PHYSICAL REVIEW RESEARCH 2, 013381 (2020)

Generalized spin fluctuation feedback in heavy fermion superconductors

Adil Amin” and D. F. Agterberg’
Department of Physics, University of Wisconsin—Milwaukee, Milwaukee, Wisconsin 53201, USA

® (Received 26 October 2019; revised manuscript received 24 February 2020; accepted 27 February 2020;
published 30 March 2020)

Experiments reveal that the superconductors UPt;, PrOs,Sby,, and U;_, Th,Be;3 undergo two superconducting
transitions in the absence of an applied magnetic field. The prevalence of these multiple transitions suggests a
common underlying mechanism. A natural candidate theory which accounts for these two transitions is the
existence of a small symmetry-breaking field; however, such a field has not been observed in PrOs;Sby, or
U,_,Th,Be;3 and has been called into question for UPt;. Motivated by arguments originally developed for
superfluid 3He, we propose that a generalized spin fluctuation feedback effect is responsible for these two
transitions. We first develop a phenomenological theory for *He that couples spin fluctuations to superfluidity,
which correctly predicts that a high-temperature broken time-reversal superfluid *He phase can emerge as a
consequence. The transition at lower temperatures into a time-reversal invariant superfluid phase must then be
first order by symmetry arguments. We then apply this phenomenological approach to the three superconductors
UPt;, PrOs,Sby,, and U;_,Th,Be;s, revealing that this naturally leads to a high-temperature time-reversal
invariant nematic superconducting phase, which can be followed by a second-order phase transition into a broken

time-reversal symmetry phase, as observed.
DOI: 10.1103/PhysRevResearch.2.013381

I. INTRODUCTION

There has been renewed interest in unconventional super-
conductors, as they provide a natural platform for topolog-
ical states [1-4]. Correlated fermion superconductors such
as UPt3, PrOs4Sby,, U;_,Th,Be3, and URu,Si, have been
intensely studied as they show time-reversal symmetry break-
ing [5-9] and may host Majorana modes as well as Bogoli-
ubov Fermi surfaces [10-13]. Of these, UPt;, PrOs4Sb;,, and
U;_,Th,Be;3 show a rich phase diagram, with two supercon-
ducting phases under zero field. The high-temperature A phase
is time-reversal symmetric and the low-temperature B phase is
a broken time-reversal symmetry state [9,14—19].

The presence of two transitions in three different materials
raises a question about the underlying mechanism. UPt; has
been the most studied of these materials and has a phase
diagram as shown in Fig. 1 [15]. The most common expla-
nation for this phase diagram relies on coupling the super-
conducting order parameter to a weak symmetry-breaking
field, which splits the degeneracy between the different order
parameter components [20,21]. The symmetry-breaking field
is associated with an antiferromagnetic (AFM) order seen in
older neutron scattering measurements [22]. However, recent
experiments show that there is no static order near 7, though
antiferromagnetic fluctuations are present [23,24], which casts
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serious doubts on the use of a symmetry-breaking field to gen-
erate two transitions. Meanwhile, there is no accepted model
which accounts for the double transition in U;_,Th,Be;3 or
PrOs4Sb;, though there are signatures of antiferroquadrupo-
lar (AFQ) fluctuations in PrOs4Sb;, and antiferromagnetic
fluctuations in U;_,Th,Be;3 as seen in inelastic neutron scat-
tering [25,26]. It is natural to ask if these fluctuations can
account for the generic observation of two transitions.

To gain insight into this question, it is reasonable to con-
sider superfluid *He, which also exhibits multiple phases.
In this case, conversely, there is a high-temperature high-
pressure time-reversal symmetry-breaking A phase and a low-
temperature low-pressure time-reversal symmetric B phase as
shown in Fig. 2 [27,28]. Originally, the stability of the A phase
was a puzzle, as weak-coupling theory predicted that the B
state was stable for all temperatures [29]. This paradox was
resolved by Anderson and Brinkman, who showed that cou-
pling superfluidity to paramagnetic fluctuations can stabilize
the A state, through a mechanism called the spin fluctuation
feedback effect [30-32].

In this paper, we propose a mechanism for multiple tran-
sitions in correlated fermion materials by coupling super-
conductivity to fluctuations (both antiferromagnetic and an-
tiferroquadrupolar), analogous to superfluid *He. We initially
formulate a simple phenomenological method to capture the
essential physics of superfluid *He and show that it re-
produces the microscopic spin fluctuation feedback effect
developed by Anderson and Brinkman. We then apply this
to UPt;, U;_,Th,Be;3, and PrOs;Sb;, and show that these
fluctuations change the coefficients of the Ginzburg-Landau
theory and allow for the possible stabilization of a time-
reversal symmetric A phase. We then consider a transition into
the broken time-reversal symmetric state, implementing the
symmetry constraints associated with observing a polar Kerr
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FIG. 1. Magnetic-field—temperature H-T phase diagram of UPt;
with the B field perpendicular to the z axis.

effect, when applicable. These considerations constrain the
possible order parameters. We obtain the following results.

