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Coupled first-order transitions and unconventional superfluidity in a Fermi-Bose mixture
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A model of a mixture of spinless fermions and spin-zero hardcore bosons, with filling fractions ρF and
ρB, respectively, on a two-dimensional square lattice with composite hopping t is presented. In this model,
hopping swaps the locations of a fermion and a boson at nearest-neighbor sites. When ρF + ρB = 1, the fermion
hopping amplitude φ and boson superfluid amplitude ψ are calculated in the ground state within a mean-field
approximation. The Fermi sector is insulating (φ = 0) and the Bose sector is normal (ψ = 0) for 0 � ρF < ρc.
The model has coupled first-order transitions at ρF = ρc � 0.3, where both φ and ψ are discontinuous. The
Fermi sector is metallic (φ > 0) and the Bose sector is superfluid (ψ > 0) for ρc < ρF < 1. At ρF = 1/2,
fermion density of states ρ has a van Hove singularity, the bulk modulus κ displays a cusplike singularity, the
system has a density wave (DW) order, and φ and ψ are maximum. At ρF = ρκ � 0.81, κ vanishes, becoming
negative for ρκ < ρF < 1. The evolution of fermion effective mass, Fermi band dispersions, and Fermi surfaces
as a function of ρF is highlighted. The obtained value for the ratio of the estimated superfluid Tc to the fermion
bandwidth, of approximately 0.12, agrees closely with reported values of the ratio for a variety of unconventional
superfluids and superconductors with Tc values spread over nine orders of magnitude.
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I. INTRODUCTION

Fermi-Bose mixtures (FBMs) constitute an unusual phase
of matter, the earliest examples of which are the mixed phase
of type-II superconductors and 3He-4He mixtures [1]. In the
past two decades, fascinating experiments on FBMs of ultra-
cold atoms have revealed unique properties and given a major
thrust to their study [2–4]. While superfluidity was observed
very early in either the Fermi or Bose sector of an FBM, the
coexistence of superfluidity in both sectors was reported very
recently [5].

Theoretical and experimental studies of FBMs have devel-
oped significantly over the years, particularly in terms of a
crossover between the limiting cases of the BCS picture of
superconductivity and the BEC picture of superfluidity [6,7].
The BCS-BEC crossover was predicted to occur for excitons
in semiconductors [8], quarks [9], and, interestingly, it was
first realized in ultracold fermionic atoms with s-wave inter-
actions [10]. The growing number of experimental results in-
cludes the Feshbach resonance across the BCS-BEC crossover
[11], formation of a Feshbach molecule in an FBM [12], and
the role of three body physics in describing an FBM [13]
to name a few. More recently, experimental results of some

*kshesh@gmail.com
†chainania@gmail.com

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

iron-based superconductors and the relevance of their elec-
tronic structure and properties [14–17] have also been dis-
cussed in relation to theoretical results of the BCS-BEC
crossover [6,18,19]. While it is well known that interactions
between fermions mediated by phonons are at the root of
the BCS theory of superconductivity, several studies have
also considered their importance in FBMs of ultracold atoms
[20–23]. The BCS theory was preceded by the so-called
boson-fermion (BF) model [24], which discusses itinerant
fermions interacting with localized bosons composed of
bound pairs of fermions of opposite spins. The BF model
was later applied to study electrons interacting with local
lattice deformations [25] and high temperature superconduc-
tivity [26–29]. More recently, it was also used for describing
resonance superfluids in the BCS-BEC crossover regime [30]
as well as a temperature driven BCS-BEC crossover in an
FBM [31]. The interplay of bosonic and fermionic degrees of
freedom is therefore of great importance in several physical
systems.

