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Experimental random-party entanglement distillation via weak measurement
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Maximally bipartite entangled state | W), also known as the Einstein-Podolsky-Rosen pair, is the unit resource
of entanglement and the key for quantum information processing. An important problem is that how many
maximally bipartite entangled states could be distilled from a multipartite entangled state shared among a
quantum network. Here, we focus on the distillation of |¥™*) from a single copy of the three-qubit W state. An
interesting phenomenon in this case is that the random entanglement distillation between two unspecified parties
can yield a strictly higher distillation rate (the average number of | W) distilled from each W state) than the case
between two specified parties. In this work, we develop a distillation protocol by introducing weak measurements
that do not destroy the global entanglement. We find that the distillation rate can be significantly enhanced with
only a few rounds by performing an extra distillation procedure between two specified parties at the final step.
Experimentally, we prepare a three-photon W state in the polarization degree of freedom, and employ the path
degree of freedom of each photon as probe qubits to realize the weak measurement. As a proof-of-principle
demonstration, we show that the distillation rate is enhanced from 2/3, which is the theoretical limit of any
distillation scheme between two specified parties, to 0.751 4= 0.030 between two unspecified parties with only

one distillation round.

DOI: 10.1103/PhysRevResearch.2.023047

I. INTRODUCTION

Multipartite entanglement is an essential resource in a
quantum network that benefits quantum key distribution [1],
quantum teleportation [2—4], and distributed quantum compu-
tation. When a network with one class of multipartite entan-
glement is established, it can be hard to convert it to another
class of multipartite entanglement via local operations and
classical communication (LOCC). For instance, in the tripar-
tite scenario, a single copy of Greenberger-Horne-Zeilinger
(GHZ) state cannot be converted to a W-like state via any
LOCC even probabilistically [5]. Starting with the maximally
entangled bipartite state, known as the Einstein-Podolsky-
Rosen (EPR) pair, it is flexible to generate different classes
of multipartite entangled states [6]. Therefore it is convenient
to consider EPR pairs as the fundamental building block for
multipartite entanglement preparation.
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In practice, it is natural to consider the question: after
some quantum information processing (QIP) tasks, where
byproducts of multipartite entangled states shared among the
network are created, how could one reshape them into stan-
dard EPR pairs? A trivial solution is to discard the multipartite
entanglement and re-distribute EPR pairs. However, in some
quantum network scenarios, especially when the geometry
of network cannot be changed, it may be inconvenient or
costly to distribute EPR pairs between two desired nodes.
On the other hand, from the resource perspective, this is not
the optimal way and a more economic strategy is to recycle
the entanglement. Therefore entanglement distillation from
multipartite entangled states is of great importance in the
future quantum internet [7].

Here we investigate the distillation of EPR pairs from
a specific multipartite entangled state—the W state, which
has wide applications in QIP tasks such as leader election
in anonymous network [9] and asymmetric telecloning [10].
Considering a three-qubit W state |W3) shared by three parties
Alice, Bob, and Charlie

L
V3

a naive strategy to distill EPR pairs is to perform a strong Z
basis measurement on the third party as shown in Fig. 1(a). It

IW3) = —=(|001) + |010) 4 [100))asc ey
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FIG. 1. Schematic diagram of distillation scheme for a tripartite W state. (a) The optimal specified distillation scheme for the W state with
a single copy. (b) The original random distillation scheme proposed by Fortescue and Lo. (c) The modified scheme with an extra specified
distillation procedure at the final step. (d) Comparison of the optimal distillation rate between the modified and original schemes. The solid
line denotes the result in Ref [8], the dash line denotes our result, and the dot line represents the bound of distillation between two specified

parties.

destroys the correlation between the first two and the third
party, and preserves the correlation between the first two
parties. On average, one can obtain 2/3 EPR pairs from a
single copy of |Ws3) between any two specified parties such
as Alice and Bob with this strategy, which is shown to be
optimal via strong measurements [11]. However, it is notable
that the entanglement of the W state exist globally on all
the three parties and such a distillation strategy does not
exploit the merit of the global entanglement. In general, the
distilled EPR pair could exist on any two of the three parties.
Thus the global entanglement will lead to a distilled state
that is in a superposition of the three cases, that is, EPR
pair between Alice and Bob, Bob and Charlie, and Charlie
and Alice. If we only focus on the average number of EPR
pairs distilled, this is equivalent to the case of entanglement
distillation between two unspecified parties, named random
distillation [8,12,13]. Surprisingly, without specifying the two
parties that the EPR pair is distilled to, it is possible to achieve
a higher distillation rate for W-like states. We also note that
such an interesting phenomenon does not occur on GHZ-like
states.

