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How trapped particles interact with and sample superfluid vortex excitations
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Particles have been used for more than a decade to visualize and study the dynamics of quantum vortices
in superfluid helium. In this work we study how the dynamics of a collection of particles set inside a vortex
reflects the motion of the vortex. We use a self-consistent model based on the Gross-Pitaevskii equation coupled
with classical particle dynamics. We find that each particle oscillates with a natural frequency proportional to
the number of vortices attached to it. We then study the dynamics of an array of particles trapped in a quantum
vortex and use particle trajectories to measure the frequency spectrum of the vortex excitations. Surprisingly, due
to the discreetness of the array, the vortex excitations measured by the particles exhibit bands, gaps, and Brillouin
zones, analogous to the ones of electrons moving in crystals. We then establish a mathematical analogy where
vortex excitations play the role of electrons and particles that of the potential barriers constituting the crystal.
We find that the height of the effective potential barriers is proportional to the particle mass and the frequency of
the incoming waves. We conclude that large-scale vortex excitations could be in principle directly measured by
particles and novel physics could emerge from particle-vortex interaction.
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I. INTRODUCTION

When a fluid composed of bosons is cooled down, a
spectacular phase transition takes place. The system becomes
superfluid and exhibits exotic physical properties. Unlike any
classical fluid, a superfluid flows with no viscosity. This is
an intriguing example of the manifestation of pure quantum-
mechanical effects on a macroscopic level. The first discov-
ered superfluid is liquid helium *He in its so-called phase
II, below the critical temperature 7, ~ 2.17 K. In one of the
first attempts of describing the behavior of superfluid helium,
London suggested that superfluidity is intimately linked to
the phenomenon of Bose-Einstein condensation (BEC) [1]. In
the same years, Landau and Tisza independently put forward
a phenomenological two-fluid model, wherein superfluid he-
lium can be regarded as a physically inseparable mixture of
two components: a normal viscous component that carries the
entire entropy and an inviscid component with zero entropy
[2,3].

Because of its intrinsic long-range order, a superfluid
can be described by a macroscopic complex wave function.
A stunning quantum-mechanical constraint is that vortices
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appear as topological defects of such order parameter. In
three dimensions, such defects are unidimensional structures,
usually referred to as quantum vortices. Indeed, the circula-
tion (contour integral) of the flow around a vortex must be
a multiple of the Feynman-Onsager quantum of circulation
h/m, where h is the Planck constant and m is the mass of the
Bosons constituting the fluid [4]. Such peculiarity is necessary
to ensure the monodromy of the wave function. In superfluid
helium, quantum vortices have a core size on the order of
an angstrom. At low temperatures, below 1 K, the normal
component is negligible and vortices are stable and do not
decay by any diffusion process, unlike their classical coun-
terparts. The understanding of superfluid vortex dynamics has
a direct impact on many interesting, complex nonequilibrium
multiscale phenomena, such as turbulence [5-7].

Most of the experimental knowledge on superfluid vortices
is based on indirect measurement of their properties. The early
efforts in the observation of quantized vortices were made in
the framework of rotating superfluid helium, by using electron
bubbles (ions) as probes [8]. Since then, impurities have
been extensively used to unveil the dynamics of superfluid
vortices. An important breakthrough occurred in 2006, when
micrometer-sized hydrogen ice particles were used to directly
visualize superfluid helium vortices [9]. Thanks to pressure
gradients, particles get trapped inside quantum vortices and
are subsequently carried by them. Hence, it has been possible
to observe vortex reconnections and Kelvin waves (helicoidal
displacements that propagate along the vortex line) by means
of standard particle-tracking techniques [10]. Furthermore,
the particle dynamics unveiled important differences between
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velocity statistics of quantum and classical turbulent states
[11,12]. In experiments, such particles are used as tracers,
despite their very large size compared to the vortex core.
Therefore, it is of the utmost importance that the mechanisms
driving their dynamics are fully comprehended. Specifically,
how well is vortex dynamics reflected by the motion of the
particles trapped in it? How much does their presence in the
core modify the propagation of Kelvin waves? Would they
affect the reconnection rates?

Describing the interaction of particles with isolated vortex
lines or complex quantum vortex tangles is not an easy
task. Depending on the scale of interest, there are different
theoretical and numerical models that can be adopted. A big
effort has been made in adapting the standard dynamics of
particles in classical fluids to the case of superfluids described
by two-fluid models [13,14]. This is a macroscopic model in
which vorticity is a coarse-grained field and therefore there is
no notion of quantized vortices. A medium-scale description
is given by the vortex filament model, where the superfluid is
modeled as a collection of lines that evolve following Biot-
Savart integrals. In this approximation, circulation of vortices
is by construction quantized but reconnections are absent and
have to be implemented via some ad hoc mechanism. Finite-
size particles can be studied in the vortex filament frame-
work but the resulting equations are numerically costly and
limited [15]. A microscopic approach consists in describing
each impurity by a classical field in the framework of the
Gross-Pitaevskii model [16—-18]. In principle, such method
is valid for weakly interacting BECs, and is numerically and
theoretically difficult to handle if one wants to consider more
than just a few particles. In the same context, an alternative
possibility is to assume classical degrees of freedom for the
particles, while the superfluid is still a complex field obeying
the Gross-Pitaevskii equation. This idea of modeling parti-
cles as simple classical hard spheres has been shown to be
both numerically and analytically very powerful [19-22]. In
particular, such minimal and self-consistent model allows for
simulating a relatively large number of particles, and describes
well the particle-vortex interaction [22]. Although formally
valid for weakly interacting BECs, it is expected to give a
good qualitative description of superfluid helium.

In this paper we investigate how particles trapped in quan-
tum vortices interact with vortex excitations and in particular
how well they can be used to infer properties of superfluid
vortices. We use the Gross-Pitaevskii equation coupled with
inertial and active particles obeying classical dynamics to
answer this question. We first address how the Magnus force
acting on trapped particles induces oscillations at a certain nat-
ural frequency. This quantity may be experimentally measured
to determine the number of vortices composing a polarized
bundle (see a discussion later in this paper). Second, in order
to understand the effect of particle inertia, we analyze the
spectrum of vortex excitations in the case when a continuous
distribution of mass is contained inside the vortex core. Then,
we study an array of particles trapped inside a vortex, in a
setting similar to the one observed in experiments. Surpris-
ingly, the dispersion relation of vortex waves measured by
the particles is found to contain band gaps and the periodicity
typically observed in the energy spectra of solids. We explain
the numerical observation applying the concepts used in the

standard Kronig-Penney model [23,24], which describes the
motion of electrons in a unidimensional crystal. Finally, based
on our results, we discuss in which regimes particles could be
reliably used to sample vortex excitations.

