a
phase diagram in Fig. 7. For vanishing and small CF and
SOC, we find the stripy phase, with a small CF together with
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SOC favoring in-plane magnetism rather than out-of-plane
as found for A = 0. For stronger A, magnetic ordering is
always checkerboard, but we use shades of green to indicate,
where the system can be more appropriately described as a
spin-AFM, and where the excitonic description is applicable.
Note that there is a regime of SOC ¢ =~ r—1.5¢, where applying
a CF A can drive the system through a quantum critical point
between the PM and excitonic AFM phases.

IV. SUMMARY AND CONCLUSIONS

We have used the VCA to investigate excitonic magnetism
stabilized by the interplay of superexchange and SOC in
strongly correlated f,, orbitals. Without CF splitting, the main
role of SOC is to reduce orbital degeneracy, which in turn
changes the magnetic ordering vector from (0, ) to (7, ).
A similar transition from a state with complex orbital order to
an excitonic antiferromagnet has been found in one dimension
[34]. When orbital degeneracy is from the outset reduced by a
CF, SOC drives a transition from an orbitally polarized S = 1
AFM state, where the excitonic picture is not applicable, via
excitonic order coexisting with strong orbital polarization, to
a paramagnet where SOC suppresses superexchange and thus
any magnetic ordering.

As an example, we focus on Ca;RuQy4, which we model us-
ing hoppings and CF strength derived from density-functional
theory [27] as well as interaction and SOC parameters inferred
from experiment [14]. Magnetic excitations obtained using
ED for the corresponding superexchange model are found to
closely match neutron-scattering data, in particular showing
the telltale maximum at momentum (0,0), and thus validate

our microscopic model. We have also shown that this maxi-
mum is clearly tied to the small hole density n” ~ 0.2-0.25
remaining in the xy model. When this is further reduced by
smaller SOC or larger CF, the maximum at (0,0) becomes a
local minimum.

Strong orbital polarization might suggest a description as
an orbitally polarized S = 1 system, in line with the interpre-
tation of angle-resolved photon-emission—spectroscopy data
[25,46]. Indeed, the hole densities we find would also support
such a picture, as they clearly show that the holes are over-
whelmingly found in the xz and yz orbitals with ni‘z e 0.9
Vs ni‘y ~ 0.2. The excitonic character only becomes apparent
when looking at two-hole quantities like the total onsite angu-
lar momentum or overlap of the onsite density matrix with the
states depicted in Fig. 1(a), i.e., lowest eigenstates Sy and D »
of the local Hamiltonian (21). While magnetic ordering does
not noticeably affect orbital densities, it transfers weight from
a singlet onsite ground state Sy to doublet D, as expected
for an excitonic magnet. SOC and the remaining small xy-hole
density thus play a decisive role in the AFM state of Ca;RuOy,
and we conclude Ca;RuQ, to realize excitonic magnetism
despite its pronounced orbital polarization.
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