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Number-resolving single-photon detectors represent a key technology for a host of quantum optics protocols,
but despite significant efforts, state-of-the-art devices are limited to few photons. In contrast, state-dependent
atom counting in arrays can be done with extremely high fidelity up to hundreds of atoms. We show that in
waveguide QED, the problem of photon counting can be reduced to atom counting, by entangling the photonic
state with an atomic array in the collective number basis. This is possible as the incoming photons couple to
collective atomic states and can be achieved by engineering a second decay channel of an excited atom to a
metastable state. Our scheme is robust to disorder and finite Purcell factors, and its fidelity increases with the
atom number. Analyzing the state of the re-emitted photons, we further show that if the initial atomic state is
a symmetric Dicke state, dissipation engineering can be used to implement a nondestructive photon-number
measurement, in which the incident state is scattered into the waveguide unchanged. Our results generalize to

related platforms, including superconducting qubits.
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I. INTRODUCTION

Single-photon detectors have a long history, with a plethora
of technologies available [1]. Applications in quantum op-
tics, such as quantum state preparation, quantum metrology
[2], entanglement distribution [3], and quantum computing
[4,5] have placed a renewed focus on single-photon detec-
tors capable of resolving the number of incoming photons.
Perhaps most promising are superconducting transition-edge
sensors, which have been demonstrated to achieve a (per-
photon) detection efficiency (percentage of detected photons)
of 1~ 95% [6] and to distinguish up to seven photons,
with a negligible dark count rate (clicks in the absence of
incoming photons). They are based on the principle that near
the critical temperature, the resistance of a superconductor is
very sensitive to temperature changes, down to the level of
single-photon energies. While very impressive, the device is
limited to optical photons, destroys the photonic state, and is
difficult to scale.

One strategy that in principle also allows for nondestructive
measurements is based on quantum memory. An itinerant
photon may be caught by an atom in a cavity [7] or by
a cavity with tunable coupling [8], which however requires
time-dependent tuning of the atom-cavity or cavity-waveguide
coupling in accordance with the photon wave packet shape.
More generally, electromagnetically induced transparency
(EIT) can be used to slow down a light pulse such that it
fits within an atomic cloud [9,10]. This allows the storage
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of arbitrary photon pulses within a length given by system
parameters. The number of polaritons can in principle be
read out by employing a cycling transition [11,12]. However,
this scheme also requires knowledge about the arrival of
the photon wave packet. Furthermore, the combination of
quantum memory and quantum nondemolition detection of
one or few excitations in a 3D cloud of atoms makes this very
challenging. EIT in a waveguide QED setting is one strategy
to alleviate the imaging problem (see, e.g., Ref. [13]).

Here, we instead design a detector that does not require
knowledge about the shape or arrival time of incoming wave
packets and therefore does not require implementation of
a time-dependent Hamiltonian. This can be achieved either
through continuous measurement, for example through dis-
persive coupling [14-19], or if the detector permanently
changes its state and is read out later, as in impedance-
matched A-systems [20-26]. The former class of detectors
suffer from measurement backaction on the photonic state
[27,28], whereas the latter does not produce “clicks” to indi-
cate detection event, and therefore does not localize photons
in the waveguide, which avoids measurement backaction. The
advantage of this strategy is that no knowledge about the
photon wave packet is needed, and that photons do not have
to be destroyed to be detected, which opens the way toward
nondestructive photon-number measurements.

In recent years, quantum emitters coupled to waveguides
have emerged as a powerful experimental paradigm [29,30].
Examples of such systems include cold atoms levitated near
optical fibres [31,32] or photonic crystal waveguides [33],
but also solid-state realizations such as quantum dots [34,35],
superconducting qubits [36,37], or nitrogen-vacancy centres
[38—40]. Due to the strong confinement of light, even a single
emitter can have a profound effect on light propagation, and
many emitters show remarkable collective effects [41]. At
the same time, impressive experimental breakthroughs have
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FIG. 1. Sketch of the proposed setups. We consider arrays of
quantum emitters coupled to (a) a semi-infinite waveguide termi-
nated by a mirror at x = 0, (b) an infinite waveguide, and (d) to
two waveguides. The decay ¢ — g couples to the waveguide (blue,
I'y), but also to free-space modes (red, I'j..). Key ingredient is a
tunable engineered decay from the excited |e) to a metastable state
Is) [green, I';(£2)], implemented for example as a Raman transition
as shown in (c). The photons may be emitted either into free space
[(a) and (b), Sec. III)] or back into the waveguide for a nondestructive
measurement [(d), Sec. IV)].

enabled the control [42] and, in particular, readout of neutral
atoms,! superconducting qubits [43,44], and trapped ions
[45]. Thus quantum emitters coupled to waveguides appear to
be an ideal platform to produce [33,46—48] and control [49,50]
quantum light. Here we show that they also allow for detection
of quantum light.

The key idea here is to engineer atoms such that for each
incident photon in the waveguide, exactly one atom changes
its internal state, such that a subsequent measurement of the
atomic state yields the number of photons in the scattered
wave packet. We do this by identifying conditions such that
all photons are absorbed in one atomic transition (g — e, blue
in Fig. 1) and dissipated in a different one (e — s, green).
This way, the atomic array keeps a memory of the number of
scattered photons [20-25].

In order to identify such conditions, we study a realistic
model for photon absorption by atomic arrays in the presence
of free-space decay (red) and disorder. In view of experi-
mental realizations, we provide recipes for engineering an
additional decay channel, and pay particular attention to spa-
tial disorder, as this fundamentally modifies the eigenmodes
of the system. Surprisingly, we find that it is possible to
engineer dissipation to achieve full absorption independent of
disorder. As a consequence of collective enhancement in the
atom-waveguide coupling, detection efficiency and bandwidth
grow with atom number, such that even with moderate Purcell
factor (ratio of waveguide to free-space decay rate), detection

'In an array of 160 atoms, a recent experiment achieved 99.94%
readout fidelity, albeit at the expense of a constant atom loss rate
that dominates this theoretical fidelity [86]. Atoms trapped in tweezer
arrays can circumvent this problem, offering similar fidelity without
losing the atoms [87].

efficiencies n > 99% can be reached for intermediate num-
bers of atoms (N > 20). We also consider emitters coupled
to chiral waveguides, which have distinct advantages due
to the natural suppression of backscattering. Our detection
scheme is scalable, as the number of atoms required to detect
a certain number of photons with a fixed error grows only
polynomially.

In a second part, we study a natural modification, in which
the dissipated photons are emitted back into the waveguide
[cf. Fig. 1(d)]. If the resulting output wave packet coincides
with the input wave packet, this realizes a quantum non-
demolition (QND) measurement.” In order to achieve high
fidelities, this requires collective enhancement of both decay
channels, which requires the atomic array to be prepared in a
symmetric Dicke state between ground states. We show that
such states can be prepared through coherent interaction of
two arrays and subsequent conditioning. Ultimately, this can
reach a scaling where for a given error probability, the number
of atoms that can be prepared in this way scales exponentially
with Purcell factor N ~ exp(P), which we verify with numer-
ical simulations.

The rest of this paper is structured as follows. In Sec. II, we
present the scattering theory for atomic arrays on waveguides.
Building on the principle of coherent perfect absorption, we
show explicitly that perfect absorption can be obtained by
tuning only dissipation, even in the presence of arbitrary
disorder. We apply this principle to establish the feasibility
of number-resolving detection by absorption in a mirror ge-
ometry (Sec. IIl A) and in an infinite waveguide (Sec. III B).
For completeness, we also discuss how dissipation can be
used in a chiral waveguide to obtain a number-resolving
detector (Sec. IIIC). We extend these concepts to a QND
measurement in Sec. IV. In Sec. V, we discuss the experi-
mental implementations of our proposal, including engineered
dissipation, atomic species, readout, detector reset, the effect
of nonidealities, and bandwidth. We conclude in Sec. VI.

II. ABSORPTION IN ATOMIC ARRAYS

Below, we first formulate a generic input-output theory for
photons scattering off atomic arrays (Sec. II A), following pre-
vious work [13,51,52]. This allows us to generically identify
the conditions under which all photons are absorbed in one
transition and emitted in the other (Sec. II B).

A. Scattering theory

A generic Hamiltonian describing the system-waveguide
interaction is given through [13,51,52]

0 dk
+
H = /(; E Z Z(a)k,l' - wO)av,k,iaU’k’i

v o=l

=D (& 0wk + g 0 avs + Hel). (D)

n,v

2We use the terminology adopted by most authors [90-98], but note
that there is some controversy whether this is an appropriate name
[99], and sometimes nondestructive is used instead [100], but this
term lacks the precise definition given by, e.g., Wiseman and Milburn
[97].
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In Eq. (1), the label v runs over different sets of waveguide
modes, the index i denotes whether the waveguide mode
couples to the g <> e transition (i = 1) or the s <> e transition
(i =2), the index n runs of the N atoms, the individual
waveguide modes are labeled by their wave vector &, and the
coupling of them to the atoms is given by the rate gf)",)( i

This Hamiltonian describes a situation where the two
transitions are coupled to different fields, which can either
be waveguide modes or free-space modes. In an infinite
waveguide [Fig. 1(b)], g(v'f,)(,l = /2cTyexp(ikvx,) and v € £,
corresponding to left- and right-moving modes, whereas for
the semi-infinite waveguide [Fig. 1(a)], there is only one set
of waveguide modes with coupling gi")l = \/c?g sin(kx,). In
these expressions, Iy is the decay rate to |g) of an individual
atom into the waveguide, and w; = ck. Integrating out the
bath modes yields quantum Langevin equations for the spin
operators (see Appendix A),

C'T;f) = (U;;) — O'e(g))[l—nv,lain,v,l — iHeff,l,nmaéf)]

+U£?)[an,23in,v,2 - iHeff,Z,an;f)]v (2)

where the sum over input fields v and atoms m is implied.
The non-Hermitian Hamiltonians Hegr | (Hefr 2) describes both
coherent interaction of the quantum emitters and decay into
the waveguide induced by the coupling of the g <> ¢ (s <
e) transition to the waveguide, and aj,,; are waveguide
fields coupling to these transitions. This coupling is given
by the generically nonsquare matrix L;. If coupled via an
infinite waveguide, the ith transition couples to two input
fields, @iy ; = (@in,+.i» Gin,—.; ), corresponding to right- and left-
moving photons, such that L; is a N x 2 matrix. This is in
contrast to a semi-infinite waveguide, which only has on input
field, such that L, is a vector. Independent free-space decay at
rate [gee;, can also be captured by adding a term Hgee; =
—ilfreei1/2 L3y = /Tee 1, and introducing N independent
noise operators aj, free ;- INOte that the assumption of inde-
pendent decay into free-space does not necessarily hold and
depends on how closely spaced the quantum emitters along
the waveguide are. Such a situation may lead to a reduction
in free-space decay [53], which would benefit the detector
proposed here. Multiple baths coupling to the same transition
appear as several terms taking either the form of the first or
the second line on the right-hand side.

