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Quantum nanodevices are fundamental systems in quantum thermodynamics that have been the subject of
profound interest in recent years. Among these, quantum batteries play a very important role. In this paper we
lay down a theory of random quantum batteries and provide a systematic way of computing the average work
and work fluctuations in such devices by investigating their typical behavior. We show that the performance of
random quantum batteries exhibits typicality and depends only on the spectral properties of the time evolving
operator, the initial state, and the measuring Hamiltonian. At given revival times a random quantum battery
features a quantum advantage over classical random batteries. Our method is particularly apt to be used both
for exactly solvable models like the Jaynes-Cummings model or in perturbation theory, e.g., systems subject to
harmonic perturbations. We also study the setting of quantum adiabatic random batteries.
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I. INTRODUCTION

Quantum batteries [1-8] are a fundamental concept in
quantum thermodynamics [9-17], and they have attracted
interest as part of research in nanodevices that can operate at
the quantum level [18-20]. Tools and insights from quantum
information theory have provided a natural bedrock for the
description of quantum nanodevices and quantum batteries
from the point of view of resource and information theory
[7,21-29].

In a closed quantum system, a battery can be modeled
by a time-dependent Hamiltonian H(#) evolving from an
initial Hy to a final H;. The system is initialized in a state
p and, given that the entropy of the battery is constant under
unitary evolution, the work extracted is given by the difference
between the initial and final energies as measured in Hy [2].

In this paper, we lay down the theory of random quantum
batteries (RQB). The randomness lies in the initial state p,
the Hamitonian defining the units of the energy Hy, and
the time-evolution operator U;. We are concerned with the
average work extractable by (or storable in) such a device and
its fluctuations.

The main results of this paper are as follows: (i) proving a
typicality result for the extracted work in a large class of time-
dependent quantum systems. We show that—as the dimension
n of the Hilbert space becomes large—the extracted work
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is almost always given by the difference in energy between
the initial state and the completely mixed state, amplified
by a quantum efficiency factor 1 + Q/n* that depends solely
on the distribution of the eigenvalues of the exponential of
the time-dependent perturbation operator K. For Q = 0, this
result can be obtained by a classical system at infinite tem-
perature. A random quantum battery can do it with limited
energy resources. A nonvanishing Q is a contribution that is
purely quantum and depends on the constructive interference
between different eigenvalues of K. The second main result
is (i) to provide a general method to study the average
extractable work and its fluctuations in perturbation theory,
which is essential to obtain results for physically relevant
systems beside few exactly solvable models. We study as an
example the Jaynes-Cummings model with a harmonic per-
turbation. Finally (iii), we study the case of adiabatic random
quantum batteries, that is, batteries that operate slowly, so that
there is no inversion of the populations of the energy levels.
We show that also adiabatic random quantum batteries feature
typicality in the large Hilbert space dimension » limit.

There is a large interest in typical properties in batteries
due to the effect of disorder and the environment. In Ref. [30]
a model of quantum battery based on a spin chain is studied
where randomness is introduced as disorder in the couplings
of the Hamiltonian Hy. In Ref. [31] the disorder is introduced
in the interaction Hamiltonian which is chosen to be in
the many-body localized phase. In Refs. [32,33], the work
statistics in the scenario of a random quantum quench are
computed, and it is shown that the knowledge of the work
statistics in this setting yields information on the Loschmidt
echo dynamics. The importance of work fluctuations in quan-
tum thermodynamics in a different setting than ours was also
studied in Ref. [34].
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II. SETUP

In this section, we are studying the typical behavior of
random batteries when the interaction Hamiltonian is a ran-
dom operator. The importance of this approach lies in the
fact that typicality is a powerful argument to establish general
features in quantum thermodynamics. As an example, typi-
cality of entanglement in Hilbert space can be used to explain
thermalization in a closed quantum system [35]. On the other
hand, this approach is useful to argue about the robustness of
a model of quantum battery.

We model the quantum battery in the following way. Start
with a finite-dimensional Hilbert space H = C" and time-
dependent Hamiltonians H(¢) € B(H), that is, a bounded
Hermitian operator on H. The initial state of the system
will be denoted by p and its time evolution by p, = U;p =
U, ,oU,T, where the unitary evolution operator is given by the
time-ordered product U, = T exp[—i fot H(s)ds]. We model
the Hamiltonian in two ways. In the first scenario we consider
the time dependence as a perturbation of a time-independent
Hamiltonian Hy, thatis, Hs(t) = Hy + V(t). The subscript G
indicates the randomness of the perturbation which we take to
be V(1) = GV (t)G, where G is a unitary representation of
the unitary group on C”. In the second scenario we consider
the time evolution generated by adiabatic evolution induced
by a Hamiltonian Hg(¢), where the G; is a family of unitary
operators that rotates the projectors onto the subspaces of
a given energy. The discussion of the adiabatic scenario is
deferred to Sec. IV C.

In both settings, we can similarly model randomness in the
initial state p or Hamiltonian H, also by random rotations
pc = GpG' and Hg = GTHyG. Loosely speaking, we will
refer to the spectra of the initial state, of the measuring
Hamiltonian Hy, and of the evolution operator

K =T exp |:—i/t V(s)dsi| €))
0

collectively as the battery spectrum. Notice that all these
randomizations preserve the battery spectrum. This is a crucial
point in this paper, as we are interested in ensembles of
quantum batteries with a given spectrum. Randomizing also
over the spectrum will yield, as we shall see, trivial results.

In our setting the system is closed and evolves unitarily
and the entropy of the battery does not change. Thus the work
extracted from the quantum battery is given by

W) =Tr[(p — pr)Ho] @

(or ergotropy [1,36]).

As mentioned before, this approach is different from the
type of disorder in the couplings considered in the literature
[30-33], as for us disorder is a random rotation G that man-
tains the spectrum of the eigenvalues of the perturbation V()
(the interaction).

A simple example which clarifies how our disorder affects
the extracted work W is the following single spin case inspired
by nuclear magnetic resonance (NMR). We consider a Hamil-
tonian of the form Hy = &, + Hiy, where Hy, = g6 -E(t)
and E(t) = (b(t), by(1), b.(¢)) is the external magnetic field
and ¢ the Pauli matrices. The spectrum of the interaction is

effectively dependent only on the norm of the external field B,
which can, however, be directed in all directions. We focus
on an average which keeps the spectrum of the interaction
constant but rotates its basis. A two-level system example is
the Jaynes-Cummings model of optics, on which we focus our
attention in a random electromagnetic background. Precise
experiments in these systems exist and thus provide a good
background for testing the typical behavior of (random) quan-
tum batteries [37,38].

The Hamiltonian H defines the energy measurement, that
is, the amount of energy stored in the battery. If we had access
to any possible random Hamiltonian H (¢), then we would
expect that the average state p, after the evolution should
be the completely mixed state, in which case the average
work extracted would be (W) = Ey — Tr Hy/n. This work
is positive (that is, the battery has discharged) if the initial
energy was larger than the energy in the completely mixed
state or it has charged if the initial state was populating the
lower levels of Hj. Notice that this setting we have arbitrary
Hamiltonians H (¢) that can access arbitrary high energies
as measured by Hy. Instead, we ask how much work can
be extracted if we have limited energetic resources, that is,
when the spectra of Hy and V (¢) are fixed. This motivates our
setting in terms of rotations of the time-dependent part of the
Hamiltonians as Hg(t) = Hy + Vi(2).

In the following, we are interested in the average work
obtained by averaging over initial states p, the measurement
of energy Hamiltonian Hp, and the time-dependent Hamilto-
nian Hg(t). The averages are performed according to the Haar
measure on C”. The fluctuations of work are defined through
the same Haar averaging as AW? = (W — (W))?). In the
following, the symbol (X) will represent the Haar average
X) = f dU GLX Gy, where Gy is the suitable representation
of the unitary group. We use standard techniques for the Haar
averaging (see, e.g., Refs. [39-41]) to compute the average
and variances according to the Haar measure.

A. Work and quantumness

A quick calculation shows that W () ="Tr {UtTHo
[p, U1} = Tr{p[U;, U Hol} = Tr {U,[U; Hy, p1}. These exp-
ressions imply that the extractable work depends on the lack
of commutativity between the initial state p, the evolution
operator U;, and the Hamiltonian Hy. Moreover, they show
that the coherence of the initial state in the eigenbasis of
the evolution operator is necessary to have nonvanishing
extractable work from a quantum battery [42-50]. In
particular, if the initial state is a steady state for the unitary
evolution, the work is identically zero and so are work
fluctuations. It is interesting that coherence in two different
bases plays a role, which calls for a multibasis definition of
coherence from the resource theoretic point of view. In the
following, we will see that this lack of commutativity takes the
form of out-of-time-order correlators (OTOC), which is a hint
to the connection between performance of quantum batteries
and quantum chaos [32]. Notice that these expressions are
also valid in the interaction picture U; = exp(iHpt)U, =
T expl—i [y Va(s)ds] = GT exp[—i [y V(5)dsIG! = GK G,
an expression that will become useful later. Bounds on the
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stored and extracted energy have been obtained recently in
Ref. [51], also in terms of the quantum Fisher information for
the power P, = %W.

