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Operational resource theory of nonclassicality via quantum metrology
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The nonclassical properties of quantum states are of tremendous interest due to their potential applications in
future technologies. It has recently been realized that the concept of a resource theory is a powerful approach
to quantifying and understanding nonclassicality. To realize the potential of this approach, one must first find
resource theoretic measures of nonclassicality that are operational, meaning that they also quantify the ability
of quantum states to provide enhanced performance for specific tasks, such as precision sensing. Here we
achieve a significant milestone in this endeavor by presenting such an operational resource theoretic measure.
In addition to satisfying the requirements of a resource measure, it has the closest possible relationship to the
quantum enhancement provided by a nonclassical state for measuring phase-space displacement: It is equal to
this enhancement for pure states and has a tight upper bound on it for mixed states. We also show that a lower
bound on this measure can be obtained experimentally using a simple Mach-Zehnder interferometer.
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I. INTRODUCTION

For a single optical mode or, equivalently, a linear os-
cillator, it is the coherent states that are regarded as the
quantum equivalent of classical states, due to the fact that
they have minimal uncertainty in phase and amplitude and,
apart from the uncertainty principle, behave classically. The
ability of quantum systems to exist in a superposition of
two or more distinguishable states is arguably their most
intriguing feature [1]. A superposition of coherent states,
which may have highly nonclassical features, can enable
quantum-enhanced technologies in communications [2], com-
putation [3,4], metrology [5], and is useful in probing the
limits of quantum mechanics [6,7]. Moreover, single-mode
nonclassical states can be converted into multimode entangled
states using linear optics [8–13]. Given the usefulness of
“nonclassicality,” finding ways to quantify it may provide
further insights into its features and the resources required to
create and manipulate it.
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A single-mode quantum state ρ̂ can be represented by the
Glauber-Sudarshan P function [14,15] as

ρ̂ =
∫

P(α, α∗) |α〉 〈α| d2α. (1)

The state ρ̂ is defined as classical if the distribution function
P(α, α∗) is positive-definite, in which case it merely repre-
sents a classical probability density over the coherent states
|α〉. Otherwise, the state is said to be nonclassical.

Since the P function itself does not provide a quantitative
measure of nonclassicality [16], a number of approaches have
been taken to obtaining one [10,17–23]. Measures proposed
include the nonclassical distance [17,18,24], the nonclassical
depth [19], the entanglement potential [20], and the Schmidt
rank [10,21,25].

It was realized recently that the notion of nonclassicality
can be put on a much surer footing by using a resource
theory [26–30]. Resource theories define the quantity of in-
terest by specifying the operations under which it should
be impossible to increase it. These are referred to as the
free operations. For entanglement, it is local operations and
classical communication that are free, while for nonclassi-
cality it is the class of operations that does not allow one to
create superpositions of coherent states from mixtures of them
(these operations will be discussed further below). To obtain
a resource theory of nonclassicality one has merely to find a
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measure of nonclassicality that does not increase under the
free operations.

While resource theory alone provides a well-motivated
foundation, more important is a resource theory that also
quantifies the ability of a state to perform useful tasks (metrol-
ogy, cryptography, etc.), because it can provide insight into the
nonclassical resources underlying the quantum enhancement
of these tasks. We will refer to a resource theoretic measure
that does so as an operational resource theory. Recently
some progress has been made in this direction by two works
considering the quantum-enhanced measurement of quadra-
ture (equivalently, the measurement of displacement in phase
space) [31,32]. However, neither of these works were able
to achieve an operational resource measure. Of the potential
measures investigated, one was a bona fide resource measure
but did not capture the quantum-enhanced precision for the
mixed states [32], and the other captured the precision [31]
but did not satisfy the minimal requirements of a resource
measure [29].

Here we present the first operational resource measure
of nonclassicality. It satisfies the minimal requirements of a
resource theory, quantifies the ability to perform quadrature
measurements for pure states, and is a tight upper bound for
the latter for mixed states. As we discuss below, for mixed
states a tight upper bound is the strongest relationship that
can be obtained. We also show that a lower bound on our
measure can be obtained experimentally using the simplest
interferometric configuration, the Mach-Zehnder interferom-
eter (MZI) [33–36]. We do this by showing that the MZI,
when used in the “balanced” configuration, converts the abil-
ity of a state to measure quadrature directly into the ability
to measure a phase shift. The phase precision of the MZI
thus reveals the quadrature precision provided by the input
state.

Nonclassicality has a close relationship with the concept
of macroscopicity, which attempts to quantify the “size”
of a superposition [37]. The two concepts are very close,
because a superposition of macroscopically distinguishable
states is a nonclassical feature, and the metrological power
of a pure quantum state is limited by its energy. As a result,
measures of nonclassicality can often serve as good measures
of macroscopicity [31,32]. In the final part of this paper,
we discuss our measure of nonclassicality as a measure of
macroscopicity.