The Langevin equation for 0 can be obtained by ex-
changing both 1 <> 2 and g <> s everywhere in Eq. (2). The
explicit form of Heg for the mirror geometry and the infinite
waveguide are given in Egs. (7) and (10) below.

If there are only few excitations compared to the num-
ber of atoms, one can linearize the Langevin equation us-
ing a Holstein-Primakoff transformation that sends o, —
b [13,29,54,55]. In this approximation, crfsf;’)ag”) — Smnaé;’),
such that only the diagonal terms in the second line of Eq. (2)
survive Hege o — —il41/2 (green in Fig. 1), independent of
whether the decay e — s corresponds to guided or nonguided
modes. Combining this with free-space decay (shown in red
in Fig. 1), we obtain uniform incoherent decay at rate I'' =
Itree.1 + I's. We thus arrive at

b = (=iHer1 — '/2)b + Ly 125001 A3)

Here, we have neglected all input fields except the ones
pertaining to the waveguide, which is valid if they are in vac-
uum. In order to describe destructive photon measurements,
it is then sufficient to show that all incoming photons are
absorbed and re-emitted into the bath modes coupling to the
s <> e transition. Strictly speaking, decay to |s) eliminates
the atom from the dynamics, but this effect is neglected in
the linearization.

B. Complete absorption

We now examine in general how tuning I'" in Eq. (3)
can lead to complete absorption of photons by an atomic
array. For the rest of this section, we drop the indices from
Hegr and L, for sake of generality and simplicity. In order to
find the linear scattering properties of the array, we use the
input-output equations that relate the output field operators to
the input fields ay, (t) = a;,(t) — L'b(¢) [54]. Solving Eq. (3),
we obtain the scattering matrix

Ao (@) = {1 = LT[(I"/2 — iw)1 + iHer] ™' L}ai (@)
= S(w)ap(w). 4)

A detector that counts the number of photons in a specific
input port (say, aj, 1) needs to absorb all of them and dis-
sipate them via the transition to |s). This is captured by our
key figure of merit, the detection efficiency n, which is the
product of the probability that a photon is not reflected paps =
1— ZU# |S,1(w)|?, and the probability that it is dissipated
via the engineered channel (rate I'y) rather than into free
space, 1 = Pabsl's/(I's + [ee)- Thus a high fidelity requires
[y > Tee and paps ~ 1. In waveguide QED, this regime
can be reached through the collective enhancement of the
emitter—waveguide coupling as compared to the free-space
decay.

Unity absorption is attained if one of the eigenvalues of
the scattering matrix S(w) is zero. This corresponds to a pole
of the inverse scattering matrix S~! = [1 + L' (—iow + iHfo +
I/2)7'L]. A pole of S~ arises whenever w coincides with an
eigenvalue of H); — i["'/2, which implies that the scattering
matrix S has a zero if w — iI"//2 coincides with an eigenvalue
of Hegr. Thus tuning w and I', this can always be achieved, for
any Her. Absorption based on this principle has been observed
in a variety of systems [56-58], and been termed coherent
perfect absorption [59,60]. Note that to reach this conclusion
we did not have to assume anything about the form of Heg
(apart from linearity), which is the reason it works for arbi-
trary disordered systems. If these conditions are fulfilled, there
exists an eigenvector ey, such that S(wg)ey = 0. Generically,
ey describes a linear combination of various input fields of
the system, which implies that coherent perfect absorption is
only a sufficient condition for unity absorption property when
there is only one input field, such as in the mirror geometry.
Nevertheless, in the infinite waveguide efficient detection is
still attained for large atom numbers.

One can verify explicitly that S~! is the inverse scattering
matrix (here, " is a matrix, for generality)

S!S =1 — L'M(@)[LL" — i(Herr — Hl)IMT (—w)L = 1,
®)
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FIG. 2. Photon detection in mirror geometry. (a) Photon loss probability (pi,is = 1 — 1) on resonance as a function of atom number N
for an array in the atomic mirror configuration (lattice spacing a = A) in the presence of weak (black), intermediate (blue) and strong (green)

spatial disorder (averaged over a normal distribution with standard deviation o =

(8x%) = {0.01, 0.08, 0.2}1, where A is the wavelength of

light). The standard deviation of each curve is shown as lightly shaded area, averaged over 2000 realizations. (b) Same system as (a) , but
with engineered dissipation set to the average expected largest dissipation rate I'y = Im[(ut), n], Which mitigates the saturation in detection
efficiency. In red we show the result for a completely random array, but with fixed (characterizable) disorder. (c¢) Photon loss as a function of
frequency calculated for a completely disordered array of N = 200 atoms when tuned to the first, second, third, and fourth eigenvalue (from

dark to light blue). Purcell factor for all plots is P = I'y/T'free = 10.

where
M(@) = (—iw + iHegr +T7/2)7". (6)

The square brackets in Eq. (5) vanish, which can be checked
explicitly for the two examples below. It can also be shown
to hold generically, since if " = 0, the scattering matrix is
unitary S~! = ST, which is only true if the term in square
brackets vanishes.

Physically, this can be interpreted as the fluctuation-
dissipation theorem, as the anti-Hermitian part of Hg speci-
fies the damping, whereas L captures how strongly the modes
are coupled to the input noise operator.

III. DESTRUCTIVE PHOTON COUNTING

A. Mirror geometry

We now turn to the specific model that best illustrates these
ideas, namely an array of atoms coupled to a waveguide ter-
minated by a mirror as sketched in Fig. 1(a). In this geometry,
the non-Hermitian Hamiltonian induced by integrating out the
waveguide photons reads

Heff,l,mn = _i&[eik0|X”17X’L| - eiko(x,,,+x,,)]7 (7)
where I, is single-atom decay rate for the transition e — g
into the waveguide, x, the position of the nth atom, and
ko is the wave vector of the emitted light (wavelength A =
27 /kp). The coupling of the atoms via the waveguide contains
both a term due to photons traveling directly in between
them, accumulating a phase ko|x,, — x|, and one mediated by
photons being reflected from the mirror, which incurs a minus
sign and a phase ky(x,, + x,). Since there is only one input
and output field [cf. Fig. 1(a)], the matrix L is now a vector
L, = \/Tgsin(kox,).

It is instructive to see an example of how perfect ab-
sorption manifests in this setup. Placing the atoms in the
atomic mirror configuration at positions x, = (1/4 + n)A (due
to the infinite-range interactions, the lattice need not have
unity filling), the photonic field only couples to the symmetric
collective atomic excitation B = Zn b,/ \/]V , which also is an

eigenmode of the atomic array. All other modes are dark and
do not participate in the dynamics. In terms of this collective
mode, the governing equations reduce to the input-output
equations for a one-sided cavity [61] with internal dissipation

Ftot

B() = =—=B(t) + {/NTgain(0), (8a)
Aout(t) = ain(t) — V NFgB(t)v (8b)

where we have introduced the total decay rate ', = NI'g +
I'. As in our discussion above, I'' = ['gee + Iy comprises
both free-space decay and the decay from e — s, which is as-
sumed to be tunable. Solving Egs. (8a) and (8b) in frequency
space, we calculate the number of photons in the output field

2

N (@ (0)an(@)).  (9)

a Fiot/2 — iw

If decay is tuned such that I'c = NI'y + T'" = 2NT,, there is
perfect absorption on resonance (p,,s = 1), with a bandwidth
of 2NT,, which in this single-mode picture is equivalent to
impedance matching or critical coupling. In order to match
the collective decay, the engineered decay I'y o N, such
that as the atom number is increased, the detection effi-
ciency 1 = paps's/(I's + Tiree) can become arbitrarily close
to 1.

In Fig. 2(a), we include spatial disorder and show how the
photon loss on resonance pjoss = 1 — 7 scales with atom num-
ber. Clearly, while the setup works very well for low spatial
disorder (o /A < 1%), it suffers significantly from disorder.
In the following we show how this is mitigated. Note that in
Fig. 2 and indeed all plots in this paper we choose the Purcell
factor P = 10, which close to the current state of the art [62].
However, the collective enhancement of the atom-waveguide
coupling means that the primary effect of having a lower
Purcell factor is that more atoms have to be employed and
therefore read out.

In the presence of disorder, the energies and decay rates
of the eigenmodes of the atomic array are shifted, and many
collective atomic modes couple to the input field. Thus the
picture presented above breaks down. Yet, as we have shown

(aiut(w)aout(w)) = ‘1
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following Eq. (4), full absorption can be attained generically,
independent of disorder, by tuning the engineered dissipation
I’ to one of the eigenmodes. However, the eigenmodes in the
presence of disorder are not known a priori, so this approach
appears infeasible. Surprisingly, one can still vastly improve
over naively setting I'y = NT'y as we did in Fig. 2(a), if the
standard deviation o = +/(8x2) of atomic positions is known.
For a given N, o, one can then calculate the average largest
eigenvalue (u)y, and tune the engineered dissipation to its
imaginary part I'y = Im[(u), y]. Note that Re{u), y = 0 if
every configuration is as likely as its reflection. This restores
the favourable scaling of detection efficiency with N, as
illustrated by the blue (¢ = 0.11) and green (o = 1) curves
in Fig. 2(b). Most strikingly, this works even in the presence
of disorder equal to the lattice spacing (green), which is essen-
tially equivalent to a fully random configuration. The reason
it works lies in the fact that the largest eigenvalue and thus the
absorption bandwidth grows faster than the fluctuations of the
largest eigenvalue around its mean.