As we remarked above, with no limit on energetic re-
sources one can bring the system on average in the completely
mixed state. A quantum channel that just dephases the system
and mixes up the populations can achieve the same final
result. The same result can be obtained by a classical system
working at infinite temperature. Consequently, we are also
interested in whether quantum coherence plays a specific role
in outperforming the mixed-state case. As we shall see, partial
revivals due to the build-up of quantum coherence provide a
quantum advantage.

III. AVERAGE WORK AND FLUCTUATIONS IN RQBs

In this section, we show how the average work and its
fluctuations behave in quantum random batteries when we
randomize over the initial states p, the measuring Hamilto-
nian Hj, or the interaction V(¢). In all cases, this average
is obtained by rotating these operators by a random unitary
operator and by taking the Haar average.

Let us start by computing the average work obtained by a
generic quantum evolution and averaging over all the initial
states. It should not be surprising that the average extracted
work amounts to zero. Indeed, we have

W), = Tel{p)(Hy — UTHU)) = - TrsHy =0, ()

where we defined the traceless operator J&Hy =
[Hy — UTHoU] and have used that the Haar-average state in
the Hilbert space is (p) = 1/n 1. However, the fluctuations are
not trivial [34]. Details of the calculation are in Appendix A 1.
We obtain

nTrp? — 1
nn? —1)

It is remarkable that the maximum of the fluctuations are
reached for a pure state, whereas they decrease with the purity
of the initial state and are identically zero if the system is
initialized in the completely mixed state. Similarly, fluctua-
tions in the work are smaller the larger the fluctuations in the
eigenvalues of Hy. Notice that the time-dependent part has the
form of a (two-point) out-of-time-ordered correlator (OTOC)
[52,53].

What happens instead if we choose randomly the measur-
ing Hamiltonian Hy? As we said above, we model this family
of Hamiltonians as H; = GTHyG. This is a sensible definition
as it gives us results that still depend on the spectrum of the
Hamiltonian. Again, it should not surprise that the average
work is zero, since

AW? =2 [TrHZ — Tr (HoU HoUp)].  (4)

T o —py =0 (5)

Wha, =Trl(p — p)(Ho)l = —
as the average of every operator in the trivial representation
is proportional to the identity, and p — p, is traceless. Some
tedious calculations in Appendix A2 show that the work
fluctuations are given by

2n

AWy, = Wiy = ——— AHGTr (p* = pp),  (6)

where AH¢ = 1TrH7 — 1 (Tr Hy)? are the fluctuations of the
eigenvalues of Hy, namely the fluctuations of Hj in the com-
pletely mixed state. Again, the time-dependent part Tr (pp;)
has the form of an OTOC. The connection between OTO
correlators and Loschmidt echo has recently been investigated
in Ref. [27]. In terms of the 2-norm fidelity JF»(p,0) =
Tr (po )/ max[Tr p?, Tro?] and the Loschmidt echo £, =
F>2(ppr), we have

2n
AWy = mAHOZTrpZ[l — L. (7)

Notice that as £; is typically scaling as n=2 [54], the average
fluctuations are determined only by the fluctuations in Hy and
the purity of the initial state. However, at specific, revival
times, there is a spike in fluctuations. Moreover, if we consider
the average work over a large time 7, then the average
Loschmidt echo becomes the purity of the the completely
dephased state in the basis of the Hamiltonian, p, and the
above expression reads

—T 2n
AW? =

CAHTrp (1= Trp?), ®)

where the time average over a time 7 is defined as 7T =
T-! fOT f(¢)dt. We see that large fluctuations can be achieved
if there are not only large fluctuations in the energy gaps of
the Hamiltonian Hy but also if the initial state is pure enough
or if the time evolution is nontrivial. If the initial state is very
mixed or the time evolution does not feature an exponentially
decaying Loschmidt echo, then work fluctuations will be
negligible regardless of Hy.

At this point, we are ready to tackle our main goal, that is,
to compute the work and its fluctuations in a quantum battery
modeled by H;(t) = Hy + V(). In this setup, one has perfect
control on the measuring Hamiltonian, but the controlled
quantum evolution is very noisy, as Vg(¢) = G'V()G. How-
ever, one has retained control on the spectrum of the driving
Hamiltonian, which is an experimentally realistic situation.
In the interaction picture, and by defining C = Tr [U;pU ,THO],
we see that work is given by

W (1) = Tr[pHo] — Tr [pHol = Eo — Tr [p,Ho]
= Ey — Tr[U;pU Hy] = Ey — C. ©)
We can write the above expression as
W(t) = Ey — Te[Urp ® U HyT )], (10)
= Ey—Trl(p @ H)(U; @ UNT™). (1)

Now recall that the interaction picture operator U; depends on
the random rotations G as GKG'. The average work (W (¢))y
over the noise G can then be computed (see Appendix A 1 for
details) to give

_ Tr Hy n 0O;
<W(r>>v—[Eo— . MHH +n2_1} (12)
with
Q= -2 cos(6; — ), (13)

J#k
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where A; = exp(ify) are the eigenvalues of the evolution op-
erator K = T exp[—i fot V (s)ds]. The time dependence of the
work is thus contained in the function Q;. For large dimension
n, the average work reads

TrH, )
W)y = <E0 -= 0)(1 + %)

=Trl(p — I/mHol(1 + Q,/n®). (14)

At this point, averaging over the initial state p would give
zero, while averaging over the Hamiltonian H gives an ex-
ponentially small work ~n~!.

Let us comment on the meaning of the result [Eq. (12)].
We are starting with an initial state p and evolving with a
random evolution generated by V (). So far we have averaged
over rotations of the time-dependent perturbation Vs(¢). Such
rotations keep the eigenvalues of V; unchanged so that all the
results are a function of spectral quantities like Q,. One could
expect that if the evolution were completely random, then
one would end up with the completely mixed state, and then
the work extracted would have to be W = (Ey — Tr Hy/n).
However, we have fixed the spectrum of V (¢) in the random-
ization, so it is remarkable that one can achieve the infinite
temperature result.

Moreover, in the average work (W (¢))y there is an ampli-
fying quantum correction (1 4+ Q,/n?). These corrections are
quantum in nature because they correspond to the constructive
interference that builds up in O, = -2 ik cos(6; — ).
One expects that without a specific structure in the 6’s, the
factor Q/n* would rapidly decay to zero. This means that on
average (and typically) one can achieve in this setting the same
result that would be attained with random arbitrary resources.
However, we can do better than that. First, if fluctuations are
not a concern, then it is possible for nanosystems with small
n to have large Q;. We are going to give an example in the
following, using an optical cavity. Moreover, it is possible to
design devices with a spectrum such that, for specific values
of ¢, the term Q, is of order one, which can be exploited as
quantum advantage in the construction of a battery. In the next
section, we show how, in a specific example, revivals in Q;
allow the battery to outperform the infinite temperature (and
classical) behavior.

The question of what happens in the large-n case is very in-
teresting. In the optical cavity application shown in Sec. IV A,
the quantum amplifying factor is washed out as n=2. We
think that this would happen for most models. In this sense,
this is a sign of the loss of quantumness as the dimension
of the Hilbert space grows. One wonders, though, whether
for some specific model the amplifying factor Q,/n* might
not disappear in the large-n limit. Finding such a realistic
model would be of enormous practical interest. Conversely,
proving that no model can feature this advantage as n goes
to infinity would be a very interesting result in quantum
thermodynamics.

As mentioned, one expects that for a random matrix its
spectrum should yield a vanishing Q,. A natural question to
ask then is what the typical behavior of this quantity is when
these eigenvalues are taken randomly, according to a circulant
unitary matrices (CUE) distribution (see, e.g., Ref. [32]). Let

n=100 - n=500 = n=1000

1000

800

600

400

Relative Frequency

200

0.0000 0.0005 0.0010 0.0015
Q/4n?

FIG. 1. Average of Q over 1000 samples for random matri-
ces in the circulant unitary ensembles of dimensions n = 10,n =
100, 500, 1000. The peak of the distribution converges to zero for
larger values of n.

us define r, = Ag41/Ar. We prove in Appendix B 5 that

Q:%Xn:i li[r,»—l—li[ri_l . (15)

k=1 j=k+1 \i=j+1 i=j+1

The behavior of Q, evaluated numerically, is depicted in
Fig. 1. We see that for large n the peak of the distribution
moves toward zero. That is, averaging over the spectra does
not give any amplification Q,.