II. THEORETICAL BACKGROUND

A. Model for superfluid vortices and active particles

We consider a superfluid at very low temperature con-
taining N, spherical particles of mass M, and radius a,. We
describe the system by a self-consistent model based on the
three-dimensional Gross-Pitaevskii equation. The particles
are modeled by strong localized potentials V,,, which com-
pletely deplete the superfluid up to a distance a, from their
center position q;. Particles have inertia and obey a Newtonian
dynamics. The Hamiltonian of the system is

=[5
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where ¥ is the wave function that describes the superfluid
and m is the mass of the condensed bosons interacting with
an s-wave scattering length as, so that the coupling constant
is g = 4magh? /m. The potential Vrep =e(ro/lqi — qj|)12 is a
repulsive potential of radius ry between particles. See Refs.
[20,22] and the next section for further details about the
model. The equations of motion for the superfluid field v and
the particle positions q; = (g x. ¢i,y, gi,;) are

R >
ih— = ===V + @Y — v + ;vpux —qDy.
#))
Np P
Myi; = — fV(|x—q,|)V|1/f| dx+Z—qu’efp 3)
J#

This model has been successfully used to study vortex nucle-
ation [19] and trapping of particles by quantum vortices [22].
We denote by GP the Gross-Pitaevskii model without particles
and by GP-P the full coupled system (2) and (3).

In the absence of particles, the chemical potential u fixes
the value of the condensate ground state Voo = +/0o0/m =
J/1/g. Linearizing around this value, wave excitations are
described by the Bogoliubov dispersion relation

ézlkl2

Qpk) = clk|,/1 + 4

where k is the wave number of the excitation. Large-
wavelength excitations propagate with the phonon (sound)
velocity ¢ = /gpeo/m?, while at length scales smaller than

the healing length & = //i?/2gps excitations behave as free
particles.

The close relation between the GP model and hydrody-
namics comes from the Madelung transformation ¥ (x) =
VpX)/m e'i9®_ which maps the GP (2) into the continuity
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and Bernoulli equations of a superfluid of density p and ve-
locity vy = V¢. Although the superfluid velocity is potential,
the phase is not defined at the nodal lines of 1 (x) and thus
vortices may appear as topological defects. The simplest case
corresponds to a straight quantum vortex given by

Uy (x, 9, 2) = Vo (x, y)/m e i PED), Q)

where py(x, y) vanishes at the vortex core line (0, 0, z). The
core size of a vortex is on the order of the healing length
& and the phase ¢, = ”,ijp, with ¢ the angle in the (x,y)
plane, ensures the monodromy of the solution (5) only if
ny is an integer number. The corresponding velocity field is
vy = ”;f ﬁ, where ¢ is the azimuthal unit vector and x, =
(x,, 0). The circulation along a closed path C surrounding the
vortex is therefore quantized:

m

h
r= f vy - dl = ny— = 2mnyv/2cE. (6)
C

Actually, for |ny| > 1 vortices are structurally unstable and
split into single-charged vortices. We shall consider only n, =
=+1 vortices. Note that the Bogoliubov spectrum (3) obtained
in the GP framework describes well the excitations of atomic
BECs, but does not match the one observed in superfluid
helium. In particular, the dispersion relation never changes
convexity and the roton minimum is absent. Nevertheless, the
hydrodynamic description of vortices and of their large-scale
excitations (summarized in the following section) is similar
both in helium and in the GP model.

B. Frequency spectrum of superfluid vortex excitations

Excitations are present in quantum vortices because of
thermal, quantum, or turbulent fluctuations. They are waves
propagating along the vortex line with a certain frequency
Q,(k), where k is the (one-dimensional) wave number of the
excitation. At scales larger than the vortex core size (k§ < 1),
such excitations are known as Kelvin waves (KWs) and they
play the important role of carrying energy toward the smallest
scales of a superfluid [25]. At such scales, the dynamics of
a vortex line can be described by the vortex filament model,
according to which the motion of the filament is determined
by the self-induced velocity vg; of the line on itself [8]. This
model involves nonlocal contributions and a singular integral
that needs to be regularized [26]. Note that this model has
also been derived at large scales also in the framework of
the GP equation [27]. The simplest approximation that can be
done is the well-known local-induction approximation (LIA),
where only the contribution to vg; due to the local curvature at
each point of the filament is considered. Such approximation
is valid when the curvature is much larger than the vortex core
size. The LIA model reads [28]

60 =60, a6 = A 2

S(¢, 1) =Vsi((, 1), Vsl(,1)=——N— X —,
C S1 é‘ S1 g‘ 47_[ aé_ aé_z

where s(¢, t) is the curve that parametrizes the filament, and
¢ is the arclength. The parameter A > 0 is in principle a
nonlocal operator yielding the correct Kelvin wave dispersion
relation. At a first approximation and for the sake of simplicity
in analytical treatments, it can be considered as a constant. In
the case of small displacements of a straight filament oriented

@)

along the z axis, the vortex line can be parametrized as
s(z,t) = sx(z,t) + isy(z, t). At the leading order (7) reduces
to

co=itaLsen ®
Usi(Z, =1—N—7=8Z1).

si(Z ) z

The LIA equation (8) admits solutions in the form of heli-
coidal waves propagating along the vortex line with a disper-
sion relation

S(Z, t) = vSi (Za t)a

__TAp,
Qrak) = e k*. 9)

A better description of vortex waves was formally derived
from the Euler equations for an ideal incompressible fluid by
Sir W. Thomson (Lord Kelvin) [29] in the case of a hollow
vortex, namely if the vorticity is concentrated in a thin tube of
radius ap. In this case the frequency of propagation is given
by the well-known Kelvin wave dispersion relation

Quw (k) = Lz[l _ \/1 +a0|k|K0(a0|k|):|, (10)

2mag m

where K, (x) is the modified Bessel function of order »n and a
depends on the model of the vortex core. It has been shown by
Roberts [30] that the small wave number limit of expression
(10) is valid also for large-scale waves propagating along the
superfluid vortex described by the GP equation:

r 2
Qy(k Qiw (k 0) = ——#k*(1 — ),
v( )kg?i kw (kag — 0) o (na0|k| VE)
(11)
where ap = 1.1265¢ and yg ~0.5772 is the Euler-

Mascheroni constant. On the other hand, at small scales
the excitations of a quantum vortex behave as (GP) free
particles and the dispersion relation is simply given by [30]

r
Qu(k) — —QpkE — 00) = ——Kk>. (12)
k&1 4

Note that all the frequencies (9)—(12) have an opposite sign
with respect to the circulation I'; namely KWs rotate opposite
to the vortex flow v,. Since there is not an analytic expression
for the full dispersion relation of vortex excitations of the GP
model, in the numerics presented in this work we use a fit of
the dispersion relation that matches both asymptotic (10) and
(12). It reads

