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Unified framework for the entropy production and the stochastic interaction based
on information geometry
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We show a relation between the entropy production in stochastic thermodynamics and the stochastic
interaction in the integrated information theory. To clarify this relation, we introduce an information-geometric
interpretation of the entropy production for a total system and the partial entropy productions for subsystems.
We show that the violation of the additivity of the entropy productions is related to the stochastic interaction.
This framework is a thermodynamic foundation of the integrated information theory. We also show that our
information-geometric formalism leads to an expression of the entropy production related to an optimization
problem minimizing the Kullback-Leibler divergence. We analytically illustrate this interpretation by using the

spin model.
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I. INTRODUCTION

Information geometry [1,2] is a differential geometric the-
ory for elucidating various results in information theory and
probability theory. Applications of information geometry have
been found in a variety of fields, including machine learning
[3], neuroscience [4], statistical physics [5,6], and thermody-
namics [7-22]. The projection theorem [23,24] plays a crucial
role in applications of information geometry. For example,
the projection theorem unifies the conventional definitions
of information measures such as the mutual information,
the transfer entropy, and several measures in the integrated
information theory [2,25,26].

The integrated information theory seeks for measures of in-
separability of networks [25-35]. Several measures have been
proposed by considering different ways of dividing networks
[25,26,34]. A possible promising measure of information inte-
gration is the stochastic interaction [29,31], which quantifies
the inseparability of stochastic dynamics in two interacting
systems.

In the field of stochastic thermodynamics [36,37], a similar
problem of inseparability takes place. For example, in the
context of Maxwell’s demon, information thermodynamic
measures of the correlation between two interacting dynamics
have been discussed [38-50]. For two interacting dynam-
ics, we introduce a measure of information thermodynamics,
namely, the partial entropy production for the subsystem
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[42—44]. If two interacting dynamics are well separated, the
sum of the partial entropy productions for each subsystem is
equivalent to the total entropy production. This fact is known
as the additivity of the entropy productions. If two interacting
dynamics are not well separated, this additivity is generally
violated.

In this paper, we introduce a framework of stochastic ther-
modynamics based on information geometry. We introduce
several submanifolds related to backward dynamics, and the
total entropy production and the partial entropy production
can be considered to be given by the projections of the entire
system onto these submanifolds. From the inclusion property
of these submanifolds, we obtain a geometric interpretation of
the additivity of the entropy productions. This interpretation
clarifies a relation between the violation of the additivity and
the stochastic interaction. Additionally, our framework leads
to an expression of the entropy production by considering
an optimization problem to minimize the Kullback-Leibler
divergence. We analytically illustrate our results by using the
spin models.

II. THE PROJECTION THEOREM

We first introduce the projection theorem in information
geometry, which is a differential geometrical theory for the
manifold of the probability distribution [23,24]. In informa-
tion geometry, a Riemannian metric is given by the Fisher
information matrix, and a dual pair of affine connections
is defined [1]. Let pg(s) be the joint probability, where
S ={S;,...,Sy} is the set of random variables and s =
{s1,..., sy} is the set of events. In information geometry, the
set of the joint probabilities is considered a manifold. A subset
of probabilities gives a submanifold M, and a probability
ps(s) corresponds to a point.
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FIG. 1. Schematic of the projection theorem. The subset of prob-
abilities gives a submanifold M, and the probability p corresponds
to a point. If M is flat, we have a unique solution g§ of the
optimization problem to minimize the Kullback-Leibler divergence
between the probability p and the probability gs € M. The flatness
of the manifold is given by the Pythagorean theorem, and the solution
qy is the projection onto the flat submanifold M.

We now consider an optimization problem to minimize the
Kullback-Leibler divergence between two probabilities pg(s)

D (ps|IM) := minge mD(pslgs), ey

ps(s)
gs(s)’

D(psllgs) = ) _ ps(s)In @
s

when gg(s) is in a submanifold M. If the submanifold M
is flat, we have the unique solution ¢ € M that satisfies
D(pg||M) = D(psl|g). This unique solution ¢§ can be
interpreted as the projection from point pg onto the flat
submanifold M. In Fig. 1, we show an intuitive schematic
of the projection theorem.

This projection can be understood by considering the
Pythagorean theorem

D(psllgs) = D(psllqs) + D(qsllgs) 3

for any probability gs on the flat submanifold M [1]. This
Pythagorean theorem can be regarded as the definition of
the flatness of a submanifold M. In information geometry,
the Pythagorean theorem holds when the geodesic connecting
ps and gg is orthogonal to the dual geodesic connecting
gs and gs. From the nonnegativity of the Kullback-Leibler
divergence D(ggllgs) = 0, we obtain the fact that g§ is the
unique solution of an optimization problem,

D(psllgs) = D(psllqs) = D™ (ps||M). “

III. THE ENTROPY PRODUCTION
AND THE PROJECTION THEOREM

A. The total entropy production

We here consider a Markov process. Let Z and Z' be
random variables of the state of a system Z at times ¢
and ¢ + dt, respectively. Let pz z(z,z’) be the joint prob-
ability of the states s = {z,z’} corresponding to random
variables § = {Z, Z'}. The transition probability is given by

T(Z',z) := pz)z(Z'lz), where the conditional probability is de-
fined as pzz(Z'1z) := pz 2(Z'.2)/pz(@) = ps(s)/[D_, ps(s)].
Because the transition probability 7'(z’,z) is a function of
(z’,z), we can define a new quantity 7(z,z’) by replacing z
with z’. We remark that 7'(z’, z) is not equal to the conditional
probability pz .z (z|z') := ps(s)/[)_, ps(s)].

