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Vojtéch Havli¢ek ®" and Jonathan Barrett
Department of Computer Science, University of Oxford, Wolfson Building, Parks Road, Oxford OX1 3QD, United Kingdom

® (Received 27 November 2019; accepted 15 February 2020; published 17 March 2020)

A set of n pure quantum states is called antidististinguishable if there exists an n-outcome measurement that
never outputs the outcome ‘k’ on the kth quantum state. We describe sets of quantum states for which any subset
of three states is antidistinguishable and use this to produce a two-player communication task that can be solved
with logd qubits, but requires one-way communication of at least log(4/3)(d —1) — 1~ 0.415(d — 1) —1
classical bits. The advantages of the approach are that the proof is simple and self-contained — not needing,
for example, to rely on hard-to-establish prior results in combinatorics — and that with slight modifications,
nontrivial bounds can be established in any dimension > 3. The task can be framed in terms of the separated
parties solving a relation. We show, however, that for this particular task, the separation disappears if two-way
classical communication is allowed, or if the task need only be solved with bounded error. Finally, we state a
conjecture regarding antidistinguishability of sets of states, and provide some supporting numerical evidence.
If the conjecture holds, then there is a two-player communication task that can be solved with log d qubits, but
requires exact one-way communication of Q2(d log d) classical bits.
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I. INTRODUCTION

How difficult is it to communicate classically the identity
of a quantum state in an entanglement-unassisted scenario?
Specifying a pure state of a qubit requires two real numbers,
so communicating its identity seemingly needs an infinite
amount of classical information [1]. This suspicion is con-
firmed by the results of Ref. [2], which show that if the two
communicating parties do not share random data, then an
unbounded amount of classical communication is needed to
exactly simulate results of quantum experiments. Assuming
shared randomness, however, only two bits suffice to exactly
reproduce results of any projective qubit measurement [3].

Here we derive a lower bound for the classical communi-
cation cost of simulating the transmission of a d-dimensional
quantum state. This is done by describing a communication
problem based on a relation and proving an exponential
separation between the classical and quantum communication
complexities. The proof uses quantum state antidistinguisha-
bility, a concept that has been studied in the foundations
literature [4—8], and lies behind the theorem of Ref. [4], which
rules out W-epistemic ontological models of quantum theory.

It is already well known that there can be exponential
separation between classical and quantum communication
complexities. Reference [9] (see also Ref. [10]), for example,
presents an 2(d) versus O(log d) separation between classical
and quantum zero-error communication complexities for the
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task of deciding whether two d-bit inputs are either equal or
have Hamming distance d /2. The proof presented involves
a highly nontrivial combinatorial result [11] and results in
a classical lower bound of the form cd, for a constant ¢ =
0.01. (Slightly strengthened, the same proof yields a lower
bound of c¢d for any ¢ < 0.02, which means that a nontrivial
separation between the number of classical bits that must be
communicated and the number of qubits can be established for
any d > 512.) Subsequent works [12—19] established expo-
nential separations between zero-error quantum and bounded-
error classical protocols. The separations of Refs. [17,18], in
particular, are strong in the sense that the separation holds
between zero-error one-way quantum protocols and bounded-
error classical protocols that allow two-way communication.
In none of Refs. [12—-19], however, is a classical lower bound
of Q(d) established: varying separations are presented of
which the strongest is Q(/d) vs O(logd). Reference [20],
by considering a task based on distributed Fourier sampling,
derives an €2(d) versus O(logd) separation, which is robust
against constant additive error, and which holds when two-
way classical communication is allowed. For a 2010 review,
see Ref. [21].

Montina [22] considers the scenario in which Alice’s input
can be any pure state of a d-dimensional quantum system, and
Bob’s input can be any two-outcome measurement consisting
of a rank 1 projector and the orthogonal projector. Assum-
ing zero-error, one-way classical communication, Montina
derives a classical lower bound of cd, for ¢ ~ 0.293, where
the proof uses a result concerning volumes of subsets of a
hypersphere due to Raigorodskii [23]. It is also shown that
a classical lower bound of d — 1 follows from (a complex
generalization of) a mathematical conjecture known as the
double cap conjecture.