If the disorder is fixed as a result of fabrication, such as
in solid-state implementations, one can further improve the
scaling by measuring the largest decay rate. In this case, I'y
can be tuned exactly to the largest eigenvalue. This situation
corresponds to the red curve in Fig. 2(b), calculated for
completely random configurations, where in each case [
was set to coincide with the imaginary part of the largest
eigenvalue. This clearly leads to a better result than without
exact tuning (green). The scaling is still worse than with low
disorder (blue), because the largest eigenvalue grows slower in
completely disordered configurations compared with mostly
ordered ones.

So far, we have just discussed absorption and detection
on resonance. Equally important is the detection bandwidth,
given by the engineered decay rate. Since also the detection
efficiency n depends on the ratio between engineered dissi-
pation and total decay rate, best detection is achieved when
tuning to the most dissipative eigenmode [cf. Fig. 2(c)]. This
is our choice for all plots.

B. Infinite waveguide

Let us now turn to an atomic array coupled to an infinite
waveguide, which has the simpler effective Hamiltonian

Heff,l,mn = _iFg CXP(ik0|xm - xnl)a (10)

since there is only one path for a photon to travel from one
atom to the next. As illustrated in Fig. 1(b), there are now
two input and two output modes, a right-moving one (+)
and a left-moving one (—) [cf. Eq. (3)]. The atomic lowering
operators couple to the input operators via the N x 2 matrix
L., = /Fgexp(ikovxn), where v € {1} labels right- and
left-propagating modes. The scattering matrix reads

(1 0 L_M(w)L L_M(w)L_
S(“’)—<0 1)_<L+M(a))Li ) an

L M(w)L_
where M is defined as above [Eq. (6)]. Since M is symmetric,
transmission of right- and left-moving waves (the diagonal
elements of S) are equal.

One can show that for atoms arranged in a periodic array,
parity symmetry implies that reflection amplitude of right-
and left-moving photons differs only by a phase. This is
because JMJ = M under the action of the exchange matrix
J, which consists of ones on the antidiagonal and otherwise
zeros, and JL; = exp(i¢p)L._ for some ¢. In this case, we can
parametrize the scattering matrix as

2ip
S<w>=(§§i§ B(w)e > (12)

A(w)

with eigenvalues © = A + Bexp(i¢). In this system, coherent
perfect absorption (one eigenvalue is zero) is equivalent to
B = exp(if)A and exp(i¢p + i0) = =£1. In the end, full absorp-
tion of a uni-directional wave packet may only be attained if
S = 0. Thus parity symmetry implies that perfect absorption
may only occur if the scattering matrix is zero, corresponding
to an exceptional point. Interestingly, as the atom number
N — o0, the scattering matrix S — 0 for all arrays except the
atomic-mirror configuration. In the latter, the scattering matrix
can be shown to reduce to (for full absorption I'y = NT',)

1 —
Savic( = 0) = 5(_11 ll), (13)

which gives perfect absorption for wave packets that are sym-
metric superpositions of left- and right-propagating modes,
but not for wave packets incident from one direction, an effect
seen before [21,63]. This can be overcome through atomic
lenses [64], a mirror as above [23], or by using any other
lattice spacing [21]. The latter can be deduced by estimating
the magnitude of the elements of the scattering matrix through
[t|¥ ~ exp(=N'~%), having assumed that the largest eigen-
value scales as N*I",. Only in the atomic mirror configuration
isa = 1, otherwise o < 1.

We numerically check the behavior for a range of other
spacings as well as fully disordered arrays and find similar
behavior as long as the atomic positions differ sufficiently
from the atomic mirror configuration. In Figs. 3(b) and 3(c),
we demonstrate this for a selection of array spacings (without
including disorder). We choose ko = 7 /(2A) for no particular
reason, except that this appears to be a good choice. Including
disorder, and employing the same technique of tuning to the
average largest eigenvalue, we find similar scaling behavior as
in the mirror geometry, illustrated in Fig. 3(a). The upshot is
that arbitrary detection efficiencies can again be attained by
increasing atom number, independent of disorder.

C. Chiral atom-waveguide coupling

Interestingly, the recently demonstrated platforms for chi-
ral atom-waveguide coupling [65] are another architecture
in which robust photon detection may be achieved. Such a
coupling is realized in a range of situation, for example when
the light field is strongly confined [66—-69], when giant atoms
are tuned to give a chiral coupling [70], or in topological
systems [71,72].

By design, (almost) no backscattering occurs in these
systems, there are no collective effects, and the spacing of the
atoms is immaterial, making the analysis straightforward. If
an atom coupled to right- and left-moving modes at different
rates, transmission and reflection on resonance are captured
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FIG. 3. Photon detection with an infinite waveguide. (a) Detection probability for a disorder-free array of N atoms with different spacings.
This graph illustrates the fact that an array in the atomic-mirror configuration (a = A) cannot serve as photon counter, whereas all other generic
spacings work similarly well, a fact that can be understood analytically (cf. Sec. III B). (b) Probability for an undetected photon on resonance
for an atomic array coupled to an infinite waveguide as a function of atom number. The blue line denotes the limit of a perfectly ordered array
with spacing a = A/4 (or 5A/4 etc). Purcell factor is P = 10, the average for the other cases was performed over 2500 disorder realizations
(standard deviation shown as lightly coloured area). (c) Scaling of largest eigenvalue in ordered arrays with varying spacing compared to a
fully random one (red). While the atomic mirror configuration (a = }) is clearly different, it is a fine-tuned exception, with all other generic
arrays (ordered or disordered) behaving remarkably similar. The robustness of our scheme relies to a large degree on this universal eigenvalue

scaling.
by [65]
Y+
==  t.=1-2B8y, ri=-2y —.
B+ ity T + B+ + B+P

(14)
Asbefore, I'" = I'y + Tfee. This allows us to calculate the per-
atom absorption probability (for the 4+ mode)

Ap=1—n = = 4ﬂ+(1 - ﬂ+y—_>- (15)
Y+

The probability that the photon is dissipated in the right
channel is '/ as before. In the limit of many atoms, the
transmission probability vanishes, as all photons are either
reflected or absorbed. The detection efficiency is therefore
the ratio of absorbed photons times the probability they are
dissipated to |s), which to first order in y_/y; is given by

\T,
TNchiral = 1- y— —=.
i+ 1) T

Note that even for moderate y_/y,, the second term
can be reduced arbitrarily by increasing 'y, with the caveat
that a larger number of emitters is needed before complete
extinction is attained. In the absence of backscattering, this
scheme is intrinsically robust against disorder. On top of that,
the detection bandwidth depends only on the bandwidth of
chirality and thus is—at least in principle—independent of
I';. This comes again with the caveat that photons far detuned
from resonance on a scale of I'; can only be absorbed with a
large number of emitters.

(16)

IV. NONDESTRUCTIVE PHOTON COUNTING
A. Outline

In what we have discussed so far, we have disregarded the
photons emitted via the engineered decay. After the state of
the atomic array is measured, the only information obtained
concerns the number of photons in the pulse. Since for each
photon absorbed, one is emitted via the engineered channel,
the question is pertinent whether a situation can arise in

which the emitted photonic state coincides with the input
state. This requires the outgoing photons to be disentangled
from the atoms, save for in the collective number basis, and
that the photonic state is not distorted in any other way. If
these conditions are fulfilled, the setup realizes a quantum
nondemolition (QND) photon-number measurement.

It is immediately obvious that if the photons are emitted
into free space and thus scattered in all directions, the out-
going photonic state is (a) useless, (b) still entangled with
the atoms, and (c) distributed over many different modes.
In principle, this is mitigated to some degree if the photons
are emitted back into the waveguide. However, if each atom
were to emit independently, the probability of any one pho-
ton getting lost is 1/(1 4+ P), where P is the Purcell factor,
which severely limits the fidelity of the scattered wave packet
for realistic Purcell factors P. Furthermore, a photon has a
different phase depending on the atom it is emitted from,
causing residual entanglement of the photons with the atomic
state, except in the atomic-mirror configuration. Thus QND
detection requires the mirror geometry [cf. Fig. 1(d)], which
we study in detail below.’

It turns out that the same trick that can make absorp-
tion robust against free-space decay and disorder—collective
decay—-can also be used to protect the re-emission into the
waveguide. This is achieved if the atoms are in a superposition
of |g) and |s) instead of all in |g). As we demonstrate math-
ematically below, this yields collective enhancement of the
atom-waveguide coupling for both decay channels. This mode
of operation therefore holds one further big advantage over
the non-QND operation, namely that the bandwidth of the
overall detector is not limited to the single-atom bandwidth.
If the final readout of the atomic state is to give information
about the number of photons, the ground state superposition

3We note that even in the mirror geometry the phase of the emitted
photon depends on the atom is emitted from if its frequency differs
from the frequency of absorbed photons. This effect is negligible if
SA/h < /L.
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must initially posses a known number of atoms in |g). These
requirements are fulfilled by Dicke states, fully symmetric
states with a definite number of excitations

N —m)!
N — om0y = | =™
I'm!

N [S55]"1G),

a7
where S, = Y"i' | 0.9 is a collective spin operator and |G) is
the state in which all atoms are in |g).