In the seminal work by Fortescue and Lo [8], they proposed
a scheme to randomly distill one EPR pair from one W
state by performing an infinite round of weak measurements
[14]. Each operation is only weakly performed, so that it
allows one to distill the EPR pair without completely destroy-
ing the global entanglement. The more rounds of the weak

measurements are performed, the higher distillation rate can
be obtained. However, there are two technical obstacles in
realizing Fortescue and Lo’s scheme, one is that it is unclear
about how to experimentally implement the weak measure-
ments and another one is that it requires at least three rounds
of weak measurements to beat the 2/3 bound of distillation
between two specified parties.

In this paper, we theoretically optimize the original random
distillation scheme which significantly improves the distilla-
tion rate especially when the number of rounds is small. In
experiment, we encode the W state in the polarization degree
of freedom of photons and realize the weak measurement
with the path degree of freedom. As a proof-of-principle
demonstration of our scheme, we experimentally show that
the rate of distilling EPR pair from one three-photon W state
is enhanced to 0.751 £ 0.030 by only performing one round
of weak measurement.

II. THEORY

Let us start by revisiting the original W state random
distillation scheme in Ref. [8] as shown in Fig. 1(b). Suppose
Alice, Bob, and Charlie share a three-qubit W state in Eq. (1),
and they attempt to distill an EPR pair on any two of the three
parties via LOCC. Then, three probe qubits are involved to
couple with the system qubits to perform weak measurement
and the positive-operator-valued measure (POVM) elements
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FIG. 2. Schematic of the experimental setup. (a) An ultraviolet laser (150 fs, 76 MHz, 300 mW) is focused on a 2-mm-thick collinear
B-barium borate (BBO) crystal to generate down-converted photons. A 0.715-mm-thick Yttrium orthovanadate (YVO,) crystal is used to
eliminate the spatial and temporal walk-off. Narrow-band filters with a full width at half of the transmittance maximum (FWHM) of AA = 3nm
are used to eliminate the frequency correlations between down-converted photons. The weak measurement apparatus (WMA) with adjustable
measurement strength are implemented by a Sagnac interferometer. The measurement system is consisted of a quarter-wave plate (QWP), a
half-wave plate (HWP), a polarizing beam splitter (PBS) and two single-mode fiber coupled single-photon detectors in each output of PBS.
(b) A quantum circuit illustration of implementing the weak coupling with a Sagnac interferometer.

should be in the form of

R R R R
(’)+_<1 2)]1—1—2Z, (9__211 2Z, 2)
where Z is the Pauli matrix, R is the measurement strength of
the weak measurement. By changing the value of R from O to
1, the POVM changes from the identity (no measurement) to
a projector (strong measurement).

After Alice, Bob, and Charlie perform weak measurements
simultaneously, the measurement results can be divided into
three situations. (1) If all the three parties get outcome “O.,.”,
with probability (1 — R)?, they share a W state again and we
just repeat the weak measurements. (2) If only one of the three
parties gets outcome “O_" with probability 2R(1 — R), the
other two parties share an EPR pair and the scheme aborts. (3)
If two or more parties get outcome “(O_" with total probability
R?, the W state is converted to a product state and the scheme
aborts.

Suppose weak measurements are repeated at most N
rounds before the scheme aborts, then the optimal distillation
rate of obtaining EPR pair from one |W) is

N
opt\ __

<N>_N+r )
with the optimal strength R™ = 1/(N — i +2) for the ith
round. The distillation probability approaches one when N
goes to infinity. For finite number of rounds, the original
distillation scheme is not optimal as the W state obtained in
situation 1 is not further exploited in the last round.

