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Central to the function of cellular life is the reading, storage, and replication of DNA. Due to the helical
structure of DNA, a complicated topological braiding of new strands follows the duplication of the old strands.
Even though this was discovered over 60 years ago, the nature of the physical barriers this presents have only
recently been uncovered. In this article we construct a simple idealized model of DNA replication using only the
most basic mathematical and mechanical elements needed. The resulting model assembles the relevant behaviors
of DNA braiding, DNA supercoiling, topoisomerase action, and transcription into one framework. This may
serve as a foundation for future work as well as to shed light on recently observed replication/replication and

replication/transcription conflicts.
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I. INTRODUCTION

For life to continue cells must create new versions of
themselves. A central task in this process is the creation and
proper segregation of a new copy of DNA. This new copy
of DNA must be made while simultaneously leaving DNA
available for important cellular functions such as transcrip-
tion. Soon after the helical nature of DNA was uncovered [1,2]
it was realized that each parent strand serves as a template for
two daughter strands [3] (deemed semiconservative replica-
tion). Consequentially, as the motor proteins responsible for
opening and copying DNA track the helical groove of the
parent strand, a combination of replicated strand braiding and
unreplicated strand twisting occurs [4-7].

The ability for cells to undo this braided state, while
undergoing normal functions, presents a central competition
between DNA replication, topoisomerase action, and tran-
scription which cells must maintain to successfully operate
and divide. Consequentially, understanding the mathematical
and physical nature of DNA replication is of the utmost im-
portance in understanding many aspects of cellular function.
Many biological aspects of DNA replication and function
have been uncovered [8—10], however important aspects of
DNA replication such as nonlocal effects and coordination in
DNA damage, replication fork conflicts, and transcriptional
interference [4,9,11-14] are unresolved.

Important recent experimental efforts have shed light on
the mechanical nature of both braided naked [15] and chro-
mosomal [16] DNA. However, no experiments have been
done which capture the active real-time mechanical aspects
of DNA replication as well as its interaction with impor-
tant DNA based processes such as transcription. Consequen-
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tially, a physical model that can simultaneously accommodate
the relevant behaviors of DNA braiding, DNA supercoiling,
topoisomerase action, and transcription into one theoretical
framework is needed to understand the role of DNA mechan-
ics in DNA replication.

In this article we construct a simple picture of the phys-
ical, mechanical process of DNA replication. We begin by
dividing the system into replicated and unreplicated regions
examining the role of DNA braiding and DNA supercoiling in
each region respectively (see Fig. 1). We will not explicitly
incorporate the mechanics of the replication machinery or
differences between organisms but will identify the places
where appropriate changes can be made to the model pre-
sented. We will instead focus on adaptable, general principles
of the mathematical and physical nature of DNA replication.
However, even within this simple approach, we can begin to
understand the behavior of several important DNA replication
related processes.

II. MODEL

The basic coordinates are the replication fork distance
from the replication start site x, the angle of replicated strand
braiding 6, and the angle of over-twisting ¢ of the unreplicated
region (Fig. 1). We will take 0 and ¢ to be of opposite
sign so that they are both positive quantities as a function
of fork position. Due to the helical nature of DNA and the
semiconservative nature of replication, these quantities must
satisfy the below topological constraint during replication
when no strand passages have occurred:

¢+ 0 = xawy, ey

! encodes the natural linking number

where wy = 1.85 nm™
of DNA.

As the replication fork progresses, the relative difficulty
in twisting the unreplicated DNA or braiding the replicated
strands determines the form of the functions ¢(x), 6(x). The
remainder of this article will focus on the nature of these two
functions in the context of the mechanical effects of DNA
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FIG. 1. A cartoon illustrating an idealized model of DNA repli-
cation. Fork progression shown at a distance x from the start of
replication results in braided replicated DNA strands rotated around
each other 6 times and supercoiled unreplicated DNA over-rotated ¢
times. The two regions are separated by idealized free rotating repli-
cation machinery shown in blue. The two ends are shown as simple
topological barriers (gray squares) which prohibit the free rotation of
the DNA thus conserving the linking number of the parental DNA.
This results in a mechanical and topological connection between 6
and ¢.

replication, topoisomerase action, and transcription. We will
first study the case of an idealized topological barrier on either
side which after studying will be adapted to a more realistic
case where sites of transcription or additional DNA replication
may take place.