Qf (k) = Quw ([ 1 + €, (aolk)> + 1 (aolkl) + 5 (aolk])?]-
(13)

The dimensionless parameters €1 = —0.20 and €; = 0.64 are
obtained from the measured dispersion relation of a bare
vortex tracked in a GP simulation without particles. In Fig. 1
the spatiotemporal spectrum of a bare GP vortex is compared
with the result of the fit (solid green line), together with the
asymptotics. Note that in Eq. (13) we used the full Kelvin
wave frequency relation (10) (dashed cyan line) instead of
the asymptotic (11) (dotted yellow line). This is because its
large-k limit Q2xw (k) ~ 3 nrag (a0|k|)% can be straightforwardly
adjusted to obtain the free particle dispersion relation (12)
(dash-dotted magenta line).
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FIG. 1. (a) Spatiotemporal spectrum of a GP bare vortex loaded
with small-amplitude Kelvin waves. Solid green line is the fit (13).
Dashed cyan line is KW dispersion relation (10). Dotted yellow
line is the small-k asymptotic (11), with by = age’® /2. Magenta
dash-dotted line is the large-k asymptotic (12). The resolution of
the simulation is N; = N; = 256 in a computational domain of size
L, =L, =256&. (b) A zoom close to small wave numbers.

III. MOTION OF PARTICLES TRAPPED
BY QUANTUM VORTEX

We are interested in the behavior of particles captured by
quantum vortices. Since hydrogen and deuterium particles
used to visualize vortices in superfluid helium experiments
are considerably larger than the vortex core (typically a, ~
10*£) they could be captured not by an isolated vortex but
by bundles of many polarized vortices. In such complex
system, the large particle size and inertia might affect the
vortex dynamics. It is then natural to try to understand how
the dynamics of vortices is modified by the presence of the
particles, or in other terms, how well particles track superfluid
vortices.

An amazing piece of experimental evidence is that trapped
particles distribute themselves at an almost equal spacing (see
for instance Ref. [10]). In this work we do not address the
physical origins of this distribution, but we adopt it as a
hypothesis for setting the initial condition of our simulations.

We start our discussion by presenting the settings of the
GP-P model in our simulations. The GP-P equations are inte-
grated in a 3D periodic domain of dimensions L; x L; x L;.
The initial conditions consist of a perturbed straight vortex
containing small-amplitude vortex excitations. The vortex is
loaded with a number of particles and then evolved under
GP-P dynamics. The computational domain contains three
other image vortices in order to preserve periodicity. Only
one vortex contains particles whereas the three others are
bare. We have used resolutions up to 256 x 256 x 1024 and
5123 collocation points. We express the particle mass as M, =
MM, where M) is the mass of the displaced superfluid.
Therefore, light, neutral, and heavy particles have M < 1,
M =1, and M > 1, respectively. Lengths are expressed in
units of &, times in units of T = &€ /¢, and velocities in units of
c. Further details on the numerical implementation are given
in Appendix A.

(2) (b)

(c) ()

FIG. 2. Visualization of particles trapped by superfluid vortices
from GP simulations. Vortices are displayed in red, particles in green,
and sound waves are rendered in blue. (a) A single particle of size
a, = 13.1£ trapped in a vortex filament. (b) An array of particles of
size a, = 13.1& and relative distance d = 51.2. (c) A wire made
of 50 overlapping particles of size 2.7¢ trapped in a vortex filament.
(d) An array of particles of size a, = 13.1£ trapped in a bundle of
4 vortex filaments. Movies of the simulations are available in the
Supplemental Material [34].

Figure 2 displays the four different configurations studied
in this work. Figure 2(a) shows one particle moving in a
quantum vortex which clearly induces KWs on the filament.
Figure 2(b) displays an array of particles initially set at equal
distances. We have checked that provided that particles are
distant enough, they remain equally distributed along the vor-
tex, with very small fluctuations along its axis. Figure 2(c) dis-
plays a snapshot in the case where particles strongly overlap
creating an almost continuous distribution of mass inside the
vortex. Producing this state is possible by properly adjusting
the repulsive potential Vré{, in Eq. (3). The purpose of studying
this configuration is twofold. First, from the theoretical point
of view it will provide an easier way to describe the role of
the particle mass in the vortex dynamics and its effect on
vortex excitations. On the other hand, such setting is similar to
recent experiments that study the nanowire formation by the
coalescence of gold nanofragments on quantum vortices [31]
or experiments with vibrating wires inside quantum vortices
in superfluid *He and “He [32,33]. Finally, Fig. 2(d) displays
a bundle of four equally charged vortices loaded with an
array of particles. In all cases, we clearly see the interaction
between particles and vortices producing sound (phonon) and
Kelvin waves. Movies of the simulations are available in the
Supplemental Material [34].

A. Natural frequency of particles trapped by superfluid vortices

We first consider the dynamics of a particle trapped by
an almost straight superfluid vortex. At the leading order
this is the classical hydrodynamical problem of a moving
sphere with nonzero circulation in an ideal fluid. The main
force acting on the particle is the Magnus force, which arises
from the pressure distribution generated at the boundary of
the particle in such configuration [35,36]. We introduce the
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complex variable g(t) = q.(t) + ig,(¢) for the center of the
particle in the plane orthogonal to the vortex filament, and
v = vy + iv, for the velocity of the ambient superfluid flow.
In these variables, the equation of motion for the particle in
the absence of any external force is [36]

.. . . 3pla

G(t) = i) —vl, Q= EM—ef;’, (14)

p

where M;ff =M, + %Mg =M+ %)MS is the effective mass
of the particle and Mg = %n,oag is the displaced mass of the
fluid. In Eq. (14), the fluid is assumed to be incompressible
with density p ~ ps, Which is a good approximation when
the particle size is larger than the healing length. From (14)
we can derive the temporal spectrum of the particle position

Q}2,|1A)(60)|2
(@ — Q2p)?’

where §(w) = [ g(t)e™™" dt and d(w) = [v(r)e™™" dt. The
vortex line tension, which is responsible for the propagation
of Kelvin waves [37], is implicitly contained in the superfluid
flow v in Eq. (14). It generates particle oscillations in the
rotation direction opposite to the flow generated by the vortex.
However, from Eq. (15) we see that the particle motion is
dominated by a precession with frequency €2,, which has
the same sign of I and therefore has the same direction of
the vortex flow. Such frequency is the natural frequency of
the particle: expressing it as a function of M we get

9_9 r
P Ar @M+ 1)

For current experiments using particles as probes, such char-
acteristic frequency is of order 10-100 Hz, which is actually
measurable [38].