II. METROLOGICAL POWER OF QUANTUM STATES

To measure a classical parameter, θ , one applies a transfor-
mation eiθĜ to a system and then measures the system to de-
termine the parameter from the change that the transformation
has induced. The precision with which one can measure the
parameter depends on the initial state of the system, ρ̂, and is
captured by the quantum Fisher information (QFI) [36,38,39].
For a pure state, |ψ〉, the QFI for a parameter θ and transfor-
mation U (θ ) = eiθĜ is four times the variance of Ĝ in state
|ψ〉. For convenience, here we will drop the factor of 4 and
define the QFI, denoted by FĜ(|ψ〉), simply as the variance,
FĜ(|ψ〉) = 〈ψ |(�Ĝ)2|ψ〉, where �Ĝ ≡ Ĝ − 〈Ĝ〉. For mixed
states, the QFI is the convex roof of the variance [36,39],

namely,

FĜ(ρ̂) = min
{p j ,|ψ j〉}

⎧⎨
⎩
∑

j

p j〈ψ j |(�Ĝ)2|ψ j〉
⎫⎬
⎭, (2)

in which the minimization is over all ensembles {pj, |ψ j〉},
for which ρ̂ = ∑

j p j |ψ j〉 〈ψ j | and p j > 0. Here we will be
concerned mainly with the QFI for the quadratures, defined
by X̂μ = i(e−iμâ† − eiμâ)/

√
2 in which â is the annihilation

operator for the mode and μ ∈ [0, 2π ]. We will mainly be
interested in the QFI for the quadrature for which the QFI is
maximal. We will write this simply as FX (ρ̂), which is given
by

FX (ρ̂ ) = max
μ

⎡
⎣ min

{p j ,|ψ j〉}

⎧⎨
⎩
∑

j

p j〈ψ j |(�X̂μ)2|ψ j〉
⎫⎬
⎭
⎤
⎦. (3)

We will define the metrological power of a quantum state as
the amount by which its QFI is greater than the maximum
value for any classical state. Since the maximum classical
value for the quadrature variance is 1/2, the metrological
power for quadrature measurement isW(ρ̂) ≡ max[FX (ρ̂) −
1/2, 0] andW > 0 provides a nonclassicality criterion [40].
This operational quantity captures the ability of nonclassi-
cal states to enhance metrology but it is not a measure of
nonclassicality because there are mixed nonclassical states
for which FX (ρ̂) � 1/2. An example is given by the class
of states ρ̂(p) = (1 − p) |0〉 〈0| + p |1〉 〈1| for which W =
max{p(2p − 1), 0} by calculating FX (ρ̂ ) via the eigenstate
decomposition [36,39]. Because of this property, for mixed
states the closest possible relationship between a resource
theoretic measure and the metrological power is that the
former provides a tight upper bound on the latter. We note that
single-mode Gaussian states are a special class for whichW
is a necessary and sufficient condition for noclassicality [32].

III. RESOURCE THEORY OF NONCLASSICALITY

To obtain a resource theory of nonclassicality [26,29], one
must find a measure of nonclassicality, N (ρ̂), that satisfies
two conditions: (i) non-negativity: N (ρ̂) � 0 for any state ρ̂

where the equality holds if and only if ρ̂ is classical; and (ii)
weak monotonicity: N cannot be increased by any classical
operation �, i.e., N (�[ρ̂]) � N (ρ̂). A classical operation �

is defined as augmentation by any number of classical states
[those defined by Eq. (1)], the application of any passive
linear optical operations and displacements, and tracing out
of the auxiliary modes. The classical operations are the free
operations within the resource theory [26,32].

It has been suggested that a resource theoretic measure
of nonclassicality should also satisfy two further condi-
tions [26,29]. These are (iii) strong monotonicity and (iv)
convexity. A measure is strongly monotonic when it does
not increase, on average, even when a subset of the modes
are measured, discarded, and further classical operations are
performed dependent on the results of the measurements.
Further rounds of measuring and discarding modes and subse-
quent conditiional operations may also be made. A measure,
denoted by N (ρ̂), is convex when it obeys

∑
j p jN (ρ̂ j ) �

N (
∑

j p j ρ̂ j ) for any quantum states ρ̂ j and probabilities p j .
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To date, the only proposed metrological measure that is
a resource measure [i.e., that has been shown to satisfy
(i) and (ii) above] was defined as the minimum, over all
ensembles {p j, |ψ j〉} that decompose ρ, of

∑
j p jQ j where

Qj ≡ ∫ 2π

0 〈ψ j |(�X̂μ)2|ψ j〉 dμ/(2π ) − 1/2 [31,32].
This resource measure, denoted by Q(ρ) in Ref. [32], is

the convex roof of the average quadrature variance of ρ̂ [41].
While Q satisfies all four resource-measure properties above,
it only quantifies the quantum-enhanced precision for pure
states, for which it is the value of this precision averaged over
all quadratures [32].