B. QND measurement with Dicke states

We now aim to describe how a number-resolving QND
measurement works in practice. We first focus on analyti-
cal results and approximations to motivate and illustrate the
idea, and then corroborate the results with numerics. In the
atomic-mirror configuration (a = A) the coupling via a semi-
infinite waveguide (7) simplifies to Heg 1 mn = —ilg/2. We
also assume that the e — s transition couples to either the
same waveguide at a slightly different frequency or to another
waveguide field, such that Hegr 2y = —il's/2. In this case, the
Langevin equations (2) reduces to a single equation of motion
for the collective spin operator

. r
Sge = (Sgg - See)(\/F»gain,l - jgsge>

Iy r
+Sgs (\/ Fsain.Z - ?Sse) - ﬁsgm

> (18)

and another one with g <> s and 1 <> 2, where Syp = Ziv Ufﬂ)
are collective spin operators. The input-output equations in
this case read

Aout,]1 = Qin,1 — 4/ FgSgea dout,2 = Ain,2 — / [sSse. (19)

Note that neglecting the input fields corresponding to
free-space decay in Eq. (18) is an approximation, as they
take the system out of subspace of Dicke states. The reason
is that when a photon decays into free-space, it destroys
the coherence, which leaves the system in a mixed state.
Therefore Eq. (18) fails to account properly for the dynamics
after the first photon has been dissipated to free space. The
reason we can still use it to calculate the fidelity of QND
measurements of Fock states is that once a photon is lost, the
fidelity immediately drops to zero and remains zero, such that
the subsequent time evolution of the system is immaterial.

To understand how impedance matching can be attained
here, consider the system being in the symmetric state with
m, excitations ) = |[N/2 — my — me, N/2 + mg, m.), where
we have defined the imbalance my = m — N/2. Acting on this
generic symmetric state,

SgsSse|w> = (84 + ])Sge“/f)

Since this is true independent of my and m,, it is an operator
identity, but only in the subspace of symmetric states. Another
identity can be obtained by exchanging s <> g. This allows us
to rewrite the equation of motion in the simplified form

(20)

Sge
Sge = _[(Sgg - See)Fg + (Sss + l)rs - 1—‘free]Tg + gins
@n
where &, is the same input noise as in Eq. (18). In symmet-

ric states with sufficiently large population in both ground

states, we can replace the operators approximately by their
expectation value in the initial state, Sy, — See & N/2 — my
and S;; & N/2 + my. Thus we conclude that

Lo(N/2 —mg) =Ts(N/2+mo + 1) (22)
ensures impedance matching, such that the decay rate of an
excitation via the first and via the second channel are equal up
to O(1/N). Under this condition, the equation of motion (21)
on resonance can be solved approximately S, ~ ain 1/ /Fg.
On the one hand, this implies that a,y,; is independent of aiy 1,
since the whole signal is absorbed. On the other hand, aqy > ~
—S¢@tin1/2T5/TN2. Given this, (a)y, raou2) ~ (@}, @in1),
i.e., every photon incident on port 1 is transmitted to port 2.
The presence of S, in this expression indicates that for each
incoming photon, an atom is transferred from g to s. This still
holds for the second, third, ..., nth photon, but with an error of
order O(n/N), which is the same as for the non-QND detector,
up to constants of O(1).

To make this intuition quantitative, we follow a simple
argument. First of all, let us denote the overlap of the output
with the input wave packet in case of the scattering of a
single photon in a given state as F; = |(Wou|¥in)|?. For any
finite-bandwidth wave packet, this differs from unity. For
example, a single photon with a Gaussian wave function of
width 7 is transmitted by an impedance-matched cavity with
outcoupling rate « and internal decay rate ki, with fidelity

K

Fi = {1 - V2 Tir[l —erf(V2e)]}),  (23)

K ~+ Kint

where erf(x) = (2//7) [y exp(—y*)dy is the error function.
To make contact with our simulations, we thus set x =
['¢(N/2 — mp) and the internal cavity decay Kinx = I'free. In
this limit of few excitations, it is therefore valid to think
of free-space decay as limiting the fidelity by introducing a
branching ratio between decay back into the waveguide and
decay into free space, which is captured explicitly by the
prefactor in Eq. (23).

Given some single-photon fidelity Fj, a linear device
would transmit m;, photons in the same mode with a fidelity
of ]-'i"". However, for each atom that transitions from |g)
to |s), the single-photon collective decay rate from e — g
is reduced by I',, whereas the collective decay rate from
e — sis increased by I', which leads to imperfect impedance
matching. Using Eq. (9) to estimate the resulting additional
reflection, we find the probability for absorbing the kth photon
is reduced by 1 —2k*/3N2. Thus the probability that m,
photons are absorbed is reduced by a factor of 1 — 2(2m}3, —
3m7 + my)/3N? to third order in 1/N. Combining this with
the single-photon fidelity F;, we can estimate the mp-photon
QND fidelity as

4m? — 6m2 + 2m
fmp:1—<1— — p)f{"*“. (24)

In the following, we compare these predictions with numerical
simulation and find they agree well.
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FIG. 4. QND number-resolving detection. (a) Overlap F; of the reflected wave packet with the incoming wave packet when a single
photon in a Gaussian mode of width T', is scattered from a perfect array initially in state |) = |[N/2, N/2,0), obtained from a numerical
simulation (dots) for Purcell factors of P = 10 (blue) and P = oo (green, no free-space decay). Free-space decay clearly reduces the fidelity,
as is expected, but does not affect the scaling with the number of atoms, as the coherently enhanced coupling grows faster than the incoherent
decay. The fidelity is captured very well by the transmission fidelity of an impedance-matched two-port cavity in which each port has decay
rate k = NT',/2 [black line, see Eq. (23)]. In this effective description, free-space decay corresponds to internal decay of the cavity as outlined
following Eq. (23). (b) The fidelity as a function of the initial imbalance my = m — N/2, again comparing numerics with the analytical
calculation for a two-sided cavity [Eq. (23)]. Here and in the following we always take P = 10. (c) Numerical calculation of the fidelity F,,
of the QND measurement like in (a) , but now for several photons. The dots are numerically calculated, the solid lines is a simple estimate,
given in Eq. (24) below. (d) A time trace of a simulation of five photons in the same Gaussian mode of width I, scattering off 40 atoms. This
illustrates that transmission is good even with modest atom numbers, and that the probability for an atom to be in the excited state remains
small throughout, implying that free-space decay is suppressed. The numerical method we use is detailed in Appendix D.

C. Numerical simulation

In order to verify these conclusions numerically, we study
the scattering of a multi-photon Fock states with a Gaussian
wave packet of width I', from an array of atoms in the atomic
mirror configuration in the mirror geometry using a recently
proposed technique [73]. We present details of the simulation
in Appendix D.

In Fig. 4(a), we show the fidelity for a single photon scat-
tering off an array starting from the initial state [N/2, N/2, 0).
Clearly, Eq. (23) is a good approximation to the transmission
fidelity of the atomic array. This is still true for any other
symmetric starting state, as we illustrate through Fig. 4(b),
which shows the fidelity of single-photon scattering when
starting with an initial state |N/2 — mg, N/2 4 mg, 0), with
the imbalance m ranging from —N/2 to N/2. We assume
there is a maximally achievable decay rate I'yax = Iy, I's
and consequently lower either I'y or I'y to fulfill the above
condition (22). Together, these results show that single-photon
transmission is captured very well by the above equations.

Turning to multiphoton scattering, we simulate several
photons in the same Gaussian wave packet scattering off the
atomic array and again calculate the overlap of the output
wave packet with the input wave packet. The results are shown
in Fig. 4(c). We find that our simple argument captures the
fidelity well, and that our proposal can in principle reach very
high fidelities for modest atom numbers. Finally, in Fig. 4(d),
we show an example of the time evolution of the system.

D. Dicke state preparation

Following similar arguments as in the other sections, the
QND detector is robust against spatial disorder. However,
the suppression of free-space decay crucially relies on the
preparation of a Dicke state between the two ground states.

One way to obtain such a state is to start with all atoms in
the ground state |g), apply a /2 pulse on the ground states
{g s}, and finally perform a projective measurement of S,,
(or Sy or Sg — Sg). This heralds a fully symmetric state
with a binomial distribution of imbalances around zero and
standard deviation 4/N/4. However, such measurements are
difficult. In principle, one can apply an off-resonant probe in
the waveguide and recording the phase shift of the reflected
light, which is proportional to the number of atoms [74]. In
Appendix B, we briefly analyze this kind of measurement and
find it is fundamentally limited to atom numbers of the order
of the Purcell factor N < P. It has been proposed to produce
atomic states by manipulating the dark-state manifold [75],
which however is limited in fidelity by 1 — F o N/(2v/P),
where N is the number of atoms and P the Purcell factor.
Neither method scales well to many atoms. Thus, in the
following, we find a fast preparation method that imposes
much less stringent requirements on the Purcell factor.

We propose to produce Dicke states in a way that is in
keeping with the core idea of this article: measuring atoms,
not photons. This requires two arrays (halves of one array)
that are individually addressable with external driving. We
further require that the atomic transition frequency be in
the band gap of the waveguide, which allows the atoms to be
coupled coherently without dissipation. As shown elsewhere
[32], such a setup readily gives rise to a Hamiltonian that
couples all spins

x~ gefszgSgs’ (25)

2 g%c N () o L
H= 3 2oogoe
ij
where the combination of coupling to individual waveguide
modes g; & const, bound state decay length L = \/a /A, de-
tuning of the impurity from the band edge A = wy — wp, and
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FIG. 5. Dicke state preparation with Eq. (25). A symmetric
Dicke state can be prepared by coupling one fully excited array to
one in the ground state according to Hamiltonian Eq. (25). (a) Time
evolution of magnetization of the two arrays, N = 100. The initial
state is recovered after a period 7 /g.;. After a time 7 /2g.; the
state of each array is close to |[N/2, N/2,0) with small fluctuations
in the imbalance. The first equilibration happens much faster, af-
ter gewfo = 1/+/N, which is beneficial to reduce free-space decay.
(b) Dependence of 7y on atom number N. (c)Imbalance distribution
at time ¢y, for N = 100 atoms.

band curvature w; = w, + ak?® yield the effective coupling
strength gegr = 27rg%/(AL).