We have performed a series of numerical experiments with
particles trapped in a superfluid vortex excited with small-
amplitude Kelvin waves. Measurements of temporal spectra
(15) for particles characterized by different values of €2, are
reported in Fig. 3. In the x axis of the plot we have the angular
frequencies with the same sign of I'. The different natural
frequencies have been obtained varying the mass and the size
of the particles. The observed peak at €2, is well predicted by
Eq. (15). The natural frequency is also observed for particles
in the particle-array configuration. In particular, if particles
are attached to a bundle of N, quantum vortices instead of
a single filament, the corresponding characteristic frequency
is N, times larger. The case of a bundle of N, =4 is also
reported in Fig. 3, in a remarkable agreement with theory.
This has an important experimental implication. Measuring
the natural frequency €2, could give an independent estimate
of the circulation (and therefore of the number of vortices) in
the bundles visualized by the particles in superfluid helium
experiments.

Note that in general the vortex line tension could have a
nontrivial coupling with the particles and lead to a modifica-
tion of the precession frequency €2,. Indeed, in the idealized
derivation of Eq. (14), it is assumed that the particle center
coincides with the center of a straight vortex line. In principle,
one should solve Eq. (14) together with the equation of
motion of the vortex, taking into account the proper boundary

1g(w)]* = (15)

(16)

a, =13.16 M =11 — ap =7.6§ M=0.16

107' ap =7.66 M=1 — ap =276 M=2
ap =131 M=1" —— a, =270 M=1
104 — ap =53 M=1" .lQpheer|

101 4

g O ot
4
>
p

theory
Qp/Q
o — —

|3(w)?/13(2)I?

theor:;
w/Qp v

FIG. 3. Temporal spectra of the particle positions for different
values of the natural frequency €2, obtained varying mass and size
of the particles. The expected natural frequency |Qg‘e°ry| (16) is the
dotted vertical line. Inset: Comparison of the measured natural parti-
cle frequency with the theory. A dagger (1) indicates that the particle
considered belongs to a particle array. An asterisk () indicates that
the particle considered is trapped in a bundle of 4 vortices.

conditions between a sphere and a vortex filament [26], which
will include restoring forces maintaining the particle trapped.
Accounting for such phenomena might lead to a more accurate
prediction of the precession frequency. However, the GP
system naturally contains all these effects. Therefore, given
the agreement between the prediction (16) and GP numerical
simulations, we conclude that the modification of the particle
natural frequency €2, due to the coupling at the particle-vortex
boundary is a negligible effect. The simple formula (16) can
be thus safely used as a first estimate in current experiments.

B. Dispersion relation of a massive quantum vortex

As already mentioned above, in order to study the dynam-
ics of an array of particles and their interaction with vortex
waves in a setting like Figs. 2(b) or 2(d), it is instructive to
first analyze the case of a massive quantum vortex, as the
one in Fig. 2(c). Our considerations are necessary to give
a picture of the role of inertia in the propagation of vortex
wave excitations. They are not meant to model a real wire,
for which some results are well known in literature [39,40]
and which has been used to measure the quantized circulation
in superfluid helium [41,42]. We consider a wire of length
L, radius ay,, and mass My, filling a superfluid vortex. The
effective mass is MET = My, + M? and the displaced mass is
now M = pL,maZ. Since such wire possesses a circulation,
each mass element is driven by the Magnus force as in
Eq. (14), but with a different prefactor [35]

oLy,

Qy = ——
Mett
w

a7
which arises because of the geometrical difference between
a spherical particle and a cylinder. We allow the wire to
deform, which means that the complex variable g is now a
function of the z component too. Such physical system is
analogous to a massive quantum vortex with a finite size core,
which is already well known in literature [39,40], and it has
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been used to measure the quantized circulation in superfluid
helium [41,42]. If the curvature radius is much greater than
the wire radius and the healing length, the flow velocity v
can be approximated by the self-induced velocity of the vortex
filament on itself. In the LIA approximation, the self-induced
velocity is simply given by vy in Eq. (8). The dynamics of the
wire is therefore driven by the equation

. . . r 9
4z, 1) = le[q(th) - ZEAB_ZZCI(Z’O]' (18)

In this simplified model, we are neglecting modes propagating
along the wire due to elastic tension and the wave number
dependence of the added mass. This choice is done because
we want to focus on the inertial effects that will be relevant in
the case of a particle array, developed in the following section.
Equation (18) allows as a solution linear circularly polarized
waves in the form ¢(z, 1) = goe" =% where the frequency
is given by
" Qy 1
Q (k) = > + >
More generally, one can consider a phenomenological extrap-
olation based on a more realistic model for the self-induced
velocity of the vortex in Eq. (18), so that the dispersion
relation of waves propagating along the wire is generalized

as
QL (k) = %[QW +.,/92 - 49,9,K0)], (20)

where 2, (k) is the bare vortex wave frequency and depends
on the model chosen for the self-induced velocity. We will
refer to (20) as the “massive vortex wave” dispersion relation.
In the LIA approximation we have Q,(k) = Qr1a(k) (9) and
we recover Eq. (19), but a more accurate result is expected if
the wave propagation is instead described by Qxw (k) or by the
measured dispersion relation Q‘jt(k) (13). Note that the zero
mode of the branch Q;’A coincides with €2, and does not vanish
even if M,, = 0 because of the added mass Mg. This is related
to the fact that the wire possesses an effective inertia because
during its motion it has to displace some fluid [39,43]. In the
limit k¢ < 1, the result (20) can be obtained from the one
derived in Ref. [40] using fluid dynamic equations to study
ions in superfluid helium.

We build numerically a massive vortex placing a large
number of small overlapping particles along a vortex fil-
ament. We set the repulsion between particles at a radius
ro = 2Ly, /(Npap) (see Appendix A), so that they are kept at
constant distance rp/2. Such system mimics a continuum of
matter with total mass given by the sum of all particle masses
M, = NM, = NPMSM. We have checked that the repulsion
among particles leads to matter sound waves with frequencies
that are subleading with respect to other terms present in
Eq. (18). We initially excite the system with small-amplitude
Kelvin waves and we let it evolve under GP-P dynamics.
Figure 2(c) shows a typical snapshot of the system but in
the case of a larger initial perturbation (in order to enhance
visibility). We then use the particle positions to construct the
spatiotemporal spectrum S, (k, w) ~ |§(k, w)|?, with §(k, w)
the time and space Fourier transform of g(z, t) (see Appendix
B for further details). Density plots of S,(k, @) are displayed