IV. OPERATIONAL RESOURCE MEASURE
OF NONCLASSICALITY

Our operational resource measure is

N (ρ̂) = min
{p j ,|ψ j〉}

⎧⎨
⎩max

μ

∑
j

p j〈ψ j |(�X̂μ)2|ψ j〉
⎫⎬
⎭− 1

2

= min
{p j ,|ψ j〉}

⎧⎨
⎩
∑

j

p j (n̄ j − |ᾱ j |2) +
∣∣∣∣∣∣
∑

j

p j
(
ξ̄ j − ᾱ2

j

)∣∣∣∣∣∣
⎫⎬
⎭,

(4)

in which the minimization is over all ensembles, {pj, |ψ j〉},
that decompose ρ̂. For convenience, we have defined the
moments n̄ j ≡ 〈ψ j | â†â |ψ j〉, ξ̄ j ≡ 〈ψ j | â2 |ψ j〉, and ᾱ j ≡
〈ψ j | â |ψ j〉. With the help of a set of orthogonal vectors,
{| j〉E }, from an additional mode E , we can construct an
extended state ρ̂E ≡ ∑

j p j |ψ j〉 〈ψ j | ⊗ | j〉E 〈 j|, allowing us
to write N (ρ̂) in the more compact form:

N (ρ̂) = min
{pi,|ψi〉}

max
μ

FX̂μ⊗ÎE
(ρ̂E ) − 1

2 . (5)

We show that N (ρ̂) satisfies non-negativity and convexity
using the expression in the second line of Eq. (4). Due to
the special form in Eq. (5), we can prove that N (ρ̂) satisfies
weak monotonicity using the method provided in Appendix A.
Moreover, the measure N (ρ̂) also satisfies

N (ρ̂) �W(ρ̂). (6)

For pure states N =W, which in this case can be written as

W(|ψ〉) = n̄ − |ᾱ|2 + |ξ̄ − ᾱ2|, (7)

where we have defined n̄ = 〈â†â〉, ξ̄ = 〈â2〉, and ᾱ = 〈â〉. The
first part of W(|ψ〉), the expression n̄ − |ᾱ|2, describes the
contribution of the energy that cannot be removed by dis-
placement operations. It is also the averaged excess variance,
which for pure states can be written asQ(|ψ〉) ≡ 〈(�x̂)2〉/2 +
〈(� p̂)2〉/2 − 1/2, in which x̂ ≡ X̂π/2 and p̂ ≡ X̂0 [31,32,42].
The second part ofW(|ψ〉), the expression |ξ̄ − ᾱ2|, quanti-
fies the squeezing of the state.

Thus, one of our main results is that we find the first
operational resource theoretic measure N that both satisfies
the essential requirements of a resource measure of nonclassi-
cality and has a strong relationship to the metrological power
of quadrature variance.

FIG. 1. Diagramatic depiction of a balanced Mach-Zehnder in-
terferometer. In the part labeled preparation, the input state ρ̂ is
combined with a coherent state |αr〉 at a 50/50 beam splitter. The
phase shift to be measured is then applied in an opposite direction
to both output modes to create the two-mode state σθ . Finally σθ

is measured after combining both modes at a second 50/50 beam
splitter.

V. PRECISION OF THE MACH-ZEHNDER
INTERFEROMETER

We now show that when we use the MZI of Fig. 1, in which
a coherent state |αr〉 is fed into one input and an arbitrary
state ρ̂ into the other, the optimal QFI, denoted by F MZI

θ (ρ̂ ),
for determining the phase θ is directly related to that of ρ̂

for quadrature sensing, FX (ρ̂), defined for the metrological
power W(ρ̂). This fact has two immediate consequences.
First, it means that the MZI measures a phase shift by using
the displacement sensitivity of the input state ρ̂, which is
quantified by FX (ρ̂ ). Second, it means that if we replace
the standard measurement configuration of the MZI with an
optimal measurement, the MZI provides a measurement of
the nonclassicality witness W(ρ̂) and a lower bound on the
nonclassicalityN (ρ̂). Note that one obtains a lower bound on
N (ρ̂) even with the standard MZI measurement. The optimal
measurement merely provides a better lower bound.

In an MZI, two input states are combined at a beam splitter
(BS), phase shifts θ1 and θ2 are applied, respectively, to the
two outputs of the BS, and these outputs are then recombined
on a second BS before being measured. This configuration
provides a two-parameter metrology problem described by a
2×2 QFI matrix [43,44]. It has been shown that when one
input is a coherent state, the optimal precision in estimating
the phase difference θ1 − θ2 is provided by choosing the first
BS to be 50/50 (in which case the MZI is referred to as
balanced) [43,45] (see Appendix B). By setting θ1 = θ/2 =
−θ2, which is the configuration shown in Fig. 1, the optimal
estimation can be equivalently described by the QFI for the
single parameter θ [43]. For an unbiased estimator �, the
phase-estimation sensitivity satisfies the quantum Cramer-
Rao bound [38],

�2� � 1

MF MZI
θ (ρ̂)

, (8)

where M is the number of repetitions. To show that the
sensitivity to the phase θ for the MZI is related to that
of the input ρ̂ to a phase-space displacement, we use the
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TABLE I. Nonclassicality for some classes of pure states. Defi-
nitions of these classes are given in the text.

|n〉 |φ(n)〉 |ξ〉 , ξ = reiφ |α〉±

N n n/2 (er − 1)/2 |α|2(N+ + N−)/N±
N/n̄ 1 1 1 + √

1 + 1/n̄ 1 + N±/N∓

explicit expression for the QFI [36,38,39]. This involves an
eigenstate decomposition of the density matrix and is usually
expressed in terms of a complete eigenbasis for this matrix. A
useful expression in terms of those eigenstates with nonzero
probabilities gives [39]