Importantly, when using a Raman transition (s — e — g)
to couple the atoms to the waveguide modes, both A and g;
in Eq. (25) are tunable. Careful analysis (cf. Appendix C)
reveals that the effective Purcell factor Pesr = gefr/eff free
scales as the ratio of the effective waveguide density of state
(1/+/Aa) and the constant free-space density of state (o),
Viz., P < 1/ (pov/aA). The detuning from the band edge A
can in principle be made arbitrarily small without violating
the adiabatic condition or the Markov approximation (cf.
Appendix C). Note also that disorder in the positions of the
atoms is not an issue here, as there is no position-dependent
phase.* Instead this scheme is likely ultimately limited by
disorder in the coupling strengths or energy, as they destroy
the symmetry of the effective Hamiltonian.

The protocol to prepare an approximately half-excited state
of one of the arrays is as follows. One array is fully excited
(by applying a 7 pulse) and the other is left in the ground
state. The time evolution under the Hamiltonian (25), shown
in Fig. 5(a), transfers excitations from one chain to the other,
while leaving them in their individual symmetric subspaces.
Notably, after a short time gegto ~ 1/ VN, corresponding to
the first zero crossing in Fig. 5(a), the average number of
excitations in each array is equal. However, this comes with
the caveat that while on average the two arrays hold N/2

4As discussed in Ref. [32], a dependence on position may arise, if
the modes at the band edge, through which the atoms are coupled,
have spatial structure, for example a finite wave vector. If the atoms
are placed below the band edge of a waveguide, this does not happen
as the lowest energy modes are extended modes at zero wave vector.

| TN
2
= 1072
0 IKRAN <
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FIG. 6. Fast Dicke state preparation with Eq. (26). (a) Time
evolution of magnetization of the two arrays, N = 100. The time
dependence can be approximated by Rabi oscillations for a few
periods, which can be described in the continuum limit as outlined in
Appendix C 3. (b) Dependence of the zero crossing time #, on atom
number N. (c)Imbalance distribution at time #, for N = 100 atoms.

excitations each, in fact their imbalance has a very wide prob-
ability distribution, as we illustrate in Fig. 5(c) for N = 100
emitters. As we have shown above, a large imbalance does not
invalidate our scheme, but it does mean that the usable atom
number on average is halved. Since this is a constant penalty,
it does not change the overall scaling with atom number N.
Ultimately, this scheme requires Peg > /N, where P.g is the
Purcell factor enhanced through the proximity to the band
edge.

There is another, intrinsically faster, way to prepare Dicke
states, if the system is governed by the Hamiltonian

H = gen[S},'Sg’ + 5578 |- (26)

As we detail in Appendix C 2, this Hamiltonian may be engi-
neered through the interference of interactions via two differ-
ent waveguides (or bands in the same waveguide), and con-
stitutes a waveguide QED version of spin flip-flops recently
realized in cavity QED [76]. While certainly more challenging
to implement experimentally, this Hamiltonian has the advan-
tage of equilibrating the number of excitations in each array
on an asymptotic timescale of gegfy ~ In(N)/ (2+/2N) (cf.
Appendix C 3). This is the fastest time that can be achieved
for a given g, essentially saturating the timescale obtained
by adding all average transition times ZnN ||Sf)S(_1)|N, n)
IN,N —n)||~! ~ In(N)/2N. As a result, using the Hamilto-
nian Eq. (26) reduces the requirement on the effective Purcell
factor to Pegr > In(N). Another advantage of this Hamiltonian
is illustrated by Fig. 6(c), which shows the probability distri-
bution of Dicke states after a time fy. The overall probability
for the state to be close to |[N/2, N/2) is larger as with the
other Hamiltonian [cf. Fig. 5(c)].

V. EXPERIMENTAL CONSIDERATIONS

A tacit assumption in the preceding sections has been that
the decay rates from |e) to |g) and/or |s) are tunable. In
circuit quantum electrodynamics, decay rates can be tuned
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FIG. 7. Double-Raman %’Rb level scheme for photon detection. Detunings A; and drivings §2; are chosen such that the excited states can
be eliminated. (a) Destructive photon detection. Any of the decays into the green shaded region from |f,) is intended and the total decay rate
via the green channel forms I",,. Since the decay I , is superradiantly enhanced, we have ©; < 2. The deleterious decays shown in red
are analyzed in the main text. (b) Nondestructive photon detection. We have refrained from drawing in all decay channels that contribute. In
comparison with the superradiantly enhanced decays f, — s and f; — g, they scale as O(1/N) and thus can be suppressed by increasing the

number of atoms.

by changing the detuning of an intermediate resonator [77].
In atomic systems, this can be done with Raman transitions,
which we analyze in the following for the D5 line of 8’Rb. For
concreteness, we assume here that the waveguide efficiently
couples to 7 transitions.

A. Engineered decay: Destructive photon measurement

The level scheme we consider specifically is drawn in
Fig. 7(a). In it, we make the choice |g) = |F =2, mp =
2), le) = [1, 1), and {|s);} = {I2, 1), 12, =1), [1,0), |1, = 1)}
(green area), which are coupled via excited states (in 52P; 2)
Ifi) =12,2), |f2) =12,0). While this is just one choice
among many it has the advantage that the applied lasers do
not couple to any transition of the large number of atoms in the
ground state |g). Since in the destructive scheme we only need
to count how many atoms have scattered photons, the final
state is irrelevant, provided it is not |g). The Raman scheme
allows for large tuneability of the relative decay rate, which is
required to obtain I',;(22) ~ NI, o(21).

To show that the additional decays drawn in red do not
spoil the scheme, we derive the effective quantum master
equation governing the double-A model in their presence.

Neglecting the energy shifts due to the pumps, the dynamics
are purely dissipative, given by the jump operators

VT1,6821

P ) 27
g.eff 2A1 =il g+ T1e) 9l o

fope VT (270)
i, eff 2A2 _ i(FZ,s, =+ F2,e) ! s

Loverr = i IS g, eno
ee,el p 2Al l(rt,gi + Fz 8) )

where in the last expression I'; ;) =T’y gand 'y o, = T'> 5. We
denote the (sum of the) rates corresponding to these jump
operators ', o(21), T'e—5(R22), and ', fr, respectively.

We note that the deleterious decays I'; , induce dephasing
described by L. that is not negligible, primarily due to the
i =2 term, as 2, > 2;. However, the dephasing removes
the coherence and thus the superradiant decay to |g). Since
[Fesg/Tewss = O(1/N), the corresponding excitation decays
to |s), with an error O(1/N). We conclude that all potential
errors analyzed here are suppressed with increasing N.
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B. Engineered decay: nondestructive photon measurement

Similar considerations apply to the operation of the QND
detector. A possible choice, shown in Fig. 7(b) contains
ground states |s) = |2, —1), |g) = |2, 1), and excited states
[f1) =12, 1) and | f2) = |2, —1). Assuming we are able to pre-
pare a Dicke state [N, = m, Ny = N — m, N, = 0), we require
the two collective decay rates to be similar [cf. Eq. (22)].

Unlike the destructive scheme, now all other decays are
deleterious. However, both decays e — s and e — g are en-
hanced by a factor of N/2. This implies that photon loss,
either into free space or through decay into another hyperfine
state scales as 1/N. All deleterious decay rates can be taken
together to form [ in the calculations of Sec. IV.

C. Dicke state preparation

In order to prepare Dicke states, we propose to start with
one array of the atoms in one hyperfine ground state |s)
and the other array in another hyperfine ground state |g). In
this protocol, the requirements for the Purcell factor (ratio of
coupling strength to free-space decay) is most stringent. The
most favourable level scheme is therefore a closed A-system,
where |g) = |F =2, mp = 2) and |s) = |2, 1) are hyperfine
ground states, but | f) = |3, 3) is an excited state in 5 2P3/2. In
this case, f — gis a cycling transition and decays outside this
subspace are suppressed. Coherent driving between |s) and
|f) can be implemented using a two-photon transition [78].
This leaves free-space decay as error source, which has been
discussed in Sec. IV D.

D. Other sources of disorder

We have neglected inhomogeneous broadening and atomic
motion, which could be taken into account in the same way
as positional disorder and do not modify our conclusions.
Furthermore, the relative effect of disorder decreases as the
number of atoms increases [22]. On the other hand, fast
atomic motion, analyzed in Appendix F, essentially only
renormalizes the coupling strength of the atoms to the waveg-
uide (thereby decreasing the Purcell factor), but is not a
fundamental obstruction.

In typical experiments today, the atom number might fluc-
tuate in unknown ways from one experiment to the next.
Allowing some error in N is like increasing the detuning error
in [epe. As long as the relative error decreases with N, as it
should, this does not affect the scaling with atom number.

E. Photon loss from coupling into the waveguide

It is challenging to couple photonic wave packets traveling
in free space into fibre. If this is done with 80% fidelity,
say, then the detector becomes already unreliable for three
photons, as there is already a 50% chance of losing one in
the first stage.

However, the detectors described here are also useful for
entirely waveguide-based setups, which obviate the need for
coupling free-space wave packets into a fibre. Recent pro-
posals show that atomic arrays make excellent sources of
quantum light [46-48] especially in view towards quantum
metrology. There also exist proposals for two-photon gates

in this platform [49], and it has been found that such arrays
coupled to waveguides support long-lived subradiant states
that can be used for storage [50,79] and also manipulation [80]
of quantum states of light.

F. Atom readout

After the photons have scattered, one needs to measure the
number of atoms in one of the states, or ideally both. Readout
of superconducting qubits is well studied due to the advent of
quantum computers. Fidelities now reach >99% in realistic
devices [43,44].

For neutral atoms, a range of techniques have been devel-
oped. Among the earliest was to employ a cycling transition
between a ground state and some excited state, which in recent
experiments has yielded fidelities of 98%-99% [81,82]. A
similar idea is to push one type of atoms out of the trap
with a resonant drive and use a quantum gas microscope to
detect occupied sites [83]. Instead, one could “boil” one type
of atom away through inelastic light scattering. This can in
principle achieve extremely high fidelities (99.97%), but is
limited by atom loss and has the drawback that the lattice has
to be refilled. We note that detection of atom numbers has
already been used in experiment [33,84]. Likewise, a strong
magnetic field [85] or a state-dependent trap [86] can be used
to separate the states and image them afterwards. In these
setups, imaging has been performed with 99.94% fidelity,
but background gas collisions still cause atom loss [86]. One
option to prevent this would be tweezer arrays [87]. While
such capabilities have not yet been demonstrated for atomic
arrays coupled to waveguides, and scattering from the fibre
might make photon collection harder, a solution could be to
move the optical lattice slowly away from the fibre before
performing the imaging.