Here, we propose to perform an additional distillation pro-
cedure on this W state by performing a strong measurement
to get an EPR on two specified parties with probability 2/3
[Fig. 1(c)]. That is, for this W state, we directly make a strong
measurement on Charlie’s qubit and we obtain an EPR pair
between Alice and Bob with probability 2/3. Therefore, by
optimizing the transformation parameter R for each round, we
get a better distillation rate

_N+2
T N+3’

with R™ = 1/(N —i+4) for the ith round. Notably, our
strategy of exploiting the W state in the last round significantly
improves the performance especially with a small number of
rounds as shown in Fig. 1(d). This is especially meaningful
in practice as it is experimentally challenging to realize a
large number of rounds of weak measurements. Interestingly,
to beat the distillation rate 2/3 on two specified parties with
operations acting on a single copy of W state, our modified
scheme only needs at least a single round. In the following,
we present an experimental demonstration of the modified
random distillation scheme with a photonic system.

( E ;pt,new)

“

III. EXPERIMENTAL IMPLEMENTATION
A. State preparation

In the experiment, we first generate a three-photon W state,
W) = 1/«/§(|HVV) +|VHV)+ |VVH)), in the polariza-
tion degree of freedom [15], where H and V represent the
horizontal and vertical polarization, respectively. The setup
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(@) Real part

Imaginary part

to generate |W) is illustrated in Fig. 2(a). An ultraviolet
pulse (390 nm, 130 fs, 76 MHz) passes through a 2-mm-
thick collinear B-barium borate (BBO) crystal. The second
order of spontaneous parametric down conversion (SPDC)
process in BBO contributes |H4V4VgHpg), which is utilized
to prepare |W). As shown in Fig. 2(a), the four photons are
probabilistically distributed among the four spatial modes by
three beam splitters (BSs). Once we detect one photon in each
mode, we postselectively observe a four-photon Dick state

1
NG
+|VHHV) + |VHVH) + [VVHH)).  (5)

|D;) = —([HHVV) + |HVHV) + |HVV H)

Then, we trigger the photon in the fourth mode into state
|H) and obtain the target state |W) = %(IVVH) + |VHV) +
|[HVV))apc in the other three modes. We perform the full
tomographic measurements on the experimentally generated
pw state (Fig. 3) and calculate the fidelity Tr(|W )(W |pw) =

0.866 £ 0.007 [16]. (See Appendix A for more details.)

B. Distillation

Recall the distillation procedure, the key step is perform-
ing the weak measurement [as shown in Fig. 1(c)]. In our

exp

FIG. 3. (a) The density matrix of the ideal |[W). (b) The experimentally reconstructed density matrix oy, . The fidelity with the reconstructed
density matrix py,* is F = Tr(poy " |W)(W]) = 0.866 % 0.007.

experiment, we design a weak measurement apparatus
(WMA) with adjustable measurement strength utilizing a
Sagnac interferometer as shown in Fig. 2(a). In the WMA,
the probe qubit is encoded with the path degree of freedom
of photons. And |0,) (|1,)) represents the clockwise (coun-
terclockwise) propagation states in the Sagnac interferometer.
The Sagnac interferometer could be considered as a 2-qubit
unitary gate U between the system and probe qubit, with U =
C-NOT - C-§(0) - C-NOT as shown in Fig. 2(b). Here, C-NOT
is the controlled-NOT gate defined as C-NOT = |H)(H| ®
1,4+ |V){V| ® X, and implemented by a PBS with the system
qubit as the control and the probe qubit as the target with X
being the Pauli-X matrix. While C-5(8),; = 1 ® 0,,)(0,| +
(cos20Z +sin20X) ® |1,)(1,] is the controlled-rotation gate
which is implemented by a half-wave plate oriented at 6 with
the probe qubit as the control and system qubit as the target.
At last, we measure the probe qubit in the Pauli-Z basis. With
outcome z = 1 (z = —1), we perform the measurement O,
(O_) defined in Eq. (2) on the system qubits

sin® 20 sin 26
O0,=|1- 1 Z,
* ( 2 ) T

sin’ 26 sin? 26
2 2

Oo_ =

(6)
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The corresponding measurement strength of the weak mea-
surement is R = sin? 26, and we can continuously change it
by adjusting the HWP’s angle 6 in the Sagnac interferometer.
(See Appendix C for more details.)