How typical is the behavior of a random quantum battery
in the large-n limit? If there is typicality, an optimal strategy
for random quantum batteries would consist in fixing the
optimal spectrum of K and then knowing that the other details
of the evolution will not matter in the large-n limit. To this
end, we need to compute the fluctuations which is far more
challenging because they involve the fourth tensor power of
the unitary representation. We find that

AWy = (C?) — (C)?, (16)
and a lengthy calculation yields

(C*) =Y ATr[Mi(p ® Ho)™] (7

with A; = (Tr D)~ !'Tr (I;K®? @ K1®2), where IT’s are the
projectors on the irreps of S;, and the index i runs over
the five irreducible representations of S4. The details of the
calculation are given in Appendix B 1. Let us show that these
fluctuations scale like n~2. First, the expectation values in the
above equation can be bound as

ITr [[T:(p ® Hy)®?1| < |Tr[(p ® Hy)®*1| = (Tr p)*(Tr Hy)*
= (TrHy)’> = 0(n?). (18)

Putting together all the terms, we find in Appendix B 2 that
the fluctuations are upper bounded by

AWZ < O™ HM(n)O(n?),

where M(n) is an upper bound to the terms of the form
| 2 nop €O 0 =0=%)|. If one chooses spectral properties for
K such that M(n) = O(1), then the fluctuations scale like

023095-4



RANDOM QUANTUM BATTERIES

PHYSICAL REVIEW RESEARCH 2, 023095 (2020)

n~? and thus a many-body quantum battery would show
exponentially small fluctuations. Moreover, this is the typical
case. Indeed, by averaging over CUE to compute M(n), we
see in Fig. 1 that this quantity is concentrated near zero for
large n. More in-depth numerical evidence is provided in
Appendix B2, where we analyze numerically every single
term which contributes to the fluctuations, showing that in-
deed every single term converges to zero for large n’s.

This represents the first main result of this paper: random
quantum batteries show typicality in allowing a work extrac-
tion given by the difference in energy between initial state and
completely mixed state, amplified (or attenued) by the form
factor (1 + Q,/n*). By thus choosing a suitable Vj, one can
obtain with probability almost one the desired behavior for
work extraction in the sense of the Haar measure on GV, G'.

IV. APPLICATIONS

A. Jaynes-Cummings model

The specific behavior of Q, determines whether the quan-
tum advantage in a random battery is washed out in the large-n
limit. We now apply these findings in the case of an exactly
solvable model and study the behavior of Q,. We consider a
two-level system in an optical trap described by the Jaynes-
Cummings model [55]. In the rotating-wave approximation
only two adjacent modes at time (n, n + 1) of the electromag-
netic field couple with the two-level system (details provided
Appendix B 3). For this calculation, we assume that the atom
couples with a finite set of modes of electromagnetic field,
which we truncate at a number n = 2R, where R is a truncation
of the number of modes of the electric field. At the end of the
calculation we will send R — o0.

The Hamiltonian reads

H = ow(t)a'a+ ?O’Z + g(t)(aoy + alo.)

=Hy+ V), (19)

where we define A(r) = Q(f) — w(t), and we assume g(r) =
g0eM".

For this model, we find the eigenvalues exp(if;) exactly
and use them to evaluate Eq. (13). Following the calculation
in Appendix B3, we get 6; — 6, = g5(k — m) eM;fM'O )2 =
(k — m)a;, where M is a constant defined as AA((;)) = % =
eM=1) We then obtain the average work Eq. (12), where, as
seen above, the function Q(«, ) is a sum of trigonometric func-
tions whose complete expression is given in Appendix B 3,
Eq. (B51). We note that when Q; > 0, effectively the system
extracts more work than the classical counterpark. In this
sense, Fig. 2(a) shows that there can be a quantum advantage
in a specific model.

In Fig. 2 we plot the time evolution of the extracted work
from the random Jaynes-Cummings battery averaged over V.
As we can see, for most times the quantum efficiency gets
washed out. For small n, at specific revival times given by
inverting Eq. (B51), the value of O, becomes of order one,
thus providing a nonvanishing quantum efficiency. This is at
the price of performing much worse at different times. One
can design a quantum battery by an array of many random
nanobatteries of small n and evolve to the revival time where

1.0
(a)
— n=3
0.8
N n=10 TN
0.6 n=20
= 04
1
T
g 0.2
0.0 \ 7 \
\\/\// \\ﬂ
-0.4
0 2 4 6 8 10
a
(b)
10
e
sl — Baseline
n=3
n=10
H — n=20

0.0 0.5 1.0 1.5 2.0 25

FIG. 2. Average work extraction for a random quantum battery
made by an optical trap described by the Jaynes-Cummings model.
(a) The function Q(«) as function of « for n=2,10,20. The
maximum value of this function is 0.5. As the size increases, revivals
become more peaked. (b) Work for the Jaynes-Cummings model as
a function of time for p = 0.5 forn = 2, 10, 20 and Tr(Hy) = 90 x n
and Ep = 100. The baseline represents the work extracted by a
battery that brings the system in the completely mixed state.

the work extracted goes above that corresponding to the max-
imally mixed state [3,56,57]. The fact that nonvanishing Q; is
obtained as revivals in Eq. (13) is a sign that this amplification
comes from the constructive interference coming from the
complex eigenvalues of K and therefore of its quantum nature.
On the other hand, for large n, the system almost always
behaves like in the limit of the battery that completely mixes
the state, though one has obtained this performance with
limited, realistic resources that do not require to bring the
system at infinite temperature.

B. Time-dependent perturbation theory

In the case of the Jaynes-Cummings model we could solve
for the time evolution exactly, finding expressions for the aver-
age work and its fluctuations via perturbation theory. We make
use of the Dyson series for the evolution operator in the in-
teraction picture, namely U; (1) = T Y oo (_n’!)” [ for dr'vi(iH]".
We consider perturbations up to the second order in the Dyson
series, and at this point we can average over G. Define the

operator A = fl; Vo(')dt'. Again we need the fluctuations of
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— Baseline
n=3
n=10

— n=20

— n=100

OAA

0 5 10 15 20 25
t

FIG. 3. Average work from Eq. (B74) for n = 3, 10, 20, 100 and
o = 0.5, against the baseline work Ey — ™) with Tr(H,) = 90n
and E, = 100.

A in the completely mixed state, namely n> AA% = n TrA? —
(TrA)>.

Averaging over G requires a lengthy calculation (see Ap-
pendix B 4) yielding

2 2
n2 AA [Eo T (H())} 0)

Wty = ——
The second term is the difference between the initial energy
and the energy in the completely mixed state.

As an example consider the case of an exactly solvable
Hamiltonian H, subject to the harmonic perturbation V (¢) =
Vo' + VOTe_i‘“’ . Let Ax be the eigenvalues of Vj. Averaging
over V results in

2 2 Iﬂ
(fz(t 610)) ZRC Ake 2 ‘“)Re(kk e’ T a))
k&'

(W@)v

—2n ) "Re[Ae@] 421 ) "ot (21)
k k

where we have defined f (1, w) = 2sin('5%w)/w and A’s are

the eigenvalues of V. As one can see, the average work
decreases with n. We plot (W (¢))y in Fig. 3. In this model it is
easy to find the revival times at which the quantum efficiency
is maintained also for larger values of n. One can indeed show
(see Appendix B4) that the work performed by a random
harmonic perturbation of the form 2V cos(wt) has always a
single maximum at #; = (2k + 1) on average.

C. Adiabatic quantum batteries

Now let us consider the case of a quantum battery perform-
ing an adiabatic evolution connecting the two Hamiltonians
Hy and H; and the two respective equilibrium states pg, o1,
e.g., two eigenstates or Gibbs states for Hy, H; (but also
thermal or more general mixed equilibrium states). Adiabatic
evolution as a method to perform quantum computation [58]
or quantum control has been long an important tool in quan-
tum information processing, see, e.g., Ref. [59]. Adiabatic
evolution to perform work extraction was studied in Ref. [60].

A model for an adiabatic quantum battery based on a three-
level system was studied in Ref. [61]. In this section, we
deal with general adiabatic quantum batteries in which the
adiabatic drive is rotated in a random direction as a function
of time.