Finally, other works have had slightly different aims
from that of establishing quantum-classical separations in the

Published by the American Physical Society


https://orcid.org/0000-0001-5359-8876
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevResearch.2.013326&domain=pdf&date_stamp=2020-03-17
https://doi.org/10.1103/PhysRevResearch.2.013326
https://creativecommons.org/licenses/by/4.0/

HAVLICEK AND BARRETT

PHYSICAL REVIEW RESEARCH 2, 013326 (2020)

standard communication complexity setting, but nonetheless
contain techniques related to those that we use. These include
Ref. [24], which presents quantum fingerprinting protocols,
and Refs. [25,26], where the notion of antidistinguishability
is used to give separations between one-way communication
and information complexities in exclusion games. They also
include Ref. [27], where lower bounds on the size of a
classical memory needed to simulate quantum processes are
derived, and applied to the stabilizer subtheory of quantum
theory. Reference [28] defines and studies tasks of commu-
nicating “partial ignorance,” including communication tasks
using antidistinguishable quantum states that are similar to
those used here.

One of the main motivations for our work is to present a
proof of exponential separation between classical and quan-
tum communication complexity that is very simple, and self-
contained. Aside from this, the advantages of the approach
include (i) a lower bound for zero-error one way classical
communication of cd, with ¢ & 0.415, which is the strongest
that we have seen, and (ii) a separation between quantum and
classical one-way communication complexity for any d > 3.
On the negative side, we show that the classical communica-
tion lower bound disappears if two-way classical communica-
tion is allowed. Although the result is robust against a limited
amount of additive noise, the lower bound also disappears if
bounded error classical protocols are allowed.

We use asymptotic O-notation throughout [29]. All loga-
rithms are base 2, [n] denotes the set {1, 2, ..., n}, and {0, 1}*
is the set of all finite bit-strings.

II. COMMUNICATION COMPLEXITY

Communication complexity studies the amount of commu-
nication needed to solve distributed computational problems
[30-33]. In a two-party relational task, Alice and Bob get
inputs x € X and y € Y, respectively, for finite sets X, Y, and
do not see the other’s input. The aim is for Bob to output
z € Z, such that (x,y,z) € R for a relation RC X xY x Z.
Both parties can use unlimited computational power and ex-
change messages following a shared communication protocol.
In this work, we allow shared randomness, meaning that Alice
and Bob share a random string s € {0, 1}* sampled from a
distribution P(s). On any run of the protocol, the classical
(quantum) communication cost is the number of transmitted
bits (qubits). In general, this can depend on both the input and
the value of s. The notion of communication complexity we
use is the communication cost in the best possible protocol,
where the communication cost is averaged over the shared
random data, and evaluated on the worst-case input. Note
that with this definition, the communication complexity with
shared random data can be smaller than the deterministic com-
munication complexity (where no randomness is permitted),
even for zero error protocols [32]. The communication cost for
the worst-case value of s is always larger than that averaged
over s, hence our lower bounds for classical communication
complexity still apply if communication complexity is defined
with respect to the worst-case value of s. One-way commu-
nication complexity assumes a protocol in which Alice is
only allowed to send a single message to Bob, after which
he announces the result.

III. ANTIDISTINGUISHABILITY

The quantum protocol that we will describe relies on an-
tidistinguishable sets of quantum states. A set of n pure quan-
tum states |p1), |02), ..., |pn) 1s antidistinguishable if there
exists an n-outcome (in general positive operator-valued)
measurement I1" = {IT | z € [n]} that never outputs the out-
come z on the quantum state |p,), i.e.,

Mlp;) =0, Yz € [n]. ey

A sufficient condition for three pure quantum states
[0j), 1ok), lom) to be antidistinguishable with a projective
measurement is if there exist orthogonal states |j), |k), [m),
such that

loj) = cos6;lk) + €% sin 6;m),
lok) = cos;|m) + ¢ sin 0ilj),
|pm) = cos O] j) 4 €% sin 6 |k), (2

for some 6., ¢, € R, z € {j, k, m}. The notion of antidistin-
guishability was introduced by Caves, Fuchs and Schack in
Ref. [5], where it is shown that that such a basis can be found
iff for

a=pjlp)?,  b=pjlom)*, = 1{pnlp)l,

the following holds [34]:

at+b+c<1, (1—a—b—c)224abc.