After performing the weak measurements on the three
parties, three outcomes can be observed in our experiment.
The outcome &) means no photon clicked on the detectors of
the three WMAS. According to situation 1 of the distillation
procedure, the remainder state is still a [W) with an ideal
probability Plcledl (1 — R?). The outcome S, indicates that
one and only one detector of WMA clicks. According to
situation 2, we will have |W*) = f(|01> + |10)) at any two

of A, B and C with an ideal probability of P§* = 2R(1 — R).
The outcome S3 represents two or more photons click on
the detectors of three WMAs. According to situation 3, the
distillation procedure will fail with an ideal probability of
Pldea] R2

Next we show that hybridizing with specified distillation
scheme, the distillation rate of our one-round distillation
scheme can beat 2/3. In situation 1, when three photons
outcome with S;, we do not send them to further distillation.
Instead, we distill an EPR pair using specified distillation
scheme with the ideal probablhty D Pldeal Thus the ideal
probability of this distillation scheme in our experiment is
calculated as P! = 2 x pideal 4 pideal — 2(_2R? + R+ 1),
where we can obtain a maximum P9 = (.75 with R = 1/4.

C. Result

We firstly measure the probabilities of Pg”, PS”, Pg.",

and the probability of specified distillation Pq eI::med under
the condition that weak measurement strength R =1/4. As

shown in Fig. 4(a), we observe that Pg’ = 0.533 £0.022,
PEP = 0,416 £ 0.021, PSP = 0.051 £ 0.010, and P, | =

0.630 % 0.029. Thus we calculate the distillation rateetcfl’g’(zl(g =
P:;epciﬁed X P;’:p + P;’z‘p = 0.751 % 0.030, which is beyond the
bound 2/3 for a specific scheme.

We also measure and calculate the distillation rate PP =
P;;(epc ihiea X PS" + PSP under different measurement strength
R. As shown in Fig. 4(b), our experimental results are in good
agreement with the theoretical expectations. Furthermore, we
measure the fidelity of the distilled |¥™) in our experiment
and observe an average fidelity of F = 0.873 +0.018 (see
Appendix B for more details). It is worth remarking that the
infidelity mainly comes from the imperfect preparation of
the input W state. The fidelity of the distilled EPR pair can
be significantly improved given an ideal W state or further
enhanced by performing a second round of distillation on
multiple copies of noisy EPR pairs.

Moreover, the WMA in our experiment could be used to
as a key element of the setup to achieve an arbitrary N-round
entanglement distillation with high-speed feedback operations

and high-precision time control (see Appendix D).

IV. CONCLUSION

It is an interesting open problem to investigate entangle-
ment manipulation of general multipartite entangled states.
In this work, we theoretically propose a modified distillation
scheme that gives a significantly higher distillation rate than
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FIG. 4. (a) Measured probabilities of Pexp Pexp Pexp Pse;epcrﬁed’
and P*P. The left red filled histogram represent the expenmental
results, and the right blank histogram represent the ideal value. The
slight mismatch between the ideal value and the experimental results
is caused by the imperfections in the prepared py. (b) Measured
probability of distillation under different measurement strength R,
the solid line represents the ideal probability of distillation and the
dashed line represents the bound of distillation between two specified

parties.

the original scheme with a few experiment rounds and exper-
imentally realize it by introducing an auxiliary path degree of
freedom. Compared to conventional entanglement distillation
schemes that generally require apply joint and deterministic
distillation operations on many copies of states [17,18], our
work only performs individual operations on a single copy of
the tripartite W state. We show that entanglement distillation
into unspecified two parties can easily beat the 2/3 bound of
distillation between two specified parties. Our results high-
light the power of optical realization of random entanglement
distillation and quantum networks. Future works can be di-
rected to theoretical studies of general multipartite entangled
states and experiments with genuine feed-forward operations.
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APPENDIX A: STATE CHARACTERIZATION OF pyw

We do the full tomographic measurements on the prepared
W state to reconstruct the density matrix py," [16]. Here, the
measurement basis is chosen as {|/)|m)|n)} with |I), |m), |n) €
[|H), |V),|D), |A), L), |R)]. Then, 216 measurement out-
comes in total are measured. However, the orthogonal states
could be measured simultaneously in the experiment. In prac-
tice, only 27 measurement settings are required. For each
measurement setting, the fourfold coincidence is accumulated
in 30 minutes with coincidence rate ~15 min~'. The results
are shown in Fig. 3 in the main text. We calculate the fidelity
with the reconstructed density matrix py,, and obtain the
fidelity F = Tr(py, " |W)(W|) = 0.866 + 0.007.