In general, two Hamiltonians are adiabatically connectible
if and only if they belong to the same connected com-
ponent of the set of isodegenerate Hamiltonians [62]. By
denoting H, = Zl | €TTY (@ = 0, 1) the spectral resolution
of Hy and H;, and orderlng their eigenvalues in ascend-
ing order, i.e., €] <--- < €&, we define the vectors D, :=
(rl, ... ok = (a?1 dR) with )", d* = n. The Hamilto-
nians Hy and H; belong to the same connected component of
the set of isodegenerate Hamiltonians iff Dy = D;. So, speak-
ing of adiabatically connected Hamiltonians, we can drop the
index «. Let us now introduce the functions €’ : [0, 1] — R
such that €/(0) = €}, and €;(1) = €| ((i = 1, ..., R) obeying
the no-crossing condition € *!(t) > €/(t)(i=1,...,R—1).
A continuous family of Hamiltonians connecting Hy, H; has
then the form H(r) = Y | € (t)U,Hf)UtT, where the contin-
uous unitary family {U,}!_, is such that Uy = 1 and U; = U.
The work extracted after the adiabatic evolution thus reads

W = Tr(poHo) — Tr (p1Hop)
R
= ZTr [p:(T1}) — T1}) Ho |
i=1

) Imy], (22)

R .
=Y pieTr[ (11 -

i,j=1

because the populations in the ith subspace are conserved by
the adiabatic evolution. We now have IT/, 1'[;, =8 ifa =p,
but otherwise they are not necessarily orthogonal. We see that
the work depends on the choice of U as

Wy = pie}[Tr (MG115) — Tr (MG T17)]

= Z piéé [d,-c‘i,»j —Tr
ij

We can now perform the average over the unitary transforma-
tion U. We easily obtain

- ;1
Whaa = ;Piéé [di3ij —Tr <H0#>]

4 did;
=D_pi€g (d,-S,-,- - ) (24)
. n
tj

did;
= Ey— Zp,-e(;TJ. (25)
ij

(myumut]. (23)

To understand the role of the degeneracies, let us consider
the case of a nondegenerate Hamiltonian, so that d; = 1 for
all i. We obtain (W),; = Ey — Tr Hy/n, which again is the
difference between the initial energy and the energy of the
completely mixed state and thus the quantum efficiency is
washed out (see Ref. [63]). More generally, as we show in
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Appendix B 6, we find an upper bound on the adiabatic work
given by

Tr (Hy)

(Whaa < Eo(1+¢) — pa (26)
2 _
c = M’ 27
n

so that potentially random adiabatic quantum batteries could
give an advantage over classical devices as well (even at
infinite temperature), as ¢ > 0.

Let us now look at the fluctuations AW?,. The calculation
involves averaging the square of the work and thus the order
two tensored representation of the unitary group. This is also a
lengthy calculation, whose details are given in Appendix B 6.
We obtain

; did;did d;did;b;;
2 i 1 zjkl_ ikt 0]
MW= Db ’EOPkEO[nZ—l n — 1)
i,7.k,l
didid; b did; 846,  did;did
_ d;dyd;é kdidkidj Jkl‘(zg)
nm?—1) n?—1 n?

For n > 1, the terms of order 1/n° go to zero faster than 1/n,
and we obtain

1

AWz = o) Z pi€ et (didiud))
n>1 ikl
Tr(Hopo)*  E§ 29
T T @9

which shows that random adiabatic quantum batteries feature
typicality. Fluctuations during adiabatic driving were studied
in a different context also in Ref. [64].

V. CONCLUSIONS AND OUTLOOK

In this paper we provided a notion of quantum random
batteries by means of Haar averaging initial states, energy
measurement Hamiltonian, and the time-dependent driving of
the quantum battery. This method allows to study large classes
of systems, including not-exactly solvable systems or adia-
batic quantum batteries. The average work and fluctuations
are systematically studied; we find that quantum batteries
exhibit typical behavior in the large-n limit given the spectral
properties of the driving system. On average, the work ex-
tracted is found to be typically equal to the difference between
the energy of the initial state and that of the completely mixed
state, amplified by a quantum efficiency factor (1 + Q,/n?)
that only depends on the spectrum of the driving Hamiltonian.
Quantum efficiency is not washed out at specific revival times
for small systems. Our method allows for the computation of
O, in perturbation theory, therefore allowing for the treatment
of realistic systems. We have also treated the case of random
adiabatic quantum batteries, finding that amplification is lost
for a nondegenerate Hamiltonian.

In perspective, our results put forward several questions
that we would like to investigate in the immediate future.
We have shown that for small systems there are revival times
in which quantum coherence builds up and gives a quantum
advantage. Typically, this is not the case for large n. However,
it is an open problem whether there are random quantum

batteries whose spectral properties allow for the build-up of
coherence that outperforms the classical case. Conversely,
showing the impossibility of such quantum amplification for
large n would be an important result in quantum thermody-
namics. This is a problem which we plan to explore in the
near future in a realistic model. A second question relating
to the effect of quantum coherence also arises. As we have
seen, the extracted work can be related to the coherence of
the initial state in rwo different bases or of the operator U;
in two different bases. This suggests that there is a non-
trivial interplay between coherence and work that involves
more than one basis [65]. Also, the lack of commutativity
between the initial state and the evolution operator or the
measuring Hamiltonian and the evolution operator take the
form of out-of-time-order correlators (OTOC). It would then
be interesting to explore the connection among fast decays of
these quantities, chaos, scrambling, and work statistics. One
very intriguing insight comes from the fact that the narrowing
of fluctuations does shrink the quantum efficiency but at spe-
cific revival times. These revival times correspond to spectral
properties of the time evolution operator and one would be
interested in understanding the connection between quantum
efficiency of random quantum batteries and the integrability
or chaotic behavior of the Hamiltonian. Using tools from local
Haar averaging [40], we can explore whether the efficiency in
a battery with a microscopic local drive is influenced by quan-
tum chaos or integrability. The optimization of the path in a
adiabatic quantum algorithm is related to the brachistochrone
or geodesics in the space of the ground-state manifold [66].
It would be very interesting to see whether optimal paths
correspond to bounds given by quantum thermodynamics.
Finally, it would be important to generalize these results to
the case of open quantum systems.
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APPENDIX A
1. Calculation of AW}

Since W =0 and W2 =TrtW -TtW = Tr (W @ W), we
see that AW? = (W?) = (Tr (p8Hy)®?) = Tr[(p®?)8H®?].
The average on the tensored representation G®2p®2G'®? is
also well known [40,41] and is the linear combination on
the irreps of S, given by (p®?) =", A4 Iy with Ay =
Tr (M4 p®%)/Tr My and Ty = (1%% + T®)/2, where T?) is
the order two permutation (“swap”) operator on H®2. Thus
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we obtain

AW? = " ayTr (T 8H®?)
+

O +A)Te8H®? + 0y — A)Tr (TOSH®?)]

2
(g + A)(Tr8H)? + 3 (hy — A_)TrSH?
= . (AD
2
We saw above that Tr §H = 0 and finally we obtain
Trp? — 1 Trp? — 1
Aw? =T s =2 T g2, (A)
L nn? —1) nn? —1)

which is the result we present in the paper.

2. Work fluctuations averaging on H,

Let us define R = p — p,;. We consider the fluctuations on
the work via the averaging on the operator Hy. We have

AWy, = (W?) = Tr[le®2 inni}
+

1
E Z)LiTr[R@ + T(2)R®2]
+

% > AL[(TrR)® £ TrR?]
+

1 2
= 5 Ghs = A )RR,

where now the coefficients of the projectors are Ay =
Tr (HiH(?z)/Tr IT. Direct calculation gives, defining a =
(TrHp)? and b = Tng,

1 1

E(AJF—)»,):m(a-l—b)—m(a—b)’ (A3)
Feair=
fr— - a
nn+1) nn-—1)
! ! b A4
+|:n(n+1)_n(n—1):|’ (Ad)
2

The work fluctuations can thus be written as

AW?2 =

2 2 2
(4 m[nTrH0 — (TrHo)*|Tr R*.

Now consider the fluctuations AHZ of the eigenvalues of
the Hamiltonian Hy, namely the fluctuations of Hy in the
completely mixed state 1 /7. We have

2 1 2 1 2
AH} = ~TrH} — —(Tr Ho)?, (A6)
n n

we then obtain

AWy = n? AHZTr R?,

_ 2
nn? —1)

and thus, finally,

AWg = W)y, =Tr [(p —p)*Y Aini]
+

2n 2 2

= mAHon(P = PPr)s

which is the result we report in the paper.