(i) We show that, except for the three-dimensional (3D)
Ty, irreducible representations of PrOs;Sby,, the only possi-
ble way to undergo two successive transitions is for the B state
to be a time-reversal broken state.

(ii)) We also find that the Kerr effect measurement rules
out the two dimensional (2D) Eg, irreducible representation
scenario for PrOs4Sb,. We suggest that subsequent Kerr mea-
surements with different training fields directions may further
constrain the order parameters for the 3D 7, irreducible
representation case.

(iii) For U;_,Th,Be3 in the case of its 3D Ty, irreducible
representation, the form of the spin fluctuation feedback effect
allows for only one A state symmetry out of two possible
states.

(iv) We also suggest that a polar Kerr measurement be
conducted on U;_,Th,Be;3, as the presence of a polar Kerr
signal would rule out the 2D (E,/,) scenario for U;_,Th,Bei3
and would constrain the pairing channels for the 3D (7g,)
irreducible representation scenario of U;_,Th,Bejs.

These results are tabulated in Table I. We have only written
one representative state when there are degeneracies; the other
degenerate states appear in the main text and the Appendix.

Solid

Fermi Liquid

T

FIG. 2. Pressure-temperature P-T phase diagram of *He.

IL. 3He

3He is a strongly correlated Landau-Fermi liquid, whose
quasiparticle excitations pair to form a spin-triplet p-wave
superfluid [27,28]. The gap function is A(k) = i[d;(k)o;]o,,
with d; = diaﬁa; in this paper we use the Einstein summation
convention. The order parameter d;, is a 3 x 3 matrix with
complex entries, where i is the spin index and « is the
orbital index and both run over x, y, and z. By comparing
to experiments, the *He-A phase was identified with the
Anderson-Brinkman-Morel state with d,, = %, dyy =1 %,
and all other d;; = 0, while the B state was associated with
the Balian-Wethamer state, which has d;; = \%8,; i [27,28].
Weak-coupling theory showed that the BW state is stable
for all temperatures [29], implying that a strong-coupling
approach was needed to explain the existence of the high-
temperature high-pressure A phase. Anderson and Brinkman
[30] used spin fluctuation feedback effect to stabilize the
A phase, which relied on the pairing glue in *He being
paramagnetic fluctuations. This implies that the formation of
the superfluid alters the pairing interaction, where the type
of modification depends on which state is formed [27]. Thus
the A state can be stabilized despite being unstable under
weak-coupling theory. The A—B transition in this case is first
order as the B state is not a subgroup of the A state.

Here spin fluctuation feedback effect will be recaptured in
a phenomenological manner, by coupling the superfluid order
parameter to paramagnetic fluctuations and calculating the
resulting change to the bare free energy. The bare free-energy
density of superfluid *He is given as

Bfst = adindy, + Bidiadiad}zdis + Badiadjodipd s
+ ,33djadj,3 ;; ;;3 + /34diad;;djﬁ 7/3 + ﬁsdi&djad[ﬁdfﬂ.
ey
To this we add the coupling of superfluidity and magnetic
fluctuations, which is constructed to be invariant under inde-
pendent rotations in orbital and spin space. The free-energy

density is given as
Bfst-m = Aymim; + Klmimidjadfa + KZmimjdiadja

+ Ksimj(€ijed jodiy) + B(Vim))?, 2
where m; is the magnetic order parameter associated with
spin fluctuations. The K’s are the couplings between the spin
fluctuations and the superfluid order parameter, and the B term
is the spatial variation, i.e., ¢ dependence, of the spin order.
We assume that A; is parametrically small and positive, i.e.,

A; — 0, to indicate that we have large fluctuations. We have
the Hamiltonian

BH = BHo + K
_ / P[Aum? + BTm)?] + / Px[K (72) (dady)
+ szim_,-d,-o,dfa + K3imi(6ijkdjadlja )]7 €)

where BH, is the Gaussian theory for spin fluctuations and
IC is the coupling between superfluid order and the spin order
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TABLE I. Summary of our results. Column 2 shows the fluctuations responsible for the spin fluctuation feedback effect, whose Q vector
dependence can be found in the text. Column 3 shows the irreducible representation of the order parameter. Column 4 gives a representative
basis function of the superconducting order parameter and displays the symmetry properties of its components. Column 5 is the time-reversal
symmetric state A, where each state is multiplied by an overall 1y magnitude. Column 6 is the time-reversal symmetry-breaking state B
grown out of the A state, where the “or” separates different B irreducible representations and we only write one state for each irreducible
representation; the other degenerate states are in the text and the Appendix. Here § represents a small number, which grows positively from 0
at the second transition. The ()* is for A-B transitions which are Kerr inactive. The x represents that this channel is ruled out.

