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Optical control of spins in condensed matter systems such as semiconductor nanostructures requires precise
knowledge of the polarization properties of the associated optical transitions subject to an external magnetic
field. Here, we demonstrate that coherent optical spectroscopy in the form of photon echoes can be successfully
used to evaluate the magnetic anisotropies of valence-band states. It manifests in drastic changes of the transient
signals when the orientation of the magnetic field with respect to the crystallographic axes is varied. In particular,
we use the two-pulse spin-dependent photon echo to study the in-plane hole spin anisotropy in a 20-nm-thick
CdTe/Cd0.76Mg0.24Te single quantum well by exciting the donor-bound exciton resonance. We take advantage
of the photon echo sensitivity to the relative phase of the electron and hole spin precession in the ground and
excited states, respectively, and study various interactions contributing to the hole in-plane spin properties. The
main contribution is found to arise from the crystal cubic symmetry described by the Luttinger parameter q =
0.095 ± 0.005, which is substantially larger than the one theoretically expected for CdTe or found in other
quantum well structures. Another contribution is induced by the strain within the quantum well. These two
contributions lead to different harmonics of the spin precession frequencies in the photon echo experiment,
when the strength and orientation of the Voigt magnetic field are varied. The magnitude of the effective in-plane
hole g factor is found to vary in the range |g̃h|=0.125–0.160 in the well plane.

DOI: 10.1103/PhysRevResearch.2.023160

I. INTRODUCTION

Once the magneto-optical properties of a condensed matter
system become relevant, a detailed knowledge of the spin
level structure of the electronic states involved in optical
transitions is essential. Particularly in semiconductors, for
manipulating an optically excited state in a quantum well
(QW) or in a quantum dot (QD), the properties of the hole
angular momentum must be taken into account. Due to the
strong spin-orbit interaction, the structure of the valence-band
states is complex and, as a consequence, also the hole g
factor is strongly anisotropic [1]. In the magnetic field this
is manifested in an anisotropic Zeeman splitting. Here, the
configuration in which the magnetic field is applied perpen-
dicular to the light wave vector (and to the structure quantiza-
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tion axis), for which the intrinsic optical transitions become
linearly polarized, is especially interesting. In the isotropic
case, the optical transitions split by the field would be po-
larized either along or perpendicular to the magnetic field
axis as for atomic systems [2]. However, in a solid state, the
effective magnetic field, acting on the holes, does not coincide
with the external magnetic field. This is because confine-
ment and strain significantly modify the valence-band eigen-
states and, as a result, change the polarization of the optical
transitions [3].

There are various methods to study the hole spin in low-
dimensional semiconductor systems. Some of them, such
as polarized photoluminescence [4–6] and spin-flip Raman
scattering [7–9], require the application of quite strong trans-
verse magnetic fields in order to resolve the small Zeeman
splittings, by which also band mixing effects are changed, for
example. Additionally, tilting of the field axis away from the
Voigt geometry is often used to involve the larger out-of-plane
hole g factor component in the Zeeman interaction [10]. Also
the spin noise technique allows studying the hole spin in cer-
tain systems with small or zero hole g factor inhomogeneities
such as single QDs [11]. Other methods based on pump-probe
Kerr or Faraday rotation are mostly applicable to systems with
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resident holes, because, otherwise, the hole spin precession
is screened by the signal originating from the electron spin
[12–14]. As a result, the possibilities to study the in-plane
anisotropy of the hole spin by these methods are somewhat
limited and only a few of them have been employed so far
for that [8,9,15]. Moreover, the true anisotropy of electronic
states induced by a magnetic field cannot be recognized in
the variation of the Zeeman splitting when the magnetic field
orientation is changed, but in the polarization properties of
the optical transitions which have been elaborated only for
photoluminescence [3]. Yet photoluminescence studies re-
quire large magnetic fields or extremely high spatial resolution
in order to address single excitons suppressing, thus, the
inhomogeneous broadening of the investigated systems [5].

On the other hand, time-resolved coherent optical methods
allow for tracing the precise hole spin dynamics in the limit
of small magnetic fields. One of these methods is four-wave
mixing and especially the photon echo (PE) technique, which
provides access to the homogeneous optical linewidth [16].
Recently, it was shown for various systems that photon echoes
depend sensitively on the applied transverse magnetic field
(see, e.g., Refs. [17,18]). In particular, the transverse hole g
factor can be measured using spin-dependent photon echoes
[19]. Previous work demonstrated that coherent optical meth-
ods in combination with applying transverse magnetic fields
open unique opportunities to study the spin properties of the
electronic states in semiconductor nanostructures. However,
to the best of our knowledge, none of the previous studies
addressed the impact of the magnetic-field-induced anisotropy
of the hole spin states on the coherent optical response.

In this paper, we investigate the in-plane anisotropy of
the hole spin in a single CdTe/(Cd,Mg)Te QW, manifested
through the photon echoes from the neutral exciton bound to
a donor (D 0X ) in a transverse magnetic field. The absence
of the electron-hole spin-exchange interaction for the D 0X
complex significantly simplifies the analysis of the magnetic
field dependences, providing an excellent model system to
test our technique. We find that the in-plane hole g factor is
highly anisotropic as a result of several contributions, which
strongly influence the coherent optical dynamics of D 0X ,
when the orientation of the magnetic field with respect to
crystallographic axes is varied. The photon echo transients as
a result of linearly polarized pulses are especially interesting.
In this case the angular dependence of the signal allows one
to determine the eigenpolarizations of the optical transitions
which do not necessarily coincide with the direction of the
external magnetic field. The latter is crucial for optical spin
control in semiconductor nanostructures in magnetic field.
The proposed approach can be applied for investigation of the
magnetic anisotropies in semiconductor and condensed matter
systems with different dimensionality from three-dimensional
down to zero-dimensional (bulk, quantum well, quantum
wires, and quantum dots) and is not limited to some particular
material system.