In stochastic thermodynamics [37], the total entropy pro-
duction atozl is defined as the sum of the entropy changes,

zZ._ Z Z
Oot = Gsys + Obath - (5)

The entropy change of the system 055 is defined as the
Shannon entropy change from time ¢ to ¢ + dt,

oZ :=HZ\—-HZ), (6)

sys

where H(Z) = — ) __ pz(z)In pz(z) is the Shannon entropy.
The entropy change of the heat bath o2, is defined as

T,z
Gbih = ]E[ln TEZ, z’;:| =E[-InT 2)—HZI\Z), (7)
where the symbol E[.---]:= ZS ps(s)--- denotes the ex-
pected value and H(Z'|Z) := H(Z',Z) — H(Z) is the condi-
tional Shannon entropy. The entropy change of the heat bath
can be regarded as the difference between the conditional
cross entropy E[—1InT(z,z’)] and the conditional Shannon
entropy. The nonnegativity of the entropy production is known
as the second law of thermodynamics. If the entropy produc-
tion is zero, the system is reversible, and the detailed bal-
ance pz(Z)T(Z',z) = pz (@ )T (z,7') holds (see Appendix A).
Hence, 0,2 quantifies the irreversibility of the dynamics.

We show that the total entropy production can be obtained
by the projection of pg onto a submanifold, called the back-
ward manifold. The backward manifold Mg is defined as the
set of probabilities gg satisfying

Mg = {gslgs(s) = gz @)T (z,2")}, ®)

where g7(z') = ) __qs(s) and T (z,2') is defined from pg(s).
The backward manifold consists of probabilities such that
backward dynamics from Z’ to Z is equal to the transition
probability of pg. The backward manifold is uniquely deter-
mined by ps. The total entropy production of the Markov
process is given by

02 = D (ps||Ms), 9)

which is the first main result of this paper. This result means
that the total entropy production can be regarded as the mini-
mum length of pg to the backward manifold (see also Fig. 2).
To prove Eq. (9), we introduce the joint probability gg(s) :=
pz(@)T (z,7') € Mp; the entropy production is given by the
Kullback-Leibler divergence oft = D(psllgg) [51]. Because
the Pythagorean theorem

D(psllgs) = D(psllqs) + D(qsllgs) (10)

is valid for any gs € M5 (see Appendix A), we obtain the first
main result, Eq. (9).

B. The partial entropy production

We next consider the situation where the system Z consists
of two subsystems X and ) and random variables Z and Z’
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Ps
Total entropy production

o = D" (ps|| M)

ds e
Backward manifold Mg

FIG. 2. Schematic of the total entropy production and the pro-
jection onto the backward manifold Mg. The entropy production
oZ is given by the minimum length from the backward manifold

D™ (ps|| Mp).

are given by Z = {X, Y} and Z' = {X’, Y}, respectively. The
transition probability of subsystem X for fixed states {y, y'} is
givenby T (7, z) 1= px v z&'ly, 2).

The partial entropy production for subsystem X is defined
as

Oartal = Oiys + Oy = ©7 7, (1)
oq, =HX') —H(X), (12)
T z)}
X )
oisy =E|In ——"= |, 13
bath |: TX(Z,Z/) ( )

@YY = IX (Y. Y') — IX: (Y.YD, (14)

where I(Z;Z') = H(Z) — H(Z|Z’) is the mutual information
between two random variables Z and Z’. The additional
term ®*~Y quantifies dynamic information flow from sub-
system X to subsystem ). Thus, the nonnegativity of the
partial entropy production can be regarded as the second
law of information thermodynamics for the subsystem as;')s +
UbXam > 0*>Y which implies a trade-off relation between
the entropy changes o, + oy, and information flow @Y.
The partial entropy production for subsystem X quantifies
the local irreversibility of the dynamics in system X'. The
partial entropy production vanishes if the dynamics in sys-
tem X are locally reversible, that is, pzy(z, YT, 2) =
pry@ . NT*@x.2).