We also show that the prepared W state is genuinely
tripartite entangled using the following entanglement witness
[19,20]

W =21 — [W)(W|. (A1)
By using the reconstructed density matrix py,”, we calculate
that (W) = TrOWpy,*) = —0.243 & 0.014. Since all separa-
ble states has a positive witness measure, it indicates that the
prepared W state is a genuinely tripartite entangled state.

APPENDIX B: ADDITIONAL RESULTS
OF THE DISTILLATION

The probability Pg” is the sum of the three probabilities
that only one out of three detectors of weak measurement
apparatus (WMA) clicks. We show the measured probability
of each case in Table I.

In our scheme, |W*) is distilled from unspecified par-
ties and specified parties. For each case, we calculate
the fidelity of |W™*) by measuring the decomposed lo-
cal observers |WH)(W| =1/2(|[HV)YHV |+ |VH)(VH]|)+
1/4(XX + YY). The results are shown in Fig. 5(a).

If the three outcomes on Alice, Bob, and Charlie are all
O, the state is |W), which is the same as the initial state
and can be sent to another distillation round. We measure the
fidelity of this remainder |W) by doing the full tomographic
measurements. As shown in Fig. 5(b), we calculate its fidelity
to be F = 0.863 £ 0.002. The result indicates that the state
is not affected by the distillation device and it is suitable for
further distillation.

TABLE 1. The probabilities of three cases in unspecified
distillation.

Parties Exp Ideal
Band C 0.157 £0.016 0.125
Aand C 0.131 £0.015 0.125
A and B 0.127 £0.015 0.125

a b
@ ®)
0.8 0.8
2‘0'6 Z‘O 6
© ©
b=} e
%04 " 04
0.2 0.2
0
Alice Bob  Charlie Specified Initial Remainder

FIG. 5. (a) The fidelity of distilled |¥*). The label Alice, Bob,
and Charlie in x axis express the outcome “z = —1” is appeared
on Alice, Bob, and Charlie respectively, and the fidelity is Fajice =
0.870 £ 0.027, Fpop, = 0.867 £ 0.030, and Fepagie = 0.881 £ 0.034.
Label specified represents |W) is distilled using specified distilla-
tion scheme, and the fidelity is Fspeciica = 0.882 4 0.016, (b) The
fidelity of the initial and remainder W state.

APPENDIX C: EXPERIMENTAL IMPLEMENTATION
OF THE WEAK MEASUREMENT

Weak measurement provides an effective way to gain lit-
tle information about a quantum system without completely
destroy it [14], which has been widely used in signal am-
plification, state tomography and the test of error-disturbance
uncertainty relations [21-23]. In this work, we apply the weak
measurement method into random entanglement distillation to
achieve a higher distillation rate for a W state [8].

Then, how to design a weak measurement is an important
problem in our work. In the experiment, we should implement
the weak measurement for a system qubit encoded with
polarization degree of freedom of photons, with |H) and |V)
represent the horizontal and vertical polarization, respectively.
To achieve the weak measurement, the path degree of freedom
of photons is inserted as the probe qubit (p) shown in Fig. 2(b)
in the main text. Then the photon is guided into a Sagnac
interferometer as shown in Fig. 2(a) in the main text. We let
|0,) represent the clockwise propagation states in the Sagnac
interferometer, and |1,,) represent the counterclockwise prop-
agation states. The Sagnac interferometer could be considered
as a 2-qubit unitary gate U between the system and probe
qubit, with

U = C-NOT - C-§(0) - C-NOT (C1)
as shown in Fig. 2(b) in the main text. Let X, Y, and Z be the
Pauli matrices, 1 be the identity matrix, and {|0), |1)} be the
eigenvector of Z with eigenvalues z = {1, —1}. Then, C-NOT
is the controlled-NOT gate which is defined in the form of

C-NOT=H)(H|®1,+|V){V|®X (C2)
and implemented by a PBS with the system qubit as the
control and the probe qubit as the target. While

C-S(6) = 1 ®0,)(0,| + (cos 26Z

+5in 26X) @ [1,)(1,] (C3)
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FIG. 6. Experimental setup of N-round distillation protocol.