II. THEORETICAL MODEL

We start with the theoretical consideration of the magnetic-
field-dependent two-pulse PE generated by the spectrally
isolated, negatively charged exciton (trion) or D 0X in a QW,

FIG. 1. Representation of experimental geometry and spin level
structure in the circular polarization basis. (a) Reference frame asso-
ciated with the QW structure and its orientation with respect to the
magnetic field. (b) Energy-level scheme using as a basis the angular
momentum states along k||z. The numbers in brackets indicate the
total angular momentum projections on the z axis. (c) Electron-spin
orientations in the ground states |±1/2〉, which have equal energies
and are mixed by the magnetic field.

neglecting many-body effects. The system is excited by two
short laser pulses of specific polarizations (P1 and P2) and
separated by their time delay τ . The excitation is followed by
the two-pulse PE emission delayed by τ relative to the second
pulse. The PE amplitude is studied as well in a specific PPE

polarization, so that the experiment can be characterized by
the polarization sequence P1P2 → PPE. We use as a reference
frame the one associated with the crystal axes, where z ||
[100] is the growth direction and x || [010] and y || [001] are
the in-plane axes, as shown in Fig. 1(a). The magnetic field
is applied in the QW plane (B ⊥ z) under the angle ϕ with
respect to the x axis.

A. Circular polarization basis

The negatively charged exciton (trion) consists of two
electrons and a hole, while the ground state implies a resident
electron with spin 1/2. In the singlet state of D 0X , the two
electron spins are antiparallel, so that the D 0X spin state
is determined by the hole spin. Both systems, the trion and
donor-bound exciton, can be represented by the four-level
energy scheme displayed in Fig. 1(b).

First, we consider the circular polarization basis, in which
the eigenstates of total angular momentum projection on the z
axis correspond to the optically addressed states. The optical
selection rules separate the four levels into two arms of
allowed optical transitions using opposite circularly polarized
light, as shown in Fig. 1(b). The electron ground states with
angular momentum projections |±1/2〉 have the same energy
and become mixed by the in-plane magnetic field B. This
is illustrated by the sketch in Fig. 1(c). So are the excited
states (trion/D 0X ) with total angular momentum projections
|±3/2〉.
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To describe the magnetic properties of the electron or
trion/D 0X states, we use the Hamiltonian in the form

H = ω

2

(
0 e−iθ

eiθ 0

)
, (1)

where ω is the effective Larmor frequency and θ is the angle
between the x axis and effective magnetic field axis, around
which Larmor precession occurs. Because of the anisotropy
of the spin splitting, the angle θ can differ from the actual
magnetic field angle ϕ.

For the electron in the ground state, we take the Zeeman
interaction to be isotropic using the constant in-plane electron
Landé factor ge. The Larmor frequency of the electron is ωe =
geμBB/h̄, where μB is the Bohr magneton and h̄ is the Planck
constant. The electron experiences the actual magnetic field,
so that θ = ϕe ≡ ϕ.

The heavy-hole spin is known to be strongly anisotropic
in the QW plane [4]. Thereby, a number of interactions
contributing to the effective hole g factor g̃h have to be
considered. We follow the theoretical approach by Semenov
and Ryabchenko [3] and include the three main contributions
expected to determine the hole spin dynamics: (i) the Zeeman
interaction leading to a heavy-hole splitting in third order
of perturbation theory given by ωz = 3

2 (ghμBB)3/h̄�2
LH [20],

where �LH is the heavy-hole–light-hole (HH-LH) splitting
and gh characterizes the Zeeman interaction of the hole, where
the angle at which the effective magnetic field appears due to
this contribution is θ = 3ϕ; (ii) the (non-Zeeman) interaction
due to the cubic crystal symmetry with ωq = 3

2 qμBB/h̄ and
θ = −ϕ, where q is the Luttinger parameter [20,21]; and (iii)
the strain-induced potential of C2v symmetry for the hole
inside the QW, which mixes HH and LH states in first order of
perturbation theory and provides an additional splitting ωht =
uμBB/h̄ with the parameter u ∼ gh/�LH and is determined by
the in-plane strain axis with the angle φ relative to the x axis.
Summing these contributions results in the effective magnetic
field angle θ = ϕ + 2φ + π/2 [3]. Accounting for all of them
was shown to be important in self-assembled semiconductor
QDs [5,6,22,23].

Including the three contributions, we write the hole spin
Hamiltonian in the form

Hh = ωz

2

(
0 e−i3ϕ

ei3ϕ 0

)
+ ωq

2

(
0 eiϕ

e−iϕ 0

)

+ iωht

2

(
0 −e−i(ϕ+2φ)

ei(ϕ+2φ) 0

)
≡ ωh

2

(
0 e−iϕh

eiϕh 0

)
.

(2)

The effective hole precession frequency ωh = g̃hμB/h̄ ob-
tained in Appendix A 2 from this Hamiltonian is given by

ωh =
√

N2 + M2,

N = ωz cos(3ϕ) + ωq cos(ϕ) − ωht sin(ϕ + 2φ),

M = ωz sin(3ϕ) − ωq sin(ϕ) + ωht cos(ϕ + 2φ). (3)

The angle of the effective magnetic field experienced by the
hole θ = ϕh can be found from tan(ϕh) = M/N .

As a result, we find for the PE amplitude, analyzed in the
polarization chosen to be identical to that of the first pulse
(PPE = P1), for which the strongest and most informative PE
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FIG. 2. Magnetic field dependences of the PE amplitude cal-
culated for the circularly (a) co-polarized and (b) cross-polarized
configurations using Eq. (4) for |ge| = 15|g̃h| and a fixed delay τ .
The cartoons above and below the plots indicate the involvement
of the different coherent ensemble states in the four-level system in
the PE formation at different magnetic field strengths. The red and
blue arrows indicate the optical transitions addressed by excitation
with the second pulse of certain circular polarization. The red ovals
indicate the superposition state of the coherent ensemble resulting
from excitation with the first pulse. The PE, as illustrated by the wave
arrow, is emitted when the second pulse [polarization σ+ (red) or σ−

(blue)] can excite the coherent ensemble for which it has to be in the
right superposition state.

signals are expected,

Pσ+σ±→σ+ ∝ [1 ± cos(ωeτ )][1 ± cos(ωhτ )]. (4)

Hereafter, we fix the pulse delay τ and scan the magnetic
field amplitude B, which allows us to neglect any relaxation
processes in the coherent dynamics of the system. As a
result, the effective Larmor frequencies ωi are not constants
in our consideration, but rather change with the magnetic field
strength B, in accordance with the interactions (i)–(iii).