To begin with, let us imagine a static barrier a distance L
from the start site of DNA replication (Fig. 1). This idealized
barrier prevents free rotation of the unreplicated DNA as
well as linking number conservation of the original parental
DNA strands. A static barrier of this nature can be explic-
itly introduced in an in-vitro setting [15,16] and may have
natural or alternative forms in-vivo (discussed later). This
boundary condition leads to a description of replicated DNA
behavior through the replicated braid density (BD) p(x) = wiox
and unreplicated supercoiling density (SCD) o (x) = ﬁ
Directly substituting the BD and SCDs into Eq. (1) yields a
topological constraint on the densities

(1—-2)0 +zp =2, )

where the expression depends only on the fraction of the
strand replicated z = 7.

Without any means to anchor itself, the replication ma-
chinery cannot drive the two regions out of mechanical equi-
librium thus making a clear torsional constraint between the
replicated and unreplicated regions

Trep(p) = Tunrep (o). 3)

This constraint, combined with the topological constraints in
Eq. (2) form the foundation for the most basic mechanical
properties of DNA replication which will be examined in this
article. These two observations must hold no matter the details
of the replication machinery or detailed mechanical behavior
of DNA on either side. Thus the formulation of the problem
to this point is general in that either the mechanical response
of naked or chromosomal DNA under various conditions are
subject to the same constraints.

Generally, these expressions can be used as appropriate
boundary conditions to solve transport equations (or in sim-
ulations) to obtain the full dynamics of the replicated and
unreplicated regions, respectively. Here will only consider the
case of the average, constant braid, and supercoiling density
neglecting transport effects. We will adopt this perspective in
our simple model due to DNA mechanical responses occur-
ring on a subsecond timescale [17,18] as well as the short
distances of DNA expected between regions of replication
and transcription [14]. In doing so we can then adopt the
equilibrium torsional response of the two regions, resulting in
mechanical responses due to constant braid and SC densities.
Future work to address both of the issues will allow for insight
into in-vivo experiments. However, the basic mechanical and
topological constraints outlined above must still hold and here
we choose to examine an abstract, adaptable first presentation
of this process which may serve as a blueprint to construct
more detailed, organism-specific models.

The determination of the BD p and SCD ¢ is made through
evaluating Trep(0) and Typep(o') during fork progression sub-
ject to the above constraints. To understand the mechanical
competition between the replicated and unreplicated regions
in its simplest form, we will explore the behavior of naked
DNA under a constant force in conditions which are likely to
occur in-vivo [19,20]. In this case the torsional response of the
unreplicated region is given by an unbuckled elastic response
followed by a buckled response with a constant torque [21]

yo, o <oy,

Tunrep(a) = { (4)

T, o0y <0 <o,

where y, 1, are the elastic torsional coefficients and buck-
ling torque, respectively, and o), o) are the SCDs at which
buckling and a plectonemic collapse occur in the unreplicated
region. The plectonemic collapse corresponds to the point at
which the entire unreplicated region is expected to exist inside
a plectoneme. The elastic response is on the order of y ~
10? pN nm and the force dependence described in [21]. Recent
experimental results for the behavior of chromatin could
easily be used instead [16] but will not be considered here.

In the replicated region the torsional response is due to
the braiding of the two replicated double DNA strands. Since
the common picture of DNA semiconservative replication
involves freely rotating individual DNA strands, we will not
consider the role of supercoiling in the replicated region. Ad-
ditionally, because the torsion required to buckle braided DNA
is higher than the constant torsion given after the unreplicated
buckling transition t,, we will not consider buckling in the
braided, replicated strands. For the braided DNA to undergo
buckling the unreplicated region must all be in a plectone-
mic state, resulting in a collapsed replication fork, a state
which falls outside our framework of understanding DNA
replication. Thus, we will only consider the torsional response
associated with braiding two strands of naked DNA (due to
the bending energy) [15]. Alternative formulations using the
mechanical properties of braided chromosomal DNA could
be made [16]. The resulting in nonlinear response to braid
density is given by

Tep(p) = a0, S
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with no force dependent quantities and « ~ 10* pN nm. The
mechanical coefficients for both SC and braided DNA depend
on temperature and physiological conditions [15,21] (see the
Appendix for details) which will be fixed at the given values
within this article.