is the controlled-rotation gate which is implemented by a half-
wave plate (HWP) oriented at 6 with the probe qubit as the
control and system qubit as the target. Then, the two-qubit
controlled-unitary gate C-U is

U = C-NOT - C-S(6) - C-NOT
= ([HY(H| — cos20|V)}{V]) ® [0,)(0,]
+(VI(V|+cos20|H)(H|) ® [1)(1,]
+sin 20|H) (V| @ [1,)(0,]
+sin20|V){H| ® [0,)(1,]. (C4

In the experiment, the probe qubit is initialized as state
|0,), and measured in the Z, basis. Then, the measurement
operators of the weak measurement on the system qubit is
given by

M = (0,|U[0p) = |H)(H| — cos 20|V ){V|,

state classifier, and a Bell state collector. In the following, we
will give a detailed description for each part. We introduce
the path degree of freedom of photons as the probe qubit
with |0,) (]1,)) representing the clockwise (counterclockwise)
propagation states in the Sagnac interferometer.

1. Weak measurement apparatus

The WMA of the N-round distillation setup is also imple-
mented by a Sagnac interferometer with some wave-plates.
The only change is that at each path of the Sagnac interfer-
ometer and the output port of the WMA we introduce two
quarter wave-plates (QWP) with high-speed control as shown
in Fig. 6. With practical apparatus, the function of QWP with
high-speed control can be implemented with the Pockels cells,
which are often made by potassium dihydrogen phosphate
crystal or other nonlinear crystals, and could be controlled via
a high-speed variable voltage.

M_ = (1,]U]0,) = sin20[H)(V|. (C5) At the first round, the photon of the tripartite W state

shot into the Sagnac interferometer from the input port, and

And the corresponding POVM elements are we set the angles of the six QWPs to be 6, 4, 0°, 90°,
sin220 sin220 0°, and 90°, where the optimal 6 is determined by the total

O, = MIM L= (1 — )1 + Z, distillation rounds as shown in the main text. Then, the

2 2 QWPs Q; and Q, have the same function as the half-wave

; sin2 20 sin2 26 plate (HWP) in. our experiment and could also implement a
O-=MM_= 5 1- 5 A (C6)  controlled-rotation gate C-S(8) = 1 ® |0,,)(0,| + (cos 26Z +

Defining R = sin? 6 as the measurement strength, we obtain
the same form of POVM elements of Eq. (2) in the main text.
Note that 6 is the angle of the HWP in the Sagnac interferome-
ter, and we can continuously change the measurement strength
by adjusting the HWP angle 6.

APPENDIX D: ARBITRARY N-ROUND DISTILLATION
PROTOCOL

To achieve an arbitrary N-round distillation, we also de-
signed an experimental setup based on Sagnac interferometers
and high speed feedback operations. The setup for each one
(Alice, Bob, or Charlie) could be divided into three parts:
a WMA with continuously adjustable measurement strength
similar to that we have implemented in the experiment, a

sin20X) ® |1,)(1,| with the probe qubit as the control and
system qubit as the target. The Q3 and Q4 (Qs and Qg)
implement an identity transform with the setting above. Then
with the setting of angles of six QWPs above, the WMA of
N-round distillation setup is same as the WMA that we have
implemented in the experiment.

At the nth round (2 < n < N), the photon of the tripartite
W state is guided into the WMA again from the other input
port of the Sagnac interferometer after the classify process
of the state classifier. In this case, we set the angles of six
QWPs to be 45°, 45°, 45° + 0, 45° + 0, 45°, and 45°, where
the optimal 6 is determined by the total distillation rounds and
which round of the distillation process as shown in the main
text. Then, the QWPs Q; and Q; implement an C-NOT gate

UqQ, = 1 ®10,)(0,] +X ® [1,)(1,] (D)
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with the probe qubit as the control and system qubit as the
target. Similar, the QWPs Qs and Qg implement an C-NOT
gate

Ug,oe = 1 ®10,) (0, +X ® [1,)(1,]. (D2)

The QWPs Q3 and Q4 implement an controlled-rotation gate

Uq,o, = (€08 2(6 + 45°)Z + sin 2(6 + 45°)X) @ [0,,) (0, |
+1®[1,)(1,]. (D3)