Based on the measured values of the critical temperature
Tc and estimated bandwidths W (or the Fermi temperature
TF = EF /kB, where EF is the Fermi energy) for a variety
of unconventional superfluids and superconductors, including
ultracold FBMs in the BEC-BCS crossover regime, high-
Tc cuprates, twisted bilayer graphene, sulfur hydride H3S,
lanthanum hydride LaH10, etc., it is known that the ratio
Tc/W (or Tc/TF ) is in the range of ∼0.03–0.2 [5,32–44]. It
was recognized very early by Uemura that systems with a
relatively high Tc/TF are very different [45] from conventional
BCS-type superconductors [46] which exhibit a very low
Tc/TF ∼ 10−5–10−4. In a very recent review, Kagan and Bian-
coni have discussed models of FBMs and strong coupling ap-
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proaches for understanding unconventional superconductors
which include high-Tc cuprates, iron-based superconductors,
metal oxide superconducting interfaces, the recently discov-
ered superconducting hydrides under pressure, etc. [47]. In
particular, the authors emphasized the importance of a Lifshitz
transition which gives rise to a small Fermi surface (i.e., a
Fermi surface with a small EF = kBTF ) with an enhanced
Tc. Thus it is important to explore if there is any particular
type of interaction in a model of FBMs that could also give a
relatively large Tc/W (or Tc/TF ) as seen in the unconventional
superfluids and superconductors.

In this work, we consider a model of spinless fermions and
hardcore bosons on a square lattice with a filling constraint
of one particle per site. While earlier studies on FBMs, for
example by Kuklov and Svistunov [48], have considered the
same constraint of one particle per site, they considered only
fermions and bosons hopping independently, and included
on-site Coulomb interaction for fermions, bosons, and be-
tween fermions and bosons. Very interestingly, the authors
could show that the FBM in a commensurate optical lattice
showed counterflow superfluidity. Further, while the dynamics
of FBMs in the Mott phase has also been discussed in the
literature, long range density wave phases have been iden-
tified for fermion-fermion and boson-boson hopping in the
presence of on-site boson-boson and boson-fermion Coulomb
interaction [49,50]. However, to our knowledge, a composite
hopping that involves an exchange of a fermion with a boson,
when they occupy neighboring sites, has not been reported
to date. This form of hopping distinguishes our work from
earlier work on FBMs. We allow no independent hopping.
Indeed, such a hopping would be forbidden in our model as
it would result in either two spinless fermions or two hardcore
bosons at a site. A seemingly simple realization would be a
model of strongly correlated electrons on a lattice, with an
excess of electrons over lattice sites (for example, one-band
Hubbard model above half filling), resulting in both singly
occupied and doubly occupied sites (see Fig. 1). A pair of
fermions on a site could be treated as a boson [31]. When
an electron hops from a doubly occupied site to a singly
occupied site, a fermion and a boson are swapped. The com-
posite hopping mechanism provides a good description of this
situation.

We briefly summarize our main results. We perform a
mean-field theory of our model at zero temperature. The
model displays two distinct phases separated by coupled first-
order transitions at Fermi filling fraction ρF = ρc � 0.3: for
ρF < ρc the Fermi sector is insulating and the Bose sector is
a normal gas, while for ρF > ρc the Fermi sector is metallic
and the Bose sector is a superfluid. The fermion bandwidth
varies with the Fermi energy. The fermion density of states
and bulk modulus exhibit cusplike singularities at ρF = 1/2,
where the Fermi and Bose sectors have a density-wave (DW)
order coexisting with maximum metallicity and superfluidity.
The bulk modulus becomes negative for ρF > ρκ � 0.81. For
ρF = 1/2, we make an estimate of the ratio Tc/W in our
model to be about 0.12. This agrees closely with estimated
and measured values in the range of ∼0.03–0.2 for most
unconventional superfluids and superconductors. The Tc of
these systems vary from about 200 nK to 260 K, i.e., over nine
orders of magnitude. We also calculate the fermion effective

FIG. 1. Schematic illustration of the composite hopping mecha-
nism. The picture on the left shows a lattice with strongly correlated
electrons, with an excess of electrons over sites, resulting in some
sites being doubly occupied. An up spin on a doubly occupied site
can hop to a neighboring down-spin site, leaving the down spin
behind; a similar hopping is possible when the doubly occupied site
neighbors an up-spin site. This hopping results in a swap of the pair
and the single electron. The equivalent picture on the right results
when we treat the pair as a hardcore boson and the single electron as a
spinless fermion. This is the composite-hopping mechanism studied
in this work.

mass me that points to a divergent heavy-fermion behavior
near ρF = 1/2 (where it also changes sign from a particlelike
to a holelike behavior) and ρF = 1.