As a simple corollary, any triple of pure quantum states is
antidistinguishable if

a,b,c <1 3)

Now consider a finite set S of pure states |p;), |02), ...,
|p|5|), for which

[{pilpj)l < 8 Vi# j,

where § € [0, 1). Such sets are called complex spherical
codes, and have been much studied, with applications in
classical signal processing, error correction, and quantum
information [24,35-41]. Our results will be obtained from the
following simple observation:

Claim 1. Any triple of states drawn from a complex spher-
ical code S with § < 1/2 is antidistinguishable.

IV. SEPARATIONS

The separation between classical and quantum commu-
nication complexities that we establish is for solution of a
relational task, as follows. For a d-dimensional Hilbert space,
let S be a complex spherical code S = {|p1), |02), ... |ois])},
with 6 = 1/2. Alice’s input is an integer i € [|S|]. Bob’s input
is a set of three integers j, k, m € [|S|]. Bob must output one
of the integers j, k, m, under the constraint that his output
must not be equal to Alice’s input. Setting X = Z = [|S]], and
Y ={T|T C S, |T| = 3}, the relation is thus given by

RCX xY xZ:
(i,{j,k,m},z) e Riff z € {j, k,m} and z # i. 4

The quantum solution is straightforward (see Fig. 1).
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FIG. 1. A quantum protocol. Alice gets an integer i € [|S]],
and Bob gets three integers j, k, m € [|S]]. Alice sends a quantum
system in the state |p;) to Bob. Bob performs an antidistinguishing
measurement for the states [p;), |ox), | om), and outputs the outcome.

(1) Given input i, Alice prepares a quantum system in the
state |p;) € S and sends it to Bob.

(2) Giveninput {j, k, m}, Bob performs an antidistinguish-
ing measurement for the three states |p;), |ok), |om) on the
system he receives from Alice. Label the three outcomes
IT,, for z € {j, k, m}, such that IT}|p;) = 0. If Bob obtains
outcome l'[;, then he outputs z. (This means that Bob never
outputs an outcome “.”)

The communication complexity is the number of qubits
transmitted, which is [logd]. A classical protocol is illus-
trated in Fig. 2.

Claim 2. The zero-error one-way classical communication
complexity of the task is at least [log |S| — 17.

Proof. To establish the claim, consider first deterministic
protocols, in which the message that Alice sends to Bob is a
function of her input, and Bob’s output is a function of his
input and the message. Suppose that there are three distinct
values of Alice’s input, [0;), |ox), |om), such that the same
message A is sent for each of them. If Bob receives A, and his
input is the triple {j, k, m}, then there is no output he can give
that will not sometimes generate an error. Therefore, Alice
needs at least a distinct message per two states of S. This gives

|S]
1Al == ®

where A is the set of possible values of Alice’s message. It
follows that on the worst case input, Alice needs to send at
least [log |S| — 17 bits.

In the presence of shared randomness s, each value of s
defines a deterministic protocol, which in the zero-error case
must respect the relation. If communication complexity is
evaluated as the communication cost on the worst case values
of s, then this concludes the proof. With communication
complexity given by the communication cost averaged over s,
and evaluated on the worst case input, the following standard
manoeuvre (Yao’s minimax principle) [32] suffices. For any
probability distribution Q over input pairs, the communication

A
A B

-z
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FIG. 2. A classical protocol. Alice gets an integer i € [|S]], and
Bob gets three integers j, k, m € [|S]]. Alice sends a message A, after
which Bob outputs z € {j, k, m}. The classical strategy can use a
shared random string s, drawn according to a probability distribution
P(s).

complexity is lower bounded by the communication cost, av-
eraged both over values of s and over inputs drawn according
to the distribution Q. This is in turn lower bounded by the
communication cost, averaged over inputs drawn according to
the distribution Q, of the deterministic protocol that achieves
the lowest value for this cost. Choosing Q as the uniform dis-
tribution over all input pairs, the argument above establishes
that the lower bound of [log |S| — 17 bits still holds. |