The PBS in the Sagnac interferometer could also be repre-
sented as a C-NOT gate

Upgs = [H)(H|® 1,4+ [V){V|®X. (D4)

with the system qubit as the control and the probe qubit as the
target. Then the Sagnac interferometer could be represented
by a two-qubit unitary gate

U = Upss - Uq,q, - Ugyq, - Urss - Ugsq,
= (|H)(H| + cos 20|V )(H|) ® |0,)(1,]
H(V V| + cos20|H)(HI|) ® [1,){0,]
+sin 26|V )(H| ® [0,)(0,|

—sin20|H)(H| ® [1,)(1,]. (D5)

Here, the probe qubit is initialized to state |1,), and measured
in the Z, basis. Then, the measurement operators of the weak

measurement on the system qubit can be given by

M, = (0,|U[1,) = [H)(H| + cos 20|V ){V],

M_ = (1,|U|1,) = —sin20|H)(V|. (D6)
And the corresponding POVM elements are
) i 2
26 26
(9+=MIM+= <1_ sin >1+sm z
2 2
L2 L2
20 20
O —mtu = sm2 1— sm2 D7)

It has the same form with Eq. (C6). Then the WMA could
perform the same weak measurement on the system qubit as
the first round distillation. The measurement strength is R =
sin? @, which can be continuously adjusted by changing the
QWP’s angle 6.

At the final round, the photon of the tripartite W state is
also guided into the WMA after all the rounds of random
distillation. Then one (suppose Charlie) set the parameter
6 = 45°. In this case, the measurement strength should be 1,
and he performs a strong measurement on the photon of W
state. While the other two (Alice and Bob) set the parameter
6 = 0°. The measurement strength is 0 and they do no oper-
ations on the photons of W state. After the final round, we
use up the remaining W sate and accomplish the distillation
process.

2. State classifier

The state classifier, implemented by a Sagnac interferome-
ter with QWPs, is used to choose whether to lead photon back
into the previous WMA or go straight to the Bell state col-
lector. Suppose an arbitrary state [/) ® |0,) = a|H) ® |0,) +
BIV) ® |0,) is input to the state classifier. As shown above,
the PBS in the Sagnac interferometer could be represented a
C-NOT gate

Upgs = [H)(H|® 1, + [V)(V|® X, (D)

with the system qubit as the control and the probe qubit as the
target.

When we want the system state back into the previous
WMA, the angles of QWPs Q; and Qg are set as 0° and
90°, respectively. They implement an identity transform on
the system qubit and the output state is

[Wour) = Upss - Upss|¥) ® [0p) = [¥/) ®10,). (DY)

Then, the photon come out of the Sagnac interferometer and
is guided back into previous WMA without any change of the
state encoded in polarization degree of freedom.

When want the system state to go straight to the Bell state
collector, the angles of QWPs Q7 and Qg are both set as 45°.
We also set a HWP at 45° at the path towards the Bell sate
collector which can be represented in the form of

Unwe = 1 ®10,)(0p] + X ® [1,)(1,]. (D10)
The output state could be calculated as
|Wout) = Unwp - Upss - Upps|¥) ® [0,)
=1y) Q[1p). (D11)

Then, the photon comes out from the other output port of
the Sagnac interferometer and goes straight to the Bell state
collector. The state encoded in the polarization degree of
freedom is not changed.

3. Bell state collector

The Bell state collector is used to collect and save the EPR
state distilled from the W state. In the distillation process,
Alice, Bob, and Charlie send the photons of a single copy
tripartite W state into the setup, respectively, to implement an
N-round entanglement distillation. With high-precision time
control, we adjust the angles of the six QWPs of WMA (Qq,
Q>, ..., Qg) for each round as discussed before. When no
detector of the three WMA clicks, the angles of the two QWPs
in the state classifier (Q7, Qg) are respectively set to be 0° and
90°, and the photons of the W state run loops in the setup.
When only one out of the three detectors clicks, the other
two share an EPR pair. We rotate both the angles of Q; and
Qg to 45° with high-speed feedback operations and the EPR
pair will be guided into the Bell state collector. When more
than one detector of the three WMASs clicks, the distillation
fails. If there is no detector of the three WMAs clicking after
N-round distillation, we do the final round distillation by
perform a strong measurement on Charlie’s photon to make
full use of the remainder W state and end the distillation
process.
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