QuTA

Q2 4 k2. (19)
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FIG. 4. Spatiotemporal spectra of massive vortices for different
masses. The vortex length is L, = 1285 and there are N, =50
particles of radius a, = 2.7&, with repulsion radius ry = 2L,,/(N,ap).
Dotted yellow line is the Bogoliubov dispersion relation Qg (k) (4).
Dashed cyan line is low-k KW dispersion relation Qkw (k) (10). Solid
cyan line is full fitted vortex wave dispersion relation Qﬁ‘(k) (13).
Dash-dotted green lines are massive vortex wave dispersion relation
Qum(k) (20) computed using low-k KW dispersion relation. Solid
green lines are massive vortex wave dispersion relation computed
using full fitted vortex wave dispersion relation. Dotted horizontal
white line is the natural frequency 2, (17). The other parameters of
the simulations are L, = L = 1285 and N, = N; = 256. (a) M =
0.5; (b) M =5; (c) M = 1; (d) same as (c), but displaying the full
range.

in Fig. 4 for different values of the particle mass. For a
better presentation, we have chosen I' < 0 so that vortex wave
frequencies lie in the upper plane. This convention will be
adopted also in the following section.

We first observe that the massive vortex is able to capture
the Bogoliubov dispersion relation Qg (k) (4) due to the pres-
ence of excitations in the superfluid, as displayed by yellow
dotted lines in Fig. 4. The bare Kelvin wave dispersion rela-
tion Qkw (k) and the measured bare vortex frequency spec-
trum Qfi(k) are displayed by the cyan dashed and solid lines,
respectively. They coincide in the limit k£ < 1, as expected.
The corresponding massive vortex wave predictions (20) are
also displayed in green dashed and solid lines. For low masses,
the effect of inertia is negligible, so that massive vortex wave
(20) and bare vortex wave (13) predictions are similar. As
the mass increases, the wire inertia becomes important and
the measured frequencies of the wire excitations decrease at
small scales, in good agreement with the massive vortex wave
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prediction. The model (20) is not expected to give a good ex-
planation for the negative branches, as it neglects the details of
the internal structure of the wire, as well as the dependence on
the wave number of the effective mass. Such features, which
are out of the scope of the present work, are taken into account
in Ref. [40] in the case of an elastic and massive hollow vortex
(with no notion of the free-particle behavior of vortex excita-
tions at small scales). The predicted natural frequency of the
wire Qw = |Q);(0)| is clearly reproduced by the numerical
measurements and it does not become infinite when M — 0
because of the added mass effect. For completeness, Fig. 4(d)
displays the dispersion relation over the full accessible range
of wave numbers. The dispersion curves are bent due to the
discreteness of the wire at scales of order k§ ~ 0.8. Note that
the KW dispersion relation (dashed cyan line) seems to be
very similar to the fitted one (solid cyan line). However, the
difference between the two is apparent in Fig. 4(d). Moreover,
it is clear how the massive vortex wave dispersion relation
computed using 2, (k) = Qﬁ‘ (k) (solid green line) fits the data
for all the masses analyzed. In particular, in Fig. 4(d), it is
shown that it can predict the dispersion relation of a massive
vortex wire with relative mass M = 1 up to a wave number
k& ~ 0.7. This is not the case for the massive vortex wave
dispersion relation computed using 2, (k) = Qgw (k) (dashed
green line). We thus conclude that the main effect of the
inertia of the particles constituting the wire is to modify the
frequency spectrum of vortex waves, as follows from simple
hydrodynamical considerations.

C. Frequency gaps and Brillouin zones for an array
of trapped particles

Now we shall address the main question of this work. How
well do particles, seating in a quantum vortex, track vortex
waves? In order to study this problem, we consider an array of
particles as the one displayed in Fig. 2(b). Particles are placed
in a quantum vortex, initially separated by a distance d. The
system is excited by superimposing small-amplitude KWs.
We can build a discrete spatiotemporal spectrum S, (k, w)
of the measured vortex excitations by using the displace-
ment of particles in the plane perpendicular to the vortex.
In Figs. 5(a) and 5(c) we display the particle spatiotemporal
spectra for an array of N, = 20 particles of size a, = 2.7
with masses M =5 and M = 1, respectively, placed at a
distance d = 12.8%. The Bogoliubov waves are still weakly
sampled by the particles, as displayed by yellow dotted lines.
Surprisingly, a higher-frequency branch appears. Such pattern
is similar to those observed in the typical energy spectra
of crystals [24]. Particles are actually able to sample the
vortex excitations only in the first Brillouin zone; namely
they cannot see wave numbers larger than 7 /d. However,
spatiotemporal spectra can be also computed by directly using
the superfluid wave function. Performing the time and space
Fourier transform of 4 we define the spectrum Sy (k, w) =
|1/7(kx =0,k =0k, w)|2. The corresponding spectra Sy, are
shown in Figs. 5(b) and 5(d) where wave numbers go now
up to kd ~ 10, giving access to all the small scales solved
by the numerical simulations. Several Brillouin zones are
clearly appreciated, as well as the opening of band gaps in
the dispersion relation. At the same time, Bogoliubov modes

1073 1071 10!

FIG. 5. Spatiotemporal spectra computed from the particle po-
sitions (left) and from the wave function v (right) for an array of
particles with mass M =5 (top) and M = 1 (bottom). Solid green
lines are the contour plot of the dispersion relation (22) computed
with Q&‘ (13). Dashed cyan line is low-k KW dispersion relation
Qkw (k) (10). Solid cyan line is the fitted vortex wave dispersion
relation (13). Dotted yellow line is Bogoliubov dispersion relation
Qg (k) (4). Dash-dotted horizontal white line is the predicted natural
frequency €2,,. The other parameters of the particles are d = 12.8¢,
a, = 2.7¢, ry = 4ay,. The size of the computational boxis L, = Ly =
256&, with N, = N, = 512 collocation points.

can be observed and also bare vortex waves. The latter belong
to the image vortices in the computational domain, where no
particles have been attached.