We here show that the partial entropy production can also
be derived from the projection of pg onto the local backward
manifold. The local backward manifold of system X’ is defined
as the set of probabilities such that

MG = {gslgs(s) = gy z 3, 2)T (2, 2)},  (15)

where gy z7(y,2') =), gs(s) and T*(z,7') is defined from
Ps(s). The local backward manifold means the set of probabil-
ities such that local backward dynamics from X’ to X is equal
to the transition probability in X of pg. The partial entropy
production of subsystem &’ is given by

Ol = DM (psl| M), (16)

partial

which is the second main result of this paper. To
prove Eq. (16), we introduce the probability qgf*(s) =

P
Partial entropy production Ps

X X
Opartial — Dom([)SHMLB>

Total entropy production
Z opt
Ot = D (ps|| M)
X tot
Mip :
X *x
ds *,

Local backward manifold

[ 3

X
Mg qs (q
Backward manifold o o )

| Hierarchy of the entropy productions: D°P(pg|| M) < D (ps||Mp) |

FIG. 3. Schematic of the partial entropy production and the
hierarchy of the entropy productions. Because the local backward
manifold includes the backward manifold, the partial entropy pro-
duction is always smaller than the total entropy production.

Tz, 2)pyz(y,2) € M. Because we can show the ex-
pression

i = D(psllas™) (17)

and the Pythagorean theorem
D(psllgs ) = D(psllgs ") + D(gs "llgs )~ (18)

for any q§( € MfB, we obtain the second main result,
Eq. (16). If we introduce the quantities for subsystem )
such as (T, 0 .1 O, Opuy, OF 7%, M) by replacing
(X, X’) with (Y, Y’), we obtain the same results, Egs. (11)-
(19) for subsystem ).

We note that our geometric interpretation provides the
hierarchy of the entropy productions. Because the backward
manifold is a submanifold of the local backward mani-
fold Mp C M;Y;, we obtain the hierarchy D (ps|| M) <
D" (pg|| Mp), or, equivalently,

X Z
O‘partial g Otot- (19)

This hierarchy of the entropy productions implies that the
second law of information thermodynamics always gives a
tighter bound than the second law of thermodynamics (see
also Fig. 3). Moreover, if subsystem &’ includes subsystem
X,, we obtain the hierarchy of the entropy productions
X Y

apeu?tial < apeu!tial (20)
from the inclusion property ./\/li% C Mfé. This hierarchy
clarifies the relation between the second laws of information
thermodynamics in complex systems.

IV. THE INTEGRATED INFORMATION THEORY
AND THE ADDITIVITY

A. The stochastic interaction in the integrated
information theory

We here introduce the stochastic interaction [29,31] as
a measure of bidirectional information flow. The stochastic
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interaction [29,31] is defined as
Gs1 := D(pz,z ||px1zPy'1zP2)- 2D

This quantity is zero if the stochastic process satisfies the bi-
partite condition Cpgr : pzz(Z'|2) = px'jz(X'|2)py' 1z (¥ |z). The
bipartite condition Cg; means that two transitions in X and )
are statistically independent because the transition probability
TX(,z) = Px'1z(*’|z) does not depend on y’ under the bi-
partite condition. We also define the stochastic interaction for
backward dynamics as

cbgl := D(pz.z||px\z Py\z’ Pz’ ) (22)

which exactly vanishes under the backward bipartite condition
Ch1 : Pziz @l2') = pxiz x[2)pyiz OI2).

While the stochastic interactions are measures of bidirec-
tional information flow, the dynamic information flow XY
is a measure of directed information flow. ®*=Y can be
decomposed into the mutual information difference AZ and
the measures of directed information flow, i.e., the transfer
entropy /(X ;Y’|Y) [52,53] and the backward transfer entropy
I(X"; YY) [47],

OV = AT+IX" YY) —IX:Y'Y),  (23)

AT = IX;Y') — [(X;Y), (24)

where I(Z;Z'|2") :=H(Z|Z")— H(Z|Z',Z") is the condi-
tional mutual information between Z and Z’ under the con-
dition Z”. To compare the dynamic information flow with the
stochastic interaction, we consider the bidirectional informa-
tion flow by considering the sum of ®*~Y and @Y~ The
relation between the stochastic interaction and the dynamic
information flow is given by

O 7Y 1 @Y7 — AT = &g — D (25)

B. The additivity and the stochastic interaction

We next discuss the additivity of the partial entropy pro-
ductions. We show that the violation of the additivity is
related to a measure of integrated information, i.e., stochastic
interaction. Under the bipartite condition Cgj, we have the
additivity of the entropy productions up to the order O(dt?)
(431,

O = Ugrtial + Ug:mar (26)
From Eq. (26), the hierarchy equation (19) is equivalent to
the second law of information thermodynamics for subsystem
Y, that is, Uplgfmal > 0. If time evolutions of two systems are
strongly correlated, the assumption of the bipartite condition
is not valid, and the additivity Eq. (26) is violated. The amount
of the violation is given by the stochastic interactions and the
additional term

z X y. i
Otot — Opartial — o—pa.rtial = Qpatn + Ps1 — CDSI’ 27)

-1 X Y
Poath = Opan — Tpath — Tpath (28)

The additional term @,y quantifies to what extent the addi-
tivity is violated in the heat baths. This measure ®y,y, can be
considered a measure of information integration for thermal
systems because the entropy change does not attract much
attention in integrated information theory.