Material Fluctuation Irreducible representation Order parameter A B

UPt; AFM E kek,, kyk, (1,0) (1,i8)

PrOs.Sby, AFQ E 22 — k2 — ky, k2 — kyz_ X X

PrOs,Sby, AFQ T kyk,, kok, k.k, (1,0,0) (1,i8,0) or (1,0, i8)
PrOs4Sby, AFQ T kyk,, kok, k.k, (L,LL,1) (1,14 i8cosf, 1+ i5sin0)
U,_,Th,Be; AFM E k — k2 —ky K2 — k2 (1,0 (1+1i8,0)* or (1, i8)*
U,_,Th,Be;s AFM E k2 ky, kf 0,1) (0,1 +i8)* or (i8, 1)*
U,_,Th,Be;s AFM T k vk, kek, keky (1,0,0) (1+5,0,0) or (0,1+41i6,0)

fluctuations. After Fourier transforming we get

d3q 2 2
fm=/mml+3q i@ + K. 4

The coupling between superfluidity and magnetic fluctuations
in Fourier space is

PqdPqd’qzd?
K= / 4 (;‘;)?3 Lorys @+ +a+a)

x (K (qu)mi(q2)d jo (q3)d T, (q4)
+ Koy (1) (Q2)dia (q3)d  (q4)]

LK /d3q1d3qzd3q3d3q4
’ r3)3

x (q1)€ijkd jo(Q2)d}, (q3). ()

Near the superfluid transitions, the coupling X can be
treated perturbatively around the Gaussian theory of the mag-
netic fluctuations, i.e., BHo. This quadratic theory for spin
fluctuations is valid as long as we are more than a Ginzburg
temperature away from the critical temperature associated
with magnetic ordering. Thus the coupling can be evaluated as

BH = BHo — In{exp ™), (6)

where (), implies that we are calculating the expectation
values with respect to the Gaussian BHg theory. The
expression (6) can be expanded perturbatively around the
Gaussian theory (see, e.g., [33]) as

In(exp ™), = = () + 5K — )2+ (])

We keep up to only the second order in /C, as this will
introduce corrections of O(d*) to the superfluid free-energy
density, which will be responsible for stabilizing the A state.

J

Qr)’83(q + qo + q3)in

The first term (K),, can be evaluated and will introduce a
correction to quadratic term in the superfluid Hamiltonian

3Ki + Ky [ dPqud’qud®q3diqy 33
—() = — 27)%8
(L) > f 2 (27 )87 (qu
2r)*83(q + q2) -
" d
+q+q3 +4q4) A+ Bg? (q3)d;,(qa)
3K1 +K2 d3(]3
= diy (q3)d
> /(2 3 (@3)d;, (—q3)

d’k 1
2m)3 A, + Bk?'

Performing an inverse Fourier transformation, we obtain the
correction to the bare superfluid free-energy density
) dia d;:x

GKi +K)@2n) (Y P’k 1
Bfuir = (@ + 23 / 3 2
2A 2m)* Ay + Bk
+ Bi1dindiq d: B jﬁ + ,Bzdzadjrx :;3 iB + :83d10tdjﬂdla ip
+,34dw¢d* B jﬁ —+ :35diadj0tdi/3djﬂ’ (9)

®)

where A3 is a cutoff wavelength.

We see that the first-order correction from the spin
fluctuation feedback effect has changed the bare 7.. The
coefficient of the quadratic term is the inverse suscep-

ey -1 _ 2 4 GKi+K)Qn) (A &k 1
tlblllty, 1.€., X —A] +Bq + TI WW

Next we calculate the crucial second-order %((ICz)m -
(IC),zn) correction which will change the coefficient of the
quartic terms in the bare free-energy density. We fol-
low the exact same process as outlined above and af-
ter inverse Fourier transforming we get the free-energy
density

GK, + K)2n)? (A d’k 1 . i
,Bfeff = (O( + 2A3 / (27.[)3 A+ Bk2 diadia + :Bldiadiozd + ﬁzdwtdja i Jﬁ
K}(Q2n)? /“ d’k 1 K2(Q2n)? /A d’k 1
_ didigd’ d — didjad;
+ <’3 37T T 4A8 2n) (A 1 Biay | ieipiaip s = —4n (27)} (A, + BK2)? s
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1

(K3 + 6K? + 4K, K>)2)* (N d’k
+ | Bs— e /

_ Koy / L (id x 3.