Figure 2 shows the calculated magnetic field dependences
of the PE amplitude in the circular polarization basis. Initially,
a coherent ensemble is created by the first σ+ pulse, exciting
a coherent superposition of the states (|+1/2〉 , |+3/2〉). Due
to the electron spin precession, the low-energy component of
the superposition oscillates between the |+1/2〉 and |−1/2〉
ground states at the electron Larmor frequency ωe. Similarly,
the high-energy component oscillates between the |+3/2〉 and
|−3/2〉 excited states at the effective hole Larmor frequency
ωh. Various states of the coherent ensemble upon arrival of the
second pulse are indicated by the red ovals in the illustrations
of Fig. 2. Eventually, the PE is generated when the ensemble
is in a state that can be excited by the second pulse: This
is possible when either the σ+ second pulse (red vertical
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FIG. 3. Experimental geometry and spin level structure in the
linear polarization basis. (a) Orientation of the first pulse polar-
ization relative to the magnetic field B. (b) Energy level scheme.
(c) Electron-spin orientations in the ground states |±1/2〉, which are
split in energy and are not mixed by the magnetic field. (d) Eigenpo-
larizations L|| and L⊥ determined by the angle γ0.

arrow) hits the ensemble when it is in the (|+1/2〉 , |+3/2〉)
superposition or the σ− second pulse (blue vertical arrow)
hits the ensemble in the (|−1/2〉 , |−3/2〉) superposition. As
a result, the PE amplitude exhibits two types of oscillations
when the magnetic field strength is varied. Typically |ge| >

|g̃h|; therefore, the fast oscillations are due to the electron spin
precession, while the slow oscillations of the envelope are due
to the hole spin precession. We note that the signals carry only
information about the absolute values of the effective electron
and hole in-plane g factors, |ge| and |g̃h|, but are insensitive to
the relative phase of the electron and hole spin precession.

B. Linear polarization basis

In case of linearly polarized excitation, the first pulse
polarization (P1) is characterized by the angle γ relative to
the magnetic field B, as shown in Fig. 3(a).

Here, to understand the coherent dynamics of the system, it
is convenient to switch to the linear polarization basis shown
in Fig. 3(b). It involves as basis states |ψ±

e 〉 and |ψ±
h 〉 with spin

projections parallel and antiparallel to the effective magnetic
field axis, respectively, and the two linear eigenpolarizations
of the system, L|| and L⊥. The ground states |ψ±

e 〉 correspond
to the two electron spin orientations along the B axis, as
illustrated in Fig. 3(c), with an energy splitting h̄ωe. The
excited states |ψ±

h 〉 with an energy splitting h̄ωh have spin
orientations along the effective magnetic field that is directed
at the angle ϕh relative to the x axis. The wave functions of
these basis states are

ψ±
e = 1√

2
(e−iϕe/2 |+1/2〉 ± eiϕe/2 |−1/2〉),

ψ±
h = 1√

2
(e−iϕh/2 |+3/2〉 ± eiϕh/2 |−3/2〉) (5)

FIG. 4. Magnetic field dependences of the PE amplitude cal-
culated using Eqs. (6), assuming ge = 15|g̃h|, for various linear
polarization configurations in the eigenpolarization basis L||, L⊥ for
a fixed delay τ . (a, b) Co-polarized configurations. (c–e) Cross-
polarized configurations. The symbols � and � denote the PE
signals oscillating at the difference and sum Larmor frequencies of
the electron and hole, respectively. The black arrows indicate the
directions of linear polarization for the first and second pulses.

with |±1/2〉 and |±3/2〉 being the circular basis states along
the z axis as used before.

The orientation of the eigenpolarization L|| is determined
by the eigenangle γ0 = (ϕh − ϕe)/2 − ϕ + mπ , where m is
an integer, as depicted in Fig. 3(d) (see Appendix A 3).

Now we analyze the PE in the polarization of the first
pulse (PPE = P1). The PE amplitudes evaluated for the
co- and cross-polarized configurations in Appendix A 4 are
given by

Pco ∝ 1 − 2 sin2(2α) sin2(ωeτ/2) sin2(ωhτ/2),

Pcross ∝ cos[(ωe + ωh)τ ] sin2(α)

+ cos[(ωe − ωh)τ ] cos2(α)

− 2 sin2(2α) sin2(ωeτ/2) sin2(ωhτ/2), (6)

where α = γ − γ0. We note that the PE detected in polariza-
tions different from that of P1 contains higher harmonics so
that it is harder to extract information from it.

Figure 4 summarizes the magnetic field dependences of
the PE amplitude for the main co- and cross-polarized con-
figurations with respect to the eigenpolarization basis L||, L⊥,
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FIG. 5. Spin-dependent PE as a function of the magnetic field strength B and orientation ϕ calculated for different polarization
configurations and contributions to the effective hole g factor. Again, ge = 15|g̃h| is taken. (a) Contributions (ii) and (iii) in the circularly
co-polarized (top) and cross-polarized (bottom) configurations. (b) Contribution (ii) in the linearly co-polarized (top) and cross-polarized
(bottom) configurations. (c) Contribution (iii) in the linearly co-polarized (top) and cross-polarized (bottom) configurations. The symbols �

and � denote the PE signals oscillating at the difference and sum Larmor frequencies of the electron and hole, respectively. The PE in the
linear polarization configurations (b) and (c) is considered in the eigenpolarization basis, γ = γ0(ϕ = 0).

as sketched in the left part of the figure. The PE amplitude
is a constant in the co-polarized configurations L||L|| → L||
and L⊥L⊥ → L⊥, as shown in Fig. 4(a). The PE amplitude
oscillates as cos(ωe − ωh)τ at the difference frequency (�)
and as cos(ωe + ωh)τ at the sum frequency (�) in the cross-
polarized configurations L||L⊥ → L|| and L⊥L|| → L⊥, re-
spectively, as shown in Figs. 4(c) and 4(d). Finally, Figs. 4(b)
and 4(e) display the magnetic field dependences when the
pulses are diagonally co- and cross-polarized, respectively.
Here, the fast oscillations originate from the electron spin
precession, while the slow periodic amplitude modulation of
these oscillations emerges from the hole spin precession.