M
3"
. D(psllg¥*) = D(gs*llg5)
Additivity:
D(psllgs™) = D(q¥*|lg5)

FIG. 4. Schematic of the additivity and the rectangle. Under both
bipartite conditions Cg; and Cj;, the backward manifold is equal
to the intersection of the local backward manifolds. The additivity
of the entropy production indicates that the parallel sides of a
quadrangle (ps, g5 *, q3, qg*) have the same length.

We show a geometrical condition of this additivity under
the bipartite conditions Cg; and Cjj;. Both bipartite conditions
imply the relation between three manifolds,

Mg = MG N MY (29)
Because Eq. (26) can be written as
D(psllgs) = D(psligs *) + D(pslla3™), (30)
we obtain the relations
D(psllqs ™) = D(q5"1145). 3D
D(psllag”™) = D(as "ll45) (32)

from the Pythagorean theorem Eq. (30). Equations (31) and
(32) imply that the parallel sides of a quadrangle have the
same length. Therefore, the additivity Eq. (26) can be under-
stood from the rectangle condition in information geometry
(Fig. 4). The measures of information integration Py, +
Dgr — @gl quantify a distortion of this rectangle.

V. EXAMPLES

A. The projection theorem for a single-spin model

We illustrate the main result, Eq. (9), using the single-spin
model (see Appendix B). Let Z = {S,} and Z' = {S,} be ran-
dom variables of the spin at times ¢ and ¢ + dt, respectively.
Each spin has the binary state s; € {0, 1}. The joint probability
is generally given by the exponential family

Ps(si,s2) =exp | Y _sib' + ) sisi07 — s |, (33)

i i<j
where 6 = {6',0%,02} is the set of parameters and ¢S(9)
is the normalization factor that satisfies ) pg(s) = 1. The
number of the elements in 8 is (22 — 1) = 3, so the set of
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probabilities pg can be represented by a three-dimensional
submanifold. The backward manifold Mg is given by the
constraint of the parameters

Mg = [p§1o" = 62,02 = 12} (34)
Because the free parameter is 62, the backward manifold for
the single-spin model is one-dimensional.

Our result (9) can be rewritten as the optimization problem
of 62,

Otozl = minelD(PgHPg)|91:9A2’9n:912 (35)

=E[s11(0" — 6%) — ¢s(0',6%,0'%)
+ming:{E[s2](0* — 6%) + ¢s5(8%, 6%, 8')}. (36)

This problem can be numerically solved by using a conven-
tional optimization tool.

B. The projection theorem for a two-spin model

We next illustrate our results using the two-spin model (see
Appendix C). Let Z = {51, S»} and Z' = {S3, S4} be random
variables of two spins at times ¢ and ¢ + dt, respectively. The
spin has the binary state s; € {0, 1}. We assume the situation
where both bipartite conditions Cg; and Cf; hold. Under the
bipartite conditions, the joint probability of the spin state is
generally given by the exponential family

pi;(s) =exp |:Z s,@i + S183é13 + 51S4é14

1

+ 525307 + 575407 — ¢S(9)}. (37)
The backward manifold is given by the constraint of the

parameters
AX

Mg = {ph16% =8", 0 = 8"}, (38)
0% = (6',6"3,0'), "t = 63,013,067, (39)
0Y = (602.0%,0%), 8 =@*.0%.0"), (0

where a coordinate @ represents a probability on the backward
manifold. Because free parameters are {03, 04}, the backward
manifold for the two-spin model is two-dimensional. The
condition of the local backward manifolds is also given by
the linear constraint of 6,

M = {phleY =87}, MY, = (p410¥ =87} @D

Because the free parameters are {63, 64, 0%} ({03, 6%, 0%)),
the local backward manifold M;% (M%) is five-dimensional.
The intersection of these two local backward manifolds is the
backward manifold Mp = MY, N My,. The total entropy
production and the partial entropy productions are obtained
from the optimization problems

aﬁ =min93’04D(p§||p§)}0xzax’0y:9y, 42)
Oparial =N g1 v D(PSI1P5) |2y (43)
o'p);rtial =ming; 44 g D (P§||P§)|oy:9°" (44)

Without the bipartite conditions Cg; and Cf;, the joint
probability is generally given by

pg(s) =exp Zs,@i + Zsisjé"j + Z sisjské"jk

i i<j i<j<k

+ > sisismsf — ps(@) |

i<j<k<l

(45)

If the vector (812, 634, 8123 9134 9124 9234 §1234) i5 nonzero,
the bipartite conditions are violated, and measures of informa-
tion integration gy, @;I, and P, have nonzero values.

VI. CONCLUSION AND DISCUSSION

By applying the information-geometric framework, we
showed the relation between the entropy production and the
stochastic interaction. Our result could be the foundation of
the integrated information theory based on the physical law.
We may discuss the thermodynamic cost of the information
integration based on this framework.