2A3 (27)? (A; + BK2)

Let us now consider a simpler situation, where we ignore
the cost of spatial variation in the spin fluctuation order
parameter, i.e., B = 0. Thus we have the coupling

Bfstm = Aimim; + Kymimidjod5, + Komim;diody,

+K3imi(€ijkdjad/:a)~ an
The magnetic partition function is given as
Z, = /Dmie_’%‘ = /Dmi exp <—/d3xfsf.m)
= fDmiexp <—/d3xA,-jm,~mj>, 12)

where A;; contains couplings between magnetic and super-
conducting orders and gives corrections for the bare super-
conducting free-energy density. Integrating out the quadratic
(Gaussian) magnetic fluctuations gives an effective free-
energy density

3K, K

Bfetr = <Ot+ — +

Y diad'* diadiad% d;
2A1 2A]> la+131 JB”iB

KZ
+/32diadjad?ﬂd7ﬂ + <ﬁ3 — ﬁ)djadjﬂd;;d;g
1

K? + 6K? + 4K,K
+</34 — =2 2142 i )diadizdjﬁd_?ﬁ
1

1(22 * * K32 -7 752
+(ﬂ5 - m)diadjadiﬁdjﬁ - E(ld x d*)*. (13)

Now if we compare Egs. (10) and (13), we note that even
though the corrections introduced to the free-energy density
have different forms in both cases, the sign of the correction
introduced is the same, i.e., in both cases the spin fluctuation
feedback effect leads to corrections which can stabilize a
different state than the state preferred by the weak-coupling
theory. Subsequently, for clarity, we use the simplified result
since it yields qualitatively the same results.

The B; quartic terms in Eq. (13) are associated with the
free-energy density without coupling to fluctuations, here
assumed to be derived from weak-coupling theory and the
quartic terms with the K’s originating from spin fluctuation
feedback effect. For large paramagnetic fluctuations, i.e., a
small but positive A;, the terms that dominate are those that
are proportional to A1_2 and we ignore terms of order A;',
e.g., couplings of the form m?d*. The K3 term in Eq. (13)
shows that paramagnetic fluctuations can favor nonunitary
states [34-37], but will be neglected here due to its weaker
A]_1 dependence.

Weak-coupling theory gives fr = f3=p1=—Fs=
261 = gs, where s is a positive-valued constant [27,28].
When the spin fluctuation feedback effect is turned off, i.e.,

did?’d;d*
27 (A +Bk2)2) PP

(10)

(

K; = 0, the BW state is energetically favorable with f.i = %s,
while the A state has a slightly larger free-energy density
of fer = 2s. The spin fluctuation feedback effect coupling
lowers the energy of the A state by K22 / SA% compared to the
B state and thus for large fluctuations, i.e., K22 / 3A% > %s, can
stabilize the A state [32].

The A-B transition stems from the different temperature
dependence of the weak-coupling quartic terms versus the
spin fluctuation feedback effect corrections to the quartic
terms. Quartic, i.e., 8, terms originating from weak-coupling
theory generically have a % dependence [35], while micro-
scopic calculations show that quartic terms originating from
the spin fluctuation feedback effect have a % dependence
[27,31,32]. These calculations assume quadratic Gaussian
spin fluctuations and imply that at high temperatures, strong
fluctuations may stabilize the A phase, while at lower temper-
ature the weak-coupling terms will dominate and the system
will undergo a first-order transition into the state preferred by
weak-coupling theory, i.e., the B phase. Recent calculations
done for twisted bilayer graphene [38] show that the same
temperature dependence of the quartic terms is seen for both
spin density and charge density wave fluctuations, again con-
sidering Gaussian fluctuations. This suggests that the weak-
coupling quartic terms and spin fluctuation corrections to
these terms generically have a 1/T and a 1/T? temperature
dependence, respectively. We will assume this to be the case
in the correlated fermion materials considered below.

II1. UPt;

UPt; is a hexagonal crystal with Dg, point group sym-
metry and has two distinct phases under zero field: a high-
temperature A phase and a low-temperature B phase [15,39].
However, unlike *He, the A phase is time-reversal symmetric
while the B phase is time-reversal symmetry breaking as seen
in muon spin relaxation (4SR) and polar Kerr measurements
[5,14]. UPts has four 2D irreducible representations labeled
Ey, ¢ and Ey,/,, where the order parameter transforms like
N ~ kek, and 5y ~ kyk, and like n; ~ k2 — kf and 7, ~
2k.k,, respectively. The free-energy density is the same for
all the E irreducible representations and is given as [40]
Bfe=alimP +m) + Bi(m P + m? + B[t + 3|,
(14)