After successful detection, the detector can be reset by
pumping the s — e transition, such that eventually all atoms
decay to |g).

VI. CONCLUSION

We have explored the use of arrays of quantum emitters
coupled to waveguides for number-resolving photon detec-
tion. Paying particular heed to experimental limitations such
as disorder and free-space decay, we have found that both
can be overcome, leaving no fundamental limitation to the
achievable detection efficiency. Moreover, we have shown that
the same platform can also be used to perform QND number-
resolving photon detection. To this end, we also propose a
novel way to prepare Dicke states based on the interaction of
two arrays and subsequent heralding by measuring the number
of excitations in one of them.

In a nutshell, our proposal builds on four facts that together
enable highly efficient detectors: (1) few-level systems allow
for strong, projective measurements of their state due to
their intrinsic nonlinearity, (2) nevertheless, sufficiently large
ensembles of atoms are linear, (3) collective decay mitigates
errors due to nonidealities, and (4) in linear systems, one
can always engineer dissipation to obtain complete absorp-
tion. We hope that the ideas outlined here will mark a step
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towards high-fidelity number-resolving photon detectors, both
destructive and nondestructive.
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H /wdk< )a;
= — (wx — wp)a, ar —
, 27 k 0)d; Ak

Defining the sine transform and its inverse through

f) = Z/OOf(t)sin(vt)dt,
0

we can write the field in the waveguide as

*dk . ;
o(x,t) = /(.) - sin(kx)(ar(t) + a,(1)).

APPENDIX A: DERIVATION OF LANGEVIN EQUATIONS

1. Two-level systems coupled to one semi-infinite waveguide field

We study quantum emitters coupled to a semi-infinite
waveguide terminated at x = 0 by a mirror. First assuming
that the waveguide is also terminated on the other side after
a length L, the bath eigenmodes have the wave function
¢n(x) = sin(k,x)+/2/L, where k, = wn/L for all natural n.
Taking the length of the waveguide to infinity, we recover the
Hamiltonian given in the main text [Eq. (1)]

gy _sin(kx,)(ajol’ + H.c.) ] (A1)

f@) = 1 f ~ Ff)sin(vt)dv, (A2)
T Jo

(A3)

Defined this way, the commutation relation [¢(x, ), ¢(x’, t)] = §(x — x") (for positive x only) implies canonical commutation
relations [a; (1), a; (t)] = 278(k — q). In terms of complex amplitudes, we have

alx,t) = / — sin(kx)ai(t), ap(t)= 2/ dxsin(kx)a(x,t). (A4)
o T 0
Solving the operator equations of motion
dk
a = —i(wr — wo)ax + ian: sin(kx,)ol, oW =ig / - sin(kx,) (o) — o) a, (A5)
yields
t
ap(t) = e 1@ g (0) + ig/ dt e (@ —@0)t=7) Z sin(kxm)a&f;”)(t). (A6)
0 m
This solution can be plugged into the equation of motion for og(;”. We need the following integral
Fdo . . —i(w—wo)t
— sin(wx;, /c) sin(wx/c)e 0
0 /g
iwot — —_
=S () () ()]
—4 c c c c
el |x, — x| X, +x .
= S|l —— -t ) -6 —— -1 )|, ifx,x,t>0. (A7)
4 c c
The equation of motion for o,/ becomes
60 (1) = (0g) — o) B L+ 1, 0) — atet — x,, 0]
ge 88 ee 4
82 iko (X, m xm+x’1 iko|x, —x, m |xm—x,,|
+ gz gtk m+-n)aése) f— ; _ ptkolx mla‘ée) f— . ) (A8)

We define the input field aiy(7) as the portion of the waveguide field that was at a position x = ¢t at time 7 = 0 and has since
traveled all the way to the atoms. Thus a;,(t) = —+/c/2¢' a(ct, 0), where the prefactor is fixed by the commutation relations
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of aj,, up to an arbitrary phase. This yields the Langevin equation

c'réff)(t) = (a;;) e(;“ { ,/ [e'k""”am(t xp/¢) + e g (¢ + x,/0)]

g Ko Con ) . () Xm & Xn kol —n| _ (m) X — %l
+§; e Oge t_T —e Oge t_T . (A9)

As defined, aj,(¢) is a slow variable, so if the dynamics of the system and the bandwidth of the input state around wy are slow
compared to the time it takes for light to travel a distance 2x,/c, we can neglect the retardation, rendering our description
Markovian. The same applies to the atomic lowering operators. Finally, we arrive at a time-local equation

8

60 = (0’ —ou) { N

In order to calculate the output field, we take the integrated equation of motion for the light field and apply a sine transform.

This is essentially the same as the right-hand side of the equation of motion for crg(”) except evaluated at a different point in

space. Choosing this point to be xg + ¢, i.e., a small distance to the right of the rightmost atom, and again neglecting retardation,
we find

sin(kox, )ain (1) + g Xm:[eiko(xm-fxn) _ eik°|x”_x’"]<7;;")(t)}. (A10)

d 2 j .
/ — sin(knar(r) = —i\ﬁ sinfko Crr + &)lain (1) = 25 37 i sin (ko o (0). (ALD)
T c 4c & 8
Further choosing ¢ such that sin[ky(xz + €)] = 1 and deﬁning Aout(t) = —«/c/Ze"“’(’ta(xR + ¢,t), we have
Aou (1) = ain(t) — f Z sin(kox, o (1). (A12)
Finally, let us define the decay rate I', = g*/2c.
< (n n n : ) iko | X —x, iko (x4, m
() = (oW — o) {\/ngm(koxn)am(t) - Tg ) G e I ) )(z)}, (Al3a)
Aou(t) = ain(t) — /T »_ sin(koxn)o " (2). (A13b)
m

2. Three-level systems coupled to two semi-infinite waveguide fields

In the main text, we consider (effective) three-level systems with state |g), |e), |s) coupled to two waveguide fields, which
respectively couple to the transition g <> e and s <> e. Starting from the Hamiltonian

H = / |:(a)1 K — 00)a] (a1 + (2 — wo)a) ark — Z sin(kx,) (14} .o + g2d] .o + H.c. )} (Al14)

n

the derivation follows through as above, and yields

: : ko X —Xn| iko (X +Xm
og(;')(t):(o;?—oéz”){wgsm(koxn)am,l(r) fZ eltobnl _ gitoCurt ’]o;;"><r>},

Iy . .
+ a;?{JrT sin(kox)ain 2(1) = = ) [eo o — e’kowxw]o;:”(r)}, (Al5a)
Aout1 (1) = ain 1 (1) — /T Z sin(kox, oy (t). (A15b)

and two more equations if 1 <> 2 and g <> s are exchanged simultaneously. These equations reduce to Eq. (18) for atoms in the
atomic-mirror configuration kox, = 2w (n + 1/4).

3. Two-level and three-level systems coupled to one and two infinite waveguide fields

The derivation for the infinite waveguide proceeds in much the same way and can be found elsewhere [13]. A Hamiltonian
that combines both bath couplings reads

dk : 4 .
H=Y" / > Y (0 — 00)a] , yvw — Y [T 0k ay g 4+ T 2% 0l gy o + Heell. (A16)
v==+ o n
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Here, ki ; are phases imparted by the laser. They have little effect on the detection of incoming light. There are two waveguide
fields, @ = 1, 2, distinguished either in frequency, polarization, or by being in a different waveguide. As before, v € {£1} labels
right- and left-moving modes.

From Eq. (A16), we can derive the bath equations of motion, integrate them up and Fourier transform them [13]

a1 (x, 1) = € a, 1 (x — ct, 0) + iy/TO[(x — vx,)/cle™ T HhLmgh [ — (x — vx,)/c]. (A17)

For the other field, we have to exchange 1 <> 2 and g <> s. As above, we next derive the atomic equations of motion

= Z/ g(—i\/l—‘»g)ei(”k_k“)xnak,v,l(Uee )—i—(l\/i)e’("k kLZ)Xna ZUgs’ (A18a)
v==+
dk . i(k—kp o), n i(vk—kp, 1)x
- Z E(_l\/ﬁ)e " ”ak*”vz(aee ) + (l\/>)e = "Ag,v, gg’ (Algb)
v=d=4

dk . A .
= — (=i JT ek, o 4 (/T )e  Vk—kugt  5n (A18¢)
27 8 V1 es k,v,2" ge
v==%

and replace the photon field [Eq. (A17)]

n _ / 2 i(kyv—kp, )%, (-1 __ iky X —Xn|—ikp 1 X —Xp) (0 10 m
Oge - Fg € (Ggg Oee Qin,v,1 — g e ( gg Gee)age
v==%

i(kov—ky 2)x, tk Xon—Xn | —ikp 2 (X —Xp) 1

+T § (kov—kp2). o’ 'ina — T § 2 |—ikp (. )Ugvo-w’ (A19a)
m
i(kyv—kp2)x, n iky | X —Xp | —ikp, 2 (X —x, n m
0';2 = /T § eltkev—kr2) n(U )amvz T, § ke 2| =ik 2 Com n)( ol _Uee)ose
v=% m

i(kyv—kp 1)x, on . _ ik | —2n | — ik 1 (on—Xn) 1

+/ T E e O in,v,1 Iy E e ngage, (A19Db)
m
no_ i(kiv—kp1)x, (_ n etk m =2 | —ikp, 1 Com =25 )
va_,/Fg E e ( o, amvl I, E ( ) Tge
v==+
ik, 2—kav)xy —ika X —Xn|Fikp, 2 (Xm—%Xn) 11
+v T E e oge i — s E e O g0 (A19c¢)
i(kp 1—vky)x, _n
Aout,v,1 = Ain,v,1 — V l—‘g E e( L 1 Ugg’ (A19d)
n
i(kp o—vko)x, _n
Aout,v,2 = Ain,y,2 — V I's E e (h2=vha), Ogp- (A19e)
n

Using the description above, the Langevin equations for two-level systems on an infinite waveguide read

(")(t)_( (n) _ (n) Z /T ewkoxnamv([) r Zelkolxm—xn (m)(t) , (A20a)
ve{*l}
out, (1) = @in (1) — /Ty » e Rom0g M (p), (A20b)
8

whereas the governing equations for three-level systems are

koxn ikoim —Xn
s(t) = (0% — o) D VTee” ™ ainy1(t) = Ty Y el vlam() ¢,
m

ve{+1}
+ O.gl) Z J»ezvkoxuam a(t) — T Z ko lxm =2l (m)(t) , (A21a)
ve{£1}
Aout 1 (1) = tin 01 (1) = /T Y e 0600 (1), (A21b)

m
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and two more equations if 1 <> 2 and g <> s are exchanged
simultaneously.