II. HAMILTONIAN

The Hamiltonian we study is

H = −α
∑

i

[b†
i bi + f †

i fi − 1] − μ
∑

i

f †
i fi

+ U

2

∑
i

b†
i bi(b

†
i bi − 1) − t

∑
〈i j〉

f †
i f jb

†
jbi, (1)

where b†
i creates a spin-zero boson and f †

i creates a spin-
less fermion at site i of a two-dimensional square lattice.
The parameter α is a Lagrange multiplier: it is used for
imposing the condition that the total number of fermions
and bosons be a certain given number (taken to be equal to
the number of lattice sites in this work); μ is the chemical
potential used to determine ρF ; U is the repulsive energy
between two bosons at the same site; finally, t is the strength
of the composite hopping: in this process a fermion hops
from a site j to a neighboring site i when a boson lo-
cated there simultaneously hops to site j. The boson opera-
tors satisfy [bi, b j] = 0 = [b†

i , b†
j], [bi, b†

j] = δi j , while the

spinless-fermion operators satisfy { fi, f j} = 0, { f †
i , f †

j } =
0, { fi, f †

j } = δi j , where [a, b] = ab − ba and {a, b} = ab +
ba. In this paper, we restrict ourselves to hardcore bosons, i.e.,
the limit U → ∞, and impose the constraint

ρF + ρB = 1 (2)
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(ρB is the boson filling fraction) by requiring ∂F/∂α = 0, with
F being the free energy. Given the nature of the composite
hopping term, a site that is unoccupied by a fermion or a
boson remains unoccupied and a site that is doubly occupied
by a fermion and a boson remains doubly occupied. The
only interesting case therefore is one where the constraint (2)
operates, with each site being occupied either by a fermion or
a boson.

III. CALCULATION

To calculate the properties of the Hamiltonian (1), we use
the following approximation.

(1) If F̂ is a fermion operator and B̂ is a boson operator,
then F̂ B̂ � 〈F̂ 〉B̂ + 〈B̂〉F̂ − 〈F̂ 〉〈B̂〉.

(2) If B̂i, B̂ j are boson operators at sites i �= j, then B̂iB̂ j �
〈B̂i〉B̂ j + 〈B̂ j〉B̂i − 〈B̂i〉〈B̂ j〉.

The first step implies 〈F̂ B̂〉 � 〈F̂ 〉〈B̂〉, so this is equivalent
to factorizing the state space into a product of fermion and
boson subspaces. The second step implies 〈B̂iB̂ j〉 � 〈B̂i〉〈B̂ j〉,
which is equivalent to further factorizing the boson subspace
into a product of single-site subspaces: this is the standard
mean-field decoupling used in the bosonic Hubbard model
[51–57]. When we follow these steps, the composite hopping
term is transformed according to

f †
i f jb

†
jbi � 〈 f †

i f j〉 (〈b†
j〉bi + 〈bi〉b†

j − 〈b†
j〉〈bi〉)

+〈b†
j〉〈bi〉 f †

i f j − 〈 f †
i f j〉〈b†

j〉〈bi〉, (3)

and the Hamiltonian is approximated by

HMF = H0 + H1 + H2, where

H0 = N (2φψ2 + α),

H1 = −(α + μ)
∑

i

f †
i fi − 1

z
ψ2

∑
〈i j〉

f †
i f j,

H2 =
∑

i

[−αb†
i bi − φψ (bi + b†

i )]. (4)

We have taken zt = 1 (z is the coordination number of the
lattice), and introduced the ground-state expectation values

φ = 〈 f †
i f j〉, ψ = 〈bi〉 = 〈b†

j〉. (5)

We assume φ and ψ to be real and homogeneous. We consider
ψ to be the boson superfluid amplitude [51–53] and φ to be
the fermion hopping amplitude. It can be observed from the
expression for H1 in Eq. (4) that when ψ = 0, the fermion
hopping term vanishes, so φ = 0. This indicates that when
there is a superfluid transition in the Bose sector, there is an
accompanying metal-insulator transition in the Fermi sector,
resulting in the two transitions being always coupled. We
have dropped the U term: the hardcore boson limit U → ∞
is incorporated by taking the single-site boson occupation
number basis {|0〉, |1〉} for diagonalizing the single-site 2 × 2
matrix

h2 =
[

0 −φψ

−φψ −α

]
(6)

of H2/N , with eigenvalues

λ± = 1
2 [−α ± R], where R =

√
α2 + 4φ2ψ2. (7)