The coefficient of |n?|*> determines the behavior below T,
with B, > 0 favoring the time-reversal symmetry-breaking
(1, i) state and B, < O stabilizing the time-reversal symmetric
(1,0) state. To explain the existence of multiple phases, the
currently accepted model involves coupling superconductivity
to antiferromagnetic order [20,21]. This splits the 7. between
n1 and 71, and allows for two transitions.
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However, recent experiments raise questions over the ex-
istence of true antiferromagnetic order near the two closely
spaced superconducting transitions. The Bragg peaks in in-
elastic neutron scattering are not resolution limited near
the superconducting transitions of 74 = 530 mK and 7.5 =
480 mK [15,23,41], in addition to the absence of signatures
of a magnetic transition in specific heat, magnetization, and
NMR Knight shift experiments around this temperature. The
peaks start narrowing only below 50 mK and become res-
olution limited at 20 mK [23,41], which seems consistent
with anomalies seen in specific heat [42,43], thermal expan-
sion [44], and magnetization measurements [45] seen near
20 mK. Interestingly, NMR experiments show an anomaly
at 50 mK which is associated with the fluctuations slowing
down, though there is no sign of static order down until
15 mK [46,47]. This has led to the current interpretation that
these experiments imply the presence of antiferromagnetic
fluctuations [24], instead of antiferromagnetic order, and we
suggest that a generalized spin fluctuation feedback effect
then stabilizes a time-reversal symmetric A state.

Our theory is a Ginzburg-Landau theory and is valid near
the A-B transition and cannot be extended deep into the B
state. However, the use of spin fluctuation feedback effect
fluctuations to generate two closely spaced transitions should
be valid near the superconducting transitions, i.e., T, ~
500 mK. We note that the Ginzburg temperature for magnetic
transitions is generically of the order 1-10~2 mK of the mag-
netic transition temperature (which for UPt; is 7, ~ 50 mK).
Consequently, the superconducting A—B transitions will be
insensitive to critical phenomena stemming from the possible
ultralow-temperature magnetic ordering. Additionally, there
are no signatures of quantum critical effects in this material
and the other materials considered in this paper. Hence ar-
guments similar to those developed for superfluid *He can
be used to explain two transitions in UPt; and it suffices to
consider a Gaussian theory of spin fluctuations.

We will proceed analogously to *He and assume that
the B time-reversal symmetry-breaking state is favored by
the weak-coupling theory, while strong fluctuations can sta-
bilize a time-reversal symmetric A phase. The fluctuations
are characterized by wave vectors Q; = %a*, Q= %(b* -

a*), and Q3 = —%b* [22,23] which are associated with the
magnetic order parameters mp, m,, and mj, respectively. The
coupling of superconductivity to the magnetic fluctuations is
constructed to be invariant under Dg;, x U(1) x .7, where 7
is time-reversal symmetry and is expressed as [21]

B ficm = Aim] + Ky (m?)(n;m7)
+Ko[ (2m] — m3 —md) (i = [mal?)
+\/§(m§—m§)(7717]§+77277}k)]. (15)

Integrating out the fluctuations as before gives the free-energy
density

3K1 2 2 3[(12 2 252

<a+2A1>(|m| i+ (A= )l )
6K22 2 22

+<ﬂ2—Z¥)|’71 + ns|°. (16)

We see that the terms originating from the generalized
spin fluctuation feedback effect have introduced negative-
value corrections to the quartic terms, which most importantly
changes the |17l42|2 coefficient. Thus, for large fluctuations,
these spin fluctuation feedback effect terms can stabilize the
A state, instead of the time-reversal symmetry breaking B by
making this coefficient negative.

This also interestingly implies that two transitions will
occur only if the B state is a broken time-reversal symmetry
state. In particular, if the B state were time-reversal symmetric
then the spin fluctuation feedback effect terms would simply
further stabilize the time-reversal symmetric nematic state.

As argued earlier, the quartic terms that stem from weak-
coupling theory should increase more strongly as temperature
is decreased than the quartic terms which arise from the
generalized spin fluctuation feedback effect. This allows the
coefficient of the |} + n3|> to change sign as temperature
is decreased so that a transition into a broken time-reversal
symmetry state is possible. We discuss this in more detail
below.

A. Effective theory for A-B transitions

A complete phenomenological description of a second
phase transition within a single multidimensional irreducible
representation requires a free-energy density that is at least
eighth order in the order parameter [48,49]. For this reason,
we consider a simpler approach and model the A—B transition
as an effective phenomenological theory in which we start
with the (1,0) state for UPt; and allow the B state to contin-
uously grow out of this, i.e., (1 4 7y;, 0 + 7p;), where #; is
small near the transition. Time-reversal symmetry allows us
to classify the order parameter #); for the A—B transition into
a real part #jg, which is invariant under .7, and an imaginary
part 7;, which changes sign under .7, with the transformation
properties

ik > k. T . (17)

The condition that the second transition is observed to
break time-reversal symmetry allows us to consider only the
imaginary order parameter. The (1,0) state has D,(C;) x
and D, x 7 [34] symmetries for the E,/, and E,/, irre-
ducible representations, respectively. The order parameter 7;
belongs to the A; irreducible representation of D, while
2 belongs to the B; irreducible representation. Hence our
mechanism only allows these two possible symmetries for the
B phase.