We remark that the lower bound derived in Claim 2 also
straightforwardly applies to multiplicative error sampling. Let
S be the set of states defined in Claim 1 and let IT" = {IT] |z €
{j, k, m}} be a measurement antidistinguishing a triple of
states {[0;), [ok), [om)} S S, chosen such that IT | p.) = O for
all z € {j, k, m}. Let p(z|IT, |p;)) denote the probability of
measuring an outcome “z” by applying IT" to |p;). A e-
multiplicative sampling protocol samples from a distribution
p(z |, | p;)), such that

1P, |pi) — p I, [oi))l < € pz T, o)), (6)

for some € > 0 and all inputs. Notice that
p I, [pi)) = 0= pz| TT', |p:)) = O )

holds for arbitrary €. Even as € — oo, the mutliplicative
error simulation protocol cannot output an outcome that is
assigned zero probability in the exact case and hence also
solves the relation R defined in Eq. (4). This means that
classical protocols for the sampling task are subject to the
same classical lower bounds as the zero-error protocol for R.

The lower bound of Claim 2 is determined by |S], the size
of the spherical code S. In contrast, for a fixed dimension d,
regardless of the size of |S|, the quantum protocol uses only
[logd] qubits. This gives a communication advantage when-
ever |S| > 2d. For the best separation, the problem becomes:
how large can a complex spherical code in d dimensions be,
with § = 1/2?

In d = 3, the largest such set is given by an equiangular
complex spherical code, otherwise known as a symmetric,
informationally complete set (SIC) [42—45]. A SIC in dimen-
sion 3 consists of 9 unit vectors, such that

Wpilpp))> =1, Vi ®)

That a larger set cannot be found follows from the Welch
bound [35], which states that
2 IS| —d

rggjxl(mlm)l > dSI=1) )
for any set of d-dimensional pure states S = {|p;),
[02), ... 1pis)}. This shows that Alice needs to send at least
a 5-valued message versus a 3-dimensional quantum system,
or in terms of whole numbers of bits and qubits, at least 3 bits
versus 2 qubits.

In d > 4, mutually unbiased bases (MUBs) yield larger
sets than SICs. It is known that for d power prime, there exist
d + 1 distinct MUBs [46], which satisfy |(,o,<|,oj)|2 < 1/d.
Taking S as the union of the vectors in the MUBs gives
|S| =d(d + 1), hence a flog(d2 4+ d) — 1] lower bound on
classical communication. In d = 4, Alice needs to send at
least a 10-valued message versus a 4-dimensional quantum
system, or in terms of whole numbers of bits and qubits,
at least 4 bits versus 2 qubits. A bound due to Levenshtein
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[36,37,40] implies that in d = 4, the 20-element set of vectors
given by MUBs is the largest that can be achieved with § =
1/2.Ind > 5, larger sets than those given by MUBs have been
found numerically [40,41].

For general d, the following supplies a classical lower
bound of [log(4/3)(d — 1) — 171 &~ 0.415(d — 1) — 1 bits.

Claim 3. For any d, there exists a complex spherical code,
with 8 = 1/2, such that |S| > ()"

Proof. The claim is established by generalizing a well
known result of Chabauty, Shannon and Wyner [47-50] to
the case of complex vector spaces. Consider, for each vector
le) € S, the complex spherical cap A¢, defined as the set of all
vectors |) in the Hilbert space satisfying |{e|y)|> > cos® 6,
for some 0 < 0 < /2. If S is as large as possible under the
constraint § = 1/2, then for = /3, these caps must cover
the whole of the complex unit sphere—otherwise, there is
room to add another vector to S. Therefore, a simple lower
bound on the achievable |S| is given by

IS| 2 ——, (10)

where V¢ is the volume of a spherical cap A?, and V¢ = V¢ 1
is the volume of the unit sphere in d complex dimensions,
volumes being evaluated according to some suitable measure.

The following calculation (with different 6, in the con-
text of a different method for establishing a communication
complexity separation) appears in Ref. [22]. In keeping with
our main motivation of providing a simple and self-contained
proof of exponential separation, we reproduce the reasoning
here.