To linearize these equations, we substitute oge — 1, 00 —
0, and o, — b, where [b, b1=1.

APPENDIX B: PREPARING A DICKE STATE WITH
COLLECTIVE MEASUREMENTS

There is another way to prepare a Dicke state in our setup.
First applying a /2 pulse to all atoms, and then measuring
Sge, i.€., the number of atoms in |g), which projects the state
onto a symmetric state with a definite number of excitations.
For large N, m has variance v/N around N/2, such that |[N/2 —
m| < N.

A 1 /2 pulse can for example be produced by driving
the two transitions g <> ¢ and s <> e with lasers, each de-
tuned by a large amount A, or by applying a microwave
tone. After the pulse, the atomic state becomes |X) =
[1,(1/v/2)(1 + 0)|G), which could optionally be written as
IX)=2""2%" (Z)lN — m, m, 0). Measuring S, thus prob-
abilistically returns the state [N — m, m, 0) where m follows a
binomial distribution.

A known method to measure the number of atoms is by
measuring the phase shift of an off-resonant probe tone [74].
In order to prevent excited atoms from decaying via emission
of a free-space photon (essentially removing the photon from
the symmetric state) or via emission of a photon in the e —
s channel (thereby inducing a transition to another Dicke
state), the probe has to be far detuned. However, the further
detuned the probe is, the lower is the induced phase shift, thus
requiring longer averaging times, which leads to a trade-off.
The analysis below shows that this sort of measurement is
limits the number of atoms to the Purcell factor.

If it is possible to turn off 'y, we only have to consider
free-space decay. Using the input-output equations, we find
the output field for a weak coherent probe with amplitude o,

detuned by A > N,I',
N,I"
)ai“ = ( 2

N,I'g/2
Fout = (1 N2 —iA
gtg

where N, is the number of atoms in state |g). Thus the
per-photon phase shift is ¢ ~ —I'",/2A. The number of pho-
tons required to resolve single excitations therefore is NV,
4A?) F;_ On the other hand, for a given probe amplitude
aip, the probability of an atom to be excited is (S.) =~
['¢Nglotin/2A %, Thus during the time it takes to scatter N,
photons, I'te.N,/T"y = Ng/P photons are lost. Ultimately, this
way of preparing Dicke states is thus limited to atom numbers
lower than the Purcell factor. If I'y cannot be set to zero,
but instead is comparable to I',, then this constitutes the
dominant decay channel and the requirement on the Purcell
factor becomes even more stringent P > N,Nj.

)ains (Bl)

APPENDIX C: ALL-TO-ALL INTERACTION
IN THE BAND GAP

1. Strong coupling

Here we give details on how using a Raman transition
allows strong coupling of the atoms when brought close to the
band gap of a waveguide and discuss briefly some limitations.

Following [32], two-level systems interacting via the
modes in the band gap couple at a rate g.s = 27 gﬁ /v Aa,
where g is the coupling to the individual waveguide modes
(assumed constant), A is the effective detuning of the renor-
malized transition frequency from the band edge and « is
a parameter to characterize the band curvature at the band
edge, via wp = wp + ak?. If g is the effective coupling rate
obtained from adiabatically eliminating an excited state |e) in
a Raman transition, it takes the form g; = g 0(£2/8), where Q
is the pump Rabi frequency and § is the detuning of the pump
from the transition. Thus

B

In order for the Markov approximation and the adiabatic
elimination to be valid, we require § > Q and VAo > 8i»
so g Will be slow. Fortunately, reducing €2/ also reduces
free-space decay in the same way, I'free eff = free (2 /8)2.

Since the atom-atom coupling additionally scales with
the effective waveguide density of states geg o (a2,
the Purcell factor Pegr = gefr/Tefr.free ¢ (¢ A)~!/2 can be made
very large, independent of the original Purcell factor, while
preserving the Markov condition A >> g. As this analy-
sis shows, physically this relies on increasing the effective
waveguide density of states. At the same time, this has the
effect of making the bound state extent and therefore the
decay length of the induced interaction L much larger than the
extent of the atomic array, such that the all-to-all interaction
on the right-hand side of Eq. (25) becomes a very good
approximation.

2. Engineering S(+1)S(_2) + H.c.

In order to instead realize a Hamiltonian with the interac-
tion SSFI)S(,Z) + H.c. between two atomic arrays, one needs to
combine two bands of the same waveguide (or two waveg-
uides), and additionally make use of the spatial profile of
the induced atom-atom interaction. The full expression for
the coupling induced between the atoms through a waveguide
band is given through [32]

2:1
g% Z cWVg (/)Eko (xl)Eko (x] )e—llz—xﬂ/L

58 gS

(C2)

which differs from Eq. (25) through the addition of the spatial
profile Ej (x) of the bound state induced by coupling an
atom at position x, where kq is the wave vector at the band
gap. A simple model of a waveguide exhibits bands with a
dispersion wy ~ cos(ka). As such, there are two band edges
at wave vectors kg = 0 and ky = w. In more complex models
the band gaps might occur at different values of kg, but these
are generically not expected to all coincide, and certainly
not in between two different waveguides. With an otherwise
constant mode profile, we can approximate Ey (x;) ~ e,
For simplicity, we will take ky = 7, but this is by no means
required.

Combining two waveguides (waveguide bands), one with
positive detuning A, the other with the opposite detuning
—A, and placing both arrays of atoms in atomic mirror
configurations, but spaced by an odd half-integer-multiple of
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wavelengths from each other, the two waveguides induce the
interaction

Hy = an%
AL
= 2gar ('S + Hee.), (C3)

gs

[SueSes = (S5 = 8N (85" = 5]

as required. Note that we have taken L to be larger than the
whole configuration, and choosing g to be the same for both
waveguides, which is not unreasonable as they can be tuned
with the Raman transition. Furthermore, we would like to note
that the requirement of placing the atoms in two atomic mirror
configurations spaced by an odd multiple of half a wavelength
is not any more stringent that producing a single atomic
mirror configuration, although it certainly is experimentally
more challenging than the disordered configurations we have
considered in other parts of the main text.

3. Interaction timescales

While the full Hilbert space of two arrays of N spins each is
22N dimensional, the Hamiltonian Eq. (C3) connects the fully
symmetric state |N, 0) = |N); ® |0),, to only N other states,
{IN — m, m)}. As in the main text, our convention here is that
|m) denotes a fully symmetric spins state in which m out of N
atoms are excited, whereas |m;, m,) denotes two arrays of N
atoms each, with m; and m, excitations, respectively.

In this space of N + 1 states, the Hamiltonian (C3) is a
matrix of the form

0 a) 0
ay 0 ay
HZ - O as 0 c. N (C4)
where
Ay = 28estm(N —m + 1). (C5)

As an aside, we note that this is similar to the model studied
in Ref. [88], except with the elements of the matrix squared.
The connection arises since the model with ,/a, on the
diagonal maps to the N-excitations subspace of two coupled
harmonic oscillators H = a’b + H.c. (leading to perfect state
transfer), while here we instead study two coupled spins H, =
28erSY'SY + Hec.

If the index m = x is understood as a spatial coordinate, the
Hamiltonian H, can be rewritten as

H, = ¢?a(®) + H.c.
= 2a(%) + i[p, a(®)] — ${p*, a®)} + O(p*), (C6)

where [£, p] = i, such that ¢’? generates a translation by —1.
In order to get some insight into the dynamics of H,, we
consider the classical long-wavelength limit neglecting terms
p" with n > 3 and replacing X — x, p — p, which yields

P

Hy(x, p) = 2a(x) + d'(x) — a(x)p2 =V - 2m(x)’

(C7)

where

a(x) = 2ges(x + 1)(N — x). (C8)

This Hamiltonian gives rise to periodic trajectories. A more
physical Hamiltonian would be obtained by sending p?> —
— p2 and H — —H, but the dynamics are the same.

Starting at x(t = 0) = p(t = 0) = 0, the conserved energy
of the particle is H(0,0) = Ey = 2g.(3N — 1). This allows
us to solve for the momentum as a function of position

P’ (x) = 2m(x)[—Eo + V()] (€9
which can be used to calculate the period of the orbit

N-2 1
T(Eo) = 2/ dx(—,)
0 X

/N -2 dx

0 JeFDE—N2Zxx—-N+2)
The upper limit of the integral is the point at which the particle
turns around, which can be found from p(x) = 0. For large N,
the integral may be approximated through

(C10)

N/2
T(Ey) ~ —2/ dx[(x + 1)2xN?171/2
0

_ V2In(1+N +/NZ+N))
B N

~ +/21n(N)/N.