C. Symmetry of different hole g factor contributions

Next we analyze how the various interactions contributing
to the in-plane hole g factor manifest in the spin-dependent
PE signal when varying the magnetic field angle ϕ in the QW
plane. As before, we consider an isotropic electron in-plane g
factor, so that ϕe = ϕ.

When only a single interaction for the hole out of (i)–
(iii) is present, the splitting of the heavy-hole states will be
isotropic, independent of the magnetic field angle ϕ. There-
fore, the magnetic field dependences of the PE, measured in
the σ+σ± → σ+ configurations, will exhibit no difference
when ϕ is varied, similar to the PEs shown in Fig. 2. This
is illustrated in Fig. 5(a), implying ωh ∝ B.

However, each of the considered interactions has a distinct
symmetry, which is reflected in the spin-dependent PE when
measured in the linear polarization configurations. The Zee-
man interaction (i), providing the ωz ∝ B3 splitting and enter-
ing the in-plane hole g factor with the phase ϕh = 3ϕ, results
in α = γ . Thus, the magnetic field dependences of the PE
measured with linearly polarized pulses will be independent

of the angle ϕ, and therefore the contribution (i) is isotropic.
The contribution (ii) due to the cubic crystal symmetry with
strength ωq and phase ϕh = −ϕ gives α = γ + 2ϕ. As a
result, the spin-dependent PE measured in the co-polarized
configurations contains the eighth harmonic, while the PE
measured in the cross-polarized configurations contains the
fourth and eighth harmonics when varying the angle ϕ, as
shown in Fig. 5(b). Finally, the strain-induced interaction (iii)
with strength ωht , which enters the in-plane hole g factor with
phase ϕh = ϕ + 2φ + π/2, leads to α = γ + ϕ + φ − π/4.
This contribution provides the fourth harmonics in the lin-
early co-polarized configurations, and the second and fourth
harmonics in the linearly cross-polarized configurations as
function of ϕ, as shown in Fig. 5(c).

Superimposing these interactions in accordance with
Eq. (2) leads to interference effects, which in general makes
the analysis of the experimentally measured spin-dependent
PE a nontrivial task. When, however, one of the contributions
(i)–(iii) prevails, the spin-dependent PE must exhibit certain
symmetry properties, which help to identify the most impor-
tant contribution and, as a result, simplify the analysis of the
data.

III. EXPERIMENTAL RESULTS

With the aim of studying the hole spin anisotropy
by means of spin-dependent PE we used a 20-nm-thick
CdTe/Cd0.76Mg0.24Te single QW (no. 032112B). It was
grown by molecular-beam epitaxy on a [100]-oriented GaAs
substrate overgrown with 4.5-μm Cd0.76Mg0.24Te buffer and
a short-period superlattice. The CdTe QW is sandwiched be-
tween 100-nm-thick Cd0.76Mg0.24Te barriers. The QW layer
is unintentionally doped by donors (nd < 1010 cm−2) leading
to the D 0X optical transition at the energy of 1.5973 eV
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FIG. 6. Summary of the experimental results on the spin-dependent PE measured on D 0X in a CdTe/Cd0.76Mg0.24Te QW at T =1.5 K for
a pulse delay of τ = 200 ps, using circularly polarized pulses. (a, b) Oscillations of the PE amplitude measured at ϕ = 2π/8, 4π/8, and 6π/8
in the σ+σ+ → σ+ and σ+σ− → σ+ polarization configurations, respectively. The thick black curves are the experimental data; the thin red
curves are model calculations, with parameters adjusted to describe the complete data set. (c) Dependence of the absolute value of the effective
in-plane hole g factor |g̃h| on the in-plane angle ϕ of the magnetic field orientation. The dots are results from the individual data fits; the red
solid line gives the contributions (ii) and (iii) from the complete data set modeling; the blue dash-dotted circle gives the contribution (ii) alone.

(T = 1.5 K), which we excite resonantly (for details see
Appendix B 1). The structure was examined before by various
photon echo-based techniques and can be considered as a
model system for studies that can be performed also on many
other structures [19,24–26].

The experimental setup we employ here allows for time-
resolved degenerate four-wave mixing (FWM) measurements.
The sample was cooled down to the temperature of 1.5 K in a
helium bath cryostat, equipped with a superconducting split-
coil magnet. Two pulse trains from a Ti:sapphire laser with the
spectral width of 0.9 meV (duration 2.3 ps) and wave vectors
k1 and k2, oriented close to the sample normal, were focused
into a spot of about 250 μm on the sample. The second pulse
train was delayed with an optical delay line by τ = 200 ps
relative to the first one. The PE signal was collected in the
reflection geometry along the 2k2 − k1 direction and mixed
at the photodetector with a reference pulse, delayed by 2τ =
400 ps with respect to the first pulse. The desired polarization
of the detected FWM signal was chosen by the reference pulse
polarization. The detected signal intensity is I ∝ EPEERef ,
where EPE and ERef are the electric-field amplitudes of the PE
and reference pulse, respectively. The energies per pulse were
about 10 pJ, which corresponds to the pulse area of about π/2
or less [25]. More details on the implemented technique can be
found in Ref. [27]. The transverse magnetic field was applied
in the sample plane at various angles ϕ = nπ/8, n = 1–6. The
magnetic field strength was scanned in the range B = 0–4 T.