B. Constraints from the polar Kerr effect

The observation of a polar Kerr signal for the A—B tran-
sition [5] further constrains the possible order parameters. In
particular, polar Kerr experiments shows that the signal can
be trained with an applied magnetic field [5]. This implies
that the only viable order parameters are those which belong
to the same representation as a component of the magnetic
field (H,, Hy, and H;). This follows because a Kerr signal
that can be trained by a magnetic field is only possible if
the superconducting order parameter couples linearly to the
applied field. These order parameters will be referred to as
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Kerr active (in the literature, this is sometimes labeled as
belonging to a ferromagnetic class [50]). This rules out the
A; order parameter since it is Kerr inactive. The 7j,; order
parameter has H, symmetry, which is consistent with the
direction of the training field applied along the c axis in the
experiment. Thus the A—B transition can be modeled by the
effective order parameter 7j,; with the free energy B fa—p =
a3 + Burfis;. We will use this approach subsequently to
constrain the possible symmetries of the order parameters.

IV. PI'OS4 Sb]z

PrOs;Sby, is a Pr-based tetrahedral correlated fermion
skutterudite superconductor with a 7;, point group that, like
UPt;, has two distinct phases [51]. Polar Kerr and uSR
measurements show a time-reversal symmetry-breaking B
phase [6,18], while the A phase is time-reversal symmetric.
PrOs4Sby, has been studied by phenomenological methods
[52]; however, there is no satisfactory mechanism for the
double transition. Inelastic neutron scattering experiments
indicate the presence of antiferroquadrupolar fluctuations with
aQ=(1,0,0) [25,53], which is a single Q order, invariant
under the point group operations. The order parameter of
these antiferroquadrupolar fluctuations is three dimensional
with components that transform as m; ~ kyk,, my ~ k¢k;, and
m3 ~ kek, [54,55]. The antiferroquadrupolar fluctuations can
stabilize a time-reversal symmetric A phase for both the E and
T irreducible representations as shown below.

For the E irreducible representation, where the order pa-
rameter transforms as 0y ~ 2k — kZ — k2 and n, ~ k? — k2,
the coupling is

B fiem = A1(m?) + Ky (m3) (n;n?)
+Ko[(2m3 — m} —m3) (I 1> = In2l?)
—/3(m? — m3) (i + man})]

+K3[V3(mi — m3) (I * = nal?)
—mi—m3)].  (18)
As noted in UPt;, we will consider the simple case of

B(Vin)? = 0. Integrating out the antiferroquadrupolar fluctu-
ations, we obtain the effective free-energy density

3K .
+ 2A1>(77177j)
3K} 3K} 3K3

+(1m3 + nan)(2m3

ﬂfeff = <Ol

( 242 2A%>(mn2 many)”. (19)
This generalized spin fluctuation feedback effect may again
stabilize a time-reversal symmetric A state (¢;, ¢,) with D, x
J symmetry [52,56], instead of the time-reversal symmetry-
breaking B phase (1, i) with 7'(D;) symmetry by changing the
sign of the (115 — 12 77’1‘)2 term from positive to negative. The
A phase has the two components with the same magnitude
but an arbitrary phase [52]. Similar to UPt;, two transitions
are possible only when the B state is time-reversal symmetry
breaking. The A-B transition is modeled similarly to UPts;

however, both 71;2; have A; Kerr inactive symmetry and
are ruled out due to the presence of the Kerr effect, thereby
eliminating the 2D E irreducible representation scenario for
PrOs4Sby,. Thus we can see that, just using these general
symmetry considerations, we are able to rule out a pairing
scenario with this mechanism.

For the 3D 7, irreducible representation, with an order
parameter which transforms, for example, as n; ~ kyk,, 7o ~
kxk, and n3 ~ k.k,, the coupling is

Bficm = A1 (m7) + Kl(’?jn;)(mi)
+ Ko [3(Ima)? -
+ QI P = m2l? = [3?) x (2m} — m3 —m3)]
+ K3[(Ima? = [ ) (2m} — m3 — m3)
= QImP* = Iml* = Insl*)(m3 — m3)]
+ Ku[(n2n + n3n3)mams + (n3ny + niyn)mzmy
+ (mn; + nin2)myms]. (20)

In31*)(m3 — m3)

Integrating out the Gaussian antiferroquadrupolar fluctuations
gives the effective free-energy density

K;
Bfett = <Ol-‘r3 )(77/77/)

(ﬁ 6K} N 6K2 N 2K} K} )( »y
1= =t n;jn;
AT A T AT g P

K7\, » 18K 6K} K}
+<ﬂ 4AZ>H <ﬂ3_ A2 A2+E)

x(m* + [ml* + nal®). 1)