For completeness, we mention another way to arrive at this
result. Instead of Eq. (C3), consider the Hamiltonian

Hy = gerr[(a")*b* + H.c.],

(C11)

(C12)

where a, b are the annihilation operators for two harmonic
oscillators. In the subspace spanned by the states |2N —
2m); ® |2m),, where now {|m)} are now Fock states of an
oscillator, the Hamiltonian is again given by a matrix of the
same form as Eq. (C4), except that now

am = 2geff\/<N_m+ %)(N—m+ 1)m<m - %)

(C13)
For large N, m these are essentially the same matrix elements
as before, and one can check numerically that the dynamics
is very similar for large enough N. In the classical limit,
we replace the annihilation operators by the amplitudes of
the corresponding coherent states. The classical mean-field
equations of motion read

d * Q2
E(g) = —2igefr (Z*gz),

with initial conditions B(0) = 1, 2(0) = v/2N.

Amplitude and phase degrees of freedom can be separated
by change of variables to @ = a exp(ix), B = bexp(iy), which
follow equations of motion:

(C14)

X = —b*cos ¢,

y= —a® cos ¢,

a = —ab’sin ¢,

b = +a®bsin ¢,

(C15a)
(C15b)

where ¢ = 2x — 2y and we have redefined time to include the
factor 2g.s. Further defining the constant K = a® + b, and
the variable r = a> — b?, we obtain the equations of motion

(C16a)
(C16b)

¢ = 2rcos ¢,
= (r* —K*)sin¢.
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The shape of the resulting periodic orbits can be found by
integrating dr/d¢.

However, since the phase ¢ is ill-defined in the initial state,
we can choose it to be ¢ = /2. In this case, the system is
governed only by

F=r*—K?, (C17)
which is readily integrated to yield
r r(lf)
|:tanh_l (-)} = —2K(t; — 1,). (C18)
K/ L ‘

Since initially, r/K >~ 1 — 1 /N and K >~ N, we conclude that
the natural timescale for the switch is

1 ) _In(V/2)

N N (C19)

1
T ~ — tanh™! (1 -
N
the same result as before. We note that if another phase ¢ is
chosen initially, ¢ first rapidly evolves to a value close to 7 /2,
after which the system evolution is very similar.

APPENDIX D: NUMERICAL SIMULATION
OF MULTI-PHOTON SCATTERING

In this Appendix, we briefly outline the theory behind our
simulation of multiphoton scattering, following Ref. [73]. The
key idea is to the time evolution of the system and bath for
a specific input field using the Langevin equation (18) in
combination with the input-output equations (19).

In general, an input wave packet can be described through
one or more modes of the waveguide in which photons are
created on top of the vacuum |0),

W) =] | f dxjj(x)a’ (x;)[0). (D1)
Jj

As a function of time, the field travels through the waveguide,
and eventually the photons interact with the atoms locally.
Instead of this spatiotemporal description, in which a quantum
system couples with constant rate to the waveguide, but the
wave function of the photons changes in space, it has been
shown that the dynamics can be equivalently captured by
modulating the coupling between the system and the input
mode according to the mode shape [73].

Specifically, here we assume that all m, photons of the
input field are in one mode, such that the waveguide field
can be written (at t = 0, before the photons interact with the
system)

0 mp
[Vin) = [ / dx I/fm(X)a*(x)} [0}, (D2)
with
—12 (x/c+19)?
Yin(0) = (2272 " exp (‘Tﬁ) (D3)

Since this is assumed to be the wave packet before the
interaction, it has support only for negative x (we assume the
wave packet is incident from the right in Fig. 1). After a time
19, the center of the wave packet (travelling at speed c) has
arrived at the system.

Replacing the spatiotemporal evolution of wave packets in
the waveguide with a time-dependent coupling constant, the
input-output equations can be replaced by a quantum master
equation [73]

o =—ilH(), p]l + [L({®)]p, (D4)
where the Hamiltonian
i .
H(t) = 5[\/Fgg:;(r>a} (Sgg — See)See
— T8, (1)a! Sy, — Hecl] (D5)

describes coupling to the input mode, and the jump operator

L(t) = \/T¢See + v/ TsSse + gin(1)ai + gou(t)a,  (D6)

describes the dissipation induced by the coupled waveguides.
We determine the time evolution given by Eq. (D4) using
QUTIP [89].

Note a subtlety when comparing with the equation corre-
sponding to Eq. (D5) derived by Kiilerich and Mglmer [73],
which features an additional term g (¢ )gin(t)aj'ao. This term
arises when calculating the scattering from one input mode to
the corresponding output mode, which in our case might be
Qin,1 = Aou,1 and can be thought of arising from the first term
in the input-output equation Eq. (19). Here, we are interested
in the scattering ai, | — dout,2, Where this term is absent.

In the above expressions, the variable couplings strengths
are given by

Vin(1)
U= Jo de' @)

gin(t) = (D7)

and

Vou(t)

gout(t) = _t—'
V fo dt,|¢0ut(t/)|2

Here, the initial time to start the simulation has been chosen to
be t = 0, and since photons are assumed to travel at speed c,
the temporal wave function is related to the spatial wave func-
tion through Iﬁin(x) = Yin(—ct). For consistency, gi,(t) =
gout(t) are taken to be zero before + = 0, and v, should be
square-integrable for positive times fooo dt |¥in()|> = 1. This
is true for our choice Eq. (D3) as long as Fg" < ty. Since
tp is an arbitrary offset it can always be chosen to fulfill this
condition.

If the system and the input field are initially in states of
known excitation number, which we assume to be the case
throughout, then it is clear that for m, photons in the input
wave packet, we need to consider at most m,, excitations in the
bosonic modes a, and a; as well as the system. Recall that we
assume a symmetric Dicke state as starting point, |/ss(0)) =
IN/2 —mg, N/2,0). As aresult, the required Hilbert space has
a dimension of (m, + 1)3.

We note that this formalism does not specify what shape
the output wave packet Vo, has. Indeed, it is generically
not even true that it can be described through a single mode
and neither is it true in general that all photons are emitted
in the second channel rather than the first. The advantage
of this formalism in our case is that the system dynamics
are independent of the choice of ¥ (¢). Instead, if the set

(D8)
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of output modes considered does not comprise all modes of
the physical output field, the corresponding photons are lost.
In the extreme case, when gou(f) = 0, the QME Eq. (D4)
describes the system dynamics for a given input, but does not
yield any information about the output photonic state.

Here, we use this property by setting the output mode equal
to the input mode Vou (f) = —¥in(¢). This is equivalent to
asking the question how many photons are transmitted without
changing the shape of the wave packet—i.e., performing a
QND measurement. If the final number of excitations in mode
a, is equal to the number of input photons m,, all photons
have been transmitted faithfully, and all photons have been
dissipated via the second channel. This defines the fidelity F,
which we plot in Fig. 4. Mathematically, it is defined as

]:m,J = (mp| tr[)o]inpul,sys“/”p)’ (D9)
where |m,) is the m,th Fock state of the output mode a,. This
is the probability that the all photons have been transmitted in
the specified output mode.

APPENDIX E: EFFECT OF FINITE PURCELL FACTOR
ON PERFORMANCE OF QND DETECTOR

In this Appendix, we offer a side-to-side comparison of
the fidelity with a finite Purcell factor, as shown in Fig. 4 in
the main text, and infinite Purcell factor. This allows to dis-
cern which features come from free-space decay, and which
from nonlinearities and finite bandwidth. It furthermore offers
further verification of the predicted analytical approximate
fidelity Eqgs. (23) and (24) through simulations. The results
are shown in Fig. 8 and are commented on the caption.

APPENDIX F: FAST THERMAL MOTION OF ATOMS

In the main text, we have only considered static disorder,
which is valid for slowly moving atoms. If the thermal motion
of atoms is fast, some of the effect of disorder will be
averaged out. This can be modelled by instead averaging the
atomic coupling over a distribution of atomic positions [78].
Assuming a Gaussian distributions of positions around the
atomic mirror configuration, captured by the random variable

Ym

T (1
xng §+2m + Yims (F1)

we can calculate the off-diagonal coupling

r
gmn = — § // dymdyn67@%y+y%)/202
8ra?

x [eolmil L gikoGmty)] (F2)

If m = n, there should only be one integral, giving g,, =
—[1 + exp(—k3o?)ITy/(4g). In the case m #n, we can
straightforwardly evaluate the second term, which yields
—Fge’k5“2/4 overall. For the first term, we first shift y,, —
Ym + ¥, in which case the y, integral becomes a straightfor-
ward Gaussian giving a factor of Vro2en/*’  The leftover

(a) Imbalance scaling
® 40 atoms, P=10
® 20 atoms, P=10
o ® 40 atoms, P=w
g 10-1 - ® 20atoms,P=
]
o
=
|
— 1072 4
I
&
10_3 B T T T T T
=N/2 -N/4 0 N/4 N/2
Imbalance mg
(b) 100 Multi-photon fidelity
o
/E 10—1 4
3>
5
s
= 1072 4
I N=10,P=10
T ® N=40,P=10
_3 | ® N=160,P=10
F&E 10 N=10,P=w
® N=40,P=
® N=160,P=
10~ T T
1 4 7

photons in Fock state

FIG. 8. Comparison between presence (blue) and absence
(green) of free-space decay. Overall, the effect of free-space decay
on the fidelity is clearly captured by introducing the branching ration
as we have done in Eq. (23). This brings down the single-photon
fidelity considerably. Interestingly, though, as we consider multi-
photon scattering, the effect of free-space decay diminishes relative
to the effect of the nonlinearities introduced. Naturally, it never aids
the fidelity, but in the end, the fidelity retains its favourable scaling
with atom number, most clearly illustrated in Fig. 4(a).

integral reads

Fg 2452 i
B dymefym/4a gtkolyml
8v/ma?
r
— _de*’%azn + derfi(koo )] (F3)

Taken together, we get

— Fg 7/((2) 2 l
= —— T 4+ —F(k , F4
g > [6 + N ( 00)} (F4)

where F(x) is the purely real Dawson integral. It is peaked
at x = 1, is odd, and obeys |F(x)| < 0.6, and F(x) — 0T as
x — Zoo. Equation (F4) predicts that the coupling decreases
exponentially in (koo )2. For low to moderate koo, the effect of
fast thermal motion can simply be accounted for by re-scaling
the couplings, without affecting the conclusions in the main
text.
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