FĜ(σ̂ ) = Tr[Ĝ2σ̂ ] −
∑

j,k

|〈φ j |Ĝ|φk〉|2
(

2p j pk

p j + pk

)
. (9)

Here σ̂ = ∑ν
j=1 p j |φ j〉〈φ j |, is the density matrix, |φ j〉 are the

ν eigenstates of σ̂ with nonzero eigenvalues pj , and the sum
over j and k runs from 1 to n. In our case, the operator that
generates the phase shifts is Ĵz = (â†â − b̂†b̂)/2, in which â
and b̂ are the modes for the input state ρ̂ and the reference
state |αr〉, respectively. It is simplest, however, to consider
the initial BS as part of the applied transformation. In this
picture, the state σ̂ in Eq. (9) is the state input to the MZI,
σ̂ = ρ̂ ⊗ |αr〉〈αr |, and the generator becomes Ĝ = Û ĴzÛ † =
(âb̂† − â†b̂)/(2i), where Û = exp[−iπ (â†b̂ + âb̂†)/4] is the
transformation applied by the BS.

Returning to the expression for the QFI, Eq. (9), we note
that the eigenstates of the input state σ̂ are |φ j〉 = |ψ j〉|αr〉 in
which the states |ψ j〉 are the eigenstates of the input state ρ̂.
Taking the partial trace over the input mode that contains the
coherent state |αr〉 gives

Tr[Ĝ2σ̂ ] = Tr[â†âρ̂]

4
+ |αr |2

2
Tr
[
X̂ 2

φ ρ̂
]
, (10)

|〈φ j |Ĝ|φk〉|2 = |αr |2
2

|〈ψ j |X̂φ|ψk〉|2, (11)

in which αr = |αr |e−iφ . Substituting these into Eq. (9), and
choosing φ to maximum the QFI [46], we have

F MZI
θ (ρ̂ ) = n̄

4
+ |αr |2

2
FX (ρ̂) = N

4
+ |αr |2

2

[
FX (ρ̂) − 1

2

]
,

(12)

where N ≡ n̄ + |αr |2 is the total mean number of photons
input to the MZI, and n̄ ≡ Tr[â†âρ̂] and |αr |2 are the average
numbers of photons in ρ̂ and |αr〉, respectively.

It follows from Eq. (12) that the MZI will achieve
Heisenberg-limited phase sensing (that is, F MZI

θ (ρ̂) will scale
as N2 [34]) if FX (ρ̂) is proportional to n̄ and we choose
|αr |2 ∼ n̄. This is true, for example, for all the classes of
states for which N is shown in Table I. These classes are
Fock states, |n〉 (the eigenstates of a†a with eigenvalue n),
a superposition of two Fock states |φ(n)〉 ≡ 1√

2
(|0〉 + |n〉)

for n > 2, squeezed vacuum states |ξ 〉 ≡ S(ξ ) |0〉 where
S(ξ ) = exp ( 1

2ξ â†2 − 1
2ξ ∗â2), and “cat” states |α〉± =

N−1/2
± (|α〉 ± |−α〉) with N± = 2 ± 2e−2|α|2 . We note that

for any pure state |ψ〉, using the Cauchy-Schwarz inequality,

one has |ξ̄ | = |〈ψ |â2|ψ〉| �
√

〈ψ |ââ†|ψ〉 〈ψ |â†â|ψ〉 =√
n̄(n̄ + 1). One can also show that the maximum is achieved

if and only if |ψ〉 is a squeezed state (see Appendix C).
Under the measure N , the squeezed states are thus the most
nonclassical and the most useful in the MZI for a fixed energy
n̄ [44].

By rearranging Eq. (12), we obtain the nonclassicality
witnessW directly in terms of the QFI for the MZI:

W(ρ̂) = max

{
F MZI

θ (ρ̂) − N/4

|αr |2/2
, 0

}
. (13)

SinceW is a necessary and sufficient condition for nonclassi-
cality for all Gaussian states, the preparation part of the MZI
provides a state, σ̂θ (see Fig. 1), that is sufficient to fully
determine the nonclassicality of that class [47–49]. However,
to do so one must in general replace the measurement part
of the MZI with an optimal measurement for the given input
state ρ̂. Explicit optimal measurement schemes have been
determined for certain classes of Gaussian states [50,51].
For all pure states that have a real projection coefficient in
the Dicke basis, the optimal measurement is achieved by
recording the number of photons detected by each detector
after the second BS [44].

We stated above that the MZI provides a simple experimen-
tal procedure to obtain a lower bound on the nonclasicality,
N (ρ). Combining Eqs. (6), (8), and (13) provides the explicit
expression for this lower bound in terms of the precision of
the MZI, �2�:

N (ρ̂) � 4 − NM�2�

2M|αr |2�2�
. (14)

VI. QUANTIFYING MACROSCOPICITY

Creating superpositions of distinguishable states becomes
harder as the size of the superposition increases. Here size
may refer to the distance between the superposed states and/or
the mass or energy of these states. For a linear oscillator
and, equivalently, a single mode, the distance between the
superposed states is closely related to the energy of these
states, so we can expect good measures of the size, or macro-
scopicity [37], of a superposition to scale with energy.