Figures 6(a) and 6(b) display PE measurements, performed
in the σ+σ+ → σ+ or σ+σ− → σ+ polarization configura-
tions, for ϕ = 2π/8, 4π/8, and 6π/8. The data for the full
set of ϕ angles is presented in Appendix B 2. These data
manifest two types of oscillations in full accord with our
theoretical considerations [see Eq. (4) and Fig. 2]. The fast os-
cillations follow a frequency independent of the angle ϕ. From
these oscillations the electron g factor |ge| = 1.584 ± 0.005 is
extracted, in good agreement with previous studies [26,28].
The envelope function of the fast oscillations exhibits slow
oscillations caused by the hole spin precession. These slow
oscillations appear to be in antiphase for the σ+σ+ → σ+ and

σ+σ− → σ+ polarization configurations and demonstrate a
ϕ-dependent period. From that period the effective in-plane
hole g factor |g̃h| = h̄ωh/μBB can be determined, as plotted
with dots in Fig. 6(c). It varies in the range |g̃h|=0.13–0.17
with the highest value for the magnetic field oriented along
the [011] crystalline axis.

Figure 7 provides experimental data measured in the linear
polarization configurations for the magnetic field orientations
ϕ = 3π/8, 4π/8, and 5π/8. Further experimental data can be
found in Appendix B 3. In order to operate with specific linear
polarizations in the laboratory reference frame associated
with the magnetic field orientation we employ the following
directions, as indicated in the inset of Fig. 7: horizontal H||B
(γ = 0), vertical V ⊥ B (γ = π/2), diagonal D (γ = π/4),
and antidiagonal A ⊥ D (γ = 3π/4). The data exhibit the
following symmetry properties: In the co-polarized configura-
tions HH → H and DD → D, the signal shape changes with
the angle ϕ with an oscillation period of π/4, corresponding
to the eighth harmonic. Similarly, in the cross-polarized con-
figurations HV → H (VH → V) and DA → D (AD → A)
periodic shape changes occur with the angle period of π/2,
which corresponds to the fourth harmonic. However, the
anisotropic angular dependence of the effective hole g factor
[Fig. 6(c)] evidences the presence of at least two different
contributions, one of which is thus prevailing.

IV. ANALYSIS AND DISCUSSION

From the comparison of the data in Fig. 7 with the mag-
netic field dependences of the PE in the eigenpolarization
basis (Fig. 4), the orientation of this basis can be deduced:
γ0 ≈ −2ϕ + mπ . We note that the measured signal is propor-
tional to the absolute value of the PE amplitude, so that it
should be compared with the |Pco| and |Pcross| dependences.
As a result, for the magnetic field tilted by ϕ = 3π/8 the
eigenangle is γ0 ≈ π/4. Thus, the eigenpolarizations L|| and
L⊥ are aligned with the D and A polarizations, respectively, as
shown schematically in Fig. 7(a). Similarly, the data measured
at ϕ = 4π/8 [Fig. 7(b)] have the eigenangle γ0 ≈ 0 and the

023160-6



IN-PLANE ANISOTROPY OF THE HOLE g FACTOR IN … PHYSICAL REVIEW RESEARCH 2, 023160 (2020)

FIG. 7. Spin-dependent PE measured with linearly polarized pulses at τ = 200 ps in various polarization configurations for different
magnetic field orientation angles: (a) ϕ = 3π/8, (b) ϕ = 4π/8, and (c) ϕ = 5π/8. The experimental data (thick black curves) are normalized
to unity. The thin red curves correspond to model calculations with parameters chosen to describe the complete data set. The schemes above the
data depict the orientations of the eigenpolarizations L|| and L⊥. The arrows in the box give the linear polarization directions in the laboratory
reference frame: H, D, V, and A correspond to the angles zero, π/4, π/2, and 3π/4 with respect to the B axis. The numbers next to the � and
� symbols give the extracted difference and sum oscillation periods.

L||, L⊥ axes are aligned with the H and V polarizations.
Accordingly, the data measured at ϕ = 5π/8 [Fig. 7(c)] have
the eigenangle γ0 ≈ −π/4 and the L||, L⊥ axes are aligned
with the A and D polarizations.

We discuss now the details of the model adjusted to
describe quantitatively the whole collection of experimental
data. First, we neglect the Zeeman contribution (i) to the hole g
factor, since it is expected to be small (ωz ∼ ωh × 10−3) due to
the sufficiently large HH-LH splitting of �LH ≈ 15 meV [24].
Moreover, it requires a nonlinear dependence of the Zeeman
splitting on the magnetic field, which is hard to resolve from
our data. In order to take into account the inhomogeneity

of the hole g factor, we consider Gaussian distributions of
the two remaining contributions weights q and u with the
same relative dispersions �p/p (p = q, u), for simplicity. We
neglect the ge dispersion, which is expected to be within 1%
[28,29].

From the theoretical modeling of the complete data set
shown with the red lines in Figs. 6(a), 6(b), and 7 we
find that the in-plane hole g factor is dominated by the
non-Zeeman contribution (ii) with the Luttinger parameter
q = 0.095 ± 0.005. It is responsible for the main symmetry
properties of the spin-dependent PE and corresponds to the
effective hole g factor 3/2q ≈ 0.143, shown in Fig. 6(c) with

TABLE I. The parameter values used to describe the complete set of experimental data shown in Figs. 9 and 10.

τ (ps) �LH (eV) ge �ge gh q �q/q u �u/u φ (deg) δϕ (deg)

200 0.015 1.584 0 1 0.095 0.25 0.016 0.25 94 4
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the blue dash-dotted circle. The strain-induced contribution
(iii) has the weight of u = 0.016 ± 0.006 with the strain axis
orientation φ = (94 ± 2)◦. This contribution interferes with
the non-Zeeman contribution (ii) leading to the anisotropic
angular dependence of the observed effective in-plane hole
g factor, shown in Fig. 6(c) with the red solid line. The
dependence is stretched along the [011] axis with the aspect
ratio of about 30%, resulting in the hole effective g factor
varying in the range |g̃h|=0.125–0.160.

The small amplitude oscillations observed in the linearly
co-polarized configurations aligned with the L|| axis, such as
HH → H at ϕ = 4π/8 [Fig. 7(b)] or DD → D at ϕ = 3π/8
and 5π/8 [Figs. 7(a) and 7(c)], are due to a deviation δϕ ∼ 4◦
of the experimentally used sample orientations from the nom-
inal ϕ angles with respect to the actual crystal x axis. This
deviation was confirmed by an x-ray Laue analysis.