Again the generalized spin fluctuation feedback effect has
changed the coefficient of the bare free-energy density and
hence allows for the possibility of a time-reversal symmetric
A state. Interestingly, here we may have two transitions even if
the A state is time-reversal symmetry breaking, due the inde-
terminant sign of the correction to the 3 coefficient. However,
since this does not agree with the experimental identification
of the B state having broken time-reversal symmetry, we do
not consider this possibility. This irreducible representation
has two states which are time-reversal symmetric: the (1,0,0)
state with D,(Cy) x .7 symmetry and the (1,1,1) state with
C; x 7 symmetry. Both of these allow for a transition to a
time-reversal symmetry-breaking B state which is Kerr active
and hence provide two viable channels for the transition. The
physics of this is similar to the 2D irreducible representation
case for UPt; and is worked out in the Appendix, the results
of which are collected in Table I. It would be of interest to
carry out Kerr measurements [6] under different directions
of the training field to further constrain the possible pairing
channels.

V. Ul_xTthem

U,_,Th,Be,s is a cubic material with an O, point group,
which also has two transitions [9,17], but only for a doping
range of 2% < x < 4%. The B phase is again a time-reversal
symmetry-breaking state [9]. Antiferromagnetic fluctuations
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are seen in inelastic neutron scattering with a wave vector
of Q3 =(1/2,1/2,0) [26]. We consider both the £ and T
irreducible representations and model the system with O
symmetry, having antiferromagnetic fluctuations with wave
vector Q3. The star of Q3 gives two additional wave vectors
Q. =(1/2,0,1/2) and Q,, each of which corresponds to a
1D order parameter m; = (0, 1/2, 1/2), my, and m3. Here n;
and 7, transform exactly as the E irreducible representation
of PrOs4Sby;. The coupling is

ﬂfsc—m =A (m,z) + K (mZZ)(an;k)
+ K[ (2m5 — mi —m3)(Im > — [n2l)
—V3(m? = m2)mns + )] 22)

The K3 term present in Eq. (18) is absent above, due to
additional symmetry elements present in the Oy, as compared
to 7;, point group. The correction to the free-energy density
from these fluctuations is

B 22K Gy + (= KD 3K ey
= o+ — n* 1 _ 2 o
i 24, )TN T g4z T g )
31(22 * *\2
+<ﬂz - —2A%>(mn2 —mny). (23)

There are two possible time-reversal symmetric A states. The
details of the A-B effective theory follow that of UPt; and are
in the Appendix, with the possible A state being (1,0) with
Dy x Z symmetry and (0,1) with DZ])(DQ) x 7 symmetry
[50]. These states are Kerr inactive, and we suggest that a
polar Kerr measurement be performed on this material. If a
field-trainable polar Kerr signal is seen, then the 2D order
parameter can be ruled out.

For the 3D order parameter case, we note that U;_, Th,Be 3
has four T irreducible representations: one T5,/,, which trans-
forms exactly like 7 irreducible representations of PrOs,Sb,,
and the other 7ig/,, which transforms as 1y ~ kyk,(k; — k),
n ~ kzl’c,((kz2 — kf), and n3 ~ kxky(kf — k\z,). The coupling for
these T irreducible representations is '

f%c—m = Al(m?) + Kl (m,z)(ﬁjﬁj)
+ K [3(mal* — In3l*)(m3 — m3)
+QIm P = I = s 2m} —m3 —m3)]. 24

The K3 term found in Eq. (20) is absent because of higher Oy,
symmetry compared to the 7, symmetry, while the K4 term is
forbidden as m;m; is not translationally invariant for this Q
vector. The effective free-energy density obtained is

K, X N
Blett = <oz +3A_1)(77jnj)+ <ﬂ1 -+ —)(n;n,-)

9K?
+ B3| + <ﬁ3 - A—;)umr‘ + Il + Insl).
1
(25)

Interestingly, here, unlike PrOs4Sbi,, there is no change
to By, which is a result of the K4 coupling being absent
for Eq. (25) in contrast to Eq. (20). There are four possible
time-reversal symmetric A states, two for each T irreducible
representation, i.e., (1,0,0) and (1,1,1). However, due to there

being no change to the coefficient of the |r;i2 |2 term, the (1,0,0)
is the only time-reversal symmetric A state which allows for a
viable transition to a time-reversal symmetry-breaking B state
[34]. This state has D4(C4) x 7 and Dflz)(Dz) x Z symmetry
for the Ti,/, and Tog, irreducible representations, respectively
[50]. The A-B transition follows similarly to UPt; and is
modeled in the Appendix.

Polar Kerr measurements, especially if trainable by the
field, may be useful as they can rule out the Eg, irreducible
representation scenario and can eliminate other 3D Ty, order
parameters.