Because the second law of information thermodynam-
ics is essential for biochemical information processing
[45,54-59], this work would give geometric insight into
biochemical information processing. This work provides
the physical validity of the integrated information theory
[25,26,30,32] for biochemical information processing.

From the viewpoint of thermodynamics, our results are
complementary to other geometric expressions of the second
law, such as the principle of Caratheodory [60] and the
maximum entropy thermodynamics [61,62]. Our framework
would be applicable to other generalizations of the entropy
production, for example, thermodynamics under feedback
control by selecting the backward manifolds for feedback
control (see Appendix D).
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APPENDIX A: THE SECOND LAW OF
THERMODYNAMICS
FOR THE MASTER EQUATION

We here review the second law of thermodynamics in
stochastic thermodynamics. We start with the master equation

d @)=Y Wk — 2it)p&:t) = WE' — z:0)pE's1)]
A =2 z— z:;1)p;t) @ — z:1)pz: 1),

(AD)
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where p(z;t) is the probability of state z at time r and W (z —
Z';t) is the transition rate from state z to state z’ at time .
In the notation of this paper, the probability of z is given by
pz(z) = p(z;t). From the master equation (A1), we obtain the
probability at time ¢ + dt,

pEit+dt) = Z{W(z — 70)p(z; t)dt

z

+[1 =W — z;0)dtlp’; 1)} (A2)

In the notation of the main text, pz(z) and py (z') are given by
pz(z) = p(z;t) and py (') = p(’;t + dt), respectively. We
also obtain the relation between pz and pz as

pz (@) = p@;t) + 0dt) = pz(2') + O(dt). (A3)
The transition probability 7' (z', z) is given by
b W@ = Zi)de (z #7),
Te,2)= {1 =2 WE - zt)dt (z=2). (Ad)

Here, we consider the detailed balance. The condition of
the detailed balance is given by

Wi —25t)pit) =WE@ — z;0)p'st)  (A5)

for any z and z’. This condition is valid if the system is in
equilibrium. By using the transition probability Eq. (A4), we
obtain another expression of the detailed balance condition
(AS) as

T(@,2)pz(z) =T (z,2)pzy ). (A6)

where we used W(Z' — z;t)pst)dt =T (z,7)pz(E) =
T(z,7)pz (@) + O(dt?). Therefore, the detailed balance con-
dition (AS5) implies the reversibility of dynamics in the transi-
tion from 7 to ¢ 4 dt. From the identity by Bayes’s rule

;. pz@)
Pzz @) =T ,Z)Z—,» (A7)
pz @)
the detailed balance condition (A5) can be rewritten as
T(z.7') = pziz 2l2). (A8)

Next, we discuss the second law of thermodynamics. For
the master equation, the total entropy production ratio o, /dt
is defined as
Wz — 25t)p(z;t)
W@ — z:0)pEst)

Z
Glot /
— = Wiz — 7t ;1)1 A9
I ZEZ, (z = 2;t)p(z;t)In (A9)

If the detailed balance condition is valid, the entropy pro-
duction vanishes, 02 = 0. By using the transition probability
T(Z'|z), we obtain another expression of the total entropy
production

T(Z,2)pz(z)
T(z,2)pz (@)

T, 2)pz()
T(z,z)pz @)

O = Z T(z',z)pz(z)In + 0(dr?) (A10)

2.7 lz#7

Y T@.2)pz@)In

2,7

(A11)

To introduce two probabilities, ps(s) = T'(z',z)pz(z) and
q56) =T (z,2)py (@), with § ={Z,Z'} and s = {z, 7'}, this
expression of the total entropy production (All) can be

regarded as the Kullback-Leibler divergence between two
probabilities,

Ds(s)
q5(s)

O =Y _ ps(s)In (A12)

= D(psllqy). (A13)
From the nonnegativity of the Kullback-Leibler divergence,
we obtain the second law of thermodynamics for the master
equation,

o2 >0. (Al4)

APPENDIX B: THE PROJECTION THEOREM FOR A
SINGLE-SPIN MODEL

We here show a detailed calculation of the single-spin
model. The spin state at time 7 is z = s € {0, 1}, and the spin
state at time ¢ + dt is 7’ = s, € {0, 1}. We here start with the
master equation

d /. _ W /. . W / . /.
Ep(s,o—;[ (s = s 00p(s;1) — W (s — s:0)p(s'3 )],
(B1)

where p(s;t) is the probability of state s at time r and W (s —
s';t) is the transition rate from s to s at time 7. The transition
probability T (s, s1) is given by

1-WO — 1;t)dt (51 =0,50 =0),
WO - 1;1)de (s1=0,5 =1),
T2 90 = YW1 = 0:1)dr (51 = 1,5 = 0), B
1-W({ — 0;0)dt (s =1,50=1).
The joint probability pg(s) is given by
ps(s) = T (s2, s1)p(s151) (B3)
[1 —W (O — 1;1)dt]1p(0;1) (s1=0,5 =0),
_ WO — 1;t)dtp(0;1) (5s1=0,5,=1),
WA = 0;0)dt[1 — p(0;1)] (s1=1,5=0),
(1 =W — 0;0)dr][1 — p(0;0)] (s =1,5 =1).
(B4)