To solve the fermion sector Hamiltonian H1, we move over to
k space using the Fourier transform fi = N−1/2 ∑

k eik.ri fk, so
that

H1 =
∑

k

(εk − μ) f †
k fk, (8)

where

εk = −α − ψ2γk, γk = 2(cos kx + cos ky)/z. (9)

The zero-temperature free energy per lattice site F = H0/N +
〈H1〉/N + λ− is now

F = 2φψ2 + 1

2
(α − R) + 1

N

∑
k

(εk − μ)〈 f †
k fk〉. (10)

We observe that (1/N )
∑

k〈 f †
k fk〉 = ρF . Using the definition

of φ in (5) and going over to k space, we get

φ = 1

Nz

∑
〈i j〉

〈 f †
i f j〉 = 1

N

∑
k

γk〈 f †
k fk〉, (11)

so that

F = 1
2 (α − R) + φψ2 − (μ + α)ρF . (12)

Introducing the Fermi density of states

ρ(E ) = 1

N

∑
k

δ(E − εk ), (13)

we can write

φ = − 1

ψ2

∫ μ

E0

dE (α + E )ρ(E ), (14)

where μ is chosen such that the fermion filling fraction

ρF =
∫ μ

E0

dE ρ(E ) (15)

has a desired value. Here, E0 = −α − ψ2 is the minimum
value of fermion energy. To calculate the density of states
(13), we convert the k sum into an integral according to
(1/N )

∑
k → (1/4π2)

∫
dk. Since ε−k = εk, the k-space in-

tegral is four times the integral over the first quadrant of the
Brillouin zone, and so we have

ρ(E ) = 1

π2

∫ π

0
dkx

∫ π

0
dky δ(E + α + ψ2γk ). (16)

The integral over ky can be easily evaluated, and we get

ρ(E ) = 2

π2ψ2
f

(
α + E

ψ2

)
, where

f (u) =
∫ π

0

dkx√
1 − (2u + cos kx )2

. (17)

We can readily see that the function f (u) is real only when
−1 � u � 1, and is non-negative. Therefore, we have the
inequality −α − ψ2 � E � −α + ψ2 for the fermion energy
E . The Fermi bandwidth is therefore 2ψ2. We can also see that
f (0) → ∞, and this is the van Hove singularity at ρF = 1/2.
We substitute the above expression for ρ(E ) into Eqs. (14)
and (15) and transform the integrals to obtain

ρF = 2

π2

∫ uF

−1
f (u)du, φ = − 2

π2

∫ uF

−1
u f (u)du, (18)
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FIG. 2. (a) Plot of the order parameter ψ (blue) and φ (black) as
a function of ρF for the ordered solution. The red line shows both
in the disordered phase. (b) Plot of the chemical potential μ (green)
and α (blue) in the ordered phase. The red line shows both in the
disordered phase. The nonmonotonic behavior of α in the ordered
phase is determined by the filling constraint [Eq. (2)], which is also
responsible for a similar nonmonotonic behavior of μ in the ordered
phase.

where uF = (α + μ)/ψ2. For a given (μ, T ), we determine ψ

and α by simultaneously solving ∂F/∂ψ = 2ψφ(1 − φ/R) =
0 and ∂F/∂α = (1/2)[(1 − 2ρF ) − α/R] = 0. We obtain two
solutions for ψ , namely ψ = 0 (disordered, or normal Bose
phase) and R = φ (ordered, or superfluid phase), and the
solution α = (1 − 2ρF )R. We can write this as α2[1 − (1 −
2ρF )2] = 4φ2ψ2(1 − 2ρF )2, so α = 0, R = 0, and the min-
imum free energy F0 = 0 in the disordered phase; in the
ordered phase, α = (1 − 2ρF )φ, ψ2 = ρF (1 − ρF ), and F0 =

. Here 
 = ρ2

F [−φ + uF (ρF − 1)] is the minimum free
energy of the ordered phase. Since F0 = 0 in the disordered
phase, we can interpret 
 as the energy cost of creating
superfluidity. Since uF < 0 for ρF < 0.5, it is clear that there
is a certain ρc < 0.5 such that 
 > 0 for ρF < ρc.