VI. CONCLUSION

In analogy to superfluid *He, we have argued that a
generalized spin fluctuation feedback effect can account for
multiple transitions seen in correlated fermion materials. We
have provided a simple phenomenological framework to cap-
ture this and show that this naturally provides a unifying
mechanism for two superconducting transitions observed in
UPt;, PrOs4Sby,, and U;_,Th,Be;3. In addition, the use of
this generalized spin fluctuation feedback effect has allowed
us to constrain various pairing symmetries. The results of this
analysis were tabulated in Table I. In particular, we were able
to rule out the 2D (E,/,) scenario for PrOs;Sb,, while for the
3D (Ty.) irreducible representation of U;_,Th,Be;3 only one
of two possible A states was allowed. Additionally, if a polar
Kerr signal were observed for U;_, Th,Be;3, we would be able
to rule out the 2D (E,/,) scenario for U;_,Th,Be;3 and place
further constraints on other pairing channels.
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APPENDIX: EFFECTIVE THEORY
FOR THE A-B TRANSITION

1. Pl‘OS4Sb12

For the 3D Ti,, irreducible representation, we have two
possible time-reversal symmetric A states: the (1,0,0) state
with D,(C;) x 7 symmetry and the (1,1,1) state with C3 x
7 symmetry. Both of these allow for a transition to a time-
reversal symmetry-breaking B state which is Kerr active and
hence provides two viable channels for the transition. In the
case of (1 + 717, 0 + 727, 0 4 737), 717 belongs to the A; Kerr
inactive irreducible representation and hence is not consid-
ered, while 7,; and 7j3; belong to the Kerr active By and B,
irreducible representations, respectively. The form of the free
energy will look similar to the 1D A-B transition in UPt3
and the exact transition would depend on which irreducible
representation has a higher 7. The free energy will be

Bfasp = ity 3 + Bifts - (A1)

For the (1 + %y, 1 + o7, 1 + 737) state we have a 1D A,
Kerr inactive order parameter, defined as nq = 1 + 72 + 73
and which is ignored, and a 2D Kerr active E order parameter,
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defined as

1 1
ne=-—=CQmp—m—1m), n=-—720—1) (A2)
=7 3 2 =13 "=A 1 2
where 71, and 7, belong to the 2D Kerr active E irreducible
representation of Cs;. The free energy for this E irreducible
representation is

BfE s =am? + Bu(n?)’ + v () + (% — 3n%)°

o (302 — n2) + yanamu (v — 3n%)

) (A3)
Once «; changes sign the ground state will be n =
ni(cos B, sin@), where the value of 6 will depend on the
value of the coefficients (y;) of the sixth-order terms and
hence provides a viable mechanism for a transitions to a
time-reversal symmetry-breaking B phase.

2. Ul_xTthem

For the 2D E,, irreducible representation there are two
possible time-reversal symmetric A states. We model the A—
B transition as done before, with the A state being (1,0)
possessing Dy x 7 symmetry and (0,1) with fo) (D) x T
symmetry [50]. The B state grows as (1 + 717, 0 + 7j2;), where
717 belongs to the A; and 7j,; belongs to the B; irreducible
representation of Dy, while for the (0,1) state, the situation is
reversed. In that case the B state grows as (0 + 717, 1 + far),
with 7;; having B; symmetry and #j,; belonging to the A;
irreducible representation of D4. The free energy will be the

same as for the 1D order parameters

Bfamp = ariit ;o + Bii} - (A4)

Interestingly due the absence of a Kerr measurement experi-
ment, the A; irreducible representation is viable and the same
physics applies here as discussed for the s + is states in the
iron-based superconductors [57-60]. These states are Kerr
inactive and can be ruled out depending on the results of a
trainable polar Kerr measurement in U;_,Th,Be;s.

For the 3D irreducible representations Ti,, and 75,,, there
are four possible time-reversal symmetric A states, two for
each T irreducible representation, i.e., (1,0,0) and (1,1,1).
However, as explained in the main text, the (1,0,0) is the
only viable time-reversal symmetric A state which allows for
a transition to a time-reversal symmetry-breaking B state, due
to the form of the coupling between superconductivity and an-
tiferromagnetic fluctuations. This state has D4(Cy) x 7 and
DP(Dy) x 7 symmetries for the Ti,y, and T, irreducible
representations, respectively [50]. The A-B transition is mod-
eled similarly to PrOssSbyy, i.e., (1 + 17, 0+ 7o7, 0 + 737),
except here 7j;; belongs to the A; irreducible representation of
D, and would again have the s + is physics with the standard
free energy for 1D irreducible representations

Bfasp = O5177%1 + ,317731,

while (7y7, 7137) belong to the 2D Kerr active E irreducible
representation of D4. The free energy for the E irreducible
representation is

Bfip = culilii + Puiifi)” + Baufiz 3. (A6)
For B, > 0 we pick the n;(1,0) state and for B, < O the
n;(1, 1) state, both of which break time-reversal symmetry.
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