As discussed in the Introduction, the notions of nonclassi-
cality and macroscopicity are very similar, and it is therefore
natural to examine how nonclassicality measures quantify the
latter. Recent studies have considered the QFI [52,53] and a
measure of coherence [54] in this context. Here we show that
N has an intuitive interpretation in terms of macroscopicity.

Consider a pure state |ψ〉 = ∑L
k=1 c j |α j〉 that is a superpo-

sition of the L coherent states |α j〉. The complex amplitudes
α j and the coefficients c j satisfy the normalization condition∑

j,k c jc∗
k 〈αk|α j〉 = 1 (the amplitudes appear in this condition

because the coherent states are not orthogonal). We present
the full expression forN in terms of α j and c j in Appendix C.
As for any pure superposition of coherent states, the quantity
n̄ − |ᾱ|2 that appears in N [Eq. (7)] is positive. Denoting the
phase-space distance between two coherent states |α j〉 and
|αk〉 by d jk ≡ α j − αk , and their overlap (inner product) by
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f jk ≡ 〈αk|α j〉, we find that

n̄ − |ᾱ|2 = 1

2

L∑
j,k

|c j |2|ck|2|d jk|2(1 − | f jk|2)

+
L∑

j �=k �=l

c∗
j |ck|2cld

∗
jkdlk ( fl j − flk fk j )

+ 1

2

L∑
j �=k �=l �=m

c∗
j c

∗
k cl cmd∗

jkdml fm j flk . (15)

The expression for the other part of N , namely, |ξ̄ − ᾱ2|,
contains very similar terms (see Appendix C). The first line
in Eq. (15) contains contributions that come solely from pairs
of coherent states, and the second and third lines from triples
and quadruples, respectively. When all the coherent states
are far enough apart that they are approximately mutually
orthogonal, all terms vanish except for the first term on the
first line. In that case, |ξ̄ − ᾱ2| = n̄ − |ᾱ|2 and we have

N (|ψ〉) =
L∑
j,k

|c j |2|ck|2|d jk|2. (16)

Since we can interpret Pj,k = |c j |2|ck|2 as the probability of
occurrence of each pair of coherent states, the nonclassicality
in this case is merely the mean square of the phase-space
distances between pairs of coherent states. This givesN a very
simple interpretation in phase space.

VII. SUMMARY

Here we have presented an operational resource-theoretic
measure of nonclassicality, in which the operational compo-
nent is the ability of a state to measure displacement in phase
space. We have also shown that it provides a quantifier of
macroscopicity with a simple geometrical interpretation in
phase space. Important open questions that will further the
understanding of nonclasicality and its manipulation involve
finding resource theoretic measures that quantify metrology
of other quantities such as phase shifts as well as other
technologically relevant tasks.
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APPENDIX

In the Appendix, we provide detailed derivations about our
results in the paper. In Appendix A, we prove the properties
of our nonclassicality measure N , including the requirements
from the resource theory, some inequality relations, and the
derivation of the most nonclassical state for a fixed energy.
In Appendix B, we prove that the balanced MZI achieves the
maximum QFI for an input state ρ̂ ⊗ |αr〉 〈αr |. In Appendix C,
we provide the full expression of nonclassicality in terms of
coherent superpositions.

APPENDIX A: PROPERTIES OF OUR NONCLASSICALITY

1. Resource theory requirements

Here we prove several properties from the resource theory
on our nonclassicality measure defined as

N (ρ̂) = min
{p j ,|ψ j〉}

⎧⎨
⎩max

μ

∑
j

p j (�X̂μ)2
ψ j

⎫⎬
⎭− 1

2

= min
{p j ,|ψ j〉}

⎧⎨
⎩
∑

j

p j (n̄ j − |ᾱ j |2) +
∣∣∣∣∣∣
∑

j

p j (ξ̄ j − ᾱ2
j )

∣∣∣∣∣∣
⎫⎬
⎭

= min
{pi,|ψi〉}

max
μ

FX̂μ⊗ÎE
(ρ̂E ) − 1

2
, (A1)

where ρ̂ = ∑
j p j |ψ j〉 〈ψ j |, X̂μ = i(e−iμâ† − eiμâ)/

√
2 =

sin μx̂ + cos μp̂, and ρ̂E ≡ ∑
j p j |ψ j〉 〈ψ j | ⊗ | j〉E 〈 j| with

| j〉E orthogonal vectors in an additional mode E . The last line
can be verified from the definition of the QFI FX̂μ⊗ÎE

(ρ̂E ) of

the quadrature X̂μ ⊗ ÎE for the state ρ̂E . As in the main text,
we rescale the QFI by a factor of 4.