(A7)

3. Traces of K

A direct calculation of the coefficients yields

L Tr(KQ®K'T,) 2 TrKTrK' 4+ TrKK'
T Tr I, T an4+1) 2
L T Ufmi.) 2 TrKTrk' — TrKK'
T TrIl_ T an—1) 2 ’
Moreover, we use that
Ay 4+A . Ap—A_
ATl + AT = *er [+ - T (A8)

We now see that, defining

2
= ZZcos(Gj —6)+n

a=TrKTrK =) "e"
i j#k
b=TrKK' =n (A9)
and thus
la+b la—»>b
=-—— =, Al0
T an+1 nn—1 ( )
and using the relationships
1 a+b+a—b _an—b
2nl(n+1) (m—1] nP—n
1 b —-b bn —
1 a—+ _a _ n a, (A1)
2nl(n+1) (-1 n—n
we get
)L++)\__n[22j¢kcos(9j—9k)+n]—n
2 - n—n
22j¢kcos(9j—9k)+n—l
- n?—1
Ay —Ao nP =23, 4 cos(6; — 6) +n]
= . (A12)
2 nn? —1)

4. Calculation of (W (¢))y and AW}?
The work extracted W (¢) reads

W(t) = Tr[wHoy] = Tr[pHo] — Tr[pHo] = Eo — Tr [0 Ho]

=FEy—Tr [U,pU,THo] =Ey—C. (A13)

We can write the above expression as
W(t) = Eo — Tr [Urp ® U HyT®], (A14)
= Ey— Tr[(p ® Ho)(U; @ UNT®].  (A15)
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The average work over the noise G can then be computed as

(W) = Ey — Trl(p ® Ho)((U; @ UD)T?]
= Eo — Trl(p ® Ho)((GKG' ® GK'G)T?]
= Ey — Tr[(p ® Ho)(G*(K ® KG™®*)T?).
(A16)
The unitary operator K = T exp[—i fot V (s)ds] will be diago-
nalized in the form K = )", exp(i6;)|k) (k|.
Using the usual technique, we find (G®*(K @ KT)G®?) =
> L Aslly, where now Ay = Tr (IT.K ® KT)/Tr .. Notice
that in this setup, already the average work involves the

average over the tensored representation of the unitary group.
We obtain

W)

A A Ay — A
:EO—Tr|:< +er I+ +2 T)T(2)(p0®H0)j|

A A Ay — A
:Eo—TI'|:< +-; T(2)+ hs ) H)(p()@H()):|

Ay + A Ar — A
=E0<1— *2 )— *2 Tr (po)Tr (Ho)

:E0|:1— ZZ.i#kcos(Gj—Qk)—i-n—l]

nz—1

=2 Z#kzcos@ — 60+ n] Tr (Ho) A7)
n-—1 n

We finally obtain

<W(r)>v=[Eo—TrH°M "y Ql}, (AL8)

n n+1 n?—

where in the above equation, exp(if;) are the eigenvalues
of the evolution operator K = 7T exp[—i f(; V(s)ds]. All the
time dependence of the is thus contained in the function
Q(0; — ).

The fluctuations are more challenging because they involve
the fourth tensor power of the unitary representation. Let us
set out to find them. We see that

AW} = (C?) — (C)?, (A19)
where C = Tr [U; pUITHo]. The relevant object to compute is
then

(C%) = Te[(WpUH®HHE?], (A20)
= Tr [((GKG' pGK'G)®**)HE?], (A21)
= Tr[(G*'(K ® KN*?G™™)(p @ H)™?].  (A22)

This time, the average reads
(GH(K @ KNPGI® = 3 uI, (A23)

with A; = (Tr IT)~'Tr (IT,K®?> ® K ®?). Now the II; are the
projectors onto the irreps of S4. There are five irreducible
irreps of S;. In the next subsection we show an explicit

TABLE 1. The character table of S,.

e 12) (123) (1234) (12)(34)
trivial 1 1 1 1 1
sgn 1 -1 1 -1 1
st 3 1 0 -1 -1
st ® sgn 3 -1 0 1 —1
2D 2 0 -1 0 2
size 1 6 8 6 3

expression of these projectors. A lengthy calculation yields

(C*) =Y ATr[Mi(p ® Ho)™]

l

(A24)

_ Te[I"(p ® Hp)®?] | Tr[1%%)(p ® Ho)**]

Tr[I1] Tr[T1¢18) (p ® Ho)®?]
Tr[1(p ® Ho)®] | Tr[TI®E (p @ Hy)®?]
Tr[l-[(st)] Tr[]'[(st@sgn)]
Tr[T12D) H,)®2
Tr[T132D)]

5. Irreps of S,

Let us first recall the character table of S in Table I. The
last row of Table I gives the size of each conjugacy class
in S4. Given a permutation o € S;, we denote by S(o) the
representation of S : Sy > GL(H®*) given by

S(@) =) loGjkD)ijkll.

ijkl

(A26)

By the Schur-Weyl duality the projectors onto its irreps are

x"(e)
| S4]

n” = Y x"@)S©),

(T€S4

(A27)

where x ") is the character of the (r) irrep of S; and x © is the
dimension of the irrep in S.
The five projectors are given by:

1
nw=_—3%"s
24 & @)
4

meie) — % [ Z S(Oey) — Z S(O'odd)j|

oeven oodd
3
e = ﬂ{ﬂ +[Saz + - 1—[Sa234) +---1]
—[Sayesy +--- 1)
3
H(sl@sgn) — ﬂ{:ﬂl — [5(12) 4+ ]+ [5(1234) + -]
—[Sayesy +--- 1)
2
ned = 52121 = [Sazs) + -+ 1+ 2Saz s + -+ 1k

In the above, the symbol + - - - denotes a sum over all the
members of the conjugacy class. As is well known, the five
conjugacy classes of Sy are given by their cycle structure of
Table II.
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TABLE II. The conjugacy classes of S4 which we use for the K = Z s k) (k]
projectors. T
e ) ()0 () () (€% = Te[(UipU P2 HE?
e (12) (12)(34) (123) (1234) = Tr[((GkG'pGTKTG)®*)HF?],
(13) (13)(24) (132) (1342) o o
(14) (14)(23) (124) (1423) =Tr[(GT(K @ K')*°G™)
23) (142) (1243) x (p ® Ho)®?,
(24) (134) (1432)
(34) (143) (1324) (G®*(k @ K1)®*GT®) = Z AL,
(234) ;
(243) 2 = (TrT) e[ MK 2 @ K 192],
(P ®H))®* = Y pavécpaceslacdf)(beef|,
APPENDIX B: WORK FLUCTUATIONS VIA IRREPS OF S, abedef
1. Main definitions and projectors <C2> _ Z AT (o ® Ho)z]'

Before we begin the calculation, we start with

a few definitions which will be wseful in the then start with the construction of the projectors in a basis,

following: which we take as the computational basis:
|
Sa234) + - Z [Lijk)(ijkl| + |kil j)(ijkl| + |Lkij){ijkl| + | jlik){ijkl| + |kl ji){ijkl| + | jkli){ijkl|
ijkl
Stz + - Z |kijl)(ijkl| + | jkil)(ijkl| + |il jk)(ijkl| + |iklj)(ijkl| + |1 jik)(ijkl| + |k jli)(ijkl| + |likj){ijkl|
ijki
+ | jlki) (i jkl], B1)
Sy o< Y ijkl)ijkl], (B2)
ijki
S+ x Z |jikD) (i jkl| + |kjil) (ijkI| + |1 jki) (@ jkl| + |ik jl) (i jkl] + |ilkj)(ijkl| + |ijlk)(ijkI|, (B3)
ijki
Sayes + - X Z |jilk)(ijkl| + |klij){ijkl| + |lkji){(ijkl]|. (B4)
ijkl

Since we are interested only in the scaling with n of the fluctuations, we focus on the structure of the traces and not on the
proportionality constants. Using the definitions above, the projectors can then be written explicitly in the computational basis.
At this point, we can start the evaluation of the traces. First we note that (o ® Hy ) = > ibede  Pabe pac€rlacdf)(bcef|. We then

have for Tr[T1(p ® Hy)®?]:

T (0 ® Ho)®*] o Y [Paa€cPud€f + Pad€aPue€s + Pac€aPaa€s + PaaksPacEd + Paa€aPar€c + Paf€cPiata
+ Pad€cPdf€a + Paf€aPdd€c + Pac€fPdd€a + Pac€aPdf€d + Pad€fPda€c + Paf€dPLPdc€a
+Pad€aPdf€c + Paf€dPda€ec + Pac€fPda€d + Pad€fLPda€a T Pac€dPdf€a + Pac€aPdd€f
+ Paf€aPic€d + Pad€ePda€f + Paf€cPdd€a + Paa€dPdc€f + Paa€ fPda€c + Paa€ecPar€dls
T (p ® Ho)®*] o¢ Y [Paa€cPuaa€s + (Pad€aPuc€s + Pac€aPia€s + Paa€sPac€d + Paa€a Par€c + Paf€ecPuata
+ Pad€cPdf€a + Paf€aPdd€c + Pac€fPad€a + Pac€aPif€d + Pad€fPda€c + Paf€dPic€a)
— (Paf€aPdc€a + Pad€aPdr€c + Paf€aPda€c + Pac€fPda€d + Pad€fPda€a + Pac€d Pdf€a
+ Pac€aPdd€f + Pad€ePda€f + Paf€cPdd€a) + Paa€d Pdc€f + Paa€fPdd€c + Paa€cPar€al,  (BS)
Tr[TI(p ® Ho)®*] o Z[(paceapddef + Pad€cPda€f + Paf€cPdd€a + Paa€aPac€f + Paa€fPad€c + Paa€cPdr€a)
— (Paf€aPdc€d + Pad€aPdc€d + Paf€dPda€c + Pac€fPda€d + Pad€fPda€a + Pac€dPdr€a)