The points of the unit sphere in d complex dimensions are
in 1 — 1 correspondence with the points of the unit sphere
in 2d real dimensions, under the obvious mapping that takes
the real and imaginary parts of each complex coordinate to
two independent classical coordinates. Volumes of subsets
of the complex unit sphere can therefore be defined as the
volumes of the corresponding subsets of the real unit sphere in
2d dimensions. Letting |e) = (1,0,...,0) € C?, the complex
spherical cap A‘; maps to the set of real vectors of the form

cos¢ iy +sin¢ ity, (11)

where #1; € R? is a unit vector in the subspace spanned by
(1,0,0,...,0)and (0,1,0,...,0), 1 is a unit vector in the
orthogonal subspace, and 0 < ¢ < 6. The volume of this set
is given by

0
vy =/ 27 cos ¢ V42 (sin ) d¢, (12)
0

where V2?=2(sin¢) is the volume of a (2d — 3)-sphere in
(2d — 2) real dimensions of radius sin ¢. Combining Eqs. (10)
and (12), with 6 = 7 /3, yields

d—1
1> (4"

|

An alternative proof that there exist sets S with |S| expo-

nentially large, which results in a worse bound, but which

some may find even simpler, is given in Refs. [24,51], and
reproduced in the Appendix.

V. TWO-WAY CLASSICAL COMMUNICATION

Claim 4. Assuming |S| =29, for integer ¢, the two-
way classical communication complexity of R is at most
[loglog|S|T + 1 bits.

Proof. The assumption that |S| = 29 is not essential, but
allows a short statement of the proof. The protocol has two
rounds and starts with a message from Bob to Alice. Let
Bob’s input be {j, k, m}, and assume without loss of generality
that j < k < m. Bob determines the largest integer r < ¢ =
log |S], such that for some integer s > 0, either

s2" < j,k<(s+1)2" and
+1D2 <m<(s+2)2" (13)
or
s2" < j<(s+1)2" and
+D2" <k,m<(s+2)2. (14)

Bob sends r to Alice using [loglog|S|] bits. Note that r
determines a subset ¥, C Y of Bob’s possible inputs. For input
i € [|S]], Alice computes the parity p of |'2i,], and sends it to
Bob. Note that the set X of Alice’s inputs is partitioned by p
and r into subsets X,., € X. By Eqgs. (13) and (14), at least
one of j, k, mis notin X, ,. Bob chooses such a value for his
output. Communicating [loglog|S|] + 1 bits hence suffices
in the two-way scenario. Figure 3 illustrates the protocol for
IS| = 8. |

Claim 4 implies that the exponential complexity gap van-
ishes if we allow interactive protocols.

VI. BOUNDED ERROR

The separation almost trivially disappears if the classical
players need only solve the relation with bounded error.
We show this by reduction to equality testing. Suppose that
Alice’s input was i and Bob’s input was {j, k, m}. The par-
ties repeat the following in several runs: they generate a
uniformly random shared string s € {0, 1}S. Alice computes
the parity p; of erszll i.s., where i,,s, are the rth bits of
her input and shared randomness, respectively. She sends
pi to Bob. Bob similarly computes parities p;, pi, pm of

ZIrS:Il JrSrs LS:‘I ks, and Z‘f:ll m,s,. Without loss of gen-
erality, suppose that i = j. Then p; = p; with certainty, and
px = p; with probability 1/2 (similarly p,, = p; with proba-
bility 1/2), as s was chosen uniformly at random. If the parties
repeat this [log(1/€)] times, then Bob concludes that i = j
with probability greater than 1 — €. In this case, he outputs m
or k, making a mistake with probability less than €. However,
if 7 is not equal to any of j, k, m, then Bob can output any of
Jj, k, m without error.

VII. ANTIDISTINGUISHABILITY CONJECTURE

Reference [52] considers, among other things, exact clas-
sical simulation of a scenario in which Alice chooses an arbi-
trary quantum pure state, and sends it to Bob who performs an
arbitrary two-outcome von Neumann measurement. A lower
bound of 2(d logd) bits is shown to follow from two math-
ematical conjectures. Such a bound would be asymptotically
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FIG. 3. An illustration of the two-way classical protocol with |S| = 8. Rows correspond to different values of Alice’s input, columns to
different values of Bob’s input. In single run of the protocol, Bob sends an integer r to Alice, and Alice sends an integer p to Bob. Each value
of the conversation (r, p) is compatible with a subset of the joint inputs, where the subset is of the form X,., x ¥, forX,,, C X and ¥, C Y, and
is known as a combinatorial rectangle. In the |S| = 8 example, there are four possible conversations, hence four rectangles, which cover X x Y
as illustrated. No rectangle contains three dots in the same column, which implies that Bob can always produce a suitable output without error.

stronger than all existing established lower bounds. See also
Ref. [53] for an application to the foundations of quantum
theory, in which the conjectured Q2(d logd) lower bound is
used to strengthen the theorem of Ref. [4].