(i) Non-negativity: For an arbitrary state, it can be given
by ρ̂ = ∑

j p j |ψ j〉 〈ψ j | with p j > 0; for a classical state,
N (ρ̂) = 0, by decomposing the state using coherent states.
For a nonclassical state, at least one of the decomposed
states, say |ψs〉, is not a coherent state by definition. Using
Cauchy-Schwarz inequality, we have |ᾱs| = | 〈ψs| a |ψs〉 | �√

〈ψs| |ψs〉 〈ψs| a†a |ψs〉 = √
n̄s, where the equality holds

only if a |ψs〉 and |ψs〉 are parallel to each other, which means
|ψs〉 is a coherent state [55]. Since |ψs〉 is not a coherent state,
we have |ᾱs| <

√
n̄s and N (ρ̂) > 0. Therefore, N (ρ̂) > 0 if

and only if the state ρ̂ is a nonclassical state.
(ii) Weak monotonicity: An arbitrary linear optical mapping

on the state ρ̂ can be described by

�(ρ̂) = TrA[Uρ̂ ⊗ ρ̂AU†] =
∑

j

K̂ j ρ̂K̂†
j =

∑
j

q j σ̂ j, (A2)

where ρ̂A is a classical ancilla state, U is the linear opti-
cal unitary, and K̂j are Kraus operators with

∑
j K̂†

j K̂ j = Î .

The probabilities are qj = Tr(K̂ j ρ̂K̂†
j ), and the post-selected

states are σ̂ j = (K̂j ρ̂K̂†
j )/q j = ∑

i pi |φi j〉 〈φi j |, where |φi j〉 =
K̂j |ψ j〉 /

√
q j with a decomposition ρ̂ = ∑

i pi |ψi〉 〈ψi|.
From our definition Eq. (A1), we have the following in-

equality:

N[�(ρ̂)] + 1

2
= N

⎛
⎝∑

i, j

piq j |φi j〉 〈φi j |
⎞
⎠+ 1

2

� max
μ

FX̂μ⊗ÎE ⊗ÎA′

⎛
⎝∑

i, j

piq j |φi j〉 〈φi j |⊗ |i〉E 〈i|

⊗ | j〉A′ 〈 j|
⎞
⎠, (A3)
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where | j〉A′ are orthogonal vectors on an ancilla mode A′.
We can choose mode E to be independent from the linear
optical mapping U and mode A′. Since the mapping �

is linear and |i〉E are independent from the mapping, we
can have �(ρ̂E ) = ∑

i pi�(|ψi〉 〈ψi|) ⊗ |i〉E 〈i|. According to
Ref. [26], there exists a classical ancilla state ρAA′ and a
linear optical unitary U such that TrA[Uρ̂E ⊗ ρ̂AA′U†] =∑

i, j piq j |φi j〉 〈φi j | ⊗ |i〉E 〈i| ⊗ | j〉A′ 〈 j|. Using the contrac-
tivity of partial trace on the QFI [39], the last line in Eq. (A3)
can be upper bounded by

max
μ

FX̂μ⊗ÎE ⊗ÎAA′ (Uρ̂E ⊗ ρ̂AA′U†). (A4)

By writing ρ̂AA′ = ∑
k rk |αk〉 〈αk| with |αk〉 a

coherent state in the AA′ modes and
∑

k rk =
1, we have FX̂μ⊗ÎE ⊗ÎAA′ (Uρ̂E ⊗ ρ̂AA′U†) �∑

k rkFX̂μ⊗ÎE ⊗ÎAA′ (Uρ̂E ⊗ |αk〉 〈αk|U†) from the convexity of

the QFI. By transforming the operators, we haveUX̂μ ⊗ ÎE ⊗
ÎAA′U† = X̂U

μ + X̂AA′ , where X̂U
μ = −ieiμ(U11â + h.c.)/

√
2,

X̂AA′ = −ieiμ
∑NA

j=2 U1 j â j/
√

2 + H.c., and â j are annihilation
operators of the anncilla modes. According to the additivity

of the QFI under tensoring [39], we obtain

max
μ

FX̂μ⊗ÎE ⊗ÎAA′ (Uρ̂E ⊗ |αk〉 〈αk|U†)

= max
μ

[
FX̂U

μ
(ρ̂E ) + FX̂AA′ (|αk〉 〈αk|)

]

= |U11|2 max
μ

FX̂μ⊗ÎE
(ρ̂E ) + 1

2

NA∑
j=2

|U1 j |2

= |U11|2 max
μ

[
FX̂μ⊗ÎE

(ρ̂E ) − 1

2

]
+ 1

2

� max
μ

FX̂μ⊗ÎE
(ρ̂E ), (A5)

where we have used |U11| � 1 and maxμ FX̂μ⊗ÎE
(ρ̂E ) � 1

2
in deriving the inequality. Therefore, N[�(ρ̂)] �
maxμ FX̂μ⊗ÎE

(ρ̂E ) − 1
2 with the state ρ̂E = ∑

i pi |ψi〉 〈ψi| ⊗
|i〉E 〈i| for any decomposition set {pi, |ψi〉}. Choosing the
minimum decomposition set, we obtain

N[�(ρ̂)] � min
{pi,|ψi〉}

max
μ

FX̂μ⊗ÎE
(ρ̂E ) − 1

2 = N (ρ̂). (A6)

Hence we prove the weak monotonicity.
(iv) Convexity:

∑
i

piN (ρ̂i) =
∑

i

pi

⎡
⎣∑

j

qmin
i j

(
n̄min

i j − ∣∣ᾱmin
i j

∣∣2)+
∣∣∣∣∣∣
∑

j

qmin
i j

(
ξ̄min

i j − (
ᾱmin

i j

)2)∣∣∣∣∣∣
⎤
⎦

�
∑
i, j

piq
min
i j

(
n̄min

i j − ∣∣ᾱmin
i j

∣∣2)+
∣∣∣∣∣∣
∑
i, j

piq
min
i j

(
ξ̄min

i j − (
ᾱmin

i j

)2)∣∣∣∣∣∣ � N
(∑

i

piρ̂i

)
, (A7)

where the equality is obtained from the definition of N
with the superscript min representing the set of the mini-
mum decomposition {qmin

i j , |ψmin
i j 〉} for each state ρ̂i. The last

line is also due to the definition of N by recognizing that∑
i, j piqmin

i j |ψmin
i j 〉 〈ψmin

i j | is one possible decomposition of the
state

∑
i piρ̂i.