Finally, the dispersion of the hole g factor can be character-
ized by the standard deviation �p/p ≈ 0.25. It is responsible
for the strong damping of the oscillating PE amplitude with
increasing magnetic field strength B in the � and � polariza-
tion configurations such as HV → H (VH → V) at ϕ = 4π/8
or DA → D (AD → A) at ϕ = 3π/8 and 5π/8 (Fig. 7).
It causes also the contrast reduction in the PE amplitude
oscillations in the σ+σ± → σ+ polarization configurations
(Fig. 6).

There are other magnetic-field-induced effects to mention,
which we, however, neglected here. Because of the diamag-
netic high-energy shift of the D 0X spectral line (≈0.3 meV
at B = 4 T) and the subsequent detuning from the laser
energy, the detected PE amplitude is somewhat reduced at
B > 2 T. Additionally, the strong magnetic field affects the
spin dynamics during the optical pulse action, which may ef-
fectively reduce the detected PE amplitude. As was mentioned
before, the pulse delay τ can be varied at constant magnetic
field in order to observe the spin-dependent PE. Thereby,
the diamagnetic shift problem can be eliminated. However,
since the PE amplitude shows an exponential decay with
the optical coherence time (T2 ≈ 100 ps) (see Appendix B1
and Ref. [25]), this has to be taken into account. The spin-
relaxation processes occur during much longer times (�1 ns)
and can still be neglected [26].

Previous studies of the in-plane hole spin anisotropy were
mainly based on the angular dependence of linear polarization
for the photoluminescence of exciton complexes subject to
a transverse external magnetic field. The spin anisotropy
was studied in diluted magnetic II-VI semiconductor QWs
[4,9] and nonmagnetic self-assembled QDs based on II-VI
and III-V compounds [5,6,22,23]. In diluted magnetic
CdTe/(Cd,Mn)Te [4] and (Cd,Mn)Te/(Cd,Mn,Mg)Te QWs
[9] all main mechanisms (i)–(iii) were evaluated in detail.
Diluted magnetic semiconductors possess a giant Zeeman
splitting due to the exchange interaction with the Mn2+ ions
and therefore the isotropic contribution (i) is relevant in
moderate magnetic fields of several Tesla. In addition, it was
demonstrated that the lowering to C2v crystal symmetry due
to strain or shape anisotropy leads to the dominating role of
the term (iii), while the cubic anisotropy (ii) is weak. The
in-plane hole spin anisotropy in nonmagnetic structures was
investigated only for self-assembled QDs. In this case the
Zeeman contribution (i) is negligible due to the large splitting

of the heavy- and light-hole states given by the confinement
along the growth direction. Here, the strong influence of term
(iii) due to strain and shape anisotropy was demonstrated for
single CdSe/ZnSe and (In,Ga)As/GaAs QDs [5,23]. Subse-
quent studies demonstrated also the importance of the cu-
bic anisotropy in some QDs where term (iii) is reduced to
values comparable with term (ii) [6,22]. However, no eval-
uation of the q parameter was possible in previous studies.
Surprisingly, in our paper we observe that the cubic crystal
symmetry plays the dominant role in the anisotropic hole spin
properties of nonmagnetic CdTe/(Cd,Mg)Te QW structures.
Thereby, we can determine the Luttinger parameter, which
in quantum wells was not studied in detail experimentally
so far. It is usually disregarded because of its hypothetical
smallness [30–32]. For GaAs-based QWs, values in the range
q = 0.01–0.04 were evaluated from photoluminescence stud-
ies [21,33]. The magnitude of q = 0.095 ± 0.005 evaluated
with high precision in our paper is noticeably larger.

V. CONCLUSIONS

A photon echo-based technique has been developed to
monitor the precise spin-dependent coherent optical response
of ensembles of exciton complexes subject to a transverse
external magnetic field with arbitrary direction within the
sample plane. It may be applied to study charged excitons
as well as neutral excitons bound to a donor or an acceptor
in various semiconductor systems including quantum wells,
quantum dot ensembles, and epilayers, which can be well
described by a four-level energy scheme with Kramers dou-
blets in the ground and excited states. We demonstrate that
the photon echo resulting from a sequence of two circularly
polarized pulses carries only information about the absolute
values of the effective electron and hole in-plane g factors
and is not sensitive to the relative phase of the electron and
hole spin precession. Excitation by linearly polarized pulses
gives rich information not only on the Zeeman splitting of
electronic states. It allows one also to determine precisely the
eigenpolarizations of the optical transitions which depend on
the relative orientation of the magnetic field and sample. We
show that the angular dependences of the photon echo signal
contain different harmonics which can be uniquely attributed
to the mechanisms responsible for the magnetic anisotropy
such as crystal symmetry, strain, or shape anisotropy.

The main advantage of the technique is the possibility
to measure the in-plane components of the hole g factor
using relatively weak magnetic fields in inhomogeneously
broadened ensembles and to study various interactions of
the hole spin with the in-plane magnetic field. In our paper,
a magnetic field as low as B ≈ 200 mT was sufficient to
estimate the effective hole g factor of about 0.1 from spin-
dependent photon echo measurements in certain polarization
configurations at the pulse delay τ = 200 ps. This is because
the effective hole g factor can be evaluated from the deviation
of the signal oscillation frequency from the electron Larmor
frequency. Also, the magnetic field strength can be scaled
down further with increasing τ . Moreover, as compared with
other methods studying the hole spin dynamics, it is not
necessary to have resident holes for that purpose. Eventually,
applying the method to a CdTe/(Cd,Mg)Te quantum well we
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have been able to extract the parameter q in the Luttinger-
Kohn Hamiltonian, which is difficult to obtain by other optical
techniques. The presented method can be extended for mag-
netic fields tilted from the structure plane, allowing thus for
studying the out-of-plane hole spin properties.
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APPENDIX A: THEORETICAL DESCRIPTION OF
MAGNETIC-FIELD-DEPENDENT PHOTON ECHOES

In order to describe the optical excitation of the negatively
charged trion by a short laser pulse with central frequency ω

close to the trion resonance frequency ω0 and the resulting
dynamics in a magnetic field we use a 4 × 4 time-dependent
density matrix, comprising the two electron spin projections
(±1/2) (index 1 and 2) and the two hole spin projections
(±3/2) (index 3 and 4).