The presence of particles clearly affects the propagation of
waves along the vortex line inducing high-frequency excita-
tions not only for small but also for large wavelengths. The
intuitive idea is that when a vortex wave reaches a particle, it
is partially reflected or transmitted, depending on the mass and
the size of the particles, and eventually on its own frequency.
This reminds us of the standard quantum-mechanical problem
of an electron described by the (linear) Schrodinger equation
hitting a potential barrier. Furthermore, if particles are set at
almost equal distances, the system is similar to an electron
propagating in a periodic array of potential barriers, as in the
Kronig-Penney model [23,24]. In order to apply quantitatively
this intuition and explain the opening of band gaps in the
dispersion relation of vortex wave excitations, we start by
considering an artificial system made of segments of bare
quantum vortex of length (d — L,,), alternated with massive
vortex wires of length L,,. A sketch of the problem is given
in Fig. 6(a). To recover the excitations in the case of the
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FIG. 6. (a) Sketch of the lattice vortex wave model. Bare vortex
segments are in red and massive vortex segments are in green.
(b) Right-hand side of Eq. (22) computed with LIA as a function of
ot for an array of particles with radius a, = 2.7£ and mass M = 5.
Bands of allowed frequencies are displayed in gold. (c) The same as
(b) but for particles with mass M = 1.

particle array, we will later take the limit L,, — 0, keeping
the mass of the wires equal to the effective mass of the
particles. The resulting effective theory must be intended
as an asymptotic limit of the actual system for long waves
ka, < 1, in which the nonlinear interactions of the vortex
excitations are neglected and the complexity of the vortex-
particle boundary is ignored. The accuracy of such model has
to be checked by comparing its predictions with the results of
the GP simulations. The motion of the bare vortices is driven
by the self-induced velocity that leads to the propagation
of vortex waves, while the wires are driven by the Magnus
force. For the sake of simplicity, we first consider the LIA
approximations (8) and (18), respectively. The dynamics is
thus given in each zone by

/( l)—'FAaz (z,1) (D
T = B2 1 ’

. : ) 92
Gz, t) = IQW[CI(Z, 1) — I—A—Q(Z,t)} (ID, @n
4" 972

where (I) is the region 0 < z < d — Ly, and (II) is the region
d — Ly, < z < d. Note that the use of LIA in the system (21)
is rather qualitative, given the high level of complexity of the
problem. In particular it ignores the nonlocal dynamics of the
vortex, does not reproduce the good dispersion relation of
vortex excitations, and may not be able to take into account
the exact boundary condition between the particles and the
vortex. However, it allows us to introduce some general
physical concepts and perform a fully analytical treatment of
the problem. The effective model will be then generalized in
order to take into account a more realistic description of vortex
waves and provide quantitative predictions. The dispersion
relation can be found borrowing standard techniques from
solid state physics, in particular by adapting the solution
of the Kronig-Penny model [23,24]. We look for a wave
solution ¢(z,t) = ®(z)e’”, where the spatial function ®(z)
can be written in the form ®(z) = ¢*“u(z) according to the
Bloch theorem, where u(z) is a periodic function of period
d [44]. The key point is the imposition of continuity and
smoothness of the function ®(z) as well as periodicity of

u(z) and its derivative. These constraints lead to an implicit
equation relating the frequency of the excitations w, the wave
number k, and all the physical parameters. The full derivation
is explained in Appendix C. The last step in order to describe
the excitations of the particle array is to take the limit L, — 0
at constant M.¢. The dispersion relation is finally determined
by the implicit equation

sin(a,d) P

cos(kd) = cos(a,d) — y w”, 22)
oy

where P = 3mda,/AI'2, and o, satisfies the equation

Qriala,) = w:
4w
w =4/ ——. 23
Oy =4 A (23)

In Figs. 6(b) and 6(c) the right-hand side of Eq. (22) is plotted
as a function of wt for heavy and light small particles (that
is, low and high €2;,). The curve must be equal to cos(kd) and
this selects the only allowed frequencies (displayed in gold).
It is exactly the same mechanism that leads to the formation
of energy bands in crystals [24].

The previous calculations can be directly generalized for
more realistic wave propagators (see Appendix C). In partic-
ular, if we consider a dispersion relation €2, (k) for the vortex
excitations, the only change in the result (22) is the functional
dependence of «, (23), which must satisfy Q,(«,) = .
Furthermore, the constant P becomes independent of any
adjustable parameter: P = 3wda,/I"2,. We consider the dis-
persion relation vait(a)) (13) that matches large- and small-
scale excitations and we invert it numerically to find «,,.

In Fig. 5 the contour plot of the theoretical prediction
(22) obtained this way is compared with the numerical data
(solid green lines), exhibiting a remarkable agreement with
the observed excited frequencies. From Fig. 6(b), we remark
that the only allowed negative frequencies lie in a thin band
around €2,. This is also in qualitative agreement with the
data. Note that the bare Kelvin wave dispersion relation (10)
(dashed cyan line) and the fitted bare vortex wave dispersion
relation (13) (solid cyan line) are very similar in Fig. 5. The
reason is that the smallest scale that can be solved by the
considered array of particles is k& = 0.25 (i.e., kd = ), and
for wave numbers smaller than this value Qg‘(k) tends to
Qkw (k) by construction.

In order to make a closer connection with experiments, we
now describe an array of larger particles of size a, = 13.1¢
and relative mass M = 1 set in a single quantum vortex and
in a bundle composed of four vortices. The corresponding
spatiotemporal spectra S,(k, ) are displayed in Fig. 7. In
principle such setting should not be well described by our
theoretical approach. However, the excitation curves can be
reproduced by using the model before the limit L,, — 0 (C6)
and phenomenologically replacing L,, = 2a, while keeping
Q" = Q. The agreement is remarkably good, considering
the rough modeling that has been done. The case of a bundle
in Fig. 7(b) is even more striking. At large scales, we could
expect that such system is analogous to a hollow vortex with
four quanta of circulation and some effective core size. We
have estimated the effective core size by measuring the mean
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FIG. 7. Spatiotemporal spectra computed from the particle posi-
tions for an array of large particles of radius a, = 13.1§ and mass
M =1 placed at a distance d = 51.2&. The repulsion radius is ryp =
2ay. Solid green lines are the contour plot of the dispersion relation
(22) computed with Qft. Dashed cyan line is low-k KW dispersion
relation Qkw (k). Solid cyan line is the fitted vortex wave dispersion
relation. Dash-dotted horizontal white line is the predicted natural
frequency €2,. (a) Particles set in a single vortex. Dashed greed line is
the dispersion relation (C6) before the limit computed using a finite
Ly, = 2a,. For the LIA calculations A = 2.6. (b) Particles set in a
bundle of 4 vortices. The dispersion relation (22) has been computed
using QC‘ with an effective core size of ay = 12& (see text). The
other parameters of the simulations are L, = 1024§, L = 256§, and
NL = 1024, NH = 256

distance between the vortices. The theoretical prediction (22)
combined with this phenomenological approach still impres-
sively matches the numerical data.

IV. DISCUSSION

In this work we have presented a theoretical and numerical
study of the interaction between quantum vortices and a
number of particles trapped in them. We have first pointed out
that a trapped particle oscillates with a well-defined natural
frequency that depends on its mass and the circulation of the
flow surrounding it. Because of the typical values of particle
parameters used in current superfluid helium experiments,
such frequency should be measurable. This measurement can
thus provide an independent way of estimating the number
of vortices constituting the bundles at which particles are
attached.