Here we introduce the joint probability pg (s) as the exponen-
tial family

pg(s) — eélsl+§2sz+9]25‘1$2—¢5(9],92,@12) (BS)
651,602,802y =1n [1 +é 4P +eé'+é2+é‘2]’ (B6)
which implies
e s(01.0%.0%) (s1=0,5 =0),
R (;2_%((;1.@2’@12) -0 -1
Phis) = eél_¢s(§1 . (s1 82 =1), (B7)
e v (S1=1,S2=O),
Al p24 12 Al g2 p12
'R0 070 (o ] 5, = 1),

The transition probability T (s, s1) = ph(s)/[Y,, ph(s)] is

033048-6
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given by

T(s2,s1) = 692S2+@125132—¢52|s, (51\92,912)’

bsy1s,(s110%,0') =

Because of one-to-one correspondence, we identify pg(s) with
pg(s). From Egs. (B4) and (B7), we obtain the relation be-
tween (9',62,0'2) and (W(0 — 1;1), W(1 — 0;1), p(0;1))
as

In[1 4 &”+0%1]. (BY)

¢s(8',6,6"%) =In

pS(Ov 0)
= —In{[1 = WO — 1;1)dt]p(0;1)}, (BY)

0" = ¢s(0',6%,6") + InfW (1 — 0;1)dr[1 — p(0;1)]}
ps(1,0)
=1In
ps(0,0)
- W — 0;0)dt[1 — p(O;t)]7 B10)
[1 =W — 1;t)dt]p(0;t)
6% = ¢g(8",6%,0'%) + In[W (0 — 1;1)dt p(0;1)]
ps(0, 1)
ps(0,0)
WO — 1;t)dt
=1In , (B11)
1—-W(@O — 1;t)dt
12 :¢S(é1’ éz’ 912) _ él _ 92
+1In{[1 =W — 0;0)dt][1 — p(0;1)]}
—In ps(0,0)ps(1, 1)
ps(0, Dps(1,0)
[1—W(O — 1;0)dt][1 = W — 0;1)dr]

=1In

. (B12)
WO — 1;t)dt][W(1 — 0;¢)dt]
The backward manifold is defined as
Mg = {gslgs(s) = qs,(52)T (51, 52)}. (B13)

If we use an expression of the exponential family for gg(s) =
pg (s), the reversible manifold is given by

Mg = {ps®)10' =00 = 5"} (B14)

because the condition gs(s) = gs,(s2)T (s1]s2) can be written
as

80181 +0'2515— s, 15, (52101.01%) — eéZS, +0'2s,5 =515, (52 162,0'2)

, (BI5)

¢S1|52(s1|917912) :111[1 +€01+912S1]' (B16)

We obtain the following Pythagorean theorem for any gs €
MBZ

D(psllgs) = D(psllqg) + D(qsllgs),

02514602 5,405, 5, — s (H2,62*,0'2)
9

qgs(s) = e (B17)

with the constraint

(B18)

D i)=Y pss).

In our main result, the total entropy production is given by the
following optimization problem:

02 = D™ (ps||Mz) = D(psllg3).

By using the expression by (0, 0,, 612), this optimization
problem can be written as

(B19)

& = minggert, D(psllgs) (B20)
=E[s11(0' —6%) — ¢5(6',6%,6")
+ming: {E[s;](0> — 6%) + ¢5(5*, 67, 0'*)}  (B21)
=E[s1](0" — 6%) + E[5;](6* — 6**)
—ps(8'.67,0") + ¢s(67,67,6"), (B22)
where E denotes the expected value E[---1= )" ps(s)---
The constraint (B18) is calculated as
e(éZ_GZ*)SZ_d)S(@lyé21é12)+¢s(é2y92*’é]2)
= exp™ 15, (5216%.01)~ s, 15, (5218".6"2) (B23)

Under the constraint (B23), the optimization problem (B22) is
calculated as

02 =E[s5;(0" — 8%) + 5:(8* — 6°*)]
—Elps(B',0%,0') + ¢s(0%, 6%,0')]

=E[s1(0' — )+ 5,15, (52102, 0'%) — ps, 15, (5210", 8],
(B24)

We can check the equivalence between Eq. (B24) and the
original definition of the total entropy production as follows:

T (s2, s1)ps, (51)

T (s2,51)ps,(s1) In
Gtot Z (52, 51)ps, (51) T (s1, $2)ps, (52)

=E|In

T(S27sl)p31(sl)}

T (s1]s2)ps, (s2)

_Elmn _ APS]ISz(Sl|52) _ i|
exp[62s) + 012515 — @515, (52162, 612)]

=E|In

expl0's; + 0'2s150 — ¢, 15, (521602, 912)]}
exp[02s1 + 0125155 — ¢, s, (52102, 012)]

=E[s1(0" — 0%)+s,15, (521602, 0'%) — s, 15, (5210, 0],
(B25)

where we used ¢s, s, (52102, 8'2) = ¢, 5, (52162, 8'2).