The temporal evolution of the density matrix is described
by the Lindblad equation:

ρ̇ = − i

h̄
[Ĥ, ρ] + �. (A1)

Here Ĥ is the Hamiltonian of the system and � describes
relaxation processes phenomenologically. In our case the
Hamiltonian contains three contributions: Ĥ = Ĥ0 + ĤB + V̂ ,
where Ĥ0 is the Hamiltonian of the unperturbed spin system,
ĤB gives the interaction with the magnetic field, and V̂ de-
scribes the interaction with the light pulses. In the calculations
we use the short pulse approximation assuming that the pulse
duration is significantly shorter than the trion lifetime, the
decoherence times, and the electron spin precession period in
the transverse magnetic field. This assumption is justified for
our experimental conditions.

1. Electron-trion system under the action of a short light pulse

The interaction with the electromagnetic wave in the
electric-dipole approximation is described by the Hamilto-
nian:

V̂ (t ) = −
∫

[d̂+(r)Eσ+ (r, t ) + d̂−(r)Eσ− (r, t )]d3r, (A2)

where d̂±(r) are the circularly polarized components of the
dipole moment density operator, and Eσ± (r, t ) are the cor-
respondingly polarized components of the electric field of a

FIG. 8. PL spectrum of the studied 20-nm-thick
CdTe/Cd0.76Mg0.24Te single QW (black line) and spectral
dependence of the optical coherence time T2 (blue squares)
measured at the temperature of 2 K (from Ref. [25]). D 0X denotes
the donor-bound exciton; X − and X denote the negatively charged
and neutral exciton, respectively. The red shaded area indicates the
laser pulse spectrum at the energy of 1.5973 eV.

quasimonochromatic electromagnetic wave. The electric field
of this wave is given by

E(r, t ) = Eσ+ (r, t )o+ + Eσ− (r, t )o− + c.c., (A3)

where o± are the circularly polarized unit vectors that
are related to the unit vectors ox ‖ x and oy ‖ y through
o± = (ox ± ioy)/

√
2. Here the components Eσ+ and Eσ− con-

tain the temporal phase factors e−iωt .
The strength of the light interaction with the electron-trion

system is characterized by the corresponding transition matrix
element of the operators d̂±(r) calculated with the wave
functions of the valence band, | ± 3/2〉, and the conduction
band, | ± 1/2〉 [34]:

d (r) = 〈+1/2|d̂−(r)| + 3/2〉 = 〈−1/2|d̂+(r)| − 3/2〉. (A4)

The Hamiltonian Ĥ = Ĥ0 + V̂ in our basis is given by

H0 + V = h̄

2

⎛
⎜⎝

0 0 f ∗
+eiωt 0

0 0 0 f ∗
−eiωt

f+e−iωt 0 2ω0 0
0 f−e−iωt 0 2ω0

⎞
⎟⎠. (A5)

The f±(t ) are proportional to the smooth envelopes of the
circularly polarized components σ+ and σ− of the excitation
pulse, given by

f±(t ) = −2eiωt∓i(γ+ϕ)

h̄

∫
d (r)Eσ± (r, t )d3r.

Here (γ + ϕ) is the angle between the x axis and the polariza-
tion plane of light if it is linearly polarized. For simplicity we
consider pulses with rectangular shape [35].

2. Precession in the magnetic field

Next, we consider the magnetic field effect. The magnetic
field B is applied perpendicular to the propagation direction
of the incident light at an angle ϕ relative to the x axis. The
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FIG. 9. Magnetic field dependences of the PE amplitude measured in circularly (a) co-polarized and (b) cross-polarized configuration at
magnetic field angles ϕ = nπ/8, n = 1..6. The delay time between the optical pulses is τ = 200 ps. The data are shown with the black line.
The red line corresponds to the theoretical simulation of the data using the model parameters given in Table I. The periodic vertical grid is
drawn with a step according to the spacing between the oscillation maxima in the σ+σ+ → σ+ configuration.

corresponding Hamiltonian is

HB = h̄

2

⎛
⎜⎝

0 ωee−iϕe 0 0
ωeeiϕe 0 0 0

0 0 0 ωhe−iϕh

0 0 ωheiϕh 0

⎞
⎟⎠, (A6)

where ωe,h and ϕe,h are the electron and hole (trion) precession
frequencies and the angles between the x axis and the effective
magnetic field axes, respectively. The angles ϕe,h differ from
the angle ϕ because of possible anisotropies of the electron
and hole g factors. For the electron in the ground state, we
assume the in-plane g factor ge to be isotropic. The Larmor
frequency of the electron is ωe = geμBB/h̄, where μB is the
Bohr magneton. ϕe = ϕ.

The hole g factor is known to be strongly anisotropic in
the QW plane [4]. Following the theoretical approach by
Semenov and Ryabchenko [3] we consider three contributions
to the Hamiltonian of the heavy hole in a magnetic field:

ωheiϕh = ωze
3iϕ + ωqe−iϕ + ωht e

i(ϕ+2φ+π/2). (A7)

3. Linear basis

For linearly polarized optical excitation it is convenient to
diagonalize the Hamiltonian using as a basis the magnetic
field eigenstates, so that the field appears only on the diagonal.
These spin states for the electron �±

e and hole �±
h are

given by

ψ±
e = 1√

2
(e−iϕe/2| + 1/2〉 ± eiϕe/2| − 1/2〉),

ψ±
h = 1√

2
(e−iϕh/2| + 3/2〉 ± eiϕh/2| − 3/2〉). (A8)

Then one can rewrite the Hamiltonian in this basis:

H = h̄

2

⎛
⎜⎜⎝

ωe 0 V ∗
|| eiωt V ∗

⊥eiωt

0 −ωe V ∗
⊥eiωt V ∗

|| eiωt

V||e−iωt V⊥e−iωt 2ω0 + ωh 0
V⊥e−iωt V||e−iωt 0 2ω0 − ωh

⎞
⎟⎟⎠.