IV. DISCUSSION

As mentioned above, the self-consistency equation for
the order parameter ψ has two solutions. For each of these
solutions, we compute the quantities φ, α, and μ. Figure 2
shows the plots of ψ, φ [panel (a)], α, and μ [panel (b)] as
functions of ρF .

The correct solution at each filling ρF is determined based
on the minimum free energy F0. Figure 3 shows plots of
F0 in the ordered and disordered phases as functions of ρF .

FIG. 3. Plot of the minimum free energy F0 for the ordered (blue)
and disordered (red) phases. In the ordered phase, the free energy is
the cost 
 of superfluid state and becomes positive for 0 < ρF <

0.3, favoring the insulating normal Bose phase. At ρF = 0.3 the free
energy thus has a derivative discontinuity and we have a coupled
first-order transition.

It is clear that 
, the ordered-phase free energy, is positive
for 0 < ρF < 0.3, indicating that the disordered phase has a
lower energy than the ordered phase, and so the Bose sector
does not show superfluidity for 0 < ρF < 0.3. In the Bose-
dominated regime (small ρF ), the system therefore prefers the
phase with ψ = 0. This is unlike the bosonic Hubbard model
[51–53,58], where the system is a superfluid for 0 < ρB < 1
in the hardcore (U → ∞) limit.

This behavior can be understood based on model (1). In our
approximation, the ground state energy per site of the model is
F0 = −μ(ρF )ρF − φψ2. The filling constraint ρF + ρB = 1
removes the α term and makes the chemical potential filling
dependent, i.e., μ = μ(ρF ). The function μ(ρF ) is plotted
in Fig. 2(b). It can be seen that μ(ρF ) is negative for ρF <

1/2, and thus the superfluid ground-state energy can become
positive in this regime. Numerically we find that 
 > 0 for
0 < ρF < ρc � 0.3.

Simultaneously, for ρF < ρc, the Fermi sector shows an
insulating phase, pointing to the important role of the cou-
pling between Fermi and Bose sectors mediated by composite
hopping. We note here that a zero-temperature insulating state
with Cooper pairs has indeed been observed in amorphous
bismuth films [59].

From Fig. 3 it is clear that we must pick the disordered
solution for 0 < ρF < 0.3 and ordered solution for 0.3 <

ρF < 1 for each of the quantities shown in Fig. 2. When we
do this, we get results with discontinuities in ψ, φ, α, μ at
ρF = 0.3 as displayed in Figs. 4(a) and 4(b). The free energy
F0 is continuous with a derivative discontinuity as shown in
Fig. 5. Since there are jumps in both the Bose (ψ) and Fermi
(φ) sectors, we have a coupled first-order transition from an
insulating normal Bose gas (ψ, φ = 0) to a metallic superfluid
(ψ, φ > 0), as we increase ρF through 0.3.

In Fig. 6, we show a plot of the bulk modulus κ =
∂μ/∂ρF = 2[φ + uF (1 − 2ρF )] + π2ψ2/[2 f (uF )]. The bulk
modulus has a cusplike behavior with a value of 2φ at
ρF = 1/2. This is because of the van Hove singularity of the
function f (u) which is present in the last term of the bulk
modulus above. It can also be seen that κ vanishes for ρF =
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FIG. 4. Plots of (a) ψ and φ and (b) μ and α as a function of ρF .
At ρF � 0.3, coupled first-order transitions are observed with jumps
in ψ , φ, μ, and α.

ρκ � 0.81, becoming negative thereafter and approaching −2
at ρF = 1. A negative value of κ also corresponds to a negative
compressibility of the fermions, which has been observed in
two-dimensional electron gases [60], materials with strong
spin-orbit coupling [61,62], LaAlO3-SrTiO3 oxide interface
[63], graphene [64], and even ultracold fermionic atoms in an
optical lattice [65].

We have analyzed the factors responsible for the vanishing
and negative values of bulk modulus, which is directly related
to the function μ(ρF ) becoming decreasing for ρκ < ρF < 1.
First, μ = −α + uF ψ2 is determined by the filling constraint
(2) that results in α(ρF ) = (1 − 2ρF )φ. Secondly, we observe
that the free energy minimum F0 is zero at ρF = 0.3 and ρF =
1 and negative in between, and is therefore bound to have

FIG. 5. Plot of the minimum free energy F0, which is continuous
with a derivative discontinuity at ρF � 0.3.