Based on the experimental evidence that particles spread
along quantum vortices keeping a relatively constant interpar-
ticle distance, we have studied how the particles modify the
vortex excitations. The most exciting result of this work is the
strong analogy with solid state physics. Here, particles play
the role of ions in the periodic structure of a crystal and vortex
excitations that of the electrons. When an electron propagates,
it feels the ions as the presence of a periodic array of potential
barriers. One of the simplest and idealized descriptions of this
physical phenomenon is the Kronig-Penney model, where the
barriers have a constant height Uj. Similarly, vortex waves
propagate and interact with particles and we have shown that a

similar theoretical approach can be used. The main difference
is that the constant height of the barriers in the standard
Kronig-Penney model induces constant shift of the energy
(frequency here). As a consequence, the lowest energy level
in a crystal is different from zero (unlike the case of free
electrons). Instead, in the vortex case, the interaction potential
is due to the Magnus force and depends on the frequency.
Comparing the models, we can then establish a mathematical
analogy (see Eq. (22) and Refs. [23,24]) by noticing that the
effective potential in the case of vortex excitations is given by

Up ~ o /Qp x &’ MS". (24)

The height of the potential is thus proportional to the squared
frequency of the incoming wave and to the particle mass. In
particular, for very low frequencies the presence of particles
does not perturb much the vortices and large-scale Kelvin
waves could be tracked by directly measuring the particle
dynamics. Moreover, we observe that for particles with a
higher natural frequency €2, (namely lighter and smaller
particles), the value of Uy and of P in Eq. (22) decrease. As a
consequence, the bands of allowed frequencies are broadened.
Ideally, in the limiting case of particles with zero mass, the
natural frequency is infinite and P and U, vanish. Therefore
Eq. (22) gets simplified dramatically and becomes cos(kd) =
cos(c,d). This implies

(k) = Q(k i 2”%) nez, (25)

which is just the vortex wave dispersion relation, but repeated
with period k; = 27 /d. In other words, light and small par-
ticles can follow the filament without modifying the vortex
waves. On the contrary, particle inertia reduces the excited
frequencies (in absolute value) of vortex excitations. This fact
(actually coming from simple linear physics) should be taken
into account when one tries to measure the Kelvin waves
experimentally.

In this work we did not take into account the relevance of
buoyancy effects for light and heavy particles. We can esti-
mate it by comparing the buoyancy force F, = (M, — My)g,
where g ~ 9.8 m/s? is the gravitational acceleration, with the
Magnus force that drives the particles Fy; = % pTapu, where u
is the typical particle velocity estimated as u ~ Qpay. It turns

out that Fy,/Fyy = C(M — 1)(2M + 1), where C = %nz%‘%.
This expression strongly depends on the particle size. For
instance, given that the quantum of circulation in superfluid
helium is T' ~ 1077 m?/s, we get that C ~ 4 x 1073 for a
particle of size a, =1 um and therefore the buoyancy is
negligible. However C becomes of order 1 for a particle of
size ap =7 um. We conclude that small and light particles
would be the most suitable for tracking the vortex excitations.

Several questions can be immediately raised. If particles
are not actually equally distributed along the vortex but in-
stead they present some randomness, vortex waves will then
propagate in a disordered medium. It will be natural then to
study the possibility of Anderson localization in such a system
[45,46]. Such situation could perhaps appear if the vortex lines
are excited by external means, for instance close to the onset
of the Donnelly-Glaberson instability [47,48].
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The physical system studied in this work is a first idealized
picture of what happens in real superfluid helium experiments.
The most evident difference is that the size of particles is
typically orders of magnitude larger than the vortex core
size (ap ~ 10*£). However, the prediction (22) comes from
an asymptotic theory in which ka, < 1 and particles can be
considered pointlike, independently of the functional form of
Q, (k). Therefore, we expect that our result should still apply
for wavelengths larger than the particle size. Such long waves
are indeed observed in experiments [10]. In particular, the fact
that particle inertia does not affect the (low) frequency Kelvin
waves should be still valid. A more quantitative prediction for
vortices in He II would be always Eq. (22), but with «,, such
that w = Qye(,, ), Where Qye (k) is the true vortex excitation
dispersion relation in superfluid helium. In any case all the
main conclusions remain valid, since the analogy with a crys-
tal is independent of €2,(k). Moreover, the behavior at large
scales is expected to work quantitatively also for superfluid
helium vortices because Qpe(kag — 0) ~ Qgw (kagp).

Furthermore, we have used arrays of particles with all
identical masses. Instead, in actual experiments there is not a
perfect control on the mass and size of particles. In particular,
the mass distribution of particles could be polydispersed. In
this case, new gaps in the dispersion relation are opened
revealing much more complex configurations. A preliminary
numerical study confirms this behavior and it will be reported
in a future work. In any case, the basic interaction between
one particle and vortex waves remains the same regardless of
the presence of some disorder. Therefore, large-scale Kelvin
waves are not disturbed by the particles. Studying in detail
the effects of different species of particles trapped in a vortex
can be done systematically in the same spirit of the effective
theory developed in the present work, for example adapting
tight-binding models [24] to the vortex-particles system. We
think that this is a worthy research direction that could es-
tablish new and deeper connections with concepts already
known in solid state physics, introducing a plethora of novel
phenomena in the framework of quantum fluids.

Last but not least, note that the basic equations considered
in this work to build up the effective model are based on clas-
sical hydrodynamics. Therefore, one could expect that most of
the phenomenology remains valid in a classical fluid provided
that a mechanism to sustain a vortex exists. Such mechanism
could be for instance provided by two corotating propellers
at moderate speeds. Since these systems are achievable in
much less extreme conditions than in cold superfluid helium
and because the manipulation of particle parameters is much
simpler, it could be possible to build analogs of solid state
physics phenomena by using classical fluid experiments.
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APPENDIX A: NUMERICAL SCHEME AND PARAMETERS

Equations (2) and (3) are solved with a standard pseu-
dospectral code and a fourth-order Runge-Kutta scheme for
the time stepping in a 3D periodic domain of dimensions
L, x L, xLywith N x N; x Nj collocation points. We set
C= P = 1.

The ground states with particles and straight vortices are
prepared separately by performing imaginary-time evolution
of the GP equation. In order to have an initial state with zero
global circulation (and therefore ensure periodic boundary
conditions) we need to add in the computational box three im-
age vortices with alternating charges. The state with bundles
of N, = 4 vortices [Fig. 2(d)] is prepared imposing a phase
jump of 2N, around a vortex (including its images). Then,
imaginary-time evolution of the GP equation is performed for
a time ~1507, so that the vortex filaments separate and the
bundles form. KWs are generated from the state with straight
vortices slightly shifting each xy plane of the computational
domain. Then the states with KWs and particles are multiplied
to obtain the desired initial condition. Just one vortex filament
is loaded with particles, while the three other images remain
bare. The initial condition is evolved for a short time (~407)
using GP without the particle dynamics in order to adapt the
system.