Here we observe that the following conjecture concerning
antidistinguishability would also give a separation of logd
qubits versus Q2(d logd) bits for exact simulation. Our ar-
gument is very different from those of Ref. [52], and our
conjecture concerning antidistinguishability is very different
from the two conjectures of Ref. [52].

Conjecture 1. Let |py),...,|ps) be d pure states. If
[{pilpj}| < (d —2)/(d — 1) for all i # j, then the states are
antidistinguishable.

The log d versus 2(d log d) separation is established using
Conjecture 1, along with essentially the same proof of zero-
error one-way separation that we have given above. We omit
the details of this step, and instead provide some discussion of
the conjecture itself.

It is obvious that the conjecture holds with d = 2, and it
follows from the results of Ref. [5] that the conjecture holds
with d = 3. To gain some intuition for why the conjecture
might be true in all dimensions, first consider a generic set of
states |p1), ..., |pa). Reference [6] shows that if any triple of
the states is antidistinguishable, then it follows that the set of d
states is antidistinguishable. However, it does not follow that
if the set of d states is antidistinguishable, then any triple must
be antidistinguishable. Hence the condition that d states is

2)/(d — 1) foralli # j, which motivates the particular choice
of function on the right-hand side of the conjectured sufficient
condition.

Finally, Fig. 4 displays numerical evidence for Conjecture
1. Note that for a given set of states in d dimensions, determin-
ing whether they are antidistinguishable or not corresponds
to solving a semidefinite program (SDP) [54]. For each d =
2,3,4,5, we generated a set of 150000 sets of d vectors
in d dimensions, where each vector is chosen independently,
and uniformly according to the Haar measure. For each set
of vectors, the SDP is solved, to determine whether the set
is antidistinguishable. For those sets that are not antidistin-
guishable, the quantity & = max;; |[{p;|p;)| is recorded. The
shaded region of the graph shows, for each dimension, the
minimum value of « obtained, and the dashed line shows
the value of (d —2)/(d — 1), with lines rather than points
used for clarity. A counterexample to the conjecture would
appear as the dashed line crossing the nonshaded region.
The evidence for the conjecture consists in the fact that the
shaded region cleaves fairly closely to the dashed line, yet no
counterexamples were found.

VIII. CONCLUSION

We have used quantum state antidistinguishability to give
simple proofs of separation between classical and quantum

1.0
antidistinguishable is logically weaker than the condition that
any triple of them is antidistinguishable. If the states satisfy
[{(pilpj)| < 1/2foralli # j, then the stronger condition holds 0.8
[5], hence it is natural to suppose that a similar statement, =T
with 1/2 on the right-hand side replaced by a larger number, ’,—"'
suffices for the weaker condition. _ 0.6 o
Second, consider the set of d-dimensional states: & ,,,/
Q ’
lo1) = ﬁ(|€2>+|€3>+"'+|€d))» 0.4 //
/
4
= ——(ley) +lez) +---+ |e s 4
lp2) m(l 1) + les) lea)) 65+ //
. y/ —-=—=- conjecture
y/ antidistinguishable
lpa) = —=—=(le1) +le2) + -+ lea—1)), 0.0 . ;
Jd —1 2 3 4 5
d

where {|e;)} is an orthonormal basis. This set is antidis-

tinguishable by construction and satisfies [{p;|p;)| = (d —

FIG. 4. Numerical evidence for Conjecture 1.
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zero-error one-way communication complexities. Using SICs
and MUBs, we proved separations in any d > 3. Using a
lower bound on the achievable size of a suitable complex
spherical code, we showed an exponential separation of log d
qubits versus 0.415(d — 1) — 1 bits. For the relation consid-
ered, however, the separation disappears if two-way classical
communication is allowed or if one-way classical communi-
cation is allowed with bounded error.