FIG. 6. Plot of the bulk modulus κ as a function of ρF . For ρF >

0.81, μ and F0 decrease with ρF , resulting in negative κ . The cusp
at ρF = 1/2 is a result of the van Hove singularity in the density of
states.

a minimum (at ρF � 0.81). This minimum is the result of a
competition between the Fermi sea and the composite hopping
terms, as is clear from the expression F0 = −μ(ρF )ρF − φψ2

that we presented above. Since the composite hopping term
(−φψ2) is decreasing for ρF > 1/2, the μ term is forced to
become decreasing to the right of the F0 minimum, with a
maximum at ρF � 0.81.

Figure 7 shows plots of Fermi band dispersion εk and
density of states ρ(E ) at an arbitrary value of ρF . The Fermi
bandwidth is 2ψ2, completely determined by the superfluid
density. Also marked is the location of the Fermi energy μ

as a horizontal line. We can see that ρ(E ) has a cusplike
singularity corresponding to energy where ∇kεk vanishes,
and this is evidently a van Hove singularity. This singu-
larity occurs at the Fermi energy at ρF = 1/2, and this is
where the superfluid amplitude has a maximum, as can be
seen in Fig. 2(a). A van Hove singularity near the Fermi
level is an important feature of the electronic structure of

FIG. 7. Plots of (a) the Fermi band dispersion εk along �XM�

of the first Brillouin zone of the two-dimensional square lattice and
(b) the Fermi density of states ρ(E ), at an arbitrary value of ρF in the
metallic phase. The two plots share a common energy axis (ordinate).
Also marked is the Fermi energy μ at ρF as a horizontal line between
energies −α − ψ2 and −α + ψ2. It can be seen that the width of the
Fermi band is 2ψ2, and therefore varies as the Fermi level (i.e., Fermi
filling fraction) changes.
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FIG. 8. Panel (a) shows the second derivative of εk with respect
to k (the reciprocal of fermion effective mass me) and panels (b) and
(c) show plots of me with two different vertical scales to highlight
its behavior near and away from the singularities at ρF = 1/2, 1,
respectively. In (a), the minimum is at �0.84; this is slightly higher
than where the maximum is (�0.81) in the chemical potential in
Fig. 1(b).

several unconventional superconductors which show a rela-
tively high Tc/TF , such as the high-Tc cuprates [32,66–70],
bilayer graphene [35,36], pressurized sulfur hydride H3S
[40,41], and lanthanum hydride LaH10 [44,47].

Figure 8(a) shows a plot of the second derivative of εk
with respect to k at Fermi energy as a function of ρF [see
Eq. (9)] that becomes −uF ψ2 ≡ −(μ + α) upon simplifica-
tion. Figures 8(b) and 8(c) show the behavior of the inverse
of this second derivative, which is the Fermi effective mass
me on two different y scales. The effective mass changes sign
from particlelike (ρF < 1/2) to holelike (ρF > 1/2), and has
singularities at ρF = 1/2 (the van Hove point where uF = 0)
and ρF = 1 (where ψ = 0). More interestingly, the second
derivative of εk with respect to k shows a minimum at a
certain ρF slightly higher than ρκ , which also corresponds
to a minimum of the hole effective mass. This is followed

FIG. 9. (a) Plots of Fermi surface in the first Brillouin zone of
the two-dimensional square lattice at five different values of ρF ,
namely 0.35, 1/2, 0.70, 0.81, 0.95 in the metallic phase. It can be
seen that the Fermi surface is convex (particlelike) for ρF < 1/2, flat
at ρF = 1/2, and concave (holelike) for ρF > 1/2. (b) Plot of band
dispersions for ρF = 0.35, 1/2, 0.7, 0.81, and 0.95, corresponding to
the particle and hole Fermi surfaces shown in (a).

by a systematic increase in the effective mass for ρF > ρκ ,
culminating in a divergence at ρF = 1.0.