Thus, using the torsional responses given by Eqgs. (4) and
(5) combined with Eq. (3) yields the constraint

ap’ = e,
T, o) <o <o,

o <oy,

(6)

which, through the use of the topological constraint on densi-
ties [Eq. (2)], can be used to obtain an equation explicitly for
the braid density before buckling:

Z

YT YT

; @)

while after buckling p is given by the second line of Eq. (6).
Since o > y and z < 1 we will drop the linear term (full
solution given in the Appendix) to find the braid density as a
function of replication position in the unbuckled and buckled
regimes:

7 <z,

y\1/3 ) 2 \1/3
,O(Z) — {(a) (I*Z) ’ (8)

Pb Z, <z<2,

where the constant braid density p, = (1,/a)'/? is given by
the buckling torque in the unreplicated DNA and zj, z are
the points of buckling and plectonemic collapse, respectively.
Using Eq. (2) we can obtain the SCD in the unreplicated
region

2 |1 =
U(Z): {lz[

7= = pp),

)= <

o 1—z (9)

7 <z2<7,

which can be used to calculate the point at which both
buckling and plectonemic collapse occur respectively as

1 1
g=—s, L=—p, (10)
I+ 14+ =2

where the forms of 1, and o are given in [21].
The torsional response as a function of DNA replication is
given by Eq. (2) yielding
a\1/3 1/3 N
el - @@L sy,
b, 7y <z<2z.

T(2) =

So that for x < L the braid density increases as p(z) ~
713, o(z) ~ z, T(z) ~ 7z (see Fig. 2). As illustrated in Fig. 2,
only a small fraction of DNA replication is possible before the
replication fork enters a collapsed plectonemic state at z;'.

III. TOPOISOMERASE ACTION

To understand how DNA replication may avoid a plectone-
mic collapse or high torsion we must incorporate the action
of topoisomerases, a class of molecular complexes capable
of altering the linking number of DNA through strand breaks
and passages [8]. In our simplified model this will be done
through a dynamical equation for SCD which accounts for
the generation of SCD during replication and its removal with

m— =) w— 50 1.0

0 0.1 0.2 0.3

0 0.1 0.2 0.3
z

FIG. 2. Braid density p (dashed), supercoiling density o (solid)
(a) and torque 7 (b) as a function of fork position z = x/L at variance
fixed forces (shown in top legend in [pN]). Pink dashed curve shows
the plectonemic collapse position z. for increased force. As the force
in increased both the buckling z;, and collapse z. increase but at the
cost of increased buckling torque 7.

topoisomerase. Using Eq. (2) we can generate the dynamical
contribution of SCD due to replication fork progression

(1—z)0 —z0+zp+20 =2, (12)

which can be used to describe the dynamical state of the SCD
in both the buckled and unbuckled state through the use of
Eq. (6). This equation describes the dynamic response of the
spatially homogeneous braid and SC densities and as before
must hold no matter the details of the replication machinery
or DNA on either side.

For the sake of simplicity and since we are interested in
how topoisomerase action can prevent a replication collapse
we will consider the case of constant p, given in the buckled
phase, with a constant fork velocity z(¢) = vt /L to find

Srep = <1+ ! ) (13)
Orp = 70| -+ ——
PTL z 1—z

and will incorporate the action of topoisomerase with the
addition of a a simple rate of removal ¢ ~ Ao . An additional
term p ~ Kk pp, as well as alternative terms for topoisomerase
removal and SCD dependent velocity, can be included in
this framework but will not be examined here. Additionally,
we will not specify the direct mechanisms of topoisomerase
action [22,23] in an effort to identify the basic elements of this
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FIG. 3. Supercoiling density ¢ as a function of fork position
z = x/L against an fixed barrier (solid) and a long gene convergently
(dashed) or divergently (dotted) oriented for various topoisomerase
action rates (top legend) at fixed force f =1 pN. Depending on
gene orientation SCD can be raised or lowered resulting in altered
plectonemic collapse position. The % contribution is dropped and
Ax — +1/5 is used.

dynamic competition. Recent experimental results have vali-
dated this approach, identifying the action of topoisomerase

in the unreplicated region as the primary source of relaxation
[16,24]. This yields a dynamical equation for the SCD

s = 2oLy (14)
oc=—of- -n),
L \z 1-z "
where = % and we have used Eq. (2) to write the expression

in its separable form. This equation can be directly integrated
to find the solution

Z
-z
where we have used the boundary condition o (z) = (1 — p)
to account for matching at the buckling transition.

For a collapse to be avoided we must have o(z) < o
which puts a condition on the relative rates of replication v
and topoisomerase action A as well as the buckled density pp.
A local maxim can occur for o (z) at

o(2)=(1-pp) e, (15)

R & (16)
T2 4n

if the rates satisfy the inequality A > 4v/L it is possible for
replication to occur over the entire system, as shown in Fig. 3.
These results point to the importance of quick topoisomerase
action during replication and offer insight into the impor-
tance of extra proteins used to stabilize plectonemes during
replication [24]. Additionally, this effect should be directly
observable using recent experimental setups [16] by changing
the topoisomerase concentration and observing its effect on
the amount of DNA replication possible.