APPENDIX C: THE PROJECTION THEOREM FOR A
TWO-SPIN MODEL

We start with the joint distribution

Ps(s)—exp Zs@ —i—Zss, U Z 5i5 5.0

i<j i<j<k

+ ) sisisesiOT — gs(B) | (@)

i<j<k<l

033048-7
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where s = (s1, 52, 83, 54) = (x,y,x',y’) is the spin notation,
with s; € {0, 1}, and ¢s(9) is the normalization constant that
satisfies >, pl(s) = 1.

We consider both bipartite conditions Cg; and Cg;.

We here compare pgf,‘z(x’lz) = ZM pg(s) / [Z%M pg(s)] with
p(;(,‘zyy,(x’lz,y’) = p(g(s)/[zs3 pg(s)]. The conditional proba-
R .
bility pX,lz(x/ |z) is calculated as
p?{’\z(x/ |Z) — es3@3+s1s;é13+3233(§23+slszs3§123,¢x,|z(sl,szla)’ (C2)
bxiz(s1, $210) := In [0 0P 0nnd™ 4] (03
The conditional probability pﬁm PRy (*'|z,y") is calculated as
P§’|Z,Y’(x/|z’y/)
= exp[sﬁ3 + 31S3@13 + SZS3@23 + S3S4é34 + s1SZS3@123

+ S153S49134 + S2S3S40234 + 51S2S3S491234

— ¢x 2.y (51, 82, 5410)1, (C4)
bxzy (51, 52, 5410)
= In[exp(0® + 510" + 5,07 + 540°* + 5,5,0'5
+ S1S49134 + S2S4§234 + S1S2S491234) +1]. (C5)

From Egs. (C3) and (C5), we obtain the condition of Cgj :

] _ 8
Pyzy = Pxiz

CBI . é34 — él34 — 9234 — él234 =0. (C6)
In the same way, we also obtain the condition of Cf; as
Cr 012 =913 = 124 — 123 (C7)

To clarify the relation between Cgy and Cj;, we can consider
the permutation («(1), ®(2), ®(3), (4)) = (3,4, 1,2). The
condition of C§; is given by the condition of Cg; with the
permutation «,

CEI - 9B _ gaBGe@da(l) _ jeBa@)e2)

— geBa@®aa2) _ o (C8)

Next, we discuss the backward manifold Mp. The transi-
tion probability T'(z',z) = py,,(Z'1z) = p(s)/[X,, ;, P§)]
is calculated as

T(Z/, Z) = exp |:S3é3 + S4é4 + Z S,‘S4éi4 + Z SiS3éi3

i<4 i<3
+ E s,-sjske’-’k + E sisjsksleljkl
i<j<k i<j<k<l

— ¢z iz(s1, szla)} (C9)

bz12(51, 5210)
= 1n[exp(é3 +6%+ 51914 + Szé’24 + 63 + s1913 + Sz@z3
+ 51520 + 5150 + 510" 4 5,074 4 515,0'5%)
+ exp(é3 + Slé13 + S2923 —+ s1329123)

+ exp(0* 4 510" + 5,07 + 515,0"%*) + 1. (C10)

The conditional probability p"Z‘Z, (z|z) = pg(s) / [le’sz pg(s)]
is also calculated as

Pz @lZ)

= exp |:s1@' + széz + Zsls,@” + Zszs,-92i

1<i 2<i

+ Z sisjskéijk—i- Z s[sjsks,@"jkl—qﬁz‘z/(g, S4|@) ,
i<j<k i<j<k<l
X (17 (53, 5410)

= ln[exp(@1 +6% + s3@23 +54,0% + 012 + s3913 + 5,61
+ 53540 + 535407 4 530'7 + 540" + 5354012
+ exp(é1 + S3913 + 540" + S3S4él34)

+ exp(B? + 5307 + 5407 + 535407 + 530'%) + 1].
(C11)

The backward manifold is defined as
Mg = {ps®)Ip§(s) = Py T .2},

where poz, @)=7>_, pg (). Equations (C10) and (C11) yield

(C12)

Mp = {pg|91 =03, 02 = 0%, 02 =4, 2 =0, 912
e

913 — p13 pgl4 — 923 134 _ §123 234 _ 124

9123 — é134’ 9124 — 9234’ 01234 — é1234}. (C13)

Under both bipartite conditions Cg; and Cj;, the joint proba-
bility is given by

Blé

]
P s= ps|§34:§134:g)234=@12:(;123:@124:(;1234:0- (C14)

For this distribution pBlg, the condition of the backward
manifold is given by

MB — {pBlg‘el — 93’ 02 — 94’ 023 — é14’ 924 — 924’
913 2913’ 914 — é23}. (C15)