The Fermi surface is determined by the equation εk = μ,
that simplifies to γk = −uF . Figure 9(a) shows plots of Fermi
surface in the first Brillouin zone at five different values of
ρF , namely 0.35, 1/2, 0.70, 0.81, 0.95, in the metallic phase.
It can be seen that, as a function of filling, the nature of carriers
changes from particlelike for ρF < 1/2 (convex surface at
ρF = 0.35) to holelike for ρF > 1/2 (concave surfaces at
ρF = 0.70, 0.81, 0.95), with a flat surface at ρF = 1/2. This
behavior is qualitatively similar to that of a tight-binding
model. What is unusual, and distinguishes our model from
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TABLE I. List of superfluid/superconducting systems and their characteristic parameters: transition temperature TC , bandwidth (W )/Fermi
temperature (TF ), and ratio TC/W or TC/TF . The last column lists the reference numbers for the data sources.

System Tc W/TF TC/W References
TC/TF

Nb 9.3 K ∼6.18 × 104 K 1.5 × 10−4 [46]
Sn 3.72 K ∼11.8 × 104 K 3.15 × 10−5 [46]
LAO-STO 0.31 K ∼230 K 0.0013 [71,72]
High-Tc cuprates ∼153 K 4600–5800 K 0.026–0.033 [32–34]
Bilayer graphene 1.7 K 24 K 0.07 [35,36]
Resonant ultracold <240 nK 1.2 μK <0.2 [37]
Fermi
Ultracold Bose-Fermi 260 nK ∼1.4 μK 0.19 [5]
mixture
Bulk Fe1+y(Se0.4Te0.6) 14 K 116 K 0.12 [17]
Monolayer FeSe 75 K 580 K 0.13 [38]
on STO
H3S 203 K 1740 K 0.12 [39–41]
LaH10 260 K 1160 K 0.22 [42–44]
Composite hopping 0.06 zt 0.5 zt 0.12 This work
model

the tight-binding model, is that the fermion bandwidth 2ψ2

changes as the chemical potential μ changes, as shown in the
plots of Fig. 9(b), where we show the band dispersions for
ρF = 0.35, 1/2, 0.7, 0.81, and 0.95. It is observed that the
bandwidth is maximum at ρF = 1/2 (which corresponds to
the case of the van Hove singularity at the Fermi energy), and
decreases for values of ρF below and above that. It is also clear
that the band dispersions for ρF = 0.35 is particlelike and
centered at the � point, while for ρF = 0.7, 0.81, and 0.95,
they are holelike and centered at the M point in the Brillouin
zone.

Finally, we consider the correlation function C(r) =
(1/N )

∑
i〈δρriδρri+r〉, where δρri = f †

i fi − ρF is the devi-
ation from mean fermion density at lattice site ri. Us-
ing Wick’s theorem we write the expectation value of
a four-fermion operator as a sum of products of ex-
pectation values of two-fermion operators. We then ob-
tain C(r) = −n2(r), where n(r) = (1/N )

∑
k〈 f †

k fk〉eik·r, and
Cq = −(1/N )

∑
k〈 f †

k fk〉〈 f †
k+q fk+q〉 for the Fourier transform

of C(r). Figure 10 shows the plots of n(r) and Cq for several
values of ρF . n(r) has been plotted along the x axis as a
function of lattice spacing. It has a periodicity of twice the
lattice spacing for ρF = 1/2, but no apparent periodicity for
other values of ρF . This is also supported by the plot of C(q)
in (b) that shows a cusplike singularity for ρF = 1/2 at the
M point with q = (π, π ), but is nearly featureless for other
values of ρF .

For ρF = 1/2, we can analytically evaluate the k-space in-
tegrals to obtain π2n(r) = (cos πy − cos πx)/(x2 − y2). This
shows that there is a density wave (DW) with wave vector
Q = (π, π ): the square lattice is divided into two subsquare
lattices with twice the lattice constant, with fermions oc-
cupying one of them and bosons occupying the other. In
this case, every fermion has a boson as its nearest neigh-
bor and vice versa. This enhances composite hopping and

leads to maximum superfluidity and metallicity, as we saw in
Fig. 2(a).

We write 〈 f †
k fk〉 ≡ g(εk ), where the function g(x)

is 1 if x � μ and zero otherwise, so that Cq =
−(1/N )

∑
k g(εk )g(εk+q). For ρF = 1/2, we have α = 0,

so from Eq. (9) we have εk+Q = −εk. For q = Q, we can
use this nesting property of the Fermi surface and convert
the k sum to an integral over the density of states to obtain
CQ = −ρ(0)(μ − 0) = 0, in agreement with Fig. 10(b). This
points to the role of Fermi surface nesting in causing a DW
order for ρF = 1/2.