- (paceapdfed + Pad€fPda€c + PadePdcea)], (B6)
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T (p @ Ho)®*] o Y [~ (Pac€aPad€s + Pad€cPda€ + Paf€cPaa€a + Paa€aPac€s + Paa€fPad€c + Paa€cPir€a)
+ (Paf€aPdc€d + Pad€aPic€d + Paf€aPda€c + Pac€fPda€a + Pad€fPda€a + Pac€dPdr€a)
— (Pac€aPaf€d + Pad€fPda€c + Paf€dPdc€a)l, (B7)
Tr[M1?P (p ® Hp)®*] Z[—(PadEuPdCEf + Pac€dPda€f + Paa€fPic€d + Paa€aPdr€c + Paf€cPda€d + Paf€aPda€c
+ Pac€fPdi€a) + 2(Puc€aPir€d + Pad€fPda€c + Paf€dPdc€a)l-

We can now evaluate the trace over the operator K ® KT with the projectors, Tr[TIK®? ® K®2]’s. We have the following
results:

THIOK® @ K197 o Y ettt | oiutbo—th=b) | i OrtOy=a=00) 4 4oiCt0h—bu=00) 4 i Guttu=ty—60)

mnop
+ 4l Ont0r—00=6,). (B®)
Tr[[T*9K%? @ K1€%] = 0, (B9)
THTK®? @ K192 oc Y [0ttty — 0t 0=n=0), (B10)

mnop
Tr[H(SI®SgH)K®2 ® KT®2] o« — Z ei(0{,+0p70m79,,)7 (Bll)
mnop
Tr[I?P k%2 @ K182] Z{ ! OnF0o=0n=6p) 4 i Ont0n—0p=60) 1 2 oiC0+0p=0n—=01) 4 7 oiOp+00—0n—0n)
mnop

— [ Ot =0a=00) 1 piOntO0=0p=01) 1 piOutOn—0p=0n) 1 piOrtOn—bs=01) 1 piOut0r—b~0)]}  (B12)

We now consider the traces of the projectors alone, Tr[I1]’s. It is not hard to see that for large values of n, we have

Tr[I1™] o n?, (B13)
Tr[I14®] oc n*, (B14)
Tr[I1%9] o n*, (B15)
Tr[[T¢®8M] o n?, (B16)
Tr[I1%P)] o n?. (B17)

At this point we can calculate the average fluctuations, which can be written as

F = Fn(lr) + Fl‘[(sig) + Fl‘[(sl) + Fn(st@sgn) + FH(ZD), (Blg)
1 i +-6,—6,—6,) O +-60—6n—6,) (6,46, —6n—6,)
an)O(—4 246 0y —00—00) | 461 Ont00—0n—60) 4 4 o1 Oot0p—0n—00 (B19)
n
mnop
4 46T OH0—00—0)) | 4,iOr+0,-6,-0,) 4ei<0m+9,,—90—9,,>]’ (B20)

: Z[Paaécpddéf + Pad€aPdc€f + Pac€dPda€f + Paa€fPdc€d + Paa€d Paf€c + Paf€cPda€d + Pad€cPdf€a
+ Paf€aPdi€c T Pac€fPdd€a + Pac€aPdf€d + Pad€fPda€c + Paf€dPdc€a + Paf€aPdc€d T Pad€aPdf€c
+ Paf€dPda€c + Pac€fPda€d + Pad€fPda€a + Pac€dPaf€a + Pac€aPdd€f + Pad€ePda€f + Paf€cPLdd€a
+ Paa€aPac€f + Paa€fPdd€c + Paa€cPar€al,

Froe =0, (B21)

1 . .
Froo - |:Z 46/ Ont0:=00—6p) _ 4el(gn+9p_9m_9n)] (B22)
n

mnop
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{3T1”[(P ® Hy)®*] — Z[(Pacéapddéf + Pud€cPda€f + Paf€cPdd€a + Paa€dPac€s + Paa€fPdd€c + Paa€ePaf€d)

— (Paf€aPdc€d + Pad€aPdc€d + Paf€dPda€c + Pac€fPda€d + Pad€fPda€a + Pac€dPdf€a)

— (Pac€aPdr€d + Pad€fPda€c + pafedpdcea)]}7

(B23)

1 ; o 3
Fl'[(”@'g") S8 F |:Z el(ea+0p O 9”):| . {ﬁyﬁ[(p & H0)®2] + |:Z _(;Oaceapddef + Pad€cPda€ f + Paf€cPdd€a

mnop

+0aa€d Pac€f + Paa€fPdd€c + Paa€cPaf€a) + (Paf€aPic€d + Pad€aPdc€d + Paf€dPda€c + Pac€fPiakd

+Pad€fPda€a + pacedpdfea) - (PacEanfEd + Pad€fPda€c T pafedpdcea)] }7

(B24)

Fryom 1 3 [ttt _ (ot | it byte) . it th—y—b)
4

mnop

4 OHOn =001 | GOt y—0=0u)y 4 2 i OutOn—0p=00) | 2 piCoH0y—0n—01) | 2 pi O tho—0n—0n)]

-{ZTr[(p ® H))® 1+ Y —(Pad€apaces + Pac€aPaats
+ Paa€fPac€d + Paa€dPif€c + Paf€cPda€d + Paf€aPad€c

+ Pac€fPaa€a) + 2(Pac€aPaf€d + Pad€fPaake + pafedpdcea)}.

2. Concentration bound

Let us now consider an upper bound for the nonzero
fluctuation terms based on general grounds and on the von
Neumann inequality [67]. Let A and B be Hermitean matrices
with eigenvalues values of a; > a;—’s and b; > b;_;. Then,
we have

ITt(AB)| < Z aib;. (B25)
i=1

Let us now assume that A is a projector with k nonzero
eigenvalues. Then the inequality implies that

ITe(TIB) < ) bj, (B26)

Jj=n—k

where b, - - - b, are the highest k’s eigenvalues values of B.
We thus need to focus on the singular values of (p ® H)®?.
The eigenvalues of p ® H, are e;; = p;€;, and the eigenvalues
(p @ H)®? are eijril = pi€jpr€r. Since p; < 1 in the most
general case, e;ji; is upper bounded by €2 . We thus have
that a conservative upper bound is given by

ITr(I(p @ H)®?)| < k%€

max’

(B27)

where k is the dimension of the nonzero subspace of the
projector operator. Since each term of the trace is divided
by the dimension of the projector operator and we have four
nonzero terms, we have

F < 4¢2

max

(B28)

in the most general case. However, the bound p; < 1 is very
loose. If p; < L, then we have

(B29)

(

and thus there is concentration. For instance, we have con-
centration if we have that p is a mixed sate. A stronger
bound can be done by using the expressions we derived. We
see from the bound above that this is not enough to prove
concentration. However, the concentration can be proven if
the take advantage of the structure of the fluctuations in terms
of the density matrix.

We now provide an alternative proof of the same statement.
From the previous subsection, we see that the work fluctua-
tions F' can be upper bounded as

F < Cn~*Mn)kn®, (B30)

where C is a O(1) constant counting the number of all the
terms in F', M(n) is an upper bound over al the terms of the
type | 3, m0p € ® % =%)|, and kn® is the upper bound to
the terms containing the p, Hy:

ITr [T, (p ® Hp)®*]| < |Tr[(p ® Ho)®?]|
= (Tr p)*(Tr Hy)*

= (TrHy)* < kn?, (B31)
which is true because the projector operators are positive.
Putting things together, we obtain

F <C'Mn)n™? (B32)

with a new constant C’. The fluctuations are thus ruled by
M (n). One can design quantum batteries with large fluctu-
ations. However, on average these fluctuations go to zero.
Indeed, it should not be surprising that the sum over (the sum
of) random phases goes to zero. For random unitaries we need
to use the ensemble of CUE. Numerical evaluation (see in
Fig. 4) shows that M (n) is concentrated around zero for large
dimension .
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FIG. 4. Frequency distribution of the average (ez§:1 %) for
CUE over M = 1000 samples. We see that the distribution is strongly
peaked around the value of (K?) = 0, for the three terms with three
possible signatures in the exponent for (a)-(c), which is what is
necessary for the proof of our concentration at least in the case of
CUE. The last peak is just a binning artifact.

3. Jaynes-Cummings model

As seen in Eq. (12), the average work depends only on the
value of the eigenvalues of the unitary evolution operator K.
Let us consider the case of an optical cavity interacting with a
two-state system. The optical cavity with the two-state system
(an atom) span(|g), |e)) can be described within the rotating-
wave approximation using the Jaynes-Cumming Hamiltonian:

Q
H=wda+ 50: + 8@, + alo_)=Hy + V().
(B33)

It is immediate to see that [H, ata + o,] = 0. Specifically, we
focus on the interaction picture, in which H; = RH RT, where
(in the rotating frame) we have R = ¢=!@'a+%) and one has
a Hamiltonian described by H; = RH R, with

QL—w

2

H; = o, + g(t)(aTa_ + oia). (B34)
We define A = Q — w. The operators a and a' act on the
electromagnetic field, while ¢’s act on the two-level system.