IV. REPLICATION CONFLICTS

During DNA replication additional topological barriers
may exist to the free rotation of the unreplicated region
presenting additional constraints for fork progression. A com-
mon obstruction to free DNA rotation is an active site of

transcription. The interaction between fork progression and
transcription can result in nonlocal interactions and stalling
between transcription and replication [14]. We can incorpo-
rate the effect of an area of active transcription, and thus
the absence of a static barrier, by changing the boundary
condition at this point by introducing an additional degree
of rotational freedom for DNA ¢. Then the SCD in the
unreplicated region (between the replication fork and the area
of active transcription) is given by

= M (17)
wo(L — x)
which leads to a modified Eq. (12):
(1—2)6 —20 +2p+ip+ —— =2 (18)

a)oL

During transcription RNA polymerase can act as both a
barrier to free DNA rotation as well as a source of SCD [25]
leading to numerous interesting behaviors [26]. To incorporate
this effect the dynamic mechanical response of ¢ is given as

T
¢ = £wovux + D (19)
where vy incorporates the ability of the gene to inject more
SCD in the region which is positive (negative) when the gene
is convergently (divergently) oriented with the direction of
replication and Dy reflects the drag associated with difficulty
in rotating the RNAP and nascent RNA (which may depend
on the length of the gene).

The solution for Eq. (18) including nonlinear terms is
difficult, however in the buckled case the nonlinear terms
vanish and the action of topoisomerases can be included as
before to find a modified Eq. (14):

l—pyFte—p-
. v b v trx
mw=—0< Do 4 —7 (20)

z 1—z

yielding a solution

Virx T z
ﬁm=0—m¢g b)——

_ —U(Z—ZZ)' 21
Dtrx 1 - Ze ( )

As before this solution has a local maximum provided the
rates satisfy Eq. (16). However the slope in Eq. (21) changes
the effective buckling density, and thus the ability for o (z) <
o during replication, as a function of gene length and
orientation allowing for varying amounts of replication to
occur before plectonemic collapse. This important difference
is highlighted in Fig. 3 revealing the role of gene orientation
in replication transcription conflicts. This effect could be
responsible for additional phenomena related to transcrip-
tional changes as a function of a gene’s relative position and
orientation to replication. Exploring these questions further
may provide insight into the connection between the cell cycle
and gene expression [27,28].

Other barriers could be incorporated in this framework
resulting in modified topological and mechanical constraints.
Howeyver, the central framework of this work should remain
valid. For example, the presence of multiple replication forks
can be accommodated resulting in modified equations for BD
and SCDs as a function of total replication completed.
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Following the logic presented in the main text we can
examine the behavior of multiple replication forks. Consider
the case of two replication regions each of size xi, x; of total
length of X, convergently replicated into a region of z for a
total region of size L = z + X. To study this arrangement we
must first notice that the same topological constraint must be
true:

¢+ > 6 =wX, 22)

where ¢ is the twist in the unreplicated between the replicated
regions which have braided an amount 6;. This yields a
generalized Eq. (2):

z0 + X101 + X202 = woX, (23)

where the SC and braid densities in each region are given by
woo = ¢/z and wyp; = 0;/x;, respectively.

Since the entire DNA is connected we will take the torsion
in the entire region L to be homogeneous. Thus we must
have for each boundary between replicated and unreplicated
Tegions Trep = Tunep and thus we must have py = o =p
for all regions of unreplicated regions. Equation (23) then
becomes

= z 1 24
U—m( - p), 24

where Z = X/L yielding a form which is identical to Eq. (2).
Additional effects such as the role of topoisomerase could
be added within this framework resulting in solutions closely
following those presented for the case of one replication fork.

V. CONCLUSION

Many important aspects of DNA replication are not ad-
dressed here and the simple nature of the model developed
in this article leaves a number of opportunities for future
work to bridge the divide between theory and experiment.
In this first effort we have only been concerned with devel-
oping a model that accommodates the equilibrium behavior
of braided, replicated, and supercoiled, unreplicated DNA. In
this vein we have neglected the behavior of the replication
machinery during replication and the dynamic behavior of the
braided and supercoiled DNA. Future models and experiments
that incorporate the dynamical response of both regions may
reveal important aspects of the process of DNA replication.