The filling ρF = 1/2 turns out to be very special: we have
a van Hove singularity resulting in a cusp in κ , and Fermi
surface nesting resulting in a DW phase coexisting with a
maximum in Bose superfluid and Fermi hopping amplitudes.
In this case, F0 � 0.06zt can be taken to be a reasonable
approximation of Tc, the critical temperature for BEC. The
Fermion band, as we saw in Fig. 7, has a width of W � 0.5zt ,
giving us an estimate of Tc/W � 0.12. In Table I, we present
values of the ratio Tc/W (or Tc/TF ) for a variety of unconven-
tional superfluids and superconductors [5,32–44,71,72], for
which Tc varies over about nine orders of magnitude, from
∼200 nK to 260 K. For the hydrides, H3S and LaH10, while
early reports discussed a BCS type mechanism involving high
energy phonons, the validity of the Migdal approximation has
been questioned recently [40,41,47]. It is noted that for all
the systems, Tc, TF , or EF values were obtained from ex-
perimental values reported in the literature (references listed
in Table I), while for H3S and LaH10, the TF or EF values
were estimated from band structure calculations [41,44]. The
ratio in most cases is between 0.03 and 0.2, and the esti-
mate from our model agrees very closely with these values.
For comparison, we also include corresponding values for
two conventional superconductors: elemental Nb metal and
Sn metal [46].
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FIG. 10. (a) Plots of the function n(r) [see text; C(r) = −n2(r)]
along the x direction of the square lattice and (b) of the Fourier
transform C(q) along the �XM� direction in q space, for ρF =
0.35, 1/2, 0.70, 0.81, 0.95 in the metallic phase. The curves in
(a) are shifted along the y axis for clarity. Observe the periodicity
of n(r) for ρF = 1/2 (red), with a wavelength of twice the lattice
spacing, indicating a density wave (DW) ordering in this case. The
cusp in C(q) at the M point for ρF = 1/2 (red) corresponds to the
nesting vector along the �-M direction.

We note a few unusual features of the insulating and metal-
lic phases of the Fermi sector. We have insulating behavior at

a range of partial fillings of the Fermi band. This is unlike the
usual case where the insulating behavior is associated with a
band gap. In our model, the insulating behavior of the Fermi
sector results from the energy cost of the superfluid phase of
the Bose sector. This results in the insulating Fermi sector for
0 < ρF < 0.3. In contrast, the insulating behavior for ρF = 1
results from a divergent effective mass me due to narrowing
of the fermion band (see Fig. 8). The metallic phase close
to the van Hove point ρF = 1/2 is also unusual because the
metallicity (as measured by φ) is maximum while me has a
large magnitude.

V. CONCLUSION

In conclusion, we have presented a model of FBMs with
a hopping mechanism that exhibits several interesting prop-
erties at zero temperature. In the Bose-dominated regime, the
model is in an insulating normal phase: the Fermi sector is
insulating, while the Bose sector is a normal gas. As the Fermi
filling fraction is increased, the model has coupled first-order
transitions at ρF � 0.3, where superfluid amplitude ψ and
fermion hopping amplitude φ jump to finite nonzero values.
For ρF > 0.3, the system is a metallic superfluid: the Fermi
sector is metallic, while the Bose sector is a superfluid, with
maximum values of ψ, φ coexisting with a DW order at ρF =
1/2. There is a van Hove singularity in the density of states
at Fermi energy that makes the bulk modulus κ develop a
cusplike minimum for ρF = 1/2; κ vanishes at ρF � 0.81 and
is negative for ρF > 0.81, as a result of a competition between
Fermi sea and composite-hopping contributions to the ground-
state energy. The fermion bandwidth varies with the chemical
potential with a maximum at ρF = 1/2, the van Hove point.
The fermion effective mass displays singular behavior at
ρF = 1/2, 1. And, finally, our estimate for the ratio Tc/W
agrees closely with reported ratios for a variety of uncon-
ventional superfluids and superconductors that have Tc values
spread over nine orders of magnitude between ∼200 nK and
260 K.
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