2. Inequalities with nonclassicality and the metrological power

Recently, there is a nonclassicality quantifier V1(ρ̂) [31]
defined as the convex roof of the maximized quadrature
variance, i.e.,V1(ρ̂)= min{p j ,|ψ j〉} {∑ j p j maxμ (�X̂μ)

2
ψ j

}− 1
2 .

By definition, we find our measure:

N (ρ̂) = min
{p j ,|ψ j〉}

⎧⎨
⎩max

μ

∑
j

p j (�X̂μ)2
ψ j

⎫⎬
⎭− 1

2
� V1(ρ̂). (A8)

To prove the relation with the metrological power, we first
show that W(ρ̂) � N (ρ̂) when W(ρ̂) = 0. When W(ρ̂) >

0,W(ρ̂) = maxμ FX̂μ
(ρ̂) − 1

2 . We show that

N (ρ̂) = min
{pi,|ψi〉}

max
μ

FX̂μ⊗ÎE
(ρ̂E ) − 1

2

� min
{pi,|ψi〉}

max
μ

FX̂μ
(TrE (ρ̂E )) − 1

2

= max
μ

FX̂μ
(ρ̂) − 1

2 =W(ρ̂). (A9)

Hence we prove the relation Eq. (6) in the paper.

3. A squeezed vacuum has the optimal metrological power

We prove that the maximum N with the same mean num-
ber of photons n̄ is achieved only by a squeezed vacuum |ξ 〉,
where ξ = reiφ . For any pure state,

N (|ψ〉) = n̄ − |ᾱ|2 + |ξ̄ − ᾱ2|
� n̄ + |ξ̄ | = n̄ + | 〈ψ |â2|ψ〉 |
� n̄ +

√
〈ψ |ââ†|ψ〉 〈ψ |â†â|ψ〉

= n̄ +
√

n̄(n̄ + 1), (A10)

where the first inequality holds when α ≡ 〈ψ |â|ψ〉 = 0, and
the second inequality holds when â |ψ〉 is parallel to â† |ψ〉,
i.e., ηâ |ψ〉 = â† |ψ〉 with η a nonzero constant. By defin-
ing |ψ〉 = ∑∞

n=0 cn |n〉, we obtain
∑∞

n=0 ηcn
√

n |n − 1〉 =∑∞
n=0 cn

√
n + 1 |n + 1〉. This leads to a recursive relation,

c2n+1 = 0, (A11)

c2n = η

√
2n − 1√

2n
c2n−2, (A12)

where c0 is determined through the normalization. We read-
ily recognize the above coefficients as that of a squeezed
vacuum with η = eiφ tanh r and c0 = 1/

√
cosh r. Moreover,

〈ξ | â |ξ 〉 = 0. Therefore, only a squeezed vacuum achieves
the maximum N for a fixed mean number of photons. For
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any mixed state ρ̂ with n̄, N (ρ̂) < n̄ + √
n̄(n̄ + 1) because

it contains a mixture of pure states that does not achieve the
maximum N . Therefore, we prove that only a squeezed vac-
uum state |ξ 〉 can achieve the maximum N = n̄ + √

n̄(n̄ + 1)
for a fixed n̄.

APPENDIX B: PHASE ESTIMATION IN THE MZI

It is shown in Refs. [43,45] that a pure input state |ψ〉 |αr〉
fed at a MZI achieves the maximum QFI when the interferom-
eter is balanced, i.e., the transmission coefficient of the input
BS τ = 1/2. This statement can be formulated as

FĴz
(|ψθ,τ 〉 〈ψθ,τ |) � FĴz

(|ψθ,1/2〉 〈ψθ,1/2|), (B1)

where |ψθ,τ 〉 = ÛθÛBS(τ ) |ψ〉 |αr〉 is the encoded state at the
MZI, Ûθ = e−iĴzθ with Ĵz = (â†â − b̂†b̂)/2, and ÛBS(τ ) =
e−i arcsin

√
τ (a†b+b†a). Here we show this statement is also true

for a mixed input state of the form ρ̂ ⊗ |αr〉 〈αr |. For a mixed
state ρ̂, one can decompose it into

ρ̂ =
∑

j

p j |ψ j〉 〈ψ j | , (B2)

where p j > 0 and
∑

j p j = 1. The encoded state is ρ̂θ,τ =
Ûθ ÛBS(τ )ρ̂ ⊗ |αr〉 〈αr | Û †

BS(τ )Ûθ = ∑
j p j |ψθ,τ, j〉 〈ψθ,τ, j |,

where |ψθ,τ, j〉 = ÛθÛBS(τ ) |ψ j〉 |αr〉.
Therefore, the maximum QFI is at τ = 1/2 since