We have

or = le){gl, o-=lg)el (B35)
We now consider a wave function of the form
R
(@) =) CuD)ln) ® le) + Dy(t)ln+1) @ |g),  (B36)
n=0

where we will send R — oo at the end of the calculation. The
time evolution of this system is given by the Schroedinger
equation (in the interaction picture), which is of the form:

10|y () = Hi[Y (1)), (B37)
which is not hard to see that it can be written as
A 1C@)| | Cl®)
o [Dn(t)} = V[Dna)}
A T
A/n + 1g -3 Dn (t)
whose solution is given by
Y () = Te VO |y (0)). (B39)

We note that V(¢")V(t) # V()V(¢') in the case of a time-
dependent interaction Hamiltonian. In fact, we see that on
the nth subspace of the wave function, given the definition
W(A, g) = Ag — gA’ of the Wronskian of the functions A
and g, we have

worson=lys e )
(B40)

from which we observe that we can have a time-dependent and
commuting (at all times) Hamiltonian if we have the condition

Ag = gA, (B41)

which can be satisfied if
AW _ 80 _ i
A g')

for a constant M. In this case, the time ordering can be
removed and we can write

(B42)

Mt My
VI 1g> G Y

t A
V.(t"dt' = 2
/m «) <vr+1g -2 M

The Stone operator in this case can also be written explic-
itly on each subspace. It can be shown that in each rth
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subspaces
00 k 2% - k41
—i [l Vaahdt (=1)"B, (1) i Ox  Br)™
e o =1 — B44
g (2k)! ﬂr(t) Z( b 2k + 1D)! (B4
and where
Mt _ Mt 2
Br(t) = [ 0+ g (r+ 1)} <—> : (B45)
M
Thus, the Stone operator which describes the time evolution on the rth subspace is given by
L _ cos[ﬂr(t)]ﬁ A sin[B,(1)] it sl (0) B46)
S lsinB(0]  coslB(0] + 5 sinlB 1|

We now focus on the eigenvalues of the matrix above, which must be of the form e/

a—id —ic
( i a+ id)’ (B47)

the eigenvalues are known exactly and are of the form AL = a & iv/c? + d2. It is immediate to see that the eigenvalues are
complex and have norm 1. The phases are given by £6; = £6;(¢). We thus find that

. For a matrix of the type

5 M M 2
Ok — O = go(k — m)(T> (B43)

which is what we need for the evaluation for the work in the main text. We can now plug this result into Eq. (12), which reads

2% cos(0; —0) + 1 — n] n? — (2 > jx €080 — 6) + n) Tr(Hy)
n?—1 ’

W@y = E0|:1 - 21 n

0 2
"™ )", We thus need to calculate

M —¢
M?2

where here n = 2R, and R is the number of modes of the electric field. Let us call @ = g%)
> jz cos[a(j — k)]. Thankfully, this sum is known and is given by

)= > cosla(i— j)]

i=1 j=i+1
= —1cos csc| = ) —sin cot| = Jcsc[ =) —csc| =
4 2 2 2 2 2 2

La—2 ¢ Y gin | Lo — 2 2 B49

X COS [E(a— om—n)}—i—cot <5> csc <5> sin |:§(a— an—n)] — n}, ( )

from which we obtain:

40(c) + 1 — 2 — [40(a, Tr (H, ~
(W(f))v=Eo|:1— Lukd "}—n L (B50)
with
~ 1 Tr (Ho)
WO_EO(1+n+l>_ n+1
— 24 [Tr(H‘)) —EO] (B51)
nt—1 n

We thus see that the time dependence of the work enters only in Ola(t )]~.
In order to calculate the times at which the revivals occur, we write Q(«) in terms of a(¢) = 2w z(¢). We thus have a simpler
formula:

or@)) =1 csc 2 z()){n cos[2mz(¢)] — cos[2mnz(t)] — n + 1}. (B52)
It is not hard to see that revivals occur for z; = k with k € N and thus for «; a multiple of 27. We now have that
) eMlk _ eM[g 2
ar = & —r ) = 2k (B53)
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for k € N, from which we get the revival times
log (2 H2mM Ly
g 80

Iy = v (B54)

as a function of M and g.

4. Time-dependent perturbation theory

In the case of the Jaynes-Cummings model we could solve for the time evolution exactly. This is rarely the case and we must
resort to perturbation theory in most cases. Consider to start the definition of the work:

W = Tr (poHo) — Tr (Us poU; Ho), (BSS)
where we consider a Dyson expansion. In this case, the solution is given by the Dyson time ordering
[ele] . k t k
v =TS S [ arvian| (B56)
— k! 0

We are interested in the case in which we need to resort to perturbation theory to evaluate the unitary operator above. To the
second order, we have

t 1 t t
U, = G [}I —i [ Vo(tdt' — = / / VoWV dt’dt”]G + 0@,
to 2 1n J1o

Ul = GT{H +i/t V) (¢)ydt' — %/r /t[: Vot Wo(t") :]Tdt’dt”}G +0@>). (B57)
fo 1 Jio
In what follows, we can assume that VOT = V. Given the expressions above, we have now to evaluate the average of
W = Tr (poHo) — Tr (GTU,G poGTU) GHy) (B58)
using the average of the unitary matrix G:
(GT® G2 @ UG ® G))g = ATl + 4TI, (B59)
with
oy — Tr[(Us ® U] _ 2 T UH + T (LU))
Tr (I1) n(n+1) 2
L Tl e upn-1 _ 2 Tr (Uy)Tr (U)) —Tr(UzUZT).
Tr (1) n(n—1) 2

Note that Tr(U2U2T )= TI‘(UzT U,) = n+ O(3). We can use at this point the Egs. (A12) again. After a rapid calculation we see
that (up to corrections of order 13), we have

n* +n —nTr(A?) — Tr (A)?

i = — (B60)
and thus
Ay +A_ n?—14Tr(A)? — nTr(A?)
2 n— 1
A=A _Tr(A)2 - nTr(Az), B61)
2 n(n? —n)

where A = f,i Vo(t')dt', where we used the fact that inside the traces one has Tr { f[f) ftf)[: Vot Wo(t") :1Tdt'dt") = Tr|[ ft: ftf) :
Vo(t")WVo (") : dt’dr”]. We can now write

A AT Ay — A
W) = Tr(poHo)[l - } — B (H T (o)
2 _ 2 2 2 2

_ Tr(,oOHo){l _(Tr (A) n;rEAl) +n°—1] } n Tr (A)n2 _n'll“r (A*) Tr ;HO)'

Tr(A)? — nTr (A2) Tr (Ho) [Tr(A)? — nTr (A2)]
= e n" — Tr (poHo) o

Tr(A)? — nTr (A%) [ Tr (H,
- A )[ il —Tr(,OoHO):|
= (AA*)G(E)G. (B62)
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As it could be seen from the beginning, we see again explicitly
that the average work is the product of two terms, the first is
adimensional and due to the perturbation,

2 _ 2
(AAz)G _ Tr(A)” — nTr (A°)
n?—1

(B63)

and the second term has the dimensions of energy and due to
the density matrix only:

Tr (Ho)

(E)e = [ —Tr (poHo)}- (B64)

This shows that no work can extracted if the density matrix is
the one of a completely mixed state.

a. Example: Harmonic perturbations

Let us now consider the example of an n-level system. At
time ¢ = 0, the system is described by the eigenvalue equation

HoYm = EnYm, (B65)

and thus the wave function as a function of time can be written
as

Y(t) =Y cne E Y. (B66)
We consider now a harmonic perturbation of the form:
H (1) = Ve + Ve, (B67)

where V is a generic operator and VT its Hermitean conjugate.

Then, according to the formulas we have derived, the
average work, if we consider random rotations with respect
to G of H,(t) — G'H,(t)G, depends on

. (eilgw _ eitw)

t
A= f dt' (Ve ™ + Ve @)y

to w
. (e—ilow _ e—itw)
—qpt
w

A2 _ _‘72 (eitow _ eirw)2 B (VT)Z (e—itoa) _ e—itw)2

- 2

w
(e—itow _ e—itw)(eilgw _ eitw)

+(VVT V1Y) (B68)

w?