The particle potential is a smoothed hat function V,(r) =
2

%(1 — tanh[%]) and the mass displaced by the particle
is measured as MO = ,oooLlLﬁ(l — [l dx/ [ [¥eol? dx),
where r, is the steady state with just one particle. Since the
particle boundaries are not sharp, we measure the particle
radius as a, = (3M§ /4r ,ooo)% for given values of the numer-
ical parameters n and Al. For all the particles Vy = 20. The
parameters used are the following: for a, = 2.7¢, n = & and
Al = 0.75¢; for a, =7.6§, n = 2¢ and Al = 2.5; and for
ap =13.16, n = 10§ and Al = 2.8%.

The parameter ry of the potential Vig, = e(ro/Iq: — q;|'*)
is the radius of the repulsion between particles. The parameter
¢ is fixed numerically in order to impose an exact balance
between the repulsive force and the GP force — f Vo(lx —
q:|)V|¥|*dx in the ground state with two particles placed
at distance 2a, when ry = 2ap. The parameters used for the
repulsion are the following: for the wires in Fig. 4, ry =
2Ly /(Npap) and & = 4.4 x 1073; for the array of particles
in Fig. 5, 1o =4a, and ¢ = 4.4 x 1073; and for the array of
particles in Fig. 7, rp = 2a, and ¢ = 1.7 x 1072.

APPENDIX B: SPATIOTEMPORAL SPECTRA

We use the particle positions to define the spatiotemporal
spectra of vortex excitations by computing

2
NP
Sy(k, w) = C, / > q(zj e Stenar (B1)
j=1
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where z; is the z component of the particle j. Similarly, the
spatiotemporal spectrum of the superfluid wave function is
defined as

2
Sy (k, w):Cv,’ / V(x, v, 2z, 0)e " ®FD dx dydzde| . (B2)

Note that in Eq. (B2) an average of ¢ in the x and y directions
is implicit. The normalization constants C, and Cy, are set
such that the full (k, w) integrals of the spatiotemporal spectra
are 1. In order to enhance the small-scale excitations, in the
density plots shown in the present work, both the spectra (B1)
and (B2) are further normalized with the frequency-averaged
spectra, respectively [ S,(k, w)dw and [ Sy (k, w) dw. All the
color maps shown in the present work are in log scale.

APPENDIX C: DERIVATION OF THE KRONIG-PENNEY
DISPERSION RELATION FOR VORTEX WAVES

We look for a linear wave solution ¢(z, t) = ®(z)e’® of
the system (21) and in particular we want to know which
frequencies w are excited. The function ®(z) must satisfy the
system

2
L o@+a2e0 =0 M),
0z

82
—®(2)+ BEP(z) =0 (ID),

Cl
where «,, and S, are such that
w2
Quala,) =0, Qua(Bs) =o— o (C2)
which means
4 4 2
_— _ﬂ, Bo = o a)__w . (C3)
A A\ Q,

Since the system (C1) is a linear and homogeneous differ-
ential equation with periodic coefficients of period d, it admits
a solution in the form ®(z) = ¢™*“u(z), where u(z) is a periodic
function of period d. The solutions of (C1) in the two regions
(I) and (II) are

CDI(Z) — eikzul(z) — eikz [Aei(au,fk)z + Befi(a,,,Jrk)Z]’
dy(z) = eikzuH(Z) — eikz[cei(ﬁw—k)z + De—i(ﬂzu"!‘k)Z]' (C4)

The coefficients A, B, C, D are fixed by imposing continuity
and smoothness of the function ®(z) and periodicity of u(z)
and its derivative:

@1(0) = Pn(0),

1(0) = Py(0),
u(d — Ly) = un(—Ly),
u(d — Ly) = uy(—Ly). (C5)

The system (C5) is a homogeneous linear system for the
variables A, B, C, D. It admits nontrivial solutions only if the
determinant of the coefficients is equal to zero. This implies

the following condition:
cos(kd) = cos(B,Ly) cos[a,(d — Ly)]
o + s
200B0

which determines implicitly the dispersion relation w(k). Such
expression is structurally identical to the standard Kronig-
Penney condition but the functions «, and B, are different.
The limit L, — O is applied to Eq. (C6), substituting at
the same time the mass of the massive vortex segment ME™
with the mass of the particle MS. In this way the system
becomes a vortex filament loaded with massive point par-
ticles (see Fig. 6). The limit implies 8, — 00, ByLw — O,
sin(B,Ly) ~ Bolw, dw < By, and ﬂf,Lw ~ 67mpa)2/AFQp,
so that Eq. (C6) becomes Eq. (22).

The previous result can be extended to the case of more
realistic vortex waves with some caveat. We can formally
rewrite the model (21) as

4z, 1) = ilylg(z, )] (D),
§(z, 1) = iQ{4(z, 1) — ily[q(z, O]} (1),

where £, is the linear nonlocal differential operator that
generates the vortex wave dispersion relation €2y (k). Namely,
calling s(z, ) = Y, sr(t)e'** the wave operator simply reads

sin(BuLw) sin[ore, (d — Ly)],  (C6)

€N

Lylsz, 0] =) u(b)si(t)e™. (C8)
k
The system (C1) thus becomes
Ly[@(2)] — w®(z) =0 (D),
A a)2
Lyv[®(2)] — <a) — Q—)Cb(z) =0 D). (C9)

The functions (C4) are still a solution of (C9), but now «,, and
B., are defined as

(C10)

(1)2
Qv(aw) = w, QV(,Bw) = <w - Q_W>

In general such equations cannot be inverted explicitly, but «,,
and B, can be found numerically. In particular the inversion
is intended with respect to Q,(k > 0). The functions «,, and
B, are well defined (at least for w/I" > 0) because any model
for the self-induced velocity of a vortex generates a dispersion
relation €2y (k) that is monotonically increasing for positive k.
For evaluating the limit Ly, — O, M\?VH — MSH, we note that
limg, 0 Q2y(B,) = 0o. Therefore, we can explicitly use the
asymptotics of 2, (k) for large k, which is just the free particle
dispersion relation (12) and can be inverted explicitly:

4 @?
ﬂa) — )
Ly—0\ I'Qy

so that B2L,, ~ 6ma,/T'S2,. In this way we recover Eq. (22),
with «,, defined as in (C10) and the amplification factor P is
now independent of any free parameter:

(C11)

3d
p= T (C12)
re,
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