The results are stated in terms of quantum and classical
players solving a relation, which is defined on finite sets of
possible inputs for Alice and Bob. Seeing as expanding the
sets of inputs can only make things more difficult for classical
players, the lower bounds also apply to the one-way classical
communication cost of simulating an experiment in which
Alice prepares an arbitrary pure state of a d-dimensional
quantum system and sends it to Bob, who performs an arbi-
trary projective measurement. (Naturally, the same can be said
for the results of any of Refs. [9,10,12-20,22].) In this more
general scenario, if error € is tolerated in the measurement out-
come probabilities in the classical simulation, then it is easy
to see that transmission of O(log(1/¢)d) classical bits is suf-
ficient, simply by approximating the real and imaginary parts
of the complex entries in the d-dimensional state vector. As
discussed in Ref. [20], this means that the results of Ref. [20]
are asymptotically optimal for bounded error simulation. If
exact simulation is required, however, then Ref. [2] shows that
without shared randomness, bounded classical communica-
tion is insufficient. If exact simulation is required, and shared
random data permitted, then surprisingly little is known apart
from the exponential lower bounds. Ref. [3] shows that for
d = 2, transmission of two bits is sufficient (see also Ref. [1]
which considers positive operator-valued measurements). But
we are unaware of any demonstration, even for d = 3, that
classical simulation of arbitrary preparations and projective
measurements is possible with bounded communication cost,
let alone a demonstration of a specific protocol with bounded
communication, or a finite upper bound. A lower bound of
Q(dlogd), as implied by Conjecture 1, would be particu-
larly interesting given the O(log(1/€)d) upper bound for the
bounded-error case.

The exponential lower bounds are of interest for the foun-
dations of quantum theory, as well as for communication
complexity per se. As Montanaro writes [20]: “On a fun-
damental, conceptual level, the question asks: Are quantum
states ‘really’ like an exponentially long string of numbers,
or do they have a more efficient representation?” Restated in
different language, any lower bound on the size of the classical
message in a simulation of the transmission of a quantum state
becomes a lower bound on the size of the set of ontic states
that the system must have available to it in an ontological
model for quantum theory [4,55]. For further discussion of the
relevance of communication complexity results to quantum
foundations, see Ref. [56].

The importance of the exponential separation between
quantum and classical communication, both for foundations
and for complexity theory, underpins one of the motivations
of this work, which is to present as simple as possible proof of
this fact, and to obtain as strong a lower bound as possible.
In future work, it would be interesting to prove a stronger
separation, for example by finding a modification of the

presented problem that makes our proof technique work for
bounded error.
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APPENDIX: ALTERNATIVE SIMPLE PROOF FOR THE
EXISTENCE OF EXPONENTIAL-SIZED COMPLEX
SPHERICAL CODES

The following argument, from Refs. [24,51], shows that
complex spherical codes exist that are exponentially large in
the dimension. Take two random d-dimensional pure states:

d d
|v>=%;vi|i>, |w>=%;w;|i>, (Al)

where w;, v; are Rademacher random variables with Pr(v; =
+1) = Pr(w; = £1) = 1/2. Their inner product is

1 & 1 &
(vlw) = - viw; = — > X,
12 a2

where X; is again a Rademacher random variable with Pr(X; =
+1) = 1/2. The probability that [(v|w)| > 1/2 is upper
bounded by the Chernoff-Hoeffding inequality:

d
1 d 4
Pr<|(v|w)| > 5) = Pr( Ei X;| > 5) < 2e 5.

The probability that a set S of such random vectors contains
a pair |v;), lw;) € S, i # j with overlap greater than 1/2 is
given by

1 IS\ _a ) _d
Pr |<Ui|wj>|>§ <2 5 )¢ < |S|%e 5.

As soon as this probability falls below 1, there exists a set S
of such random states, so that |(v;|w;)| < 1/2 for any pair.
From Eq. (A4), |S| = efs. Using such a set S for the task

defined in the main text, the classical one-way communication
complexity is at least [0.09d — 17 bits.

(A2)

0|

(A3)

(A4)
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