We now use:

i i L i, . [T —1
(e7M® _ 7Yy = _Dje™' "7 “®gin 1)
2

i ; Lt . [T —1
(e"? — ") = 2je' 2 “sin | —w
2

—
and thus, if we define f (¢, w) = 2%, then we have

PRRR()

A=—f(t, a))(Vei%“’ + VTe_’T“’)
A% = [V2e/ 0T 1 (PTZemitte _ (v vin £, ),

where {V,V1} = VvVt 4+ VIV, At this point we are ready to
perform the traces. First, we have that

Tr(A) = —[Tr (V)el 5" 4+ Tr (V*)e*"”#w]f(t, w). (B69)

Let A; be the complex eigenvalues of V and oy the singular
values. Then, we have

Tr(A) = —[Tr (Ve 3 + Tr (Ve ] f (1, )

= -2 Re(Me ') f (2, ), (B70)
k

meanwhile

Tr (A%) = -2 ZRC[A%ei‘“(I”J”’)] — Zak £, ).
¢ ¢ (B71)

And thus the A-dependent part of the average work is given
by

2 23 w)
(Mg =

> Re(hue’ ) Re(hpe )
kK

—2n) "Re[age @]+ 21 "oy } , (B72)

k k

which is the expression for the performed work due to a
harmonic perturbation. What we see is that the overall work
is proportional to product of two functions, where one is the
square of function f(t,w) = 2@ and a factor which
depends on the eigenvalues of the operator V. The function
f is periodic with period %” and has a maximum for 7, =
4k + )% +19. If V is self-adjoint, o} = )\,%, and we have in
the parenthesis the function

t + 1 t + 1
Zkkkk/ cos’ ( —; Oco) + Zn;)ni[l —cos? (%a))],

k.k'
(B73)

which can be rewritten as

t + K
ZnZk,% + cos? (%w) Z)»k)»k/.
k

kK

(B74)

If we introduce the constants ag, by, cg, then the work is thus
a function of the form:

ap sin®(x — xo)[co + do cos*(x + xo)], (B75)

which is periodic. For ¢ > 1y, the function above has two
minima if ¢y < dy and only one for ¢y > dy. However, it is
not hard to see that ¢y > dj is always true if

Tr(A)>?

Tr(A?) —
A =

>0 (B76)
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is always true YA. However, the identity above follows imme-
diately from the fact that

Tr(aA + bI)* >0 (B77)

is true for arbitrary a, b € R, and it follows from the choice
a=n,b=cyTr(A) with
n

-1+ J1— .
* 2+ 1

(B78)

Thus, the work performed by a (random) harmonic perturba-
tion of the form 2V cos(wt) has always a single maximum
at t, = 2k + 1)% on average. This can be interpreted as the
fact that there are specific moments at which we stop our
process to have performed the maximum amount of work on
the battery.

5. Random spacing for CUE ensemble

Consider the following problem. Given the function

0= Z Z cos(6; — 6;)

i=1 j=i+1

(B79)

with A; = e, we ask what is the approximate value of Q for
a random matrix in the CUE. First, we note that we can write

0= i ’Zl cos(—ilog Ax —log ;)

k=1 j=k+1

n n )\l
= E E cosh [log (—k>:|
, Aj
k=1 j=k+1
n n n n
Ak 1 A A
= E E h |1 — == E E — 4+ —=.
L [ o (Mﬂ 24~ <?»j " Ak
k=1 j=k+1 k=1 j=k+1
Let us define r;, = A}‘\—:‘ We then see that we can write

t—1

A;: ‘o ,11 s (B80)
and thus
Q:%ZZ [Tr+ ] (B81)

k=1 j=k+1 \i=j+1 i=j+1

the average of Q, evaluated numerically, is provided in Fig. 1.
We see that for large values of n the peak of the distribution
moves toward zero.

6. Adiabatic quantum batteries

Here we give the details for the calculation of work fluc-
tuations AWazd for the adiabatic batteries. We first recall the

J

— .
W= Z i€ Pre) (didk5ij5k1 +
ik

calculation of the average. Let us start from the following
protocol. The Hamiltonian, for &« = 0, 1, is written for an
adiabatic transformation as

R
H, = Z e T
i=1
Consider €/(¢) : [0, 1] — R, with €'(0) = €}, €'(1) = €]. It
can be shown that the evolution of the projector operators can
be written as

(B82)

I, () = U, T, (0)U (B83)

Thus, the time evolution of the Hamiltonian for an adiabatic
system can be written as

R
H() =Y e OU MU,

i=1

(B84)

where the while the density matrix as p(r) = ), p,-U,l'[f)U,T.
It is important that the vector df = (Tr(l'[({,) does not change
with time and thus can simply call d; these quantities; mean-
while, n is the dimension of the Hilbert space.

Because these relationships are in a way independent from
the intermediate states, we simply write these expressions for
t = 0 and r = 1 without loss of generality. The work as

W = Tr(poHo) — Tr(p1Hp)

R
= ) Te[pi(I — T1}) Ho
i=1

R
= > pieg Tl (M — 1M3) G-

i,j=1

(B85)

We now have IT/, 1'[2 = 8" if @ = B, but otherwise they are
not necessarily orthogonal. Let us write the work as

W =" pieg[Tr(MpIT)) — Tr(MpTTy)]
i,j
= 3" pi€l[dis; — Te(MHGM)GY)].  (B86)
i,j

We can now perform the average over the unitary transforma-
tion U. We obtain

— ; - d;l
W = Zpiéé |:d,'8l'j - Tr<1'[f)#>i|
n

0]
= Zpléé <d,’8ij — T])
LJ

Since we will need it for the calculation of the fluctuations,
we note that

(B87)

d,'djdkdl d,‘djdkskl + d[dkd,@ij
> —

). (B88)

n
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Let us now calculate the fluctuations. The square of the work reads

W2 =" pie}pres[disi; — Tr (GGG | [dedrs — Tr (TTEGTIHGY)]
i,j.k,l

> pie}preb[dididijdu — didijTr (MEGTGGY) — disyy Tr (MGIGT) + Tr (MGIIHGT) Tr (TTHGTTIGT) |
i,j.k,l

> i€} preb{dididijou — didijTr (MEGTIHGT) —didu Tr (MGITHGT) +Tr [ (TT§ ® M) (G ® G)(TTj ® M) (G' @ GN)]}.
i,j.k,l

We can now perform the averages. We obtain

: did did,; .
(Wt = Y pi€)peel [d;dks,-,ak, - (dia,,-% + dkak,TJ) + Tr[(M ® TH) (A, T4 + x,-n)]}
i,j,k,l

i} , 4 did;did,

=W2+ ) piejpie) (Tr(l'llé ® MH) Oy Ty + A T1-) — —;lzk ’>, (B89)
i,j.k,1
where
Tr(M, @ Iy did; +d;s;;

)\-i — ( 0 0) + _ wiey 191 (B90)

TrIl, T a1

Let us focus on

. N Ap A Ay — A Ap + A Ay — A
Tr[(HS@Ha)mmHin_)]=Tr[(HS®H6)( T+ = T)}:*Tdkdﬁ%dkaki. (B91)

aWe note that

Ay + A _l|:d1dj+d181j d[dj—dl(slji| _d[(ddj—(glj)

2 T2l ntn+1) nn—1) nn?—1)
Ay — A _ ldjdl +d151j B djdl — dl&j _ dl(d51j — d]) (B92)
2 2 n(n+1) (n—1)n nn?—1)
from which we obtain:
; di(ddj—381;) | Si(d di; —dj)
Te[ (T @ T (A 1, + A,T1)] = did L L
r[(TTp ® M) (A+ T4 + )] kl[ n(n? —1) n2—1)
diddid didyd; 8, dididi8y;  did;81i0;
_ didjadr ko 4jakdioki | dkdiokiol; (B93)
n?—1 nn?—-1) nm2-1) n?—1
We use the result on W2, and thus
— ; did;did;  didid;d;; didid)by;  didi8i8;;  dididid,
W2 —W = ; J ! J _ J J _ J . B94
i%:lpéop"eo 2—1 n>—1) nml—1 " w—1 e (B94)
For the dimension of the Hilbert space n > 1, the terms of order 1/n® go to zero faster than 1/n?, and we obtain
— 1 ; Tr(Hopo)*  Ej
W2—W" = — ) piegpeeg(dididudy) = ———— = ., (B9S)
n>1 i,j.k,l

which exhibits concentration.
Let us now look at bounds on the adiabatic work compared to the mean work for arbitrary random evolutions. We consider

Whaa = By = Y Py (B96)
ad 0 3 n iy,
Tr Hy piGé
W) =E— =Ey)— —. B97
(W) = Ep . 0 Eij " (B97)
It is easy to see that
(Whaa — (W) = Tr(AB), (B98)
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where A;; = did; — 1 and B = % We now know that for A non-negative and B arbitrary, we have

Tr(AB) < Omax (B)Tr(A) = omaxw)(Z d; n)

(B99)

where o« (B) is the spectral norm of the matrix B [63]. The matrix B = pl—f’ has only two eigenvalues since it is rank one, which
are 0 and % Zi p,-e("). Thus the spectral norm is oy (B) = max(0, % Zi pieé). We thus find that the maximum gain that one can

has from degeneracy is

Waa = (W) < Tr(pHo) =— —,

from which we obtain

Whaa < Eo(14¢) —

. d*—
with ¢ = ¥

>
idi—n (B100)

Tr (Ho)
— (B101)
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