FĴz
(ρ̂θ,1/2) = min

{p j ,|ψθ, j〉}

∑
j

p jFĴz
(|ψθ,1/2, j〉 〈ψθ,1/2, j |)

�
∑

j

pmin
j FĴz

( ∣∣ψmin
θ,τ, j

〉 〈ψmin
θ,τ, j

∣∣ )
� FĴz

(ρ̂θ,τ ), (B3)

where the equality is due to the convex roof construction of the
QFI [56,57]. The first inequality is obtained using Eq. (B1)
with |ψmin

θ,τ, j〉 = ÛθÛBS(τ ) |ψmin
j 〉 |αr〉 and {pmin

j , |ψmin
θ, j 〉} de-

noting the convex roof decomposition, and the second in-
equality is due to the convexity of the QFI [39]. Hence we
have proved that with an arbitrary input state ρ̂ ⊗ |αr〉 〈αr |,
the balanced MZI gives the maximum QFI.

APPENDIX C: RELATION TO QUANTUM
MACROSCOPICITY

Here we provide the full expression of N for a pure
state |ψ〉 = ∑L

j=1 c j |α j〉 in terms of the phase-space distance
d jk ≡ α j − αk and the inner product f jk = 〈αk|α j〉. We find
N = n̄ − |ᾱ|2 + |ξ̄ − ᾱ2|, where

n̄ − |ᾱ|2 = 1

2

L∑
j,k

|c j |2|ck|2|d jk|2(1 − | f jk|2)

+
L∑

j �=k �=l

c∗
j |ck|2cld

∗
jkdlk ( fl j − flk fk j )

+ 1

2

L∑
j �=k �=l �=m

c∗
j c

∗
k clcmd∗

jkdml fm j flk, (C1)

and the squeezing term as

|ξ̄ − ᾱ2| = 1

2

∣∣∣∣∣∣
L∑
j,k

|c j |2|ck|2d2
jk

(
1 + 2

c∗
k

c∗
j

fk j + | fk j |2
)∣∣∣∣∣∣

+
L∑

j �=k �=l

c∗
j |ck|2cld

2
lk

(
fl j + flk fk j + c∗

j

2c∗
k

fk j fl j

)

+ 1

2

L∑
j �=k �=l �=m

c∗
j c

∗
k clcmd2

ml fm j flk . (C2)

From the above equations, we see that the squeezing term |ξ̄ −
ᾱ2| contains three contributions similar to that of n̄ − |ᾱ|2.
The first line on the right-hand side of Eq. (C2) corresponds
to the contribution from any two components in the superposi-
tion state, while the next two lines represent the contributions
from any three and any four components, respectively. We
note that for any coherent superposition state n̄ − |ᾱ|2 is
always nonzero, while it may not be true for |ξ̄ − ᾱ2|. For
example, the odd cat state |α〉− = 1/

√
N−(|α〉 − |−α〉) with

N− = 2 − 2e−2|α|2 when α → 0.
When the coherent components are far apart from each

other, they are almost orthogonal to each other such that
f jk ≈ 0. In this case, we have n̄ − |ᾱ|2 = |ξ̄ − ᾱ2| and the
nonclassicality measure is

N (|ψ〉) =
L∑
j,k

|c j |2|ck|2|d jk|2. (C3)
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[22] I. I. Arkhipov, J. Peřina Jr., J. Svozilík, and A. Miranowicz,

Sci. Rep. 6, 26523 (2016).
[23] X. Yuan, H. Zhou, M. Gu, and X. Ma, Phys. Rev. A 97, 012331

(2018).
[24] R. Nair, Phys. Rev. A 95, 063835 (2017).
[25] S. Ryl, J. Sperling, and W. Vogel, Phys. Rev. A 95, 053825

(2017).
[26] K. C. Tan, T. Volkoff, H. Kwon, and H. Jeong, Phys. Rev. Lett.

119, 190405 (2017).
[27] T. Baumgratz, M. Cramer, and M. B. Plenio, Phys. Rev. Lett.

113, 140401 (2014).
[28] B. Coecke, T. Fritz, and R. W. Spekkens, Inf. Comput. 250, 59

(2016).
[29] A. Streltsov, G. Adesso, and M. B. Plenio, Rev. Mod. Phys. 89,

041003 (2017).
[30] E. Chitambar and G. Gour, Rev. Mod. Phys. 91, 025001 (2019).
[31] B. Yadin, F. C. Binder, J. Thompson, V. Narasimhachar, M. Gu,

and M. S. Kim, Phys. Rev. X 8, 041038 (2018).
[32] H. Kwon, K. C. Tan, T. Volkoff, and H. Jeong, Phys. Rev. Lett.

122, 040503 (2019).
[33] C. M. Caves, Phys. Rev. D 23, 1693 (1981).
[34] L. Pezzé and A. Smerzi, Phys. Rev. Lett. 100, 073601

(2008).

[35] Q.-S. Tan, J.-Q. Liao, X. Wang, and F. Nori, Phys. Rev. A 89,
053822 (2014).
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