Even in the simple framework presented here, a number
of important phenomena have been outlined, most notably
the competition between topology and mechanics cells must
overcome to successfully replicate DNA. During this process
fork progression and the resulting torsional load put onto
DNA must be dealt with before cells can divide and the basic
elements of this competition have been highlighted in this ar-
ticle. Additionally, the basic properties of nonlocal interaction
between replication and transcription have been outlined. This
framework should serve as a foundation for future studies
to bridge the divide between the simple properties of DNA
replication and a more complete description needed to fully
understand DNA replication in cells.
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APPENDIX

1. Phenomenological equations for braided DNA torsion

We would like to find simple equations for the equilibrium
torsional response of braided DNA as a function of braid
density (BD). This can be obtained by analyzing the free
energy density for braided DNA at equilibrium. Using [15]
the free energy per unit length of a polymer with braid radius
R and pitch P held at a fixed force f is given by

R? P
ﬂgb =A(R2 +P2)2 _ﬂfm +A—1U(R’ P)’ (Al)

where A =50 nm is the bending persistence of double
stranded DNA with 8 =1/k,T and k,7 =4 pN nm (at
290 K) throughout this analysis.

The electrostatic energy U (R, P) of the braid is given by

2R R\?2 R\*
U(R,P)=EK0<E> [1+0.828<F) +0'864(F> ]

(A2)

where Ap is the Debye-screening length and & is the amplitude
of the Debye-Hiickel potential, both of which depend on the
chemical composition of the solution the braid is in [15]. We
will use the electrostatic parameters corresponding to a salt
concentration of 0.1 M.

To write the energy Eq. (A1) in terms of the braid density
we can make the substitution p = 6/(wol) where 6 is the
angle by which the two strands of length L have been braided
and wy = 27 /(3.6 nm) encodes the natural linking density
of DNA. For a braid of fixed length L we can use need
the geometric relationship L = 0+/R> + P? for the helical
wrapping of the braid. This leads to the expression

wop = ﬁ, (A3)
where n = 2w w,. Solving for the pitch yields
P = P R? (A4)
\ (@op)?
so that the energy per unit length is given by
BE = AR*(wop)* — BfPwop +AT'UR. p)  (AS)

substituting the density constraint from Eq. (A3) and expand-
ing for small p gives

BER AR (wop)* + 5B (woRp)’ — Bf +AT'U(R, p). (A6)

We can now minimize Eq. (AS5) with respect to R at fixed
force and BD p yielding an effective energy density

a

=7

Pt + f%pz ~f, (A7)
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FIG. 4. Comparison of the free energy given by phenomenolog-
ical Eq. (A8) to minimization of the full energy in Eq. (AS) for a
0.1 M solution.

where & = k;,T4AR*2a)3 and Kk = a)(z)R*z. The resulting radius
R* after minimization has little p dependence and we have
thus dropped the electrostatic contribution in the effective en-
ergy density 3. This is done as when minimized it contributes
little to the energy density serving mainly to set the braid
radius R*. This radius is set by the electrostatic contribution
by the energy which is driven by short distance electrostatic
interactions. Comparisons between the full minimization of
Eq. (Al) to the phenomenological equation are shown in
Fig. 4.
Finally, the torsional response of braided DNA is given by
the relationship
T = L8,0!5’ =ap’ + fkp, (A8)
wo
where for physiological conditions stated above the resulting
values for the phenomenological equations are o« = &/w ~
13781 pN nm and « = K /wy ~ 7.7 nm. Since z <=1 and
o > k and we can the linear term in the torsional analysis
presented in the main text. A full solution to the SCD as a
function of fork position including the linear p terms is given
below.

2. Comparison to full solution

It is possible to obtain a solution for the BD during
replication with linear p which were dropped in the analysis
presented within the article. To do this let us follow the main
text but now using

Tep(0) = ap’ + ficp (A9)

for the torsional response of the replicated region we find
the below equation for the BD as a function of fork position
before buckling

X

7 (A10)

x
ap’ + <fK+J/m>p=y

—— Full Solution (w/linear terms)
Partial Solution (w/o linear terms)
0.14}
0.12r

0.10¢

Pp

0.08

0.06r

f (pN)

FIG. 5. Buckled p, comparison between the full solution given
in the Appendix and partial solution used in the main text.

and after buckling

ap’ + fkp = 1. (Al1)

As discussed in the main text 7, sets the torque in the
system given by the buckled response of the unreplicated
region. These equations yield a nonlinear solution for the
braid density as a function of replication position

1 1/3 2)\1/3 -1/3
p(x) = A = (5) T (v ATE e <
Pb> Pb < P,
(A12)
with
A =9’y

L—x

3 2
+\/4a3<fK+VLL_x> +27a4<yLL_x) (A13)

and
Q'3 fr(2/3)'3
Ph=5ip33g — T Qs (Al4)
with
0 = 91, + 1203 (c [ + Bt (A15)

which is compared to the simplified expression for p, used in
the text in Fig. 5. Having obtained the BD, the solution for
the SCD using the full solution follows in the same manner
outlined in the main text.
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