Next, we discuss the local backward manifold Mi%. Then
the transition probability 7% (z/,z) = P§('|z,yf(x/|1) is given
by Eq. (C5). The conditional probability pilz,,y(x|z’, y) =
P(s)/[X,, Ph(s)] is calculated as

p@,zgy(xlzﬁy)
= exp[slé1 + slszélz + s1S3@l3 + s1S4914
+ 31SZS39123 + slszs4§l24 + s1S3S49134

+ 515253520'* — by y (52,53, 5410)],  (C16)

bx1z.y (52, 53, 5410)
= In[exp(B! + 5,0'% + 53013 + 540 + 5,530

+ 525401 + 535,01 + 5553540 P + 11 (C17)

033048-8
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The local backward manifold is defined as
=Py @ T )},

>, P4(s). Equations (C5) and (C17)

M = {ph1p§() (C18)

where pf, (@', y) =
yield

M]_)‘C]‘} — {pgygl — 93’ 912 — 034’ 913 — 913’ 914 — 923’
9123 — 9134’ 0124 — 9234’ 9134 — 9123’

P24 = plat 91234 _ 91234}. (C19)
In the same way, we obtain the condition of ME}B,
MgB _ {p‘;’Qz =% 012 =0 0B =p",
92 — P24 123 _ p134_ 124 _ 234
Q34 _ 123 234 _ pi24 1234 _ 91234}' (C20)

To clarify the relation between Mi(R and ME}R, we
can consider the permutation (o/(1), @’(2),a’(3), @’(4)) =
(2,1, 4, 3). The condition of Mﬁ}R is given by the condition
of ./\/lf(R with the permutation o/,

MP, = [P0 D = o o' D@ _ e
o (') _ gD () - gal (D) _ po' e 3)
o (D' @' (3) _ ol (D' B ()
o (D' @' (4) _ ol ' B ()
o (D' (e’ (4) _ ol (D' 20 3)
o @/’ (4) _ ol (D' Q')

g (D' Q' B’ ) _ par (D Q) B’ )}, (C21)

For this distribution pBIZ under both bipartite conditions, the
local backward manifolds are given by
Mli(]} _ {pBIZ|91 — 03 9"

— 913’ 914 — é23}’ (C22)

MIJA;B _ { B19|92 B4 0% = 0%, 9% = @14}. (C23)

APPENDIX D: THE CASE OF FEEDBACK CONTROL

We consider the situation where the time evolution of
system X depends on the fixed memory M. This situation
is well known as the problem of Maxwell’s demon under
feedback control. We show that the partial entropy production
for this case can also be discussed in our unified framework.

Let X and X’ be random variables of system X" at times ¢
and ¢ + dt, respectively. Let M be a random variable of the
memory M. We denote the set of random variables as S =
{X,X’, M} and the set of states as s = {x,x’, m}. The joint
probability of S is given by ps(s). We consider the situation

where the transition probability of X depends on the state of
memory,

pxx @ x, m) = T*M' m, x), (D1)

where pyrx y(X'1x, m) = ps(s)/[>_, ps(s)]. We here intro-
duce the feedback backward manifold such that

M = {gslgs(s) = T M, m, X )gyu ', m)},  (D2)

where gxy (X', m) = ) gs(s). The feedback reversible man-
ifold is equivalent to the reversible manifold Mg = Mpgp
if we consider the time evolution from Z = {X,M} to Z' =
{X', M}. If the joint probability gs is on this manifold Mgg,
the dynamics of X are reversible in time under feedback
control. If we introduce the joint probability gg IM() =
T*M(x, m,x')py y(x', m), the following Pythagorean the-
orem is valid for any gs € Mpr:

D(psllgs) = D(psllgs ™) + D(qs **llgs).  (D3)

Thus, the feedback backward manifold is flat, and the solution
of the optimization problem D°P'(pg||Mgg) is given by

(D4)
(D5)

Dopt(pSHMFB) = minquMFBD(pS”qs)
= D(psllgg™™).

We here derive the result that the partial entropy production
under feedback control oY, is given by the optimization
problem

D (ps|| Mpg).

The partial entropy production under feedback control
foedback is defined as

0 fi{edback = (D6)

Uf‘;eidback = sys + delh AI’ (D7)
sys =HX') - HX), (D8)
T¥M(x' m,x)
X . ’ ’
Opatn = & [ln m} (D9)
AT =1X"M)—-1(X;M), (D10)

where o

«s 1s the entropy change of system &, olfnh is the
entropy change of the heat bath attached to system X, and
AZ is the mutual information change between system X and

the memory M. To show the relation

Ofavack = D(psllgs ™), (D11)

we obtain the result (D6). The second law of information
thermodynamics under feedback control is given by the non-
negativity of affedback,

¥ 4ok, > AL (D12)

sys
This inequality implies a trade-off relation between the en-
tropy changes in system X and the information between
system X and the memory M.
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