(A9)

Here V|| and V⊥ are

V|| = h̄

4
( f+e−i(γ−γ0 ) + f−ei(γ−γ0 ) ),

V⊥ = h̄

4
( f+e−i(γ−γ0 ) − f−ei(γ−γ0 ) ),

γ0 = (ϕh − ϕe)/2 − ϕ + mπ. (A10)

4. Photon echo amplitude

Using the procedure described in Ref. [18] one can write
the PE amplitude for excitation by two linearly polarized
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FIG. 10. Magnetic field dependences of the PE amplitude measured in the (a) HH → H/VV → V, (b) HV → H, (c) VH → V,
(d) DD → D/AA → A, (e) DA → D, and (f) AD → A linear polarization configurations for the magnetic field angles ϕ = nπ/8, n = 1–6.
The delay time between the optical pulses is τ = 200 ps. The data are shown with the black (HH → H, HV → H, VH → V, DD → D,
DA → D, AD → A) and blue (VV → V, AA → A) lines. The red line corresponds to the data simulation using the model parameters given
in Table I. The symbols � and � indicate the signals oscillating at the difference and sum of Larmor frequencies of the electron and hole,
respectively. The numbers next to the � and � symbols indicate the oscillation periods.
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FIG. 11. Simulated variations of the magnetic field dependence of the PE amplitude with the in-plane magnetic field angle ϕ at γ = 0
and the in-plane hole g factor dispersion (�gh = 0) set to zero in the following polarization configurations: (a, b) circular polarizations
σ+σ± → σ+, (c, d) linear polarizations HH(V) → H, and (e, f) linear polarizations DD(A) → D. The green dashed lines indicate the angles
ϕ, at which the experimental data were measured. Here, zero hole g factor dispersions (�q = 0, �u = 0) were used in the simulation in
combination with the other parameter values given in Table I.

pulses (angles γ1 and γ2 relative to the magnetic field direc-
tion) and PE analysis with linear polarization (angle γ3) as

P ∼ [sin(ωeτ ) sin(ωhτ ) cos(2γ2 − 2γ0)

+ 1 − cos(ωeτ ) cos(ωhτ )] cos(γ3 − γ1)

+ [(1 + cos(ωeτ ) cos(ωhτ )) cos(2γ2 − 2γ0)

− sin(ωeτ ) sin(ωhτ )] cos(γ3 + γ1 − 2γ0)

+ [cos(ωeτ ) + cos(ωhτ )]

× sin(2γ2 − 2γ0) sin(γ3 + γ1 − 2γ0). (A11)

For co-polarized excitation and detection (γ1 = γ2 = γ3 = γ )
P is given by

Pco ∼ 1 − 2 sin2(2α) sin(ωeτ/2) sin(ωhτ/2), (A12)

where α = γ − γ0.
For cross-polarized excitation (γ2 = γ1 + π/2) and analy-

sis with γ3 = γ1 = γ the PE amplitude is proportional to

Pcross ∼ {cos[(ωe + ωh)τ ] sin2(α)

+ cos[(ωe − ωh)τ ] cos2(α)}
− 2 sin2(2α) sin(ωeτ/2) sin(ωhτ/2). (A13)

APPENDIX B: ADDITIONAL EXPERIMENTAL DATA

1. Photoluminescence and optical coherence time spectra

The photoluminescence (PL) of the studied structure mea-
sured at temperature T = 2 K is shown in Fig. 8. It mani-
fests three features associated with the donor-bound exciton
(D 0X ), the neutral exciton (X ), and the negatively charged
exciton (trion, X −). Although the D 0X and X − transitions
have a similar energy-level structure, as pointed out in the
main text, only the donor-bound exciton is studied in detail.

The spectral dependence of the optical coherence time T2

measured earlier in Ref. [25] through the PE decay for varying
pulse delay τ is shown in Fig. 8 by the blue squares. It
manifests a maximum value of about 100 ps around the D 0X
transition, which allows detection of the PE signal with a high
signal-to-noise ratio at delays of τ � 200 ps.

2. Spin-dependent photon echoes in circular polarizations

Here we present the complete set of experimental data
on the spin-dependent PE measured on the studied single
CdTe/(Cd,Mg)Te QW.

Figure 9 summarizes the magnetic field dependences of
the PE amplitude measured in the σ+σ± → σ+ polarization
configurations at six different magnetic field angles ϕ changed
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in steps of π/8. As can be seen, the oscillations in the two
polarization configurations are in antiphase. The envelope of
the fast oscillations does not reach zero in both polarization
configurations. According to our model, this is due to the
significant spread of the effective hole g factors. This results
also in the damping of the second maximum of the slow
oscillations. We have confirmed that swapping between the
σ+ and σ− polarizations allows accurate reproduction of the
measurements.

3. Spin-dependent photon echoes in linear polarizations

Figure 10 displays data measured in the linear polar-
ization configurations, applying the same conditions. The
measurements carried out in the co-polarized HH → H con-
figuration essentially reproduce the data obtained in the
VV → V configuration. Similarly, the data recorded in the
DD → D and AA → A polarization configurations basi-
cally coincide for a particular ϕ angle. According to the

model, indeed, Pco(γ ) ≡ Pco(γ + π/2) regardless of the
angle ϕ.

The spin-dependent PE measured in the co-polarized con-
figurations HH → H (VV → V) and DD → D (AA → A)
clearly exhibits a periodic alternation of the magnetic field
dependence between the two signal types shown in Figs. 4(a)
and 4(b) of the main paper with changing the angle ϕ in steps
of π/4. The fast oscillations observed for all angles ϕ have
the same period and originate purely from the electron Larmor
precession.

In the cross-polarized configurations HV → H (VH → V)
and DA → D (AD → A) the magnetic field dependence of
the PE alternates periodically between the types of oscillation
patterns shown in Figs. 4(c)–4(e) of the main paper with the
step in angle ϕ being now π/2.

Figure 11 displays the simulated PE dependence on the
in-plane magnetic field B and the magnetic field angle ϕ for
various polarization configurations. The dispersions of the g
factors were neglected here (�q = 